
Commun. Math. Phys. 176, 45-71 (1996) Communications in

Mathematical
Physics

© Springer-Verlag 1996

Scalar Conservation Laws with Discontinuous Flux
Function: II. On the Stability of the Viscous Profiles

S. Diehl, N.-O. Wallin

Department of Mathematics, Lund Institute of Technology, P.O. Box 118, S-221 00 Lund, Sweden, E-mail:
diehl@maths.lth.se, wallin@maths.lth.se

Received: 22 November 1994

Abstract: The equation f̂  + ^ (H(x)f(u)+(l - H{x))g(u)) = 0, where H is
Heaviside's step function, appears for example in continuous sedimentation of solid
particles in a liquid, in two-phase flow, in traffic-flow analysis and in ion etching.
The discontinuity of the flux function at x - 0 causes a discontinuity of a solution,
which is not uniquely determined by the initial data. By a viscous profile of this
discontinuity we mean a stationary solution of ut + (Fδ)x = εuxx, where Fδ is a
smooth approximation of the discontinuous flux, i.e., H is smoothed. We present some
results on the stability of the viscous profiles, which means that a small disturbance
tends to zero uniformly as t —> oo. This is done by weighted energy methods, where
the weight (depending on / and g) plays a crucial role.

1. Introduction

The scalar conservation law with discontinuous flux function

arises in several applications, for example in continuous sedimentation of solid par-
ticles in a liquid, see Diehl [4] and Chancelier et al. (1 ], in two-phase flow in porous
media, see Gimse and Risebro [5], in traffic-flow analysis, see Mochon [15], and in
ion etching in the fabrication of semiconductor devices, see Ross [17]. The Cauchy
problem for a more general equation than (1.1), including a point source s{t) at x = 0,
has been analysed by Diehl [3]. Generally, solutions of (1.1) contain a discontinuity
along the t-axis and curves of discontinuity that go into and emanate from it. This
discontinuity along the / -axis is not uniquely determined by the initial data u(x,0)
and a uniqueness condition, Condition Γ, was introduced in [3]. Another way to pick
out the physically relevant discontinuity is by means of the viscous profile condition.
By a viscous profile we mean a stationary solution of ut + (Fδ)x = εuxx, where Fδ

is a smooth approximation of the discontinuous flux, i.e., H is smoothed. In [2] the
equivalence between Condition Γ and the viscous profile condition is presented, as
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well as the non-unique augmentation of Eq. (1.1) to a 2 x 2 triangular non-strictly
hyperbolic system. In terms of such a system, depending on / and g, the discontinu-
ity at x = 0 is either a regular Lax, under- or overcompressive, marginal under- or
overcompressive or a degenerate shock wave.

To examine the stability of viscous profiles, the elementary energy method was
introduced, independently, by Matsumura and Nishihara [13] and by Goodman [6].
Some other important references, where the energy method has been used for systems
of viscous conservation laws, strictly hyperbolic and with convexity, are [10, 11, 19].
In [12] Liu and Xin present stability results for a non-strictly hyperbolic 2x2 triangular
system, which qualitatively corresponds to letting f(u) = u2 and g(u) = v? + C with
C > 0 in (1.1).

In the scalar case with f = g and under various assumptions, stability results have
been obtained by several authors, e.g. [8, 9, 10, 14, 16, 18]. In particular, Matsumura
and Nishihara [14] and Jones, Gardner and Kapitula [9] present stability results as
well as decay rates for non-convex flux f = g.

In this paper we consider the case of general non-convex / and g in (1.1). In
Sect. 3 we investigate the stability of the different viscous profiles in the sense that
we show that a small disturbance decays to zero uniformly as t —» oo. In terms of
the 2 x 2 system, there is only a disturbance in the first equation. We use weighted
energy estimates, where the weight (depending on / and g) plays a crucial role. If the
total initial mass of the disturbance is zero, we show stability for any type of wave.
For non-zero initial mass, we show stability for undercompressive waves without any
further assumption and for overcompressive waves if the absolute integral of the initial
disturbance is small. Some cases are not resolved. Matsumura and Nishihara [14] also
use the weighted energy method (for the case / = g) and it is interesting to note that
their weight behaves asymptotically precisely as ours. The weight is constant if the
characteristics have different slope than the discontinuity (the shock is compressive)
and it increases linearly if the characteristics have the same slope as the discontinuity.

The main results of this paper are contained in Theorems 3.2, 3.3 and 3.4.

2. Definitions and Notation

Equation (1.1) should be interpreted in distribution sense and a solution is defined
as a weak solution in the standard way. In the class of piecewise smooth functions
u(x, t) the Cauchy problem can be formulated

ut + f(u)x =0, x > 0, t > 0 ,

ut + g(u)x =0, x < 0, t > 0 ,

f { u + ( t ) ) = g ( u - ( ί ) ) , t > 0 , ( 2 > 1 )

where n ± (t) = u(±0,t). We assume that /, g G C°° and that they both satisfy
\f'(u)\ = C > 0 for \u\ > R, for some R > 0.

The existence of viscous profiles corresponding to the different types of shock
wave is shown in [2]. We now recall the notation. Let h be a scalar smooth function
of one variable with hf{x) = 0 for \x\ > 1 and h(x) strictly increasing from 0 to 1 in
\x\ < 1. Then h(x/δ) —> H(x) as δ \ 0 in distribution sense and

,x) = h{x/δ)f(u) + (1 - h{x/δ))g{u) -> F°(u,x), δ \ 0 .
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For physical reasons, we are interested in solutions of (1.1) that are limits of solutions
of the parabolic equation

ut+(F6(u(x,t),x))χ = εuxx (2.2)

as 6 and ε \ 0 at the same speed. By a viscous profile for a discontinuity between
u~ and u+ of a solution of (1.1) we mean a stationary solution u(x,t) = v(ξ), with
ξ = x/ε, of (2.2) satisfying i>(£) —> w± as ξ —» ±oo. Hence t; satisfies

(2.3)

Note that y(u~) = f(u+) by (2.1).
Equation (1.1) can be written as a system

, faf(u) + (1 - a)g{u)\
+{ k() )a)t

+{ k(a)

where k is denned such that the second equation has the stationary solution α(x, t) =
H(x) (i.e. fc(0) = fc(l) = 0, k(u) > 0 for 0 < u < 1). The function k is not uniquely
determined; see [2] for a natural definition. The eigenvalues of the Jacobian of the
flux matrix are

