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Abstract: We prove the existence and the asymptotic completeness of the Dollard-
type modified wave operators for many-particle Stark Hamiltonians with long-range
potentials.

1. Introduction

The present paper is a continuation to the work [AT] where we have proved the
asymptotic completeness of the Graf-type modified wave operators for many-particle
Stark Hamiltonians with a class of long-range potentials. We here study the problem
of the asymptotic completeness for many-particle Stark Hamiltonians with a larger
class of long-range potentials.

We consider a system of N particles moving in a given constant electric
field & € R®, &+0. Let mj,e; and r; € R, 1< j = N, denote the mass, charge
and position vector of the j® particle, respectively. The N particles under con-
sideration are supposed to interact with one another through the pair potentials
Vie(rj —rx), 1 £ j <k = N. Then the total Hamiltonian for such a system is de-
scribed by

H= A,.—e~£’-rj}+V,

1
lé%N{—z—mf !

where £ - n = 213.21 &n; for &n € R® and the interaction V is given as the sum of
the pair potentials
V = Z ij(l’j — rk) .

1<j<k<N

As usual, we consider the Hamiltonian A in the center-of-mass frame. We introduce
the metric (r,7) = Z].V:l mjr; « 7; for r = (r1,...,ry) and 7 = (7y,...,7y) € RV,

J
We use the notation |r| = (r,7)"/?. Let X and X, be the configuration spaces



538 T. Adachi, H. Tamura
equipped with the metric { -, - ), which are defined by

X:{reR3XN: > mjrjzo},

1=/EN
Xcan{r€R3XN:rj:rk for1<j<k=<N}.

These two subspaces are mutually orthogonal. We denote by = : R¥Y - X and
Tem : R**Y — X, the orthogonal projections onto X and X, respectively. For

r € RN, we write x = nr and xeq = Tem, respectively. Let £ € X and E¢, € Xem
be defined by

E=n (ﬂﬁ,...,e—”(s’), Eyr = T (ﬂé" ey o‘") i

m my mi mpy

respectively. Then the total Hamiltonian A is decomposed into A = H ® Id +
Id @ Ten, where Id is the identity operator, H is defined by

H=—4/2—(Ex)+V onL*X),

T denotes the free Hamiltonian T,y = —A4em/2 — (Eem,Xem) acting on L2(Xey ), and
A (resp. Acm) is the Laplace—Beltrami operator on X (resp. X¢n). We assume that
|E|#0. This is equivalent to saying that e,/m;+e;/my for at least one pair (j,k).
Then H is called an N-particle Stark Hamiltonian in the center-of-mass frame.

A non-empty subset of the set {1,...,N} is called a cluster. Let C,, | < j < m,
be clusters. If U, <;<,C;={L,....N} and (;NCy =0 for 1 = j<k=m, a=
{Cy,...,Cp} is called a cluster decomposition. We denote by #(a) the number of
clusters in a. We denote by .o/ the set of cluster decompositions and set .o/ =
{a € o #a) = 2}. We let a, b € /. If b is obtained as a refinement of a, that
is, if each cluster in b is a subset of a cluster in a, we say b C a, and its negation
is denoted by b ¢ a. We note that a C a is regarded as a refinement of a itself. If,
in particular, b is a strict refinement of a, that is, if » C a and b=a, this relation
is denoted by b & a. We denote by a = (j,k) the (N — 1)-cluster decomposition
{(,k), (1) () s (k),e e s (N)}

Next we define the two subspaces X? and X, of X as

X4 = {r € X : Y mjr, =0 for each cluster C in a} ,
jec

X, ={reX :r;=r for each pair « = (j,k) Ca}.

