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Abstract: This paper studies an initial boundary value problem for a one-dimensional
isentropic model system of compressible viscous gas with large external forces,
represented by v, —uy =0, u, + (av™7)y = p(u/v)y + f(f(;c vdx,t), with (v(x,0),
u(x,0)) = (vo(x), uop(x)), u(0,¢) =u(l,t) = 0. Especially, the uniform boundedness
of the solution in time is investigated. It is proved that for arbitrary large initial data
and external forces, the problem uniquely has an uniformly bounded, global-in-time
solution with also uniformly positive mass density, provided the adiabatic constant
y(> 1) is suitably close to 1. The proof is based on L?-energy estimates and a
technique used in [9].

1. Introduction

In this paper we consider the one-dimensional motion of a general viscous isentropic
gas in a bounded region, with an external force. In the Lagrangian mass coordinate,
such a motion is described by the following system of equations:

D,——ux=0, (11)

X

u + p(v)y = (u—lj)x+f (fvdx,t) , (12)

0

where v,u, p, it and f in the equations are the specific volume, the velocity, the
pressure, the viscosity coefficient, and the external force of the fluid, respectively.
We will assume that the equation of state, i.c., the function p is given by

p(v) =av™’ (a > 0, y > 1 are the constants) , (1.3)

and that the viscosity coeflicient is a positive constant. After normalization, we may
assume without loss of generality that the fluid occupies the interval (0, 1), whose
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total mass is equal to 1. So we shall consider this problem in a fixed domain Q
defined by
O={(x0)]0<x <1, t>0}, (14)

together with the initial conditions
v(x,0) = vo(x), wx,0) =up(x) on0<x<1, (1.5)

and with the boundary conditions
u(0,t) =u(l,t)=0 ont >0, (1.6)

where the above initial data satisfy

vo € HY(0,1), up € Hy(0,1), (1.7)
CO_1 < vo(x) = Cy for some constant Cy > 1, (1.8)

and ]
Jvo(x)dx =1. (1.9)

0

Furthermore, for the external force f = f(&, 1), &= fg vdx, we suppose that

fofe and  f; € L((0,1) x (0,00)) . (1.10)

We are interested in the existence of an uniformly bounded global solution with
respect to time ¢. Here and throughout this paper, the term “uniformly bounded,
global-in-time solution” means the time-global solution which is uniformly bounded
and its density also being uniformly positive with respect to .

In the case f =0, the existence and uniqueness of the uniformly bounded,
global-in-time solution have been obtained by a number of authors including Kanel’
[4], Itaya [3], Kazhikhov [5], Kazhikhov and Shelukhin [8], Kazhikhov and Nikolaev
[6,7], etc. under various conditions on the initial data, the equation of state p, and
so on. Among them, Kazhikhov’s result [S] shows that for arbitrary large initial data,
our problem with f = 0 has a unique uniformly bounded, global-in-time solution. If
the external force vanishes sufficiently fast as time tends to infinity, we can extend
their results to obtain uniform estimates or the asymptotic behavior of the solution.
However this assumption is too restrictive to cover physically meaningful cases,
such as time periodic external forces or time independent ones. From this point
of view, Beirdo da Veiga [1] proved the following result. For suitably small f, if
some norm of the initial data is bounded by some constant which is determined
by the L°°-norm of f, then a uniformly bounded, global-in-time solution uniquely
exists. Since the constant mentioned above tends to infinity as the L*°-norm of
f tends to 0, there is no gap between his result and Kazhikhov’s one. His result
also shows that for any fixed initial data, if the external force is sufficiently small,
then the uniformly bounded, global-in-time solution uniquely exists. However it
does not cover Matsumura and Nishida’s result [9]: when the gas is assumed to
be isothermal, namely the equation of state is given by p = a/v, then there exists
a unique, uniformly bounded, global-in-time solution for an arbitrary large external
force and large initial data. From this point, our interest in the present work is to
make up for the difference between them. To do so, regarding y as a parameter,
we shall get the sufficient condition on the external force f so as to have uniform
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estimates on the solution, and study precisely how this condition depends on y. Of
course we expect that when y tends to 1, our goal will be achieved.

In what follows, we denote the norm in L>°,L? and H' by |« |«, || - || and
Il - Il1, respectively. The following is our main theorem.

