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Abstract: The scaling behaviour of fluctuations of the Bose fields @(f) in the er-
godic infinite volume equilibrium states of a d-dimensional Bose gas at temperature
T and density p, can be classified in terms of the testfunctions f. In the low density
regime, the space of testfunctions splits up in two subspaces, leading to two differ-
ent types of non-commuting macroscopic field fluctuation observables. Testfunctions
f with Fourier transform f (0)=0 yield normal fluctuation observables. The local
fluctuations of the field operators @( /') must be scaled subnormally (i.e. with a neg-
ative scaling index) if the testfunction f has f (0) = 0. The macroscopic fluctuations
of these fields can then again be described by a Bose field. The situation changes
when the density of the gas exceeds the critical density. The field operators which
have normal fluctuations in the low density regime need to be scaled abnormally
in the high density regime, yielding classical macroscopic fluctuation observables.
Another difference with the low density regime is that the space of testfunctions
with f (0) = 0 splits up in two subspaces when the critical density is reached: for
a first subspace the algebraic character of the macroscopic field fluctuation observ-
ables is also classical because it is necessary to scale the fluctuations of the field
operators normally, while for the remaining subclass, the same negative scaling in-
dex is required as in the low density regime and hence also the algebraic character
of these macroscopic fluctuations is again CCR.

1. Introduction

In the temperature—density (7, p) phase diagram of a free Bose gas, one distinguishes
a low density regime and a high density regime separated by a line of critical
densities p = p.(T,d). In the low density regime and on the critical line there is
a unique gauge invariant ergodic infinite volume equilibrium state for each inverse
temperature f and density p.
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However, if one steadily increases the density at a fixed inverse tempera-
ture f, then the gauge symmetry breaks down spontaneously once the density
exceeds the critical density p.(f,d). The symmetry breaking generates a multi-
plicity of ergodic equilibrium states and for each one of them a macroscopic
fraction of the particles condensates in the lowest energy level. This macro-
scopic collective phenomenon is called Bose condensation. Suitable order pa-
rameters for this phase transition are the space averages of the Boson field
operators.

The model and its phase diagram will be presented in detail in the first sec-
tion. The space averages of the field operators are the topic of the second section:
they define suitable order parameters for the second order phase transition in a free
Bose gas. The last and most important section deals with the classification of the
fluctuations of the field operators @(f).

It is not simple to give a rigorous definition for the macroscopic observable
characterising the fluctuations of a microscopic quantum observable; see e.g. [9, 10]
where the case of normally scaled macroscopic fluctuations is discussed for a general
quantum lattice system.

Definition 1. The local fluctuations with scaling index 6 of a Bose field operator
@(f) in an extremal infinite volume equilibrium state { - ) at arbitrary tempera-
ture T and density p in a d-dimensional ball B4(0,R) of radius R and centered in
the origin, is defined by

1
dx 7 { P - (P . 1.1
oGO R N RN D

FY (@(f)) =

The 1, denote the automorphisms of the microscopic CCR algebra associated with
the space translations over vectors x € R¢.
The purpose of the scaling index J is to obtain non-trivial limiting characteristic
functions
s
R
lim (e*fr (PUNy = ¢ (s)#1.

R—o0
If this is the case, it is possible to identify in a canonical way the so-called limiting

observables “limg_, oo F ,‘3’ (B(f))” with well-defined operators F°/(®(f)) acting on
a Hilbert space. This way it makes sense to speak about the algebra of macroscopic
field fluctuations.

If the 6y =0 and the ¢(s) are Gaussian, one speaks about a system with
normal fluctuations. If on the other hand it is necessary to use scaling indices
0y > 0oréy <0, then the fluctuations are said to be respectively abnormal or
subnormal.

Goderis et al. proved [9,10, 11]: if all self adjoint operators 4 of a real linear
space A € # C o (the algebra of strictly local observables), have normal fluctu-
ations; i.e. the limits

lim (e ") = exp | —s* 3 {w(A1,4) — 0 (4)*}
R—00 xezd

are defined, then one can identify the “limg F3(4)” with Bose field operators FO(4)
of a macroscopic CCR algebra with a macroscopic quasi-free state @ induced by
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. (0 . .
the limg w(e* x)). The Bose fields obey the commutation relations:

[FO(A), F*(B)] = ia(4,B) = lim_ o ([FR(4), FR(B)])

Under rather weak conditions on the space clustering of the state w (see [10]), the
total algebra of strictly local observables .o/, has normal fluctuations. For further
details we refer to the literature [9, 10, 11].

Concerning the algebraic structure of abnormal and subnormal fluctuations, there
exist partial results for the anharmonic crystal [15] In this papcr it is explained

how the commutator of two local fluctuations F "(A) and F RB(B) goes to zero
if 644+ 05 > 0 or to the c-number w ([4, erzd 1.B]) if 64+ 03 = 0. For the
observables studied in [15], it was irrelevant to study the algebraic character of the
commutator of two fluctuations °4(4) and F°3(B) with 64 + 63 < 0. However, the
results on subnormally scaled fluctuations of field operators already indicate that
it should be possible to define non-trivial commutation relations of macroscopic
fluctuations in situations where o4 + 05 < 0. This topic is discussed in general
in [7].

Finally we mention that the scaling indices J, obtained in this paper differ from
those obtained in [5] where the infinite volume limits are taken of local fluctuations
of the field operators in the local equilibrium states. The indices é obtained in the
present setup correspond to the familiar critical exponents # of the susceptibility,
which is known to be zero for free and for mean field models.

We present here rigorous results on the phenomenon of finite size scaling.