We note that X* is the configuration space for the relative position of j% and
k™ particles. Hence we can write V,(x*) = Vik(r) — rr). These spaces are mutually
orthogonal and span the total space X = X*® X,, so that L?>(X) is decomposed
as the tensor product L?(X) = L?>(X?) ® L*(X,). We also denote by n%: X — X¢
and 7, : X — X, the orthogonal projections onto X“ and X,, respectively, and write
x* = n% and x, = n,x for a generic point x € X. The intercluster interaction /, is
defined by

[a(x) = Z Vot(xa) s
a a
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and the cluster Hamiltonian

H,=H—1,=—42—(Ex)+ V", V&%) =) V,(x*),
xCa
governs the motion of the system broken into non-interacting clusters of particles.
Let £ = nE and E, = n,E. Then the operator H, acting on L?>(X) is decomposed
into
H,=H'®Id+1d®T, onL*X")®L*X,),

where H? is the subsystem Hamiltonian defined by
HY = —A"/2 — (E“.x") + V° on L}*(X%),
T, is the free Hamiltonian defined by
To = —44/2 = (Earxa) on IX(Xa),

and A* (resp. 4,) is the Laplace—Beltrami operator on X“ (resp. X;). By choosing
the coordinates system of X, which is denoted by x = (x%,x,), appropriately, we can
write 4% = |V and 4, = |V,[?, where V¢ = 0,« = 8/0x® and V, = 0,, = 0/dx,
are the gradients on X“ and X,, respectively. We note that we denote by x* (resp.
X,) a vector in X (resp. X,) as well as the coordinates system of X“ (resp. X,).
We now state the precise assumption on the pair potentials. Let ¢ be a maximal
element of the set {a € & : E* = 0} with respect to the relation C. As is easily seen,
such a cluster decomposition uniquely exists and it follows that £* = 0 if « C ¢, and
E*+0 if o ¢ c. Thus the potential V, with o ¢ ¢ (resp. o C ¢) describes the pair
interaction between two particles with e;/m;+ex/my (resp. e;/m; = ex/my). If, in
particular, e;/m; = e;/m; for any j=k, then ¢ becomes the N-cluster decomposition.
We make different assumptions on ¥, according as o ¢ ¢ or a C ¢. We assume that:

(V) Vy(x*) € C°(X*) is a real-valued function and has the decay property
Vo) = O |72y e, L) = O THI) wce

for some V3 -1 < p < 1.

Under this assumption, all the Hamiltonians defined above are essentially self-
adjoint on C§°. We denote their closures by the same notations. Throughout the
whole exposition, the notations ¢ and p are used with the meanings described above.
If V, satisfies this decay assumption, then V, is called a long-range potential. To
formulate the obtained result precisely, we define the modified wave operators. The
definition requires several new notations. We assume that a C ¢. Then the subsys-
tem operator H¢ does not have a uniform electric field, that is, £ = 0. Hence it
may have bound states in L?(X“¢). We denote by P4 : L2(X“) — L*(X“) the eigen-
projection associated with H%. We also denote the direction of £ by w = E/|E| and
write z = (x,w). We should note that z = (x,,w) because of w* = 0. We set x =
zw and x; =x —x, and write x, | = m,x.. Then we can write x, = (x4 1,X)).
We also write p, = (pq, 1, p|) for the coordinates dual to x, = (x4 1,x)) and de-
note by D, = —iV, = (D,, 1,D)) the corresponding velocity operator. If we write
0 = wd;, we see that Dy = —idj and D, 1 = D, — D). Let I be the intercluster
interaction obtained from H¢:

L) =LY = 3 V).
aCe,xZa
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We consider the time-dependent Hamiltonian
Hop(t) = Hy + I5(tDy, 1 ) + I.(tD,, 1 + ’E/2) on L*(X). (1.1)

Since D, ; commutes with H,, the three operators on the right-hand side of (1.1)
commute with one another. We note that IS(tD, 1) = 1:(tD,) for IS(tp, 1) =
Ii(tn€ pa, 1) = IS(tp,). Then we denote by U,p(t) the propagator which is gen-
erated by H,p(t), that is, {U,p(?)}cr is a family of unitary operators such that for
Y € D(H,p(0)), ¥ = U,p(t)Y is a strong solution of idy,/dt = H,p(t)Wy, Yo =
U,p(?) is explicitly represented by

U,p(t) = exp(—itH,)exp (—ifl{ltf(sDa,l) + 1.(sDg, 1 + szE/2)} ds) . (12)
0

With these notations, the Dollard-type modified wave operators in question are now
defined by
W =s— im _exp(itH )Uap(t)(P* @ Id), aCec. (1.3)
It can be easily proved that if these wave operators exist, their ranges are all closed
and they have the intertwining property exp(itH )ng = W:j)exp(itHa) for t € R.
The main result of this paper is the following theorem.

