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Abstract: We refine the Beale—Kato—Majda criterion for the breakdown of smooth
solutions of the 3-D incompressible Euler equations in the case of axisymmetry.
In this case the angular component of vorticity in the cylindrical coordinates alone
controls blow-up of the higher Sobolev norms of the velocity.

1. Introduction

The Euler equations for homogeneous inviscid incompressible fluid flows in R are

ov

5{-+(U-V)D=—Vp in R®> xR, , (1)
V-.-v=0 inRxR,, (2)
v(+,0)=vy in R®. (3)

Here v = (v1(x, 1), 02(x, 1), v3(x, 1)) is the velocity of the fluid flow, p = p(x,¢) is
the scalar pressure, and vy is the initial velocity satisfying V - vy = 0. Taking the
curl of (1), we obtain the equation for the vorticity w =V X v,

6—w+v-Vw:w-Vv. 4)
ot
For the existence of local in time smooth solutions we have the following result by
Kato [3]: Suppose an initial velocity field vy € V™, m = 3, is given. Then, there
exists 7o = To(|[voll3) such that the system of equations (1)—(3) has the unique
solution
v e C([0, T V™ N C'([0,TL; V™) %)

for all T € (0, Ty), where we used the function space

ym={ve H"R*)|V - v=0}.
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On the other hand in [1] Beale, Kato and Majda showed that if the local solution
satisfies

T
Of”w(t)HLoodf < 00 (6)

for some T > 0, then the solution v can be continued in the class (5) to the interval
[0, T']. We are concerned here with the axisymmetric solution of the Euler equations.
By an axisymmetric solution of the equations (1)—(3) we mean a solution of the
form

U(x, t) = Ur(rax:’n t)er + Ue(rax?n t)eo + U3(V,X3, t)€3

in the cylindrical coordinates system. Here we use

e, = (J—C-l-,)290> > €y = <)2’_£’0) > e3 =(0,0,1), r= V x%—i_x% :
r’r ro.r

If the initial data vy is axisymmetric, belonging to V™, m = 3, then due to the ro-
tational covariance properties of the Euler equations, and by the uniqueness of the
local classical solution as described above, the solution remains axisymmetric during
the time of the local existence. In the particular axisymmetric case of vg( - ,0) =0,
Majda [4] and Raymond [5] showed that the global smooth solution for smooth
initial data exists. This is due to the fact that %‘1 is conserved along the particle tra-
jectories in this case. He proved, in particular, that the Beale-Kato—Majda criterion
(6) is satisfied in this case.

In the case of vg( +,0)=+0 there is no longer conservation of < along the
particle trajectories, and there is numerical evidence suggesting for possible finite
time breakdown of smooth solutions (see e.g. [2]). In this paper we show that
if the finite time breakdown of axisymmetric smooth solution occurs for the 3-D

Euler equations, then necessarily some norms of wg = % - %ﬂr must blow up at
that time. (See Theorem 1 and its corollary in Sect.3 for a precise statement of
our result.) Our result could be useful to test numerically the breakdown of the
smooth solution of the 3-D Euler equation in the axisymmetric case by computing

the growth in time of the norms of wy in the integral appearing in the theorem.

2. Preliminary Estimates
For an axisymmetric flow v(#,z) we can write the vorticity

W = wye, + w3e3 + wyeg ,

where
N L )
Y W STy ) "= o

Below we use the notations

U = v,.e + v3e3, ® = w,e, + wses3
and

\V/ +e3—

- erb? 0)63 )
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oy ovr

~ o or 0x:

Vi = ( 3) :
ov3 av3

or 0x3

o\ 3
Vi = (a_”) .
0x; i, j=1

We begin with the following elementary lemma:

We set

On the other hand we use

Lemma 1. .
[Vl = [[V]|1o0 . 7

Proof. Let us denote

X1 . X2
cos ==, sinf==, wherer=4/x}+x3.
r r

Then, we have

%r = —(01 cos O+ tsin )| < 601 %
or o
o o 0D, 00,
< |— i
< 6x]cosH 82SI 9\ alcs0+62sm9
0x1 Ox; 0x1 0xz
and s o o5
v, U1 U2
p ‘ — (¥ cos 0 + 1 sin H)I . o
61)3 (31)3 6 653 853
T | = |am sl sl = | 7
and obviously,
o[ _|an,
8x3 o 0x3
Summing up these inequalities we have
oo (|, (o] (o] 3 |0
or Ox3 or o3|~ 5% ax,

thus obtaining (7). This completes the proof of the lemma.
Below we use the notation
lutx) —u(y)l

lullcv = sup
x#*y, x,yER3 x — y|v

b

where y € (0,1). The space CO”'(R3) is the usual Holder space equipped with the
norm
llull cor = llullzee + [lullc -
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The following is a refinement of the similar type of inequality in [1] for the case
of the axisymmetric vector fields.

We note that we will use the same notation C for the constants appearing in
the inequalities afterwards.

Lemma 2. Let (y, p) € (0,1) x [1,00) be given. Suppose wy € C*'(R%) NLP(R?),
and let © be an axisymmetric vector field in R® with the axis of symmetry xs-
axis such that

V'ﬁzo, Vxﬁ=a)ge9.

Then, we have the following inequality:
[Vdllzee < C{1 + JlopIn™ rlzeo + [lwpllzoo (1 + In" ([lol|crllwollzr )}

where C is a constant depending only on 7y and p; r(-) denotes the distance

function from the xs-axis,i.e.
r(x) = y\/x? +x3

and In" r=—Inr if r < 1, and In™ r = 0 otherwise.
Proof. 1t is well known (see e.g. [1], or [4])
Vii(x) = Cog(x)eg(x) + [K * (woeg)](x) ,
where C is a constant matrix and K(-) € C O‘3(R3 \{0}) is a matrix kernel defining

a singular integral operator in R®, satisfying the estimate

C
KD £ =5 YyeR
|yl
and, having the cancellation property [6];

J/ Kx—y)dy=0 Vab with0<a=<b<=<o00.

as|x—y|<b

We have
[V]|zee < Cllogzoe + [|K * (wgep)| oo

for an absolute constant C. Using the cancellation property of K, we can decompose

I[K * (wpeg)I(x)| < | [ K(x — y)wo(y)eo(y)dy

R3
= | fl K(x — y)o(x) — o(y))eo(y)dy| + |wo(x)]| | fl K(x — y)eo(y)dy
xX—y|<e x—y|<e
+ | / | K(x — y)wo(y)eo(y)dy| + f| K(x — y)ap(y)es(y)dy
e<|x—y|<R |x—y|>R

=1+ +1I4+1IV.
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We estimate the first term

< Jogller [ 1K= p)llx — y['dy

[x—yl<e

< lwoller [ = y7dy = Ce’|lwgllc
x—yl<e

where C is a constant depending on y. The third term is easily estimated as

_ R
s Clonlm [y = Clol=’ (£

e<px—y|<R
By Holder’s inequality we have

p—1
p
1
IvsC_C f ———-—3pdy l|l|Lr
x=yI>R |x — y|P~T

o pt2 P 3
scC| [rrTdr llwollr = CllagllLrR™7 .
R

395

For the second term, using the cancellation property and the mean value theorem,

we have

[ K(x— p)eg(y)dy

[x—yl<e

l 'f K(y)eo(x — y)dy
yl<e

< J )K(y)(ee(x — y) —eg(x))dy
Ivl< 52
+ : I leox — »IIK(»)|dy
S <|yl<e

< [ ITVesx —sy)ldy + Cln* <£8_) ;

r(x)
Iy|<’7x)

where s € (0,1). By direct computation from
(A2 A
eg(Z) - (V(Z)’ V(Z),O> s

C
[Veg(z)] < r(—z)

we have

For |y| < % we observe

= 53) 2 ) = () 2 70—yl 2 rt) - "D =T
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Thus

C 2C
[Veo(x —sy)| < =59 = )

These observations lead to an estimate for the second term

I £ Clwg(x) (1 +Int (;(i—))) < Cllwel|ee + CllweIn™ 7|10

if we assume ¢ < 1. Summing up the estimates for I, II,III,IV, and taking

¢ = min{1, Hw9||j and R= ||wg”§,, )

we obtain the desired result. This completes the proof of the lemma.