λι(u, a) = af\u) + (1 - a)g'(u) ,

X2(u,a) - fc'(α) ,

so generally (2.4) is a non-strictly hyperbolic system. Consider a shock wave between
(ΐz~~,0) and (w+,l) of the system (2.4). The first eigenvalue satisfies λ](u~,0) =
g'(u-)9 λι(u+, 1) = /;(w+) and the second λ2(u~,0) = fc'CO) > 0, λ2(w+, 1) = fc'(l) <
0. We say that the wave is

undercompressive if g'(u~) < 0, f'(u+) > 0,
marginal undercompressive if g'(u~) = 0, f'(u+) > 0 or gf{u~) < 0, f'(u+) = 0,
overcompressive if g'(u~) > 0, f'(u+) < 0,
marginal overcompressive if g'{u~) - 0, f'(u+) < 0 or g'(u~) > 0, ff(u+) = 0,
a regular Lax wave if £;(w~) < 0, / r(n+) < 0 or g'(u~) > 0, /'(u+) > 0,
degenerate if gf(u~) = ff(u+) = 0.

However, analysis of a general solution of (2.1), see [3], yields that there are three
qualitatively different types of discontinuity, depending on / and g. Furthermore, see
[2], the viscous profiles of (2.2) are naturally divided into these three cases. The
description of these three cases in terms of / and g needs, in the context of this
paper, cumbersome notation and we refer to [3, 2J. In this paper we are concerned
with the stability of a given viscous profile, so we define the three cases in terms
of the qualitatively different viscous profiles obtained. Conditions on the existence
of viscous profiles and their behaviour are given in [2], In some cases the ratio 6/ε
must be small enough (depending on /, g, u~ and u+) in order for a profile to exist.
By symmetry we can assume that u~ < u+. Some examples of the three different
cases are given in the figures below, where orbits of Eq. (2.3) are shown. The figures
are obtained by computer simulations, with 6/ε = 1 and h(x) = (l + sm(xτr/2))/2 in
x\ < 1.
Case 1. u+ = u~ with / and g such that there is a unique viscous profile of (2.3),
v(ξ) = u+ - u~, see Fig. 1. Generically, the wave is undercompressive, but it may
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Fig. 1. Case 1. Solutions of (2.3) (right) when g(u) = —it, /(it) = u and u+ = u = 0 .

also be marginal undercompressive or degenerate.
Case 2. u~ < u+ with / and g such that there is a unique viscous profile of (2.3)
which satisfies υ(ξ) = u~~ for ξ < —δ/ε, see Fig. 2. If the ratio δ/ε is small enough,
the profile is increasing for ξ > —δ/ε. Generically, the wave is a regular Lax shock,
but it may also be marginal under- or overcompressive or degenerate.

Fig. 2. Case 2. Solutions of (2.3) (right) when g(u) = —it, /(it) = 1 — it, it = 0 and u+ = 1. Notice that
there is a unique profile.

Case 3. u~~ < u+ such that there are infinitely many viscous profiles of (2.3), see
Figs. 3 and 4. Generically, the wave is overcompressive, but it may also be margina]
overcompressive or degenerate.

3. Stability of the Viscous Profiles

By simplicity we shall from now on let δ = ε = 1. Then ξ = x and we write F
instead of Fb. In Subsect. 3.1 we treat a generic situation of Case 1, covering the
undercompressive waves. Stability is shown without any restriction on the initial
disturbance. In Subsect. 3.2 stability is shown for any viscous profile assuming that
the total initial mass of the disturbance is zero and its absolute integral is small. If
the initial mass is non-zero we give, in Subsect. 3.3, conditions on when this problem
can be brought back to the zero-mass case by jumping to another profile. We shall
make use of the following theorem, the proof of which can be found in Appendix A.
For n > 0 and T > 0 introduce the norm
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Fig. 3. Case 3. g(u) = u, f(u) = I — u, u = 0 and u+ = 1. All orbits are viscous profiles. The
corresponding shock wave is overcompressive.
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Fig. 4. Case 3. Phase plane diagram (right) when g{u) - u, f{u) = (1 — u)2, u = 0 and u+ = 1. There
are infinitely many viscous profiles. The corresponding shock wave is marginal overcompressive.

|H|n,T= SUp \u(x,t)\(l+X2)n/2 .
(z,ί)€!x[0,T]

In particular, the norm of the initial data u(x,0) = UQ{X) is

Theorem 3.1. Consider the Cauchy problem

ut + (F(u, x))χ = uxx,

u(x,Q) = uQ(x),
(3.1)

Assume that F G C°°( ! t 2 ) wzϊ/z F(0,x) = 0 αnJ ίΛαί F u αnύί its higher derivatives

(Fux, Fuux, Fuxx, etc.) are bounded for all u,x e l . If, for some n > 0, uo e C°°(M)

satisfies

| | 9 > | | n > 0 < oo, α = 0 , l , 2 , . . . , (3.2)

(3.1) /zfl5 a unique solution u G C°°(IR x M+), which for every T > 0 satisfies

max(α,/3+l)

| | ^ ω | U , o , o,/3 = 0 , l , 2 , . . . . (3.3)

A:=0
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Furthermore, ΐfuFx(u, x) > 0, for all u^ x E M, and UQ(X) —» 0 as \x\ —» oo,

inf uo(x) < u(x, t) < sup ?iO(x). (x, ί ) G l x [0, T] .

In the situations below when we shall use this result, the boundedness of the
coefficients FU9 etc. will be implied by the assumption that / ' and g' are identically
constant far away. In Case 1 we require that n > 1/2, so that u E L2. In Cases 2 and
3 we require n > 2, since we shall integrate functions of the type U2φ, where U is
a primitive function of u and the weight φ fulfils 0 < φ{x) < C\x\.

3.1. Case L

T h e v i s c o u s profi le in this c a s e is c o n s t a n t , say υ(x) Ξ O . A d i s t u r b a n c e u wi l l t h u s
satisfy

ut + ( h ( x ) ( f ( u ) - g ( u ) ) + g ( u ) ) = u x x , x G l , ί > 0 ,
^ ' x (3.4)

u(x, 0) =

where the flux functions are assumed to satisfy

g(u) ^ 0

cf. Fig. 1. Concerning / and g this is the generic situation, see [2]. The other cases
that do not satisfy (3.5) but still yield a unique constant viscous profile are covered
by the more general but weaker Theorem 3.3.