Theorem 1.1. Assume (1.7)—(1.10), and 1 < y < 2. Then there exists a constant

9—1
|floo £ C(), then the initial-boundary value problem (1.1)—(1.3) with (1.5), (1.6)
has a unique, uniformly bounded, global-in-time solution (v,u) satisfying

1
C(y), which tends to oo as vy tends to 1, such that if E;(0) < %(m)z and

C'suxn)C VY)eO, (1.11)

and

sup (0, u)(1)]y = €, (1.12)

where E1(0) shall be defined in (2.8), and C(> 1) is a constant depending only
on a,u,?y, CO’ “(UO’uO)Hl’ and [f|00

Remark 1.1. The above constant C(y) can be chosen to satisfy C(y) = C (log(y —
1)"")% as y — 1 for any f satisfying 0 < f < 1.

Remark 1.2. Theorem 1.1 shows that for any fixed initial data and external force,
there exists a unique, uniformly bounded, global-in-time solution, provided the
adiabatic constant y is suitably close to 1.

Finally, we shall mention the asymptotic behavior of the solution to our problem.
Let us decompose the external force f = f(&,¢) into a non-stationary part and a
stationary part as

JED = fol&D+ foo(D) (1.13)

where fo(&,¢) is a non-stationary part and f.(&) is a stationary part of the external
force. Let (7(¢),0) be the stationary solution to our problem in the Eulerian coor-
dinate, then it must satisfy

CLL ), (1.14)
1
Sn&dé=1. (1.15)
0

For this stationary problem, we have obtained in [2, 11] a sufficient condition that
ensures the unique existence of the solution to (1.14) and (1.15), which is expressed
as

ay

.

F(w)— min F' .
max F(w) Wl’él[lor’ll] (w) < (1.16)

wel0,1]

where F(w) is defined by F(w) = fow Joo(&)dE. By comparing the order of C(y)
with the right-hand side of (1.16) as y — 1, it is easy to see that there exists
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a constant 79 > 1 such that if 1 <y =< 7 and |f|eo < C(y), then the condition
(1.16) is satisfied. Therefore we have the following theorem

Theorem 1.2. Assume the same hypotheses as in Theorem 1.1. Let (v,u)(x,t)
be the unique, uniformly bounded, global-in-time solution to (1.1)-(1.3) with
(1.5),(1.6), and V(&) be defined by

1
V)= e (1.17)

Then there exist constants yp > 1, 0 > 0 and C > 0 which depend only on the
1

given data such that if 1 <y < 90, E(0) < § (%)5, and | floo = C(y), then
the following estimate is satisfied for all t = 0 :

2

o( 1) — V(fu(x',t)dx’>
0

(- D) £ Ce (1 e ,s>1iods) .
’ (1.18)

Remark 1.3. Under the assumption that there exists a strictly positive solution # of
(1.14) and (1.15), Zlotnik [12] has obtained the asymptotic behavior of the solution,
for f nonincreasing with respect to £. Yanagi [11] showed in a Lagrangian mass
coordinate the stability of the solution around the strictly positive stationary one,
which was also assumed to exist, for f with f: and itself being suitably small.
Recently, Straskraba [10] considered the case that zero density appears on a set of
positive measure, and generalized Zlotnik’s result without assuming the existence
of the strictly positive stationary solution, for f which does not depend on ¢ and
is nonincreasing with respect to ¢.

The proof of Theorem 1.1 is done in Sect.2 by using energy estimates and the
technique found in [9]. Remark 1.1 is obtained by direct calculations in Sect. 3. In
Sect. 4, we shall show Theorem 1.2.

2. Proof of Theorem 1.1

In this section, we shall have some estimates for the solution to our problem
(1.1)—(1.3) with the initial and the boundary conditions given by (1.5),(1.6). In
what follows, we shall denote the letters Cj, Cy,... by constants depending only on
the given data.

Let us begin with the following easy result. Integrating (1.1) over [0,1] gives

1
fuxtdx=1, Yt20. .1)
0

Multiplying (1.2) by u and integrating it over [0, 1] yields
2 1

4 fLa oV ax s S dx = fufd 22
E{{Zu (v)} x+u{v x = [ufdx, (2.2)

0
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where @ is defined by &(v) = T%l(v“""*' - 1)+ a(v — 1)(= 0). Using the relation

U= f(f uy dx, we have the estimate |u|o < ( Jo ! "LX dx)% then the right-hand side
of (2.2) is estimated as

ufdx < vy % et L 2
Ofufleuloolfloo =5{7 x+—ﬂ|f|m, (2.3)

from which one gets

IIA

d L[l LM - 2
d[f{—u —l—(P(U)} Eof—v—dx If15 - (2.4)