2. The Model
2.1. The algebra of observables for bosons.

The first successful treatment of an infinitely extended Bose gas using the theory
of states on CCR algebras dates back to 1963 [2]. Using the method of second
quantisation [4], we derive a representation of the CCR algebra appropriate to
describe a d-dimensional Bose gas.

The Bose-Fock space # on RY is the completed direct sum # = @, , 7",
where #© = C and #™ = L2, (R) and consider the subspace % which is
the incomplete direct sum:

/
@ ( f(n) n comp(]Rdn))

“C8

The creation and annihilation operators on ¢ are: for f € #),

@ W, x) = inzl FE e s Bre )
2
@) PG xw) = VAT T [ TGO e 30)

with ") = P");, where P" is the orthogonal projection of # onto # ™. The fol-
lowing commutation relations are easily verified for these operators on ¥:

la(f).a" (D] = (f,9)1.
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The Bose field operators, defined as the sum of creation and annihilation oper-
ators,

&(f) = \%{a+(f)+a(f)}

are essentially self-adjoint [4] and hence when exponentiated, they yield the unitary
operators

W(f) = expli®(f)]
which satisfy the Weyl relations:

WM (f2) = W1+ f2)exp [—% Im(fl,fz)] .

The norm closure of the linear span of these operators W(f), f € Cc"(?mp(IRd ), forms
a C*-algebra U containing the quasi-localised observables of a Boson gas.

2.2. Ergodic equilibrium states of the free Bose gas.

Araki and Woods explained how the infinitely extended Bose gases can be described
in the framework of C*-algebras [2]. In the same context they proposed a simple
expression for the equilibrium state of the infinite free Bose gas, which later turned
out to be the infinite volume limit of the canonical states. Lewis and Pulé reformu-
lated some ideas of Kac in this new framework and this lead to the infinite volume
limit of the grand canonical states [13] which are linear combinations of canonical
states at different densities. Kac had shown that the coefficients of this linear combi-
nation converge to a simple distribution (in the infinite volume limit), the so-called
Kac density. Lewis and Pule realised that the infinite volume limit state they had
calculated from local grand canonical states, was related to the one conjectured by
Araki and Woods through this Kac density, but the proof of convergence of the
canonical states is due to Cannon [8]. A first important result on critical behaviour
in Bose systems is about the density fluctuations in the canonical states in [3]. No
attention is paid to the algebraic character of the fluctuation observables.

For free Bose gases with particle densities above sharply determined critical
values, the limiting canonical and grand canonical states are not equivalent: the
Kac density is not a delta function. Hence it is useful to determine the ergodic
equilibrium states. This will be done in this section using the well known technique
of adding an external field term to the local Hamiltonians.

Let A' be an arbitrary bounded region in RY (d = 3) of unit volume. A' must
be star shaped with respect to some interior point, chosen to be the origin. The
boundary 04" has to satisfy certain regularity conditions [14].

Isotropic dilation of this unit volume defines the sequence of regions A’ for
L > 0, by:

A ={xeR?: L7 'xc A"}

and put #% = L2(AL). One has AL C AL and #L C #L" whenever L < L'.

Take H' to be the unique self adjoint operator on #* determined by the
Laplacian —4 in A’ and by Dirichlet boundary conditions ¢ = 0 on 94X and let
{@L}4—12,. be an orthonormal set of eigenfunctions labeled by the index k such that
the corresponding eigenvalues 0 < Ef < Ef < EY < ... The set {¢Llk =1,2,...}
forms a complete orthonormal set of #~.
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The local Hamiltonians describing a gas of free bosons in a volume A’ with
particle density p are induced by these H’. They are specified by the following
operators acting on the Fock space #(#1):

A o= kf: Eba*(¢h)a(@h) — i ki a* (Ph) a(¢h)

+hLE (e at (¢h) + a(¢h)) . 22)
The values for the chemical potentials u- < EF are determined by the constraint that

Tl'(exp[ /jH”L pol)

the local equilibrium state w’ - . —————2—=— at inverse temperature
d 5700 ) = T m o)) P

p has particle density p; i.e.
o0
VL : @540 <L_dk2—:1 a+(¢/€)a(¢i)> =p

A gauge-symmetry-breaking field 2 > 0,60 € [0,2n) is included in the Hamiltonians
to recover the extremal translation invariant infinite volume equilibrium states.

The generating functionals of the local equilibrium states at inverse temperature
p and density p are given by the Gibbs states:

EILW’h, o) = wff,ﬁ,h, o).

By the orthogonality of the ¢Z%, the algebra 1 is equivalent to the tensor product
X Wi and in this representation

~L e ~L
exp[—BH L j o] = /@ exp[—pH . 4, o(K)],
=

where

Ay (k) = (BF — ib)a™ () a(dh) + SiahLE (e at(¢h) + ea(ph))

Furthermore

W(f) = ®exp if{(qs,%,f)awi)+(¢£,f)a(¢£)}] :
k=1 V2
Hence
hLS
E/%,ﬁ, no(f)=exp \/1_/31 CL{ e(oh, f)+ e—lo(d’L,f)}}
1 1
X €xp [‘Z”f”z] exp [—Edé,ﬁ,h,()(f’f)] . (23)
The form
Q/L _ C%ﬂ
kpnolfef) = (f ool — BT~ 17 ) ’

where

Ui = explB(uy — EP)] €[0,1]
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is determined by the density and is the unique solution of:

ﬂzhz 1~
(lnC)2 Zl e/fﬂ,\ _C

p:

where we used the notation #t = EF — EL.
The first step in finding extremal infinite volume equilibrium states, consists in
taking the limit L — oo of the generating functionals E,ﬁ-p 4o for fixed parameters

B,p,h,0. Let g, be the function defined on the interval [0, 1] by:
0 N
gu(z) = nz=:1 il > 1
and let p.(f,d) be the “critical densities” defined by:

pe(Bd) = 2nB) 2 g4(1).