Theorem 3.2. Let the initial data u$ E C°° (W) for problem (3.4), with the assumption
(3.5), satisfy (3.2) for some n > 1/2. Then the solution, guaranteed by Theorem 3.1,
u E C°°(M x M+) satisfies mϊu^ <u< sup^o and

sup \u{x, t)\ —» 0, t —> oo .

Firstly, (3.5) implies uFx(u,x) = uh'(x)(f(u) - g(u)) > 0, so by Theorem 3.1
inf UQ <U< sup uo holds. To prove the decay to zero we need the following lemma.

Lemma 3.1. Let M be a constant satisfying

I/'(it) I < M, \g'(u)\ < M for inίu0 < u <

m = sup h! and introduce

u
f

d(u) = f(u) — g(u) and D(u) = / d(υ) dυ .
j

o

The solution u o/(3.4) satisfies
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1 d

2 eft

~

u2dx+ / ti(x)D(u) dx+ / u2

x dx = 0 , (3.6)

— oo — oo — oo

oo oo

f u\dx - ^ / ti(x)d2(u)dx-^- ί u\dx < 0 . (3.7)
— oo — o o — o o

Proof. Multiply the equation of (3.4) with u and integrate to obtain

oo oo oo

/

{ f

u2 dx + I (h(x)d(u) + g(u)) χu dx = / uxxudx .
j J

— oo — o o — o o

Partial integration of the second term yields
oo oo

ί ί
h(x)d(u)ux dx — I g(u)ux dx - \ h!(x)D{u) dx — 0 .

1 d

iJt

Doing the same with the right-hand side, Juxxudx = — J u2

xdx, we obtain (3.6).
Differentiating (3.4) with respect to x, multiplying by ux and integrating yields

/ utχUx dx + (h(x)d(u) + g(u)) ux dx = uxxxux dx

— oo — oo — o o

oo oo oo

- — ux dx — / h!\x)d(u)uxx dx — \ (h{x)d\u) + g\u))uxuxx dx =
2dt J J J

— oo — o c — o o

oo

= — I ul.^ dx .

Here, the second and third term can be estimated by, respectively,

j ti(x) (md2(u)Λ-^λ dx < y ί h\x)d2(u)dx+~ ί u2

xxdx

xx
— oo

and

J \hf + (l-h)g'\\uxuxx\dx<^ J (MU2

X + ^

xa

— oo —oo

Hence (3.7) follows.

2 . 1 f 2 ,
Uχ + 2 I xx
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Proof of Theorem 3.2. Equation (3.6) implies j-t J u2 dx < 0, hence

lim / v2 dx exists > 0 . (3.8)

Add s times (3.7) to (3.6):

~τ ί{u2 + sy2^dx + / h'w (D^ ~ ~ d 2 ^ ) d x •
/* \AJ\J J J \ Z /

x<0. (3.9)

Let 0 < s < yjϊ m m ( ^ 5 ~iξ)> t n e n m e ^ a s t t e r m i s non-negative. The second term is
non-negative too, because d'(u) < 2M, ud(u) > 0 for all u and d(0) = 0 imply

u

0< ί (2M - d'(y))d(y) dυ = 2MD(u) - ^d2(u) ,

o

which in turn implies

Din) - ψd\u) > D(u) ~

Thus (3.9) is reduced to ^ f(u2 + svfydx < 0, so the limit Hindoo j(u2 + su^.)dx
exists. Hence, by (3.8)

r

lim / u2 dx exists = A > 0 .

J
Integrating (3.6) from 0 to T implies {hi'D > 0)

T oo co
1 ί

u2

xdxdt < - / u2

x{x, 0)dx VT > 0 ,

0 - c o - c o

which implies that A = 0. Finally,

1/2

u2 = 2 uux dx < 2 I u2 dx I ui dx
J

- c o

shows that sup x |u(x, έ)| —> 0 as t —> oo.
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3.2. Cases 2 and 3 with Zero Initial Mass for the Disturbance.

Let v be any viscous profile of Case 2 or 3 and consider a disturbance w. Then

u(x, t) = v(x) + w(x, t)

satisfies the viscous equation

ut + (F(u, X)) = uxx where F(u, x) = h(x)f(u) + (l — h(x))g(u) .

Using this equation and that v satisfies (F(i>,x)) = υxx we obtain the Cauchy
problem for the disturbance

wt+ (F(υ + w,x)- F(υ,x))χ = wxx ,

w(x,0) = ()

In order to prove that the disturbance w decays to zero as t —> oo we shall
use weighted energy estimates, where the weight function φ depends on the viscous
profile v and on the flux functions / and g. In Subsect. 3.4 we show the following
lemma.

Lemma 3.2. Given v, f and g, there exists a φ £ C2(M) such that for all x G M

0 < Ci < φ(x) < C2 + C3\x\ ,

\φ'(x)\ < C'φ(x) ,

\φ"{x)\<C"φ(x), (3 Π)

The main result is the following and the proof is given at the end of this subsection.

Theorem 3.3. Let the initial data w0 G C°°(\Ά) for problem (3.10) satisfy

oo
f
/ wo(x)dx = O , (3.12)

\wo(x)\dx < e , (3.13)

and (3.2) for some n > 2. If e is sufficiently small, then the solution, guaranteed by
Theorem 3.1, w e C°°(R x IR+) of(3Λ0) satisfies (3.3), and there exists a φ G C 2 ( l )
satisfying (3.11) such that

sxvpw (x,t)φ(x) —> 0, t —•> oo .
X

For the proof we need the following estimates.
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Lemma 3.3. Let (3.12) and (3.13) hold. Then the solution w o/(3.10) satisfies

oo oo

- — W2φdx + K w2φdx<0, (3.14)
2 dt J J

— oo —oo
oo oo oo

(W2 + sw2)φ dx + — / w2φdx+- / w2

xφdx<0, (3.15)

— oo —oo —oo

oo
i p

— (W2 + sw2 + rw2

x)φ dx < 0 , (3.16)
dt J

— oo

where Wx = w and K, s and r are non-negative constants and φ satisfies (3.11).