Theorem 1.1. Assume that (V) is fulfilled. Let ¢ be as above. Then the Dollard-
type wave operators Wa%,a C ¢, exist, have the intertwining property and are
asymptotically complete:

L*(X)= Y ®Range W .
aCc

If, in particular, c¢ is the N-cluster decomposition, that is, no subsystem has zero
reduced charge, the asymptotic completeness of the Dollard-type modified wave
operators can be also proved under the assumption (V') with p > 1/2. For we need
not apply the argument of Derezinski [D] to this situation. Furthermore, we can
introduce the modifiers which are different from the Dollard-type ones, so that the
asymptotic completeness of such modified wave operators can be proved under the
assumption (V) with p > 0. This result is an extension of the result for two-particle
systems of Jensen—Yajima [JY] and White [W1, W2] to the case of many-particle
systems. This problem will be discussed in detail in Sect. 6.

The problem of the asymptotic completeness for many-particle quantum systems
has made great progress for the past several years. For the systems without electric
fields, this problem was first solved by Sigal-Soffer [SS1] for a large class of
short-range pair potentials. After that work, alternative proofs have been given by
several authors (cf. [Grl,Ki, T1,Y and Z]). On the other hand, for the long-range
case, Enss [E] first proved the completeness for three-particle systems with the
pair potentials decaying like O(|x*|~") at infinity for some v > /3 — 1. This result
has been extended by Derezinski [D] and Zielinski [Z] to N-particle systems and
also the case of potentials decaying more slowly has been dealt with by Gérard
[G] and Wang [Wa] for three-particle systems. We should note that the condition
p > /3 —1 in our assumption (¥) is assumed in order to apply the argument
of [D].
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For the systems with uniform electric fields, if the assumption (V) is satisfied
for some p > 1, V, is called a short-range potential. For the class of short-range
pair potentials, the ordinary wave operators

wE=s5— im _exp(itH ) exp(—itH,)(P* © Id)

exist without adding the time-dependent modifiers I$(tD,, 1) + 1.(tD,, 1 + t?E/2) to
the cluster Hamiltonians H,. The asymptotic completeness in the short-range case
has been proved by Tamura [T3] and Meller [Mg] for N-particle systems. However
it is known that such wave operators do not generally exist for the class of long-
range potentials which we consider here (see [JO] and [O] for the case of two-
particle systems).

In the previous work [AT], we have considered the class of long-range potentials
such that

afa Vy(x*) = 0(|x1’—-(ﬂ+ll|/f|)) «d e,

for some p,p > 0 such that p+pu > 1 (Vu(x*), C ¢, satisfy the same assump-
tion as in (7)) and we have proved the asymptotic completeness of the Graf-type
modified wave operators

WE =s— im exp(itH )U,g(t)(P° ® 1d), aCc,

where the propagators U,g(t) are generated by the time-dependent Hamiltonians
Ha(1) = Hy + I5(1Dy) + 1(PE/2),

and are concretely represented by
t
U,s(t) = exp(—itH,) exp (—if{[;(sDa) + I(s°E/2)} ds) )
0

This type of wave operators was introduced by Graf [Gr2] for two-particle systems
(see also [Zo] and [JO]). However it is known that such wave operators do not
exist for the class of long-range potentials which we consider here (see [JO] for
the case of two-particle systems). Therefore we need introduce the Dollard-type
modifiers (1.2).