3. The Main Theorem
Using the lemmas in the previous section, we will prove the following main
Theorem.

Theorem 1. Let v be the local in time solution of Egs. (1)—(3) corresponding to
axisymmetric initial data vy € V", m = 3.

Suppose there exists a number (y, p) € (0,1) x [1,00), and M < oo such that
the following inequality holds:

T T t
bf”wo(t)HLmWrofeXp Of{[lwe(S)HLw(l + In*(J|wp(s)]|c7 [|p(s)]|27))
+ ||wa(s)In™ F||po }ds | < M, (8)

then the solution v can be continued in the class (5) to the interval [0,T].

Remark. The above inequality (8) can be reduced to the simpler, but less sharper
form as follows:

T
0f{llam(t)llLoo(l + I (Jloo®licr lwo(®)llzr)) + llwo() In™ 7|lpee bat < M .

Before proving this theorem we state an immediate corollary of it.
Corollary 1. Let v be the local axisymmetric solution of the Egs. (1)—(3) which
belongs to the class in (5) for all T < T*, and suppose

lim sup [[v(2)||pm = o0,
t/T*

then necessarily
T*
S llop(®)|zoodt = o0
0
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or

T*

[ e [ [ 1006 )=1 + 0 onsler o))

+ ”CU@(S) In™ V”Loo}ds‘ dt = o0

Jor any (y, p) € (0,1) x [1,00).

Proof of Theorem 1. We write the vorticity equation (4) in the axisymmetric
case as

V-i=0, )
Dw, . =
Dy =o - Vu,, (10)
5(03 o~ ~
o - @ - Vs, (11)
ﬁ we o~ ~ (Vg
5 ()=0-v(7) (12)
where we denoted
2—3+~ v=2 0l il
T T e T %0
We first claim
14
6 < Clinlimexp [ IV36) =t (13)
0

where C is an absolute constant. Indeed, let p = 2. Multiplying |&|?~2w, and
|®|”~2w; on both sides of Egs. (10),(11) respectively, adding them up, and inte-

grating over R®, we have
wp2 @ 1o ~ 2~
[loP—|a)*+ = [ V|a|? £ [|Vi|d|Pdx.
R3 dt p R3 R3
After integration by parts, using (9), we obtain

Llll, < p[(Volaldx < plVilellfs < pIVolis 1
R3

where we used (7) in the last inequality. Dividing by |||/, !, and using Grénwall’s
inequality we obtain

16Ol < Gollzr oxp ( OftllW(S)HLoodf) (14)
for all p = 2. Now let

A, ={xeR | |@] = ||@|c —e }N{xeR® | x| <R},
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where R is chosen large enough so that the Lebesgue measure |4,| of A4, is not
zero. Then,

o] P (0|20 — &) < (/{lcﬁ(x,t)l"dX> =< [la@)llee - (15)

On the other hand, by an elementary interpolation, and Sobolev’s inequality we

have
p—2 2 p—2 2

I@ollze < ldoll, & lIdoll sy < Clivollh Il - (16)
Combining (15) and (16) with (14), we obtain

=2

(e — &) < €57 ool ol exp (juvas)umds) |

Passing first p — oo, and then ¢ — 0, we obtain (13) as claimed.
Now, assume (8) holds. By Beale-Kato—Majda’s criterion (6) it suffices to show
that

T
JUlwolloo + (@) dt < o0 (17)
0

Since
V - i(t) =0, V x 0(t) = wg(t)eg ,

(17) follows immediately from the hypothesis by combining (13) and Lemma 2.
This completes the proof of the theorem.
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