Proof. The conservation law (3.10) implies j-t f ^ w(x, t)dx = 0. The assumption
(3.12) then implies

oo
f
/ w(x,t)dx = 0, Vί > 0 . (3.17)

j

— oc

Let

X

Γ
W(x,t) = / w(y,t)dy .

— oo

By the decay property (3.3) it follows that Wt = f*^ wt(y, t) dy —> 0, Wx = w —> 0
and Wxx = wx —» 0 as x —» oo. Hence the integrated equation of (3.10) is

Wt + F(υ + Wx,x) - F(υ,x) = Wxx . (3.18)

By (3.17) we can write

J w(y,t)dy, x < 0
-oo

oo

- f w(y,t)dy, x>0

- J -oo
oo

and conclude that W satisfies (3.3) with n > 1. Write

F(?; + w, x) — F(i;, x) = wφ{x) + w p2(w, x) ,

where

^(x) = Fu(^(x),x) = h(x)f(v(x)) + (1 - ft(a;))

and

1

p2(w, x) = /(I - 0)FUW (υ(x) + 0iu, x) dθ .

0
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Both these expressions are bounded because of the assumption that / ; , g', }" and g"
are bounded functions. The integrated Eq. (3.18) can thus be written

Wt + φ{x)Wx + p2{WX)x)Wl = Wxx . (3.19)

Since this equation has no VF-term and the coefficients are bounded, the maximum
principle holds (see Appendix A), that is,

oo
r

sup \W(x,t)\<sup\W(x,O)\< / \wo(x)\dx. (3.20)

Multiply (3.19) by Wφ and integrate to obtain

Λ 1 p

- — / W2φdx+ / ψWxWφdx + / p2Wx

ιWφdx= / WxxWφdx .
2 dt J J J J

Partial integration of the second term gives

ψWxWφdx = — / (ψφγW2dx ,

and the right-hand side of (3.21) can be written

oo oo oo oo

/ WxxWφdx = - ί Wx(Wφ)x dx = - ί W^φdx - ί WxWφ' dx =

Hence (3.21) can be written

\it I w2φdx~\

= - I W*φdx+- / W2φ"dx .

d x

piW^Wφdx +

The second term is positive by (3.11). Because of the maximum principle (3.20) we
can choose J^^ \WQ(X)\ dx so small that there exists a constant K G (0,1) so that
the third term can be estimated

Hence we get (3.14).
Now consider Eq. (3.10). Let F(υ + w,x) — F(v, x) = wp\(w, x), where
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,x)= / Fu(v(x) + θw,x) dθ .

Notice that, since / ' and g' are bounded, |pi| < M for some constant M. Multiply
(3.10) by wφ and integrate to obtain

OO CO CO

- — / w2φdx+ I (p\w)xwφdx= I wxxwφdx . (3.22)
2 dt J J J

The right-hand side can be treated as above and with φ" < C"φ of (3.11) we get

CO CO CO CO

/

If f C" f

w2

xφdx + - I w2φ" dx < — j w2

cφdx+-— / w2φdx.
j J ^ J

The second term of (3.22) can be estimated, using \φ'\ < C'φ,

(p\w)xwφ dx p{w(wφ)xdx <

ίMw2 w2

x

I 2 +2M

— +C'\ / w2φdx + - / w2

xφdx .

Hence (3.22) yields

- — / w2φdx—( +MC'\ I w2φdx+- j w2

xφdx<0.
A do I \ JL I J Z

Multiplying this inequality by an s > 0 small enough and adding to (3.14) yields
(3.15).

The third step is to differentiate (3.10) with respect to x, multiply by wxφ and
integrate to obtain

1 d

2dt
wxφdx+ (pιw)xxwxφ dx = / wxxxwxφdx. (3.23)

As before the right-hand side is

/

I f f C" f

w2

xxφdx+~ I w2

xφ" dx < — / wxxφdx + — I w2

xφdx .
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The second term of (3.23) is — J(p\w)x(wxφ)x dx and the two factors of this integrand
can be estimated as follows, with positive constants C i , . . . ,65. Boundedness of /',
g;, f" and g" implies

1

—

dx v\x) / Fuu(v(x) + y,x)dy+

o

and, since \φ'\ < C'φ,

\(Wχφ)x\ < {\Wχχ\ + Cf\wx\)φ .

The second term of (3.23) can thus be estimated by

C2 / w φdx w2

xxφdx ,

where C4 < 1 can be obtained by using the arithmetic-geometric inequality as we
have done several times above. Hence (3.23) becomes

00 00
Λ A Γ Γ

-— J W2

xφdx-C5 I (w2+wl)φdx<0.
— OO —CXD

Multiplying this by an r > 0 small enough and adding to (3.15) gives (3.16).

Proof of Theorem 3.3. The three inequalities (3.14), (3.15) and (3.16) imply in turn
that the limits

00 00 00

/
( ί

W2φdx, lim / w2φdx, lim / wlφdx (3.24)
t—>oo / ΐ—» oo /

J J

— (X) —OO —OO

exist. Integrating (3.15) from 0 to T gives

00 T 00 T DO

f ί if
K / w2φdxdt + s / w2

xφdxdt<
0 - 0 0 0 - 0 0

Particularly,

00 oc oc oc

K w φdxdt + s / wxφ dx dt < 00 ,

0 - 0 0 0 - 0 0
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which implies that the second and third limit of (3.24) are zero. Finally,

X X

/

r
wwxφdx+ / w2φr dx <

— oo — o o

oo oo

/

r
(w2 + w2

x)φdx + C I w2φdx
— oo — o c

implies that supx w
2(x, t)φ(x) —• 0 as t -* oo.

3.3. Case 3 with Non-Zero Initial Mass for the Disturbance.

Given a profile v and a disturbance w with non-zero initial mass, i.e.,

oo

f
777,0= / W(X, 0)dx 7^0 .