Theorem 1. The generating functional E/?f’ﬁ’ po =liM 00 E/L)’,ﬁ,h,() is given for f €
D = C5pp(R?) by:

com;

EfSno(f) =exp [ fil( = { $1(0)/(0) +e ¢ I(O)f(m}}
h

1 1
X exp ["Z“fﬂz] X exp [—Ed;,oﬁ,h,()(f’f)]

with
llx— |2

- d X 2nf8
A no = [axT@[dy |@rp) 1Y T —°)| /()

n=1 n2

=Q@n~f dplf(p)lzm

and (3° the unique solution of the equation:

_ PR _d
P= iy +2nf)"294(0),
F(p)=@n)"1 [ dx f(x)e" .

R4

The second step is to take the limit 2 — 0+ of the Ej%, ,, keeping the other
parameters f5,p,0 fixed.

Theorem 2. The generating functional EgSo= lim;,_)0+Eli°ﬁ, no IS given on 9 by:
1.9 < p(B)

] —1 ,
E(f) =exp [—A—‘—||f||2} X exp [mfdplf(l?ﬂzﬁ s
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where { is the unique solution of
— _d
7= By tgy(0).

sze dependence on 0 disappears in the limit and EG%;  is the generating functional
of a gauge-invariant state.

2.9 2 pe(P)

—i(2n)% _ . N
E (f) = exp [% V75— BBV (0) + e‘”¢l(0)f(0)}]

-1, .
x exp [Tn.fnZ] x exp [2(2 PP S ] '

The gauge-symmetry is broken for the corresponding states and there is clearly a
dependency on the boundary conditions.

The proofs of both theorems are merely technical generalisations to arbitrary dimen-
sions of the proofs presented in the paper on the grand canonical 3 dimensional Bose
gas by Lewis and Pulé [13]. The presence of the external field is not a problem;
for the proofs, see [6].

3. The Order Parameters

The spontaneous breaking of the gauge symmetry and the appearance of a Bose
condensate is described with order parameters which are the infinite volume limits
of the following operators: for any function f € & = Comp(]R“’) one can define in
the GNS representations of the states a)zf’ﬁ o and @y, the operators

Oa(f) = fdx w®(f). (3.4)

4] 4

These operators (4(f) are unbounded operators and therefore we prove explic-
itly that their limiting distributions in an ergodic equilibrium state agree with the
predictions of the general theory on the weak law of large numbers [12], [4]:

Proposition 1. For volumes A, consisting of d-dimensional balls B*(0,R), centered
in the origin and with increasing radius R and volume |A| = vol(BY(0,R)), the
distributions of the order parameters in an extremal equilibrium state are:

L if p = po(B,d), then

im o (explinda(/)D =1,

2.ifp 2 p(P.d), then

im0 (expliRCA ) = exp |2 /F = B GO 0) + )
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Proof. Proving the statement for the high density regime p = p.(f,d) immediately
implies the result for the low density regime. Thus consider any state wg? , with

P = pf,d) and 0 € [0,27). From Theorem 2, one has:

i o(explind () (3.5)
= lim w3, | exp i [ dxt®(f)
R BP0 vol(BY(0,R)) 3u iy xy *
= lim wf% | exp |i® —f——— | wf
R—oco PP vol(B (O’R))B"(O,R)
d
. —iu(2n)2 — i ~
— lim exp | —H2D o B0 (0) +cc} | (3.6)
R—o0 \/i
12
x lim exp [—;Ilgkllz] (3.7)
. Iy —d A 2 1
X nggoexl) [—7(271) fdPIQR(P)| W—_l] > (3.8)
where
() =)= fy—x),
and where gg is a shorthand notation for the function
1
gr(y) = RV, [ dxf(y—x), (3.9)

B4(0,R)
with
V; = vol(B%(0,1)).
An easy calculation:
@)1
RAVy

1

B Rd VdBtl

=/ (0)
yields the limiting form of (3.6):

Jdy [ dxf(y—x)

B4(0,R)

[ ax@n)y1[dyf(y)

(0,R)

éR(O) =

—iu(2m)s . . _
Jim exp li‘% V7~ B B 0)3,(0) + e""qb:(omR(O)}]

= exp {L}z’m Vo= P B BH0)17(0) + e'“’qb}(O)ﬁo“)}} -
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To handle the remaining factors (3.7) and (3.8), it is useful to calculate first
the Fourier transform of gg:

d

. (2n)™2 ipy
dr(p)=—F—[dye? [ dxf(y—x)

RdVd B4(0,R)

Qn)~* - 1

= [ dxe [dyf(p)e?”

R Va B4(0,R)

(271)‘

= Ray; . n(P)(p), (3.10)

where

A _d i px
Tgiory(p)=Qm)"2 [ dxe”
B4(0,R)

= (21)7 % [ dx 1ga0 0 X )P

It is straightforward to calculate ¥z g)(p) In spherical coordinates where the
polar axis is in the direction of p:

d=2

R _d R _ r\ % d—1
Agd(o,r)(P) = (2m) z‘pd—zfd”’d : (l—g|—> r (—2——) ﬁJ%(|p|r)
0

d

R2
= ——Ja(|pIR),
lpl? *

d—1

where @;_, = 72—,— is the area of a (d — 2) dimensional sphere. Formula (11.1.1)
2

of [1] has been used in the last line.
The remaining factors (3.7) and (3.8) can now also be discussed.