2. Preliminaries

In this section, we recall the known results. First we introduce some notations.
We use the following convention for smooth cut-off functions F with 0 £ F < 1,
which is often used throughout the discussion below. For sufficiently small 6 > 0,
we define

Fs<d)=1 fors<d+9, =0 fors>d+26,
F(s=2d)=1 fors>=d -, =0 fors<d-26,
F(s=d)=1 for|s—d| £, =0 for|s—d| =20

and F(d) < s £d;)=F(s 2d|)F(s £ d;). The choice of § > 0 does not matter
to the argument below, but we sometimes write s for ¥ when we want to clarify
the dependence on ¢ > 0.
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We define So(X) by
So(X) = {g € C®(X) : [olq(x)| = Cy(x)~ 1},

where we write (x) = (1 + |x|?)"/2. Let @ = E/|E| be the direction of E. We denote
the coordinate z € R by z = (x,w), so that H is written as H = —A4/2 — [E|z + V.
We should note that

(@7 PVH + DT @)TIVVEH DT LX) - LX)

are bounded.
Now we state the recent result of Herbst and Skibsted [HS], which is concerned
with the spectral properties for many-particle Stark Hamiltonians.

Theorem 2.1. Assume that (V') is satisfied. Let D = —iV and A = (w,D) = —i0,.
Then

(1) H has no bound states.
(2) Let R > 0 be fixed and let I1 : X — X be an orthogonal projection such
that IIE +0. Then

IF.(H = DF(Ix| < R)| =0, &—0,
uniformly in A € R. In particular, one has

IFL(H = DF(x*| S R)| =0, &0,
for a ¢ c.

(3) Let 0 < g < |E|. Then one can take ¢ > 0 so small (uniformly in A € R)
that
Fu(H = MDi[H,A)F,(H = 1) Z oF,(H = A).

The above theorem plays a basic role in studying the propagation properties of
exp(—itH). In particular, the uniformity in high energies 4 > 1 in the statement (2)
is important. This makes it possible to take 4 as a conjugate operator in the form
inequality in (3).

Next we recall the almost analytic extension method due to Helffer and Sjostrand
[HeSj], which is useful in analyzing operators given by functions of self-adjoint
operators. For two operators B; and B,, we define

ad} (By) =By,  adj (By) =[ady '(B2),Bi], nz1.
For m € R, let #™ be the set of functions f € C°°(R) such that
O] = Gls)"™, k20

If feF” v~vith m € R, then there exists f € C*°(C) such that f(s) = f(s) for
seR, supp f({) c{{eC:|Im{| <d(1+|Rel|)} for some d > 0 and

1070 £ Cu(Q)™ " "M|Im¢M, M 20.

Such a function f ({) is called an almost analytic extension of f. Let B be a
self-adjoint operator. If f € # ™ with m > 0, then f(B) is represented by

1) = 5 JAFOE = 07 de ndE. @n
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For f € #™ with m € R, we have the following formulas of the asymptotic expan-
sion of the commutator:
Mot (=1t (n)
[Bi,/(B)] = > - adg(B1)/T(B) + R, (2.2)

n=1

Ry = E%fécj(g)(zrz — ) ady (BB - )Ml NdL. (2.3)
C

Ry is bounded if there exists & such that m + k < M and adﬁf(B. YB +i)7* is
bounded. For the proof, see [G].
We use the following lemma frequently. For the proof, see [AT].

Lemma 2.2. Let f, € C°(R), | < j <2, and let g € F°. Assume that B is a self-
adjoint operator such that ady(H)YH + i)™, 1 < j <2, are bounded from L*(X)
into itself. Then

(1) [/1(H),9(B/t)] = [f1(H ), B/tlg'(B/t) + O(t~?).
() [[f1(H),B], f2(B/t)] = Ot~ ").

Moreover, let A be as in Theorem 2.1 and Q = (x) or z(= (x,w)). Then
3) WH+ )7L fi(d/0) =0, [(H -+, f1(Q/*)] =0¢M).
(4) U 2(H), [1(4/0] = 0™ "), [f2(H), f1(Q/FH)] = O(t™").

(5) [Q, F1(4/)] = OG™"), [f20Q/F%), f1(4[1)] = O(t3).
(6) (H + D)[f1(H), f2(Q/t*)] = O™ ).

Here O(t™") denote bounded operators with their norm estimated by Ct™" as
t — 00.