— oo

We shall investigate when this case can be brought back to the zero-mass case so that
Theorem 3.3 can be applied. Put u = v + w. If we can find a profile v with

(v(x) — v(x)) dx =

then w = u — υ will satisfy v + w = v + w and

oo
r
/ w(x,0)dx = 0 ,

i.e., (3.12) will be satisfied. Assuming that w(x,0) satisfies the other conditions in
Theorem 3.3, we shall investigate when w(x,0) also does. Parametrize the solutions
of

v' = h(x)f(v) + (1 - h(x))g(v) - g(u~) (3.25)

with their intersection with the i -axis, that is, υa(0) = a. Basic results on ordinary
differential equations imply

OL\ < Oί2 => vaι < vQ2 , (3.26)

va(x) is continuous with respect to a , (3.27)

so that

A = {a eΆ : υa satisfies (3.25); va(0) = a\υa(x) —> u^, x -^ ±00}

is an interval. (In Cases 1 and 2 the set A is a single point, since the profiles are
unique.) Furthermore, the properties (3.26) and (3.27) together with Lebesgue's ma-
jorant theorem imply that given v = vao with α 0 £ A and
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\υa(x) ~ vao(x)\ dx < oo, Ma e A , (3.28)
J

— oo

then

oo

I (a) = / (υa(x) - vao(x)) dx

is continuous and increasing.
If (3.28) holds and ra0 G /(A) (which is an interval), then we may bring the prob-

lem back to the zero-mass case (Theorem 3.3). Firstly, (3.13) holds if J \w(x,0)\ dx
is sufficiently small, because then |rao| is small and

w(x,0)\dx < / \v(x) - v(x)\ dx + / \w(x,0)\dx =

oo

mo I + / \w(x,0)\ dx .
J — oo

Secondly, assume that w satisfies (3.2) for some n > 2. Since w = v — υ + w, then
(3.3) holds for w and for some n > 2, if and only if ϋ(x) — v(x) and its derivatives
decay as o(|x|~2), \x\ —>• oo.

In the following lemma, which we also need in Subsect. 3.4, we focus on the
asymptotic behaviour of the profiles as x —> +oo. Similar results are easily obtained
for large negative x. Recall that a profile is either υ(x) =f u+ or υ(x) = u+ for all
x > 1.

Lemma 3.4. Let v be a viscous profile with v(x) —> u+ as x —> oo and v(x) ^ u+,
x > 1. If f'(u+) < 0, then there exists an a > 0 such that

\υ(x) -u+\ = 0 (e~ax) , for large x. (3.29)

If f^ι\u+) = 0, i - 1,.. . .p — 1, and f^p\u+) ^ 0 for some integer p > 2, then there
exist a constant I and a function L such that

, N P -i 1 fθ(logx), p = 2
(v(x)-u) = — — — , \L(x)\ = < ( P^I\ for large x,
v y ax + l + L(x) \Olχp-]),p>3 f3 30)

where a = (1 - p)f{p)(u+)/pl.

Proof Let u+ = 0 in the proof. Put fc = / ( p )(0)/p!. Then for x > 1, Eq. (3.25) for the
viscous profile becomes

r(x,υ)υ , (3.31)

where r(x,i;(x))v(x)| < \k\/2 for x large enough. Thus (3.31) implies
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J ^ > 0 , (3.32)

<0. (3.33)
2

First let p = 1, i.e., k = /'(0) < 0. Then integrating (3.33) from XQ > 1 to x > XQ
implies (3.29) with a = -k/2 = -/'(0)/2 > 0.

Now let p > 2. Integrating (3.32) from x0 to x with x > x0 > 1 implies, in the
case k > 0,

fc 1 1
(p - l )-(x - x0) < ~ _, u Λ + -

2 ^ - 1 ( ^ ) yp

Since the left-hand side is positive and y(x) —> 0, x —>• oo, we conclude that vp ι(x) <
0 for x > xo Hence p is even and v(x) < 0 for x > x0. Rearranging gives

- 1 . C+
m(£)p < — , for large x.

x
Similarly, this can be obtained from (3.33) in the case k < 0. Now (3.31) implies

— = k + r(x,y)y, with r(x, y)v = O Ixτrp J. (3.34)

Integrating this from xo > 1 to x > xo gives

rr> 1 „ -. -I

αx + / + L(x)

with α = (1 — p)k, I = l/yp~ι(xo) — (1 — p)kxo and

? , λ fθ(logx), p = 2
L(x) = (l~p) r(xJv(x))y(x)dx = t Q ί ^ Λ > 3 (3.35)

The lemma implies that if f'(u+) < 0 (p = 1) the difference v(x) - va(x) decays
exponentially as x —» oo for all α G A. This together with the arguments preceding
the lemma gives the following result.

Theorem 3.4. Given a profile v of Case 3 with f'{u+) < 0, g'(u~) > 0 (overcom-
pressive wave) and a disturbance w with mass mo = f w(x,0)dx. If mo E I(A),
j Iΰ)(£,0)| dx is sufficiently small and ?D(x,0) satisfies (3.2) for some n > 2, then
there exist a profile v and a weight φ such that w(x, t) = v(x) + w(x, t) — v{x) satisfies
(3.3) and

sup?/;2(x, t)φ(x) —» 0, t —> oo .
X

As an example, consider Fig. 3, where g\u~) > 0, f'(u+) < 0 (p = 1) and
all profiles are solutions. Thus A = IR, hence I(A) = EL We have thus stability for
any disturbance, provided f \w(x,0)\ dx is small enough. For other examples where
AJR, see [2].

In the following we write h\{x) ~ h,2(x), x -^ oo, when there exist positive
constants C\, C2 and x0 such that C\ < h\(x)/h2(x) < C2 for all x > x0.
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Now let p = 2 and u+ = 0, and use the notation of Lemma 3.4. The proof of that
lemma gives that υ(x) < 0 for x > xQ and /"(0) = 2k > 0. Then (3.30) gives

v(x) = = 7—+ Γ , L(x) = O(\ogx) .
ax + I + L(x) ax ax (ax + I + L(x))

Firstly, this implies that given v(x) = 0,x>\, the difference \v(x) - υa(x)\ ~ x~ι

as x —» oo for all va =/ v, a £ A. Hence any disturbance of ϋ can not result in
an asymptotic state va =/ ϋ. Secondly, assume that both v(x) < 0 and v(x) < 0 for
x > 1, i.e., the two profiles are increasing. Then the difference

aιxι + ϋ(x log x) \ xι )

used in (3.35) gives \L(x) — L(x)\ < C+. Since Z =f I (see the proof of Lemma 3.4),
(3.36) gives

\v(x) — v(x)\ ^ x~ as x —> oo .