Beginning with (3.7), one obtains:

2 Jrgoh|

o sl () Hrt -

Vi R

llm R~

Aim [lge]l* =

This limit is zero for f € &, by dominated convergence, since

o0 2
[ dlpllpl™ g(lph| =2
0

(see formula (11.4.6) of [1]).
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The last factor (3.8) has a divergent factor in the integrand: —ﬁz—l is asymp-
Plpl2_

totically O(|p|~2) around p = 0.

1
. N 2
Aim [ dplar(p)F 5r—

_ @y lim R~ [ d J%(Ipl)l f(%)l
A P LT
e r 1

d
— lim lim 0 [ J dp+ [ a'p]
0

im 73 ] :
I e S I |plZeR lplt sl

1. The contribution of the integration domain where |p| = &R, can be bounded

y (1eD| |7 3]
R f d [p|2
|plZeR [Pl eﬁ_R— 1
2
o Jy(1p))|
<R dM/» B2 _ z, e
e = lipjzer P
R—o0
=0
and then of course also
. 2
Je(leh| 73|
lim limR™ [ dpli ~—o.
R P 7 S
2. Finally, one also has that
Jgph[ |7 (3)|
lim lim R~ [ it had R
=0+ R=00 o1 | pl e/;% _1
This follows from a bound on
2 . 2
g
o Jeleh|” [7(%)|
0=|p|<eR [pl? I“’l2 1
. 2
L Ty 73]
=R / [Pl o2
0<|p|<eR p P
RZ ﬁﬂi
R2
—d+2 L F
<R +(Dd 1M/ﬁ fdlpl , |3
R—o0

—50

because d = 3.
This completes the proof of Proposition (1). [
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4. Zero Mode Fluctuations of Field Operators

At the critical densities, the increased importance of long-range correlations man-
ifests itself through the formation of a Bose condensate which is a phenomenon
of macroscopic order. Another effect of the long-range correlations is that a devi-
ation from equilibrium in a small region of the system, will have an influence at
very large distances. It is logical to expect that these long-range correlations lead
to abnormal behaviour for the fluctuations of the field operators in the £ = 0 mode;
i.e. for

FY@(f)) = RV G0 [ dx{r®(f) — 5% o(t ()},
B4(0,R)

when the density p of the state exceeds the critical density.

In this section, central limit theorems and reconstruction theorems will be for-
mulated and proved. In every proposition and theorem on the field fluctuations, it
is implicitly assumed that the testfunctions f are Schwartz functions with Fourier

transforms f (p) which are analytic in a neighbourhood of p = 0.

4.1. The low density regime

Low density regimes have usually exponential clustering properties, hence it is not
surprising that the fluctuations are normal for most operators [10].

Proposition 2. For densities p < p.(f,d), the k = 0 mode fluctuations of field op-
erators @ (f) are normal for testfunctions f with f(0)=%0,; ie 0;=0
and

. co0 . N 2C
RILH(;IOCOZ?E (elsFR(‘P(/))) = exp ,:_SZIf(O)IZ [(27_[)(1 + T_—C:” ‘
Proof. We have:
'<D(\/§R_%V_%f d f")
. . i S, X f
»f (elng(fb(./))) — o | e « “Jao,m)

R 5

- exp | ~S RVl

X exp | ~5 RVa2m) " [dpldn( p)E——— |,
eblpl —é'

where gg is defined in (3.9). From the calculations of the previous section, it is
trivial that:

2 My(IpDP
|pl?

N ), @) ()]
Jim RV lgall? = Jim * Jap|7 (%)



646 M. Broidioi, A. Verbeure

Since f is assumed to be a Schwartz function, dominated convergence yields
immediately

Jim RVallgrll® = 227 | 7O

Analogously:

. pd —d ~ 2 — 2 F(O)2 ¢
Am RVaQ@m)~ [ dplgn(pIF — = WOy
Obviously, the local fluctuations on the normal scale of field operators &(f)
for Schwartz functions f with f(0) = 0 do not survive in the limit R — oco. The

limiting fluctuation observable for each field operator @( ) with f (0) = 0 will con-
sequently be the zero operator, unless one scales the local fluctuations subnormally
for these operators.

Proposition 3. For densities p < p.(f), k = 0 mode fluctuations of field operators
&(f) with f(0) =0 exist on a subnormal scale; i.e. with a scaling index 6; =
— o, the characteristic functions are

_ 1
lim o2 [ eiFr 2 (@)
R—o0 P

I+7 20N 2
[/ (p) ¢
S o [em,,[z .y

—_—
sV,

s d
> " 9n + (27)

= exp

Proof. For this type of testfunctions

—.L
(eisFR 2"@(/‘)))

s* dir N+ 2
= exp |~ (RVa) "7l ggl

lim g
R—o0

‘blg

2 1
X exp [*%(RdVd)H?(z”)_dfdplgAR(p)Pe—m—”'g——

4
The first factor gives now
lim (R?V;)"* 7 | gg|)®
R— o0
Va (| pIR)?
= lim 2n)'V, "Rfdplf(p)lz—z———
R—o00 |pl4
Va(|pIR)?
=@n)y'v, *a lim lm R| [+ f 2
—~0+R=0  ogiplse  [plze |l

The integration domain has been split up in two parts in order to simplify the
analysis of the limit R — oo.
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Introducing the positive function 4 defined on IR* by

WD) =\ fdQa (Pl Or..o. 00D (@.11)

where [ dQ,_, is a shorthand notation for the angular integrals and the use of the
asymptotic form of the Besselfunction J%(| p|R) for large values of R,