3. Propagation Properties

We will prove Theorem 1.1 for the + case only. In this section, we prove some
propagation estimates which mean that the solution exp(—itH )iy concentrates asymp-
totically on classical Stark trajectories as t — oo.

We begin by fixing some new notations. We define a conical neighborhood
of w=E/|E| by I'(w,e1,r) ={x € X : {w,x/|]x]) = 1 — ¢, |x| > r} for & > 0 and
7 > 0. We denote by Dy the Heisenberg derivative with respect to the time-
dependent Hamiltonian H(¢): Dy ®@(t) = @'(¢) + i[H(¢), d(¢)]. Throughout the dis-
cussion below, we always denote by f € C§°(R) a non-negative smooth function
with a compact support. We use the notations || || and (, ) for the L?> norm and
scalar product in L?(X), respectively. We also denote by B(¢),¢ = 1, operators hav-
ing the following properties: (1) f(H)B(t)f(H) : L*(X) — L*(X) is bounded; (2)

TIB@) S (H Y exp(—itH W, f(H) exp(—itH W) di < Cl|P € L20x).
1

First we need the following proposition, which is the same as Proposition 4.2
of [AT]. Thus we omit the proof.
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Proposition 3.1. There exists M > 1 dependent on f such that:
(1) For € L*(X),
oodt

S IF )/ = M)SH) exp(—iHWIP = ClYIF

(2) For Y € L (X), L(X) being the Schwartz space over X,

d
JENR ()2 2 MY S exp(—it WP < oo

1

Next we prove the following proposition, which means that the particles are
accelerated along the direction @ with an at least positive acceleration which is less
than |E|.

Proposition 3.2. Let 0 < v < |E| and L > 0. Then for any € L*(X),

ood
JTIFL < 212 < v2) e exp(—ieWIP < ClP.

To prove this proposition, we need the two lemmas below. These are proved as
Lemmas 4.1 and 4.2 of [AT].
Lemma 3.3. Let v be as above and K > 0. Then
* dt

JIF(=K < 4/t < v)f(H)exp(=itH)|* < Clly|1* .
1

Lemma 3.4. Let v and L be as above. Then there exists K > 1 such that
F(Alt £ —K)F(—-L < z/* < v2)YH+i)'=0¢™").

Proof of Lemma 3.3. The proof is done in exactly the same way as in the proof
of Lemma 4.1 of [SS2]. Let G € #° be defined by

G(s)= [Fs(-K Su<v)du, 0<6<1,

—0o0

so that G'(s) = F5(—K < s < v)? € C°(R). We write f;,(H) = F,(H = ). We
take 0 < v+20 < o < |E| for 6 > 0 as above. Then, by Theorem 2.1 (3), there
exists ¢ > 0 such that for any 1 € R,

So(HIH, Al [ 1(H) Z o fo:(H) . 3.1

For such an ¢ > 0, we have only to prove the lemma with f(H) = f; ;(H) for any
A€ R. We use
P,(2) = G(4)1)

as a propagation observable. We note that &;(¢) is uniformly bounded in ¢ = 1.
The Heisenberg derivative of this observable is calculated as

Dy @1(1) = @1(1) + i[H, Pr(1)] . (3:2)
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If we take g € C3°(R) such that g = 1 on the support of f, ;, then
Jo (HIH, @]/, :(H) = fo, :(H)ilg(H)H, ®1()] 1. :(H) .
By repeated use of Lemma 2.2, we have
Je (HDIH, @1(0)]1.,.(H) = Fi(2) [, 2(H)i[H, A/t] f., ;(H )F1(2) + B(1)
with Fy(t) = F5(~K < AJt < v). Hence it follows from (3.1) that
S (HDIH, ()] [ i(H) Z ot~ Fi(2) £, :(H)*Fi(t) + B(1) -
On the other hand, the first term on the right side of (3.2) is evaluated as
Jo (HYP () foi(H) Z —(v+28) " f s(H)F (1) fo 1(H ) .
Thus we obtain
Fe (HODu®(() £, :(H) = {0 — (v+28)}t7" £, ,(H)F () £, ,(H ) + B(t)

by Lemma 2.2 again. This proves the lemma. [

Proof of Lemma 3.4. We set F(t) = F(A/t £ —K) and F,(t) = F(—L < z/t* £
v/2). Then u = (H — i)' F,(¢t)F4(t)w solves the equation

(H — iyu = F,(t)F4(t)w, weL*(X).