For £> > 3 the difference decays even slower, for example p - 3 gives £(x) — v(x) =
O (logx/x3/2). As will be seen in Subsect. 3.4 the weight functions, for p > 2, grow
as φix) ~ x, so that W2φ ^ x~] is not integrable, where Wx =w = ϋ — v + w.
Consequently, for p > 2, stability can not be shown with the present method.

3.4. The Weight Functions.

Given a viscous profile υ in Case 2 or 3, we need a weight function φ that satisfies
(3.11) to be able to prove the stability results above. We shall thus prove the statements
in Lemma 3.2 during the course of this subsection. In the following, let C+ denote
any suitable positive constant and C any real constant. Put

φ(x) = h(x)f(v(x)) + (1 - h{x))g'(v(x)) ,
x

Φ{x)= fψ(y)dy.

Our weight functions should satisfy the differential inequality of (3.11), that is,

(φφ)' + φ" < 0 Φ=̂ >

ψ{x) = e-*<*> Ic-J V(y)eΦ^ dy j , (3.37)

where V is a non-decreasing function. We shall let |V| < 1 and V e Cι (with
bounded derivative), so that φ £ C2. Besides the dependence on v, φ depends on the
flux functions / and g. Because of this and since we want the weight functions to be
as close to a constant function as possible, we need five different weights to establish
the inequality 0 < C\ < φ{x) < C2 + C3!x| of (3.11). It is then straightforward to
check that the other statements of (3.11) are satisfied.
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Assume that /0°° e
ψ{y) dy < oo. Let the constant in (3.37) be C =

,/0°° V{y)eψ{y) dy. We get the first weight by letting V = 1:

oo

ψ\(x) = e-φ{x} ί eφ(y)dy,

and the second by letting V - V2

+ be non-decreasing with V2(x) = 0, .r < — 1, and
V2

+(x) = 1, x > 1:

r
ψηix) == β / Vo (

X

If J° eψ(y) dy < oo, let C = - / " Vr(y)e^(^) dy. With V = - 1 (3.37) implies

and with V - V^ = l/2

+ - 1 < 0 we get

χ) J e#(y)dyi x < - \

^ x > 1 .

The four weight functions above are easily seen to be strictly positive. The last
weight we need is defined in the following lemma.

Lemma 3.5. If f^° βψ^ dy < oo, then there exist positive numbers A and B and a

non-decreasing function V3 G C^OR) with bounded derivative, satisfying

V3(x) = < ~ and I V3(y)eψ{y) dy = 0 .
[h x> B. J
v —oo

Then we can choose C - — J^^ V3e
ψ dy = Jo°° V3e

φ dy in (3.37) to obtain

OO X

0 < φ3(x) = e-* ( a : ) /" ̂ e * rfy = - e " * t e ) f V3e
φ dy =

P-Ψ(x) f pΨ(y) M. Ύ s- A

— oo
oo

e-!P(x) J e!?(«) d l / ) χ > β
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Proof Since J ^ ^ eφ^ dy < oc we can choose positive numbers A and B such that

— A oo

•= / eφ(y)dy . (3.38)

Define the coordinate transformation 2; = z(y) by

z = ί enθ) dθ, -A<y <B , (3.39)

- A

and let z/(̂ ) be an increasing Cι function in the interval [0, z(B)\, satisfying z/(0) =

- 1 , u(z(B)) = 1, i/(0) = i/'(^(J5)) = 0 and f*(B) v{z)dz = 0. It follows that

V3(y)=liy(z(y)), -A < y < B

v

is C1. Then (3.38) and (3.39) imply

00 —A J9 00 ^(β)

/ V3e* dy = - ί eψ dy + ί u(z(y))eψ(y) dy + / eφ dy = / z/(z) dz = 0 .
t/ j j J J

-00 -00 - A £ 0

It remains to show that φ3 > 0. Put I(x) = J^° V3(y)cψ{y) dy. Then I(±oo) = 0,

and the properties of V3 imply / > 0, hence φ = e~ψI > 0.

In the following lemma we focus on the asymptotic behaviour of the weights as
x —> 00. Similar results are easily obtained for large negative x. Recall that a profile
is either v(x) ̂ u+ or v(x) = u+ for all x > 1. Let h\{x) ~ h,2(x), x —» 00, mean that
there exist positive constants Ci, C2 and xo such that CΊ < h\(x)/h2(x) < C2 for all
X > X0

Lemma 3.6. Lef v be a viscous profile with v(x) —> u+ as x —+ 00. If f'(u+) < 0, then

e*W r^e

f/{u+)x, x - > o o . (3.40)

If for some integer p > 2, fi7/\u+) = 0, z = 1,... ,p — 1, β^J f(p\u+) ^0,

/ Let u+ = 0 in the proof and put k = / ( p )(0)/p!. Use the results of Lemma 3.4.
Let p = 1. Then, for some 0 < 0(x) <

f'(v(x)) = /'(0) + f"(θ(x))υ = /'(0) + O (e"α a ;) ,

and, with x0 > 1,
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X X

Φ(x) = ίψ(y)dy = C+ ί f (v(y)) dy = C + f'(0)x + O {e~ax) ,

0

hence (3.40) follows. Let p > 2. Then (3.30) implies

pk

(l-p)kx + l

where R(x) = O (]-^f) if p = 2 and R(x) = O (x~ ^ ) if p > 3. Hence

= fφ(y)dy = C+ f f (v{y)) dy = C - -^—-\ogx + B(x)
J J P U

where B(x) is a bounded function, and (3.41) follows.

Let us now deal with the different cases that may appear regarding υ, f and g.
Case 2. In Case 2 the viscous profile is unique and it satisfies v(x) = u~, x < — 1
(assuming u~ < u+). Furthermore, g'{u~) < 0 and f\u+) < 0 hold.