2 n(d +1)
Jy(|pIR) ~ ’/W cos [|p|R— _4_}

2
lim lim R [ dp /(P |J,2_1(|p|R)|2

£—04+ R—o0 Ipize lp’d

gives first:

_! lim lim [ dp

T ¢—0+ R—o00

|f(P)|2 2 n(d+1)
(|P|R - "—4——)

()l
2ﬂ Il

This is a finite number, since f is a Schwartz function with f (0) = 0 and hence
JdQu_1|f(|pl,01,-..,04-1)]* is at least of order O(|p|*) around p = 0.
Secondly, one has

lim lim Rfd[ | (1)

J. (| p|R)?
Jlim lim 1 Vedlpipl

. . 1 &R 5
~ Jim Jim 2 [d1p1 || g(1D)

~ lim lim 1O(SR)

¢—>0+ R—oo R
=0
With the same arguments, one proves

lim (R4 2m) ! [ dplékm'ze%é—fg

e NP V10 S
ﬂfd | pla+! eBlp® — ¢ t

= Vd_

It is important to note that the limits F°/(®(f)) can be characterised as well-
defined operators on some Hilbert space. To that end one needs a reconstruction
theorem.
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Essential ingredients of the reconstruction theorem are the following B-C-H
formulae '

Lemma 1. One has:

1.
. .0 . .0 .
lim ag; (RO D)
.0 C o, LT
— li}gn w;%(eli’k(ﬂfﬁfz)))e—h Im(7,(0)/2(0)) (4.12)
2.
0 oy i 2
lim w55, ( ROV o)
0 ~ 3
— T 00 (alFR(P(S1)) 1 0 iF, “C(P(g1))
= hzrenw/”_" (e"&(® )hilenw”’ﬁ <e R ) ) (4.13)
3.

_L —.L
lim w52 (eiFR 2 (@(g1))giFg 2“«»«/2»)
R P

_ L
= lim o} <e'FR 2“<¢<gl+yz>>) (4.14)
A
X exp [—%Vd" ‘fdp———m(gi;ﬁ’d)ff(p))] . (4.15)

Proof. Working in the GNS representations of the states w;;"ﬁ, one has:

s _
eiFx’ (BUNGiFy! (#(9))

=W ((RdVd)—<%+5f> f dxfx> w ((RdV,,,)—<%+5.u> J dxg‘)

B4(0, R) B4(0,R)

=W<(RdVd)_% / dx{(R"Vd)"’ff"+(RdVd)"’“gg‘}>

B4(0,R)
X exp l—i(Rd V)~ 07+ m ( [ odxfY, [ dx g‘)] .
B4(0,R) B4(0,R)

The techniques used in the proofs of the central limit theorems, in particular
Propositions 2 and 3, are also applicable here and yield:

Im ((RdVd)_(%-‘—é/) f dxfx,(RdVd)“(%-l-(sg) f dxgx>

B4(0,R) B4(0,R)
= (RVy)~ ") [ dp Im (£ (p)(P))|ige0, r)(P)I

2
_(RdVd)((S/"HSy) 7P\ (P Jg_(lpl)
=y, JdIm (f (E)g(i)) TG
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2Im (£ (0)g(0)) iff 6;=20,=0
R—o0 0 lff 5/‘ + 54,
o 4

—l —
Im(f(p)i(p)) : s _ 1
— [dp™ B i 5, =5, = L

The discussion of the situations 6, = §, = 0 and 6, = J, = —5; is in fact im-
plicitly present in the proofs of the central limit theorems. The situation in which
0y %0, remains to be considered; in this case

T oo (7 (30 (4)) S

1
~ vy Ry R [ dpIm(F(p)d(p)— T

|plze
— Ji(lpD)
_H_L 1 ~(DP\A[(P d
V 2R3 dpl — o 2
w1 g am(7(2)0(F))
B2y,

The limit is zero since either j} (0) or g(0) is zero and the other is not. This leads

to an angular integral which is at least of order O(le").
It is now also trivial that the distribution of the sum of a normal and a subnormal
fluctuation is the product of their distributions:

lim S (W ((Rd Vot [ dx{(RUV)TY T+ (R Vd)‘é*'g‘}>>

B4(0,R)

B4(0,R)

e lilren 055 (W ((RdVd)'% J dx(RdVd)_éffx>)

lim (W ((RdVd)-% [ dax(r? Vd)—"‘yg*>>

B4(0,R)

if either 6, or §, = —5; and the other is 0. [

These B-C-H formulae are very important because they reveal the structure of
the algebra of the macroscopic fluctuations of the fields. Consider the symplectic
space: (C & S,0), where S is the linear space of Schwartz functions f with f(0) =
0 and where 0 = g, @ 0, is defined by

ai(a, f) = 4Im (af) a,peC,

Im (/(p)d(p))
| p|o+ :
On this symplectic space (€ @ S,0), one can construct the Weyl algebra W (C @

S, 0) generated by the Weyl operators {W(A4)|4 € € @ S} which satisfy the product
rule

2 1.4
0'2(f,g)=;Vd7 [ dp

W(AYW(B) = W(A + B)e™2°U4:5)
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In fact, W(C & S,0) = W(C,a,) ® W(S,0;). The reconstruction theorem can now
be formulated:

Theorem 3 (Reconstruction theorem for the low density regime). Define for f € &
and g € S:

Fr(F(0) @ g) = FY®(/)) + Fy ¥ ((g)) .