RS
0 2

Multiplying (1.2) by l—]vl and integrating it over [0, 1] gives

<

d L(p/o\2  uvy ‘vz Ly N
E0{5(;) } —{?dx—bf;fdx. (2.5)

1

2
As the last term in the right-hand side of (2.5) is bounded by |f|co ( I3 1Y X dx > ,

we have

1
d Lfpv\? uv 02 1,2 1,2 3
— Z(2) - x < x .
dtf{2< ) ; }d +avf =f——dx+|floo (Of—Dde) . (26)

0 v

Multiplying (2.6) by %, adding it with (2.4), one shows that

1

1 02 2
B0+ B0 = L AE+ 5k ([ Sar) @7)

2 0oV
where EZ(¢) and E3(t) are defined by
! 2 o2 puv,

)= {2+ 5 (& L 28
{0) 0f{2u+8(v) - +()} (28)
By g )0
2(1‘)——2‘({‘-0— x_’_TOUH'Z X . (2.9)

. uv,
Since the absolute value of the term puls

2
is bounded by Ju* + /¢ (7‘) E3(t) can
be estimated as

—f{ -’;— (f)z}dx+j¢(u)dx

S E) £

N W

(1 ) 'u2 Uy 2 1
of{iu +5 (—v—) }dx+0f<b(v)dx. (2.10)
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2 3
Now we would like to estimate E3(¢) from below and |f|eo fol U—gdx from
v

above. To do so, we shall use some methods found in [9]. Let X and Y be defined by

12 L2
X:Ofv_édx’ Y:fv%zdx. (2.11)
Using Holder’s inequality, one has
12 =1
fv—gdng‘f Yi. (2.12)
0

Then it follows from (2.9)—(2.12) that

IA

]
142 2 =l 1 I3 2y—1 __1 S =1
o ({35 ) 5 1o 1h §5Y+‘XT“3 i
0

2y
1
16 217_1 __— 211 2; :})
= SE3 (1) + 2 <M2> VA (2.13)
. . u 2e 1
for any ¢ > 0. If we determine ¢ that satisfies 1 e = 5 ie., e = ay?, then (2.7)
is reduced to
d 1, 2 7 AT
GE0+3EH0 S B+ QUAETET (2.14)
7—1
2y—1 [16\ 2T L
where C) = Z yzy F (ay?) %1,

Next, it easily follows from (2.1) that there exists a point xo(¢) € [0, 1] such

that v(xo(?),7) = 1. Therefore we have
!
12 2
< (f—%dx) , (2.15)
o v

from which one obtains the following relation between X and Y:

|logv| =

X<

=1 1
7Y < Yexp <yXT‘«'Y2‘/> . (2.16)

In order to proceed with this relation, we use the following lemma, without proof.

Lemma 2.1. Let g(x) be a function in C([0,0)) satisfying g(0) = 0, and be mono-
tone increasing on some interval [0,Ay]. Let A be an arbitrary number satisfying
0 < A4 < Ao. Then the following inequality is valid for all B = 0:

< S g@ydx + [ g7 (x) dx for 0 < B < g(4o), o

[ g(x)dx + 40B — [0 g(x)dx  for B = g(4o) .
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;=1 s

=1 1\ > L 1 -
Putting A =X %", Ay = <i> , B= Yzl‘/ and g(x) = ———%—— into
71 [
(2.17), one shows from (2.16) that
=
x Yexp <7foy ’g“(é)dé) for 0 <Y < ay),
L < .
vX+1 7 y—1 3 741 L2_]' 1
Y exp|y| —— Yz for Y = a(y), (2.18)
2y y—1
' p] - 1\ ()
provided that X =< = where 2(y) is defined by a(y) = (Z) (T]) .
Let us consider the function
1
y 2V
yexp (v.foy g“(é)dé) for0 £y = ay),
G(y) = | I o il (2.19)
7—1 A T - >
y<2y> exr><y<y_l> y ) for y = a(y).

Since the function G(y) is a monotone increasing one with respect to y, there exists
the inverse function y = G~!(x), which has a following property:

H(x) = G_;(x)
exp ( = vfocﬂl(")z_’g~l(é)d<:> for 0 < x < G(a))
(Viy1>§exp(~y<z_ii>TG“l(x)%) for x = G(a())
<1, (220)

and H(x) is a decreasing function of x.
We are now in a position to estimate E%(t) from below. Assuming X < %Il,
we have from (2.9) and (2.18),

i

X 4
G™! <Y< —E?, 221
<\/)ﬁ > = T awy? (221
or equivalently
X X 4
H < —E;. 222
(s/X—H)\/X—i—l—am) 2 (2.22)
Using the monotonicity of the functions H(x) and —2=, and the relation X < C,E?