/. g'{u~) < 0, f'(u+) < 0 (regular Lax wave).
For x < —1, Ψ(x) - C + f*χ g'(u~)dy = C + g'{u~)x holds, and at +oo we use
Lemma 3.6 to conclude that the weight φ\ is suitable. It satisfies φ\(x) ~ C+,
\x\ —> oo, for

\u-)x J eg'{u~)y dy = --J-^, x -» -

- ^ CX)

//. g'(u~) = 0, ff(u+) < 0 (marginal overcompressive wave).
Then e ^ x ) ~ C+ as x -^ — oc, which implies that we choose the weight φ\, which
satisfies

oo .ψ\{x) ~ C+,

///. g\u~) < 0, f{ι)(u+) = 0, i = 1,... ,p - 1, fip\u+) 4 0 for some p > 2
(marginal undercompressive wave).
Combining I above at — oo and Lemma 3.6 at +oc yields

x -* —oo

==
 (Ό — l)x x —̂  oo

IV. g'(u~) = 0, f{ι)(u+) = 0, i = 1,... ,_p - 1, f(p\u+) ψ 0 for some p > 2
(degenerate wave).
Combining II at — oo and III at +oo yields
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The weight functions φλ and φ2 will be suitable for Case 2 with u > u+.
Case 3. Recall the symmetry of the behaviour of the viscous profiles between +oo
and — oo. We can for example use the analogue of Lemma 3.6 at —oo.

V. g'(u~) > 0, f'(u+) < 0 (overcompressive wave).
The weight φ3 will be suitable and satisfy φ^(x) ~ C+, \x\ —» oo, for Lemma 3.6
gives

and Lemma 3.5

' ( ^ ^ Γ rf'(u')y J 1 oo .

VI. g'iu-) > 0, fι)(u+) = 0, i = 1,.. . ,p - 1, f{v\u+) 4 0 for some p > 2
(marginal overcompressive wave). There are two subcases:
A. v(x) -=f u+ for x > 1. Lemma 3.6 gives

X ^ OO

φ3(x)
χv-\ j _ ^ _ ={p— [)χ, x -+ OC .

«. x y p ~~

B. υ(x) = IL" for x > 1. Since eψίyX^ ~ C+ as x —> oo, we choose ^ , which satisfies

(/?~(x)

The information in V and VI can now be combined to give the rest of the combi-
nations, having the mentioned symmetry in mind. For example, if υ(x) =/1^ V|x| > 1,
p is defined as in VI and if, analogously, q > 2 is the first integer with g{q\u~) ^ 0 ,
then the weight φ^ satisfies

I —(q — l)x, x —» —oc
Ψ 3 ( X ) •-• - . - o o

3.5. Γ/ẑ  Special Case f = g.

Let us see what the present method gives in the case of a single conservation law
ut + f(u)x = 0, where / is generally non-convex. Consider a discontinuity with
u~ < u+. There are infinitely many viscous profiles v( + xo), xo G M, which are all
increasing and satisfy u~ < υ < u+. This is a special case of Case 3 with f = g,
so the results of Subsects. 3.2 and 3.3 hold. This means that stability is proved for
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a small disturbance with zero mass. Furthermore, if f'iu^) ^ 0 (compressive wave),
the asymptotic profile is determined by the excessive mass of the disturbance, see
Theorem 3.4. According to Subsect. 3.4 (Case 3V) the weight function then behaves
as ψi ~ C+ as \x\ —» oo. However, if for example f'(u+) = 0 we can not show
stability with the present method, with the arguments at the end of Subsect. 3.3. The
weight satisfies in this case ψ3 ~ x as x —» oo (Subsect. 3.4, Case 3VIA).

A. A Quasi-Linear Parabolic Equation

The assumption F ( 0 , x ) Ξ 0 in Theorem 3.1 implies (F{u,x)) = Fu{u,x)ux +
Fx{u,x) = Fu(u,x)ux + Fux{θ,x)u for some θ between 0 and u. Theorem 3.1 will
thus follow from the following more general one. Let Cτ,a,β denote any suitable
positive constant. Recall that we use the norm

IMIn.Γ = SUp \u(x,t)\(l+X2)n/2 .

Theorem A.I. Consider the Cauchy problem

ut + F(u, x, t)ux + G(u1 x, t)u = uXXl x G l , t > 0 ,
ΓA 11

where F,G G C 0 0 α^J zίί derivatives are bounded functions. If, for some n > 0,
wo £ C°°(]R) satisfies

| | 5 ^ | | n , o < oo, α = 0 . 1 , 2 , . . . ,

ί/zβπ (A.I) /zβ.s' a unique solution u G C°°(M x R+), which for every T > 0 satisfies

max(α,/3+l)

| | 0 ° 0 f u | k r < Cτ.α,/3 Σ ϋ ^ l U . o , Q,/3 = O,1,2,... . (A.2)
/e=0

Furthermore, if G > 0 <2/?J ̂ o(^) —> 0 «5 |x| —> oo, ί/ẑ «

inf uo(x) < u(x, ί) < sup UQ{X), (X, t)eRx [0, T] . (A.3)

The construction and the smoothness of a solution of (A. 1) in a strip M x [0, T] can
be shown by standard techniques, for example by using the ideas of Hδrmander [7].
The bound (A.2) and the uniqueness can be proved using the following maximum
principle.

Lemma A.I. Assume that u = u(x, ί) satisfies

ut + F(u, x.t i)ux + G(u, x, t)u + H(u, x, t) = uxx, t > 0 ,

u(x,0) = UQ(X), x e R ,

with u, ut, ux and uxx temperate in the strip M x [0, T], that is, each satisfies an
inequality of the type

sup \u(x, t)\ < Cτ{\ + x2)N for some N.
0<t<T

Assume that F is bounded and that G is bounded below. If\\u\\n$ < oo, then

\\u\\n,τ < C Γ ( M k o + \\Hι | |n,τ), where Hλ(x, t) = H(u(x, ί), x, t). (A.5)
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Proof. We can assume that ||ϋΓi||n,τ < oo, otherwise (A.5) is trivial. First we show
(A.5) for n = 0. Let m be a positive integer and 0 < φ G C°°(IR) satisfy φ(x) ~ e~^
as \x\ —> oc. Multiply the first row of (A.4) by u2rn+ιφ and integrate to obtain

d 7 u2m+1 oo oo
r

,.2m+ljL J _ . / rΊnι2m+2,
j r Ί.2m+2 r r

j I - -φdx + / Fuxu
2m+ιφdx+ / Gu2m+2φdx +

— OO —OO —OO

OO OO

+ / Hu2πι+1φdx = / uxxu
2m+ιφdx. (A.6)

— oo —oo

With partial integrations we can write the right-hand side of (A.6) as

- ( 2 m + 1)

oo oo

/ u2

xu
2rnφ dx + ̂  1 ^ / u2m+2φ" dx .