The limits limg_, o037 (e'" R O®9)Y determine a quasi-free state & = &, ® @, on
WS, 0)=W(C,0,)R W(S,a,) with generating functional

AW (f(0)® g)) = &1 (W1 (f(0)) Ba(Wa(g))
1 n n 1
= exp | =5s1(f(0), f(O))] exp [—Esz(g,w]

with

$1(/(0)./(0)) = lim wF([FRP(NTF)

s20.9) = Jim w35([Fy ¥ ()T

Proof. The previous central limit theorems and the inequality

1 A A 2 o A
7 a(f1(0)® g1, /,(0) B g2)| = {s1(f,(0), £,(0)) + 52(91,91)}
x {51(/(0), £5(0)) + 52(92,92)}

guarantee the existence of the quasi-free state @. See also reference [10]. [

This theorem determines the macroscoplc fluctuation operators. There corre-
sponds a unique GNS triplet (3ﬁ Q H, 71 @ ay @1 ® Qz) to the system (W(C &
§),®) such that

G (F(0) ® 9)) = (@1, 71 (W1 (£(0)))21)(Qa, 12 (W2(9))22) -

The regularity of a quasi-free state assures the existence of the Bose fields F°
and F~% such that

U P . P _d
1 ® B (W(f(0) ® g)) = expli(FO(f(0)) & F~2(g))] .

Precisely these Bose field operators FO( f (0)) and F _ﬁ(g) are called the normal
and subnormal fluctuation observables of the field operators. This completes the
discussion of the k¥ = 0 mode fluctuations of the field operators in the low density
regime.

4.2. The high density regime.

The presence of long-range correlations in the high density regime will lead to the
abnormality of the fluctuations of the field operators. In the physics literature, such
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a phenomenon would be characterised by a critical exponent # appearing in the
asymptotic form of the connected two-point function:

(@t (f)naf)) - @ ()E ~ 0 (W—I_M—) as x| — oo

If the connected two point function has this asymptotic behaviour, then it is easily
verified that the field fluctuations require a scaling index J, which is related to the
critical exponent n by the following relation:

n=2-2do,. (4.16)

It is standard wisdom that in a free or in a mean field model the critical exponent
n describing the asymptotic behaviour of the correlations, is zero and hence an
abnormal scaling index 6; = 5 is to be expected. We give a mathematically rigorous
proof of this.

Proposition 4. For densities p = p.(f), the k = 0 mode fluctuations of field op-
erators O(f) with f (0)*0, are abnormal with a scaling index éy = 5. In each
of the extremal equilibrium states 5% 0 (0 € [0,27)) the limiting dlstrzbutton of

these fluctuations is:
) .‘17 i oo Jd (X)
Aim 3% SR (PN ) = exp | -5V, ""d| F(0))? fdx

Proof. Consider the characteristic function of the field fluctuations

N D s? 1-2
) B B e

_2 j 2
X exp [-S2Rd*2V; 7 (2m) ¢ fdp—!;’l’;fzpzll (4.17)

Concerning the first factor of (4.17), it has been proved in Proposition 2 that

Jim RVqllgrl* = 22n) |7 (O) .

Consequently

R0, gell 5 0

due to the abnormal scaling of the fluctuations of the field operators.
It is important to note that this will imply the abelian character of the macro-
scopic fluctuation observables of these field operators.

-1
The extra volume factor R~'V, 7 in the scaling of the local fluctuations is

required to compensate the diverging contribution of the factor Wzl in the
Blpl
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integrand of the second factor in (4.17). Using again the function % defined in
(4.11), one writes:

: =2 2 \—d ldr(p)?
dm Ve ORI dp g
|J,1(x)|2h2( )

13, Wa (0)PR*(%)
hmVa,l 1R [dx S A S

2
&R ( eﬁ ;'—2 _ 1)
The other term can be rewritten as

ey Mg@PRG) = 17 (0P}

V, “R7*[dx

2
0 x(eﬁ—l)

2k @)L )PPy

1-2

+V, YR [dx

2
0 x(eﬁk_z—l)

The limits of the previous expressions can be determined using the inequalities

-1-%
—blirgl+11}renV R2 [fdx—l—f ]

By dominated convergence:

}R Jd(x) }R Jﬁ(x) }R 2(x)

dx 2 [dx—2—— 2 [dx—2——.

0 ﬁ ﬁxZ eﬁR_iz—l 0 sz e/f;gsz—l
o2

The conclusion is that
2 eR Jd (x)|f(0)|2(pd 1

hm hm v, ap fdx 2

x2

24 o0 J,,<x>
I ﬂlf(O)I Jdx

and that

2 eR Jd(x){hz( )— lf(0)|2}
lim lim Vd 4R~ fdx pr
x (e 2 — 1)

£¢—0+ R— o0
Following the analysis of the low density regime, the next question is of course:
what about the field operators for which f(0) = 0. The answer is a little more
complicated for the high density regime, because there are two types of Schwartz
functions to be considered. For a first class of Schwartz functions f the 6, = 0 and

for a second class of Schwartz functions g,d, is equal to —5;. It seems that for

=0. |
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the second class the appearance of a Bose condensate has no influence at all on the
behaviour of the corresponding field fluctuations.
Let us begin with the class of Schwartz functions f with f(0) = 0 and which

have moreover the property that for some i € {1,...,d} : g—[’;| +0. In this case
i p=0

dh

the function 4%(|p|) (4.11) associated to f is of order O(|p|?); i.e. ol | o
=

For this kind of functions f, the following proposition holds:

Propeosition 5. For densities p = p.(p), the k = 0 mode fluctuations of the field
operators with f(0) =0 and the corresponding function h*(|p|) of order O(|p|*)

have no scaling index or equivalently é; = 0. In each of the extremal equilibrium
states g% with 0 € [0,27) the limiting distributions of the field fluctuations are:

2 200(0)7 ] '

. 0 .
li isFR(@(f))y —
Am (e )=exp |—s dVap

Proof.