Vax+1
(Cy = 16/u?) shown in (2.10), one obtains from (2.22),

H GFf X < iEg, (2.23)
C2E2 +1 GE*+1 — auy
1 1
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namely
C,E? X 4
G! 21 ; < —E2. (2.24)
VGET +1) GEf — apy
Next we shall estimate @(v). For the sake of the point x((z), it follows that
X0
-+ _y= 4 G Z 1yd
Tl )= 50 )dx
x Uy 1 |le
=—af—=dx<af—dx. (2.25)
Xo v/ 0 v/
Thus
1 1
1 gy 1,2 2l 2
f@(v)dxéaf—ydx§a(f—ﬂ—%dx> (fv_’dx) . (2.26)
0 o U o vt 0

As we are interested in y which is near 1, we may assume 1 < y < 2, so it is
casily verified that the integration fol v>~7dx is less than or equal to 1. Using (2.9),

one gets
1 L2 3 a
Offp(v)dx <a (of inz dx) <2, IEEZ . (2.27)

Therefore it follows from (2.27) and the property of H(x) that

CE2 1
H|—=2L_) [d(v)dx <2,/ -~E,, (2.28)
\/CzE% +1/7% uy

namely

C,E? 1! [a
—1 2
1

Similar consideration as above yields

C,E? 1 ! 4
G! 1 2dx < —E?. 230
<\/C2Ef+l) GE =R 230

Multiplying (2.24) by 3—1‘2—2, (2.30) by % and adding the results together with (2.29)

imply
GE} 12 4 32
G| == | = —2<ﬁ+—>E§+—M/iEZ, (231)
VGE? +1 pue\ay u wEY opy
where we have used (2.10). As the last term in the right-hand side of (2.31) is

256
bounded by ¢ + WS;IE%, easy calculation shows that

e ([ CE ) ) com (2.32)
1+e VGET +1 - ’
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for any &>0 and C3:max(:l~§(ﬂ+3>,35—éﬂ). Putting 8:%G’1

y T 57

2
(—i> into (2.32), and substituting it into (2.14), we derive

\/ CaE+1

G_1< GE] >

d 1 \/CE2 41 2 26D

A ORven — Ifl2 LalIETETT . (233)
P24 G (—CzEl )

\/ CE3+1

If E1(0) and |f|c are sufficiently small so as to satisfy

1
I y+1\2
E(0) < (Ez-—v_ 1) , (2.34)

and

2
i1 G-! (_L_>
=1 29(y—1
|fF-+qc =1 gz (1] <L V2] (235)
7—1 4C32—|—G—‘ y1
V2r(—1)
1

then (2.33) shows that Ej(t) < (éz ) for all ¢ > 0, therefore X < 2. One

of the sufficient conditions on f that satisfies (2.35) is

12

()
s VoG
4C, —1 y+1
24+ G
| floo < min , A (2.36)
G_1 [ I 7—=1
C = 1 (\/2:«7—1) (7 — 1) %
2 .

8C,C; _ ( 71 y+1
24+G —
V22 =1)

We have already got the following result.

Proposition 2.1. Let the assumptions in Theorem 1.1 be satisfied. If the initial
conditions and the external force satisfy (2.34) and (2.35), then the following
estimates are valid:

Cl'<oxt)£C Y(x,t)e0, (2.37)
and
S‘i%(””(’)“l + u@l) = C, (2.38)
2
where C is a positive constant depending only on a, u,v, Cy, ||(vo, o)1, and | f|oo-

Let C(y) be defined by the right-hand side of (2.36). Then the proof of
Theorem 1.1 shall be completed if we estimate ||u,(¢)||. Multiplying (1.2) by —uy,
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and integrating it over [0, 1] yields

2 1
1 fuzder i f ey = ~avf ",ﬁ x4 | fuxx fdx. (239)
0

Using Proposition 2.1, we can estimate each term in the right-hand side of (2.39) as