Recall that the conjugate operator A is represented by 4 = —id,. Hence it follows
that 4> < —4 and, by the boundedness of V' and the fact that u is the solution of the
above equation, we also have ||4ul| < C(||(z)"?ul| + ||w||) with some C > 0. We
set G4(t) = F(A/t £ —K + 1) and G,(t) = F(—L — 1 < z/t* < v/2+1). We note
that G4(¢)F4(t) = F4(t) and G,(¢)F,(t) = F.(t). Since A>G4(t) = (K — 2)**G4(t)
and (2)G,(t) £ K2t*G,(t) with k = max(L,v/2) + 2 for ¢t = 1, we make repeated
use of Lemma 2.2 to obtain that

[4ull = {(K = 2)/2}t|[(H — i) ' F.()F4(t)w|| — Cllw] ,
[1(z)2u|| < 26t||(H — i)~ "F.()F4(t)w|| + Cllw]|

for some C > 0 independent of ¢+ = 1. Hence we can take K > 0 so large that
Fy(t)F.(t)(H + i)' = O(¢t~"). This completes the proof. [

Proof of Proposition 3.2. The proof is done in exactly the same way as in the
proof of Theorem 4.2 of [SS2]. Let G € #° be defined by

G(s) = f Fs(—L < u < v/2)* du,

— 00

so that G'(s) = Fs(—L < s < v/2)* € C§°(R). We set ®(t) = G(z/t*) as a prop-
agation observable. We note that &(¢) is uniformly bounded in # = 1. We write
Fi(t) = Fs(—L < z/t* < v/2). Then the Heisenberg derivative of this observable is
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calculated as
Dy ®(t) = 1714/t — 22/ )F (1)? + O(t™*)
>V F O (Aft =V = S)Fs(Aft S VY —v—45}F (1) + 0™
=17V = v =38)F (1)’ + R(t) . (3.3)
Here
R(t) =t (At =V = 8)Fs(Aft <V YFi(t) + 007,

and we used the fact that A/t = V' + 5+ (4/t — V' — §)Fs(4/t £ V')*. We take
6 > 0 so small that v/ — v — 36 > 0. We shall show that R(¢) = B(¢), which im-
plies the proposition by virtue of (3.3). Let g € C§°(R) be such that g = 1 on the
support of f. By repeated use of Lemma 2.2, we compute

gUH)R(1)g(H ) = 1~ g(H )( A/t — ' = §)Fi()g(H)F (1) F5(A/t V' )} +0(™?) .
Finally, by Lemma 3.4 and repeated use of Lemma 2.2, we have
gUHR()g(H ) = ™ g(H N A[t =V = )F((1)g(H)F1(1)F5(—K < Aft <V')> +0(™%)
= 17'F5(—K S AJt £V)B|(t)Fs(—K < 4/t £V)+0(7%),
g(h(;re é;(t) is uniformly bounded in ¢t = 1. By Lemma 3.3, we see that R(¢) =
t).

The next proposition is the most important propagation estimate, which means
that the particles asymptotically concentrate in any conical neighborhood of w.

Proposition 3.5. Let M be as in Proposition 3.1 and v be as in Proposition 3.2.
Fix ¢ > 0 and r > 0. Assume that q € So(X) vanishes in I'(w,&,,r). Then
*di 2 2 . 2 2
[ FIFGE 2 v2)F ()t < Mg f (H) exp(—it WP < Clyl*.
1

To prove the above proposition, we have only to prove the following lemma.
The proof is essentially the same as that of Proposition 7.3 of [T2] (see also [Mg]
and [A]).