0 5
O HN) = exp |~ RVl
- 2
X exp [—sszVd(zn)_df dp—~—'gR(p)| ] )

eﬁ[!’|2 -1
From the Proof of Proposition 2 we know that

lim R V,||gz|l> = 0.

R— o0

Again, the limiting fluctuation observables will be abelian.
To discuss the second exponential factor, we rewrite

|£?1e(l7)|2

: d —d
gim REVaQ@m)™ [ dp

= lim 11m Vy
£¢—0+ R—

R oo 1 /3 d R (%)
&R <eﬁ [‘;2 _ 1)
By dominated convergence
oo J(RIR(x)
f dx 72— R—_)>oo
s x(eP —1)
For the other integral, we use the asymptotic behaviour of #%(x) for small x and

obtain

w JEORE) T2 (0))5
Vi fdx—— ~ Vi fdx 22—

( By 1) ¢ 0 xﬁj‘g

R0 201(0))?
avip
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The other class of test functions consists of the Schwartz functions with f" 0) =
0 as well as all partial derivatives of f in the origin % =0;ie{l,...,d}.
i | p=0

This implies that 4#%(x) ~ O(x*") with n > 2.

Proposition 6. For densities p = p.(fB), the k =0 mode fluctuations of the field
operators with f(0) =0 and corresponding h*(| p|) of order O(| plz") with n = 2
have a scaling index 6y = — ;. In every extremal equilibrium state w3 , with 0e
[0,2n), the limiting dtstrzbutzons of the field operator ﬂuctuanons
are

1
: 0o (LisF, 2 (@(f))
dim o )

2yt 2032
2y R [

= —_— 2 d
XP T T on Jdp | p|at! elflpl2_1+(n)

Proof. In the Proof of Proposition 3, it has been shown that

|/ (p)?

1+4
Jim RV 4 gl = v 2my' lf T

This means that this is the only kind of testfunctions f* for which the quantum nature
of the limiting fluctuation observables of the field operators @ (f) is preserved in
the high density regime.

Moreover,

N 2
ey 54 B8P
oR oo Jg g (R (F)
“inffrs Jo

= lim lim V, Jdx+ [dx xf.
x(eﬁﬁ ——1)

s——>0+ R—o0 ¢R

Treating again the two terms separately

il R Jd(x)hz( )
llmV “R[dx

2
)

iy JE@O(GIY)
~ lim ¥, "Rfd
R— o0

X

144
~ lim 7, T R0(:R?3)

R—oo

£—0+ 0
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and

41 o Ji(OR (%)
lim  lim 7, R[dx———
e Rx <eﬂ?2— - 1)

oo H(x) [1 + cos (2xR . @)]

IRT . - ]+7
o z:l—l>r(1;1+ Rll»n;o Vd ‘/‘dx x2(e/}x2 — ])

h*(x)
x2(ef? — 1)

>

_jploo
=V, H"Ofdx

which is a finite number, due to the asymptotic character of A% around x = 0. [

These three central limit theorems (for scaling indices %,0 and —ﬁ) are basic

for the reconstruction theorem characterising the limiting observables F % (@(f)) in
the high density regime as well defined operators on some Hilbert space.
Consider again in the G.N.S. representations of the states a);f’ﬁ o the product of

two exponentiated to local fluctuations:
d 4
oiF (AU PR (9(9))

=W ((Rd V)~ 5+ [ dx f*) W ((Rd V)~ G+ [ dxg")

B4(0, R) B4(0,R)

=w ((RdVd)-% f dx{(RdVd)-"‘ff*+(R”’Vd>—‘5ﬂg"})
B4(0,R)

—-i(R‘l v, )—-(l+:$/.+:ig )lm ( f dx f"‘, f dx g‘\,>
B

x e 40,R)  BY(0,R)

On the basis of Schwarz inequality and the central limit theorems, it is easy to
prove that

lim (RdVd)—<%+‘5f+5u>< [ odxfs, [ dxg") =0
R=o00 B4(0,R) B4(0,R)

for every possible combination of the scaling indices 6, and J,, except for the one
in which 6, and &, are simultaneously equal to —55. For this last possibility, one
knows from Proposition 3 that

lim (RdVd)“*‘s"”")( [ odxfr | dxg">
R—o0 B4(0, R) B4(0, R)
1 —-—
Vi Im /(p)d(p)
d
T Jap [ pld+
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These considerations lead to the following B-C-H relations summarised in the fol-
lowing lemma:

Lemma 2.

] .
lim 3, (eiFRf (¢<./’>)exF,‘,?~"<¢(g>)>
R—o0 »

= im0 (W <(RdVd)_% J dx{(RdVd)'érf’+(RdVd)—6.qu})>

B4(0, R)

i : Im /(p)J(p)
X eXp {—;5 a‘, Vd’ fd —W )
where 05 _ 1 is equal to 1 if 6 = — o and 0 otherwise.