Loou ! C
layof —;‘ﬁdx‘ <e Of cdx+ — (2.40)
Uy Uy Uy L cl,,
[ ———dx| £ ¢[uidx+ — [vjuidx, (241)
v 0 €9
1 1 C
[ fdx| < & [l dx + ~ (2.42)
0 0

for any ¢ > 0. Since u satisfies the boundary conditions (1.6), there exists a
point x;(¢) € (0, 1) such that u,(x,(¢),7) = 0. Using this point, we have the relation

0
u? = fn e —u?)dx = 2f uytty, dx, which gives
2 2 poa 15,
luy2g < & [ul. dx + S—quxdx, (2.43)
0 0

for any ¢ > 0. Substituting (2.43) into the last term in the right-hand side of (2.41)
implies

1
qu@;iz@‘idxlgc(afu dx + 3fu dx). (2.44)
0
By choosing ¢ sufficiently small, we obtain from (2.39), (2.40), (2.42) and (2.44),
d ! 1 1
—fuidx+fufxdx§C(1+fu§dx) . (2.45)
dty 0 0
It easily follows from (2.7) and (2.45) that
1
jt <E2(t)+ Ju dx> + (Ef(t)+ [ u? dx> <cC, (2.46)
0

from which we conclude

1
Eit)+ [utdx £ C. (247)
0

This completes the proof of Theorem 1.1.

3. Estimation of C(y)

In this section, we shall estimate C(y), which is defined by the right-hand side of
(2.36), as y tends to 1. By the definition of C(7), it is easy to see that

~ -1 __.__.___y+1 ' —
Cn=G (\/m> (ry—1). (3.1)
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Since

s ) LYyt
o= (5] e () (322
vt ] ) =1, (32)

SH-1)yi| @11
G- ( V2y(y—=1)

it is enough to consider the function G(y) only for 0 < y < a(y). Changing the
variable n = ¢~ '(¢) in (2.19) yields

K {(H D-G- 1>nv—'}

G(y) = “ dn| . (33
(y)=yexp |7 { P (T )2 n (33)
ot 41

2y
Another transformation 7 = 77T in (3.3) implies

_2__
=T

1
‘1 2—
L G+D -G~
G(y) = d
e E= CEaN
L2
i ) g Ty
= yexp {“Elog(‘c—kl)—”“l(r—{—l)'l}
7 0

1 2 *% ) 1 2y -1
=,v<g“'(y§7)7“_‘+l> exp (;—1—1{1~<g"(y2_’1‘)?7‘+1) }) (3:4)

Now we will show

2
o (vF) T =G Dlogr (- 1), (35)
or equivalently
. L Pl =t
g (MT) S G-DT 1R T (1), (3.6)
where y(y) is defined by y(y) = G™! < 2+‘_1)>, and R is defined by
1 —2p
R=( =17 (log(y - 1)) ™", (3.7)

for f with 0 < f§ < 1. We note that for y sufficiently close to 1, the right-hand

side of (3.6) is less than (X——{;%)

=1 7—1 2y
) £g ((v - I)T(IOgR)2_7> y—1),

, therefore (3.6) is equivalent to

(3-8)
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which is followed by the following relations:

1 2y
G(Q((V—l)z’ (logl‘?)2 ) >

1 7=l (log R)"*! B
:(y—l) ((y_1)10gR+1)2.,((V—1)10gR+1) 3

X exp ())—Ll[l —{(y = DlogR + 1}_1])

> C(log Ry RG-TeeRrT

—1)(log R—1)

—C(IOgR)"/“RR (/—l)logRJrl
> C(logR)"™R

= Cllog((y — 1) ™2 (log(y = ™))y 1(y = 1) "2 (log(y — 1))
= Cy - 1)_%(log(y )yt
S

= m (y— 1D, (3.9)

| =1 _ (=1)(log R—1)
where we have used (}7:) — 1, (y—1)logR — 0 and R G-Dieg®+T" — 1 as

vy — 1. Therefore we have from (3.4),

G(y(1) £ Cy()(y — 1)~ H(log(y — 1)") 7, (3.10)
for any y close to 1. Putting y(y) = G~! <\/2/7;y_1_—1)> into (3.10) implies
___y__l— 13 _ 215'
NCTED < CyO)(y = D72 (log(y — D7)~ (3.11)

namely,
Cllog(y = ™' < (7). (3.12)
It follows from (3.1) and (3.12) that
C(y) 2 Clogly - )™M (3= 1), (3.13)

for any f with 0 < f < 1. This completes the proof of Remark 1.1.
We note that (3.8) gives the estimation of C(y) from above, as follows:

C(y) < Clogly —1)™' (y—1), (3.14)

which shows that the estimation of C(y) from below, i.e., (3.13) is almost optimal.
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4. Proof of Theorem 1.2

In this section, we shall prove Theorem 1.2. In what follows, the letter C denotes
the universal constant which depends only on the given data. We note that by the
definition of V(¢&), it follows from (1.14) and (1.15) that

Y (577), = 1) @1
1
!ﬁ%ﬁswzl. (42)
Subtracting (4.1) from (1.2) makes
%+(%l—w(§ﬂézcﬁg)+fagﬂ (43)
Noting that <Vi>x = (Vil &= <Vi>c v, (4.3) is rewritten as
wi (5) - (7). + (7). e-n=u(7) +acn. @

Multiplying (4.4) by u(= &,) and integrating it over [0, 1] imply
1

d 1 1 ) 1 2
= - y 2Xdx = 4.
a1 {214 + (v,V)}dx—l—uof . { foudx, (4.5)

where ¥ is defined by ¥(v,V) = 5 {v™" — 9V~ 4 (y = 1)V =7} (2 0). Us-
ing the same estimation as (2.3), we have from (4.5),

dllZ+W@V)M+”jﬁw<CV(tW (4.6)
— ~u — | =dx = . . .
diy |2 ’ 25 v = WO T e

Multiplying (4.3) by v (= &) implies

v, + ————ycﬁ)l(tf"+l — VY = w (%‘-) + fov. 4.7)

Multiplying (4.7) by fg (% — 1) dx' and integrating it over [0, 1] with respect to x
give

1 X 1
(L 1y Y —+1 _ =ity (2
{vu,dxg(V l)dx +y_lbf(V v )(V 1)dx

e fotas ] (- 1)ax s fu (3 1) ax

1 x N
= | fowdx | (5 -1)av. (48)
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where we have used (4.2). The calculation of the first term in the left-hand side of
(4.8) proceeds as follows:

Ofluutdxj (% - 1) dx’'

0

= e (5 1) o< [ (1) o6

0 0 0

—fvudxf <LI‘/ - ””Vﬁ) dx’ . (49)

0

Combining (4.8) and (4.9), one obtains

& fuue [ (3= 1)+ L (o) (5 -1 as

0

_l x v Uqu ,
—{dexof<V )dx -I—fvudxf (———V—2>dx
M T (2 Y aw - (2
—p v dxf(V l)dx ,u{ux(V l)dx
1 x v
+ [ fovdx [ (2= 1) ax. (4.10)
;[0 ;{(V )

By using Theorem 1.1, each term in (4.10) is easily estimated as follows:

- 1 Ly (; - 1) dx = Cllo— V|2, (4.11)

1 X ,
Ofuuxdxof (7 - 1) dx
fvudxf ( - vqu) dx’'

= Cllwlllo = VI S ello = VIP+ Cllwd P, (412)

< Clull} £ Cllu?, (4.13)

X

flvx%xdx{ (% - 1) dx’'

0

u = Cllo = Vllllaellivel

fun (5 1)

01 ovdxoj (% - 1) dx’

lo = Vllllwell < ello = VI + Clludl®, (4.14)

< Clludllo = VI < ello = VI[P + Cllu? . (4.15)

S CIfC L Dleollv =V Sello=VIP+ClfC- 0,
(4.16)
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for any small ¢ > 0. Therefore, it easily follows from (4.10)—(4.16) that
d | F(v / 2 2 2
= Joudx[ (5 = 1)dx +vllo = VIE £ CUlmlP +1fC o0, (417)
dt o \V

for some v > 0. Multiplying (4.17) by 6 (> 0) and adding it with (4.6) yield

d
B0+ E(1) £ CIfFC- 0l (4.18)

where E2(¢) and E2(t) are defined by

L1 X v
EX(t) = {—2+'I’,V +0 ——ld’}d, 4.19
=[50+ PP+ O] (5 1) ax f (419)
E}(t) = C(1 = 0)||us|* + Ov]jv — V|>. (4.20)

We note that

lIA

COlu))? + COllv — V|, (421)

GUqu (% - 1) dx’

that (v, V) is equivalent to |[v— V|?, and that [u|| £ Cllu,||, so by choosing
6 > 0 sufficiently small, we conclude from (4.18),

d
TEO) + 0B = CIIC- 0l (4.22)
for some § > 0, where EZ(¢) is defined by

EXt) = ul* + o - V|*. (423)

The differential inequality (4.22) immediately leads to Theorem 1.2.
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