J 2m+ 2 J

Using the inequality (α, b > 0) 2α6 < rα 2 + r~ιb2 with r " 1 = 2(2m + 1), the second
term of (A.6) can be estimated by

oo

/ \Fum+1\\umux\φdx <

OO

ί F2u2m+2

OO

ί u2πιu2

xφdx .

The fourth term of (A.6) can be estimated similarly using the inequality (α, 6, α, β > 0,
a + β = 1) aabP <aa + βb with a = H2rn+2, b = u2m+2, a = ^ and β = | ^ , so
that

\H\\u 2m+1

2 m + 2 2 m + 2

Now (A.6) becomes

d ί u

J
d ί

ItJ

2772+2

2m+ 2

oo

— oo

4(2m

^jti^φte. (A.7)

Assume first that G > 2. Since φ(x) ~ e~^9 \φ"\ < C"φ for some constant C" > 0.
Then it follows that the second term of (A.7) is positive for large m (F is bounded)
and we get
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oo oo oo

^ / u2m+2φdx < [ H2m+2φdx < sup Hλ(x,s)2rn+2 [φdx.
dt J J xGl,0<s<T J

— oo —oo

Integrating from 0 to t implies

oo

/ u2m+2(x, t)φ(x) dx <

< supix(x,0)2m+2 [ φdx + t sup Fi(x,s) 2 m + 2 [φdx. (A.8)
xGl,0<s<T

— oo

If I is an interval and x0 £ -ί, then

oo

ί u2rn+2φ dx > [ u2m+2φ dx > πrin i t 2 m + 2 [φdx. (A.9)

-oo /

Combining (A.8) and (A.9) with the inequality (α + 6) 1/m < α1/™ + 61/m we get

min\u\ ί / φdx 1 <
1 \Ji J

α \ 2^ΐ2 j

0dx +ti^ϊ2 sup Ifίi| ( j φdx
JFirst let m —> oo and then let / shrink to the point xo We get

\u(xo,t)\ < sup |ix(a;,O)| + sup |ffi| . (A.10)

If G does not satisfy G > 2, but only G > -K {K > 0), then put υ = ue~iK+2)t.
Substituting this into (A.4) gives

vt + Fvx + (K + 2 + G)υ + He~{K+2)t = vxx ,

Since K + 2 + G>2we can use (A. 10) to obtain

\υ(x, t)\ < sup \v(x, 0)| + sup \H{\e~{K+2)s < sup \u(x, 0)| + sup
x 6 l xGl,0<s<t cc€l

that is,

|^(x, Q| < e(K+2)t ( sup |ιt(x, 0)| + sup \Hχ\
γ^Gl x€l,0<s<T

Especially,
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For n > 0 let p(x) = (1 + x2)~n and v(x, t) = u(x, t)/p(x). Then v, vt, vx and u ^
are temperate functions. Substituting u = vp in (A.4) gives

9 ) \ P
v(x, 0) = uo(x)/ρ(x) .

Since the coefficients for vx and υ are bounded, (A. 11) implies

IMIo,τ < Cτ(\\υ\\o,o + | |#I/P| |O,T) ,

which is equivalent to (A.5).

Proof of (A.2). Let u be the constructed solution of (A.I), which is bounded together
with all its derivatives. Since H = 0, (A.5) gives directly

The composite functions F\(x,t) = F(u{x,t),x,t) and G\(x,t) — G(u(x,t),x,t)
and its derivatives are bounded. We can thus consider Eq. (A.I) as being linear:

ut + F\(x, t)ux + G\(x, t)u = ux

u(x,0) =

Differentiation with respect to x gives

dux dux (dFx \

ot ox \ ox J
dGx d2ux

Ux + —r—U =dx dx2 (A. 13)

Apply (A.5) with H = udxG\ and combine with (A. 12), then

Differentiation of (A. 13) yields

duxx duxx d2uxx

~~dΓ+ ~ΊhΓ+ + x + = ~ r

for some bounded functions Fi(x,t) and Gi(x,t). Again (A.5) together with the
previously obtained bounds for ux and u gives

2

I K * l k r < Cτ[\\uxx\\nfi + | | ^ | | n , τ + HtiHn.r) < C

Now (A.I) implies that also ut satisfies such a bound. We can repeat this procedure
to obtain such bounds for all derivatives, hence (A.2) holds.

Proof of (A3). Assume that u(xo,to) > supu0 with (xo5^o) G R x [0, T]. Let e > 0
be so small that U(XQ, to) — eto — e*x\ > suptio Then the function

u(x, t) — et — e3x2
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has a maximum at (x\,t\) with 0 < t\ < T. Both UQ and u are bounded in the strip
and decay to zero as \x\ —> oo. Thus there exists a constant C with e3x2 < C and

i) > sup wo > 0 holds. Furthermore, at {x\,t\) the following hold:

ut - e > 0 ,

t ^ — 2e3xi = 0 ,

u** - 2e3 < 0 .

With \F\ < M we get

,Cχi2

• Fux + Gu-uxx>€- M2eό—rjz- + 0 - 2eό > 0
e3/2

for e > 0 small enough, which is a contradiction. Hence it < supi^. Similarly
(substitute e by — e above), u > inf u$.

Proof of the uniqueness in Theorem A.I. With H(u, x, t, iu) = F(u, x, t)w+G(u, x, t)u,
Eq. (A.I) can be written ut + H{u,x,t,ux) = uxx. Assume that u1 and u2 are two
solutions with the same initial data. Then

(u1 - u2)t + i ί ^ 1 , x, t, uι

x) - H(u2, x, ί, wx) = (uι - w 2 ) ^ ,

where H(uι,x, t,uι

x) — H(u2,x11,ux) - Hu{θ\,x, t,ξiXu1 — u2) +
Hw(@2, %, t, ζiXu1 — u2)x, which implies that we have an equation of the form (A.I)
where the coefficients and its derivatives are bounded. Hence (3.3) with a = β = 0
yields uι =u2.
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