Proof. The considerations preceding the formulation of the lemma reduce its proof
to proving the existence of the limits

Rlingow/‘i?z,f»(W <(R"Vd)"% / dx{(RdVd)'dff*+(RdVd)-5~”gx}>>'

B4(0,R)

For 6; = ¢, this was exactly the subject of the central limit theorems for the high
density regime. If 674 d,, this characteristic function is equal to

If(p)lzJ (IpIR)

=1=207 1 _2d5,
R f _—
lpld(eﬁ“”z 1)

=Rgr&exp -V, Jdp

gy PR
— Y R—44% _
S I P EI
2Re(/(P)G(PIVE(IPIR)
FRCEEY

: ST P
X Rhm exp =V, " YRTICIY) [dp
— 00

The central limit theorems guarantee again that the first two factors are well defined
for any o, and J,. To discuss the last factor, one has to distinguish the following
cases: with the shorthand notation

I(f,9)(|pl) = [dQu—1Re (f(|p|.01....) 4(|pl.01,...)),
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one has

1. First, if (or vice versa), then

1 Re(mé(p))Jg(ile)
lim —fdp |p|d(e/’|l’|2 )

R—oo R
P 1LY p)
= lim lim fdlp :

0+ R— |12 -
e Ry |p|(e“7'5?—1)

| oo I(f,g)(lpI)Jé(lle)

+(l_1)l'(l)'1+ llm fdlp | I( /}|p|2_1)
e ORE(pD i
= lll(l)’l+ Rllm R~ {d'p W +L1_1>%'1+R1Lm OR™%)

| (x)

ﬁdl | J

|pl=00

L [dQq_1Re(f(0)d(| pl,01...))

5, =1
2. On the other hand, if (or vice versa), then
0y = _%

o Re(J(A)IpIR)
Ran;oR d~2d fdp Ipld(eﬁlplz 1)

& 1L9EH T3 p)
1 2

e IC9)UPDTE(PIR)
i, R 2[”"”' | pl(AIP? — 1)

0 ('4F) 312D

+ lim lim o(R—%)

£¢—04+ R—o0

(for n = 2)

o 2 pn—
lim lim O(R™2t27""3)
£&—0+ R—o0

=0.
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6y=0
3. Finally, if (or vice versa), then
_ 1
9 T2

o) 1, RTPPDTHPIR
2d
ngr;oR fdp Ipld(emmz _ 1)

PR CRVATD)
= lim lim Rffd|p 2

B |7l (eﬁl_;; - 1)
| oo l(f,g)(lpl)Jé(Ile)

I A T

I+n
o (=) 2(pD
= lim lim Rffd|p| | zl
iy R e

+ lim 11m O(Ri_])

£—0+ R—o00

= lim lim O(RZ*!~"*1-2)
£¢—0+ R—o0

=0.

In the calculations above, we used the asymptotic behaviour of the integrals

I(f,9)(|pl) = [dQu1Re(f(|pl.01,..)d( p|.61,...))

for small |p| and the asymptotic form of the Besselfunction J%(l p|R) for large
values of R

a

n(d + 1)]

J(|pIR) ~ cos [Ile -—

2
| p|R

It follows from this result that the relevant symplectic space for the CCR algebra
of macroscopic field fluctuations in the high density regime of a Bose gas will be
(COR ® S’,0). The space S’ is the linear space of Schwartz functions f with f
analytic in a neighbourhood of p = 0, satisfying moreover

J©@=0
of
== =0 Vi cesd}
o, ie{l,...,d}
p=0
The symplectic form will be 6 = 0 ® 0 @ o, where

Im(/(P)i(p)

2 L
GZ(fag) = ;Vdd fdp Ipld_H
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We construct on this symplectic space the Weyl algebra W(C® R @ S’,0) gen-
erated by the Weyl operators {W(4)|4 € R ® R & S’} satisfying the product rule

W(A)W(B) = W(A + B)e~ 1745
It is trivial to see that
WCOR @S, 0)=W(C,0)Q WR,0)® WS, 0,).

The reconstruction theorem for the high density regime looks as follows:

Theorem 4 (Reconstruction theorem for the high density regime). Define for

f1.f2 € D with f,(0)=0 and x(f>) = ‘ﬁ\/fdgd—l]lezl and for f3 € S,

|p|=0

Fr(f,(0) @ x(f2) @ f3) = Fi (@(/1)) + FAB(/2) + Fy P (8(f3)).

The limits )
Rlingo g% o(expliFr(/1(0) D x(f2) @ f3)])

determine then a quasi-free state & = Dy s, on (W(C,0)® W(IR,0))®
W(Ss',a) by

W (f(0)®x(f2)® f3))
= Go(W(f1(0)) © W(x( £2)))Ba,(W(f3))
= exp | 350710 & x(/2). /1(0) eax(fz))] exp [—%Soz(fzafs )]
with

o(F10) & (12, /1) & x(f2)) = Jim 0 o([FF (/1)) + FY@(2)P)

1

$or(f3: f3) = Jim 5% o(Fg 7 (D(f3))F).

Proof. The central limit theorems and the inequality

1
Z|o2(f3’g3)12 é Saz(f39f3)saz(g39g3)

guarantee the existence of the quasi-free state @ ([10]). O

One can now determine the macroscopic fluctuation operators for the high
density regime. In the GNS triplet (# ® # 2, Tp @ 72, 2 ® ;) of the system
W(R @ R,0)® W(S’,0,) one can characterise two Bose fields F* (where a refers

. 1
to the abelian character) and F~2¢ such that

R _ 1
FUS1(0)®x(f2))BF 2‘1(/’3)]

70 ® 7, (W (fl(O)EBx(fz) eaf3)> - ei[
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As usual, exactly these Bose field operators £ ( £1(0) @ x(f> )) and F~ (f3)

are defined to be the macroscopic fluctuation observables for this system.
This finishes the discussion of the zero mode fluctuations of the field operators
for all the points (7,p) of the phase diagram of a d-dimensional free Bose gas.
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