Lemma 3.6. Let §(x) = ({x) —z){(x)~". Let M be as in Proposition 3.1 and v be
as in Proposition 3.2. Then

oo d

JEIFGIR 2 v2F ()8 < MIGFU) exp(—itYIP < CIYIP

1

Proof. We write f, ,(H) = F,(H = A). For some ¢ > 0, we have only to prove the

lemma with f(H) = f, (H) for any A € R. Let 4; = (x)~"/*4{x)~'4. We write
F(t) = F(z/t* = v/2)F({x)/* £ M) and take

(1) = fe AHF(O)AF (@) [, i(H)

as a propagation observable. We note that @(¢) is uniformly bounded in ¢ = 1. The
Heisenberg derivative of @(¢) takes the form

Dy &(t) = fo s(H)F()i[H, A\ ]F(2) [, .(H) + B(?) (34)
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by Propositions 3.1 and 3.2. By a simple computation, we have
iTH, A1) Z |El00) 712 = 007 0, V) + () 7R - D) (35)

Let g € Cg°(R) be such that g =1 on the support of f,,. By repeated use of
Lemma 2.2, we have

o (HDF () (x) 4V — HY(x) 7 F(t) £, 1(H)
= fu(HDF(@)x) ™4V — H)g(H ) (x) ™ F () f, (H) + 0(t™)

=0(17%). (3.6)

Next we consider the second term of the right-hand side of (3.5). We take g € Sp(X)
such that ¢ =1 in I'(w, ¢;,2r) and g = 0 outside I'(w,2¢;,r) for 0 < & < | and
r > 0. We should note that we can take & > 0 so small that |(x)~"*(w, VV)| <
C(x)~'=*/2 on the support of g. We set § = 1 — g € So(X) and rewrite

S (EF(@)@) ™ 2w, VV)F (1) fui(H) = Ti + Ty,

where

Ty = f, ;(H)F(t){x)""*(w,VV)qF(t)f. ,(H),

Ty = f, :(H)F(t){x) " {0, VV)GF(t) f,..(H) .
It is easy to see that T} = O(t™27*). We write h = (w,VV)3/Gd. We should
note that § = ¢ > 0 on the support of g. We set g, ;(H) = F5,(H = 1), so that
ge ;(H) fe;(H) = f;(H). Then, by Lemma 2.2, we get

Ty = fu (H)F(1)(x) ™" *Ghg, ,(H)F (1) f,. .(H) + O ) .

We denote M’ =#{o: « ¢ c}. Then we see that we can take R > 0 so large that
for any o ¢ c,

{1 = F(*| £ B Ho, VV)G/DI < |E[/(4M") .

On the other hand, by Theorem 2.1 (2), we see that we can take & > 0 so small
that for any o ¢ ¢ and 1 € R,

IE(x*] = RY (@, VV)(§/§)g. :(H)|| = |E|/(4M) .
Hence, for such an ¢ > 0, we have
lag., .(E)| = |E|/2,

and
T, < ([E|/2) £ ,(H)F (2)(x) ™ "2GF (1) £ 1(H) + B(2) .
Combining this fact with (3.4), (3.5) and (3.6), we obtain

Dy d(t) = (|E|/2)f(H)F(t)(x)~"2GF(t) f(H) + B(t)
> (|E|/2)(M + 1) f(H)F(O)GF (1) f(H) + B(1)
which implies the lemma. [

By the above propositions, we conclude the following propagation properties.
The proof is similar to that of Lemma 4.5 of [AT]. We omit the proof.
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Proposition 3.7. Let M,v and q € So(X) be as above. Let ®(t) denote one of the
following three operators:

F(x)/? 2 M), F(/ <v/2), F(/f 2 v/2)F((x)/? < M)q.

Then
s — tlim D(t)f(H)exp(—itH)=0.

4. Time-Dependent Hamiltonians

In this section, we introduce an auxiliary time-dependent Hamiltonian which ap-
proximates the full Hamiltonian A and study the relation between exp(—itH) and
the propagator generated by such a time-dependent Hamiltonian.

Let g, € So(X) be such that g. =1 in I'(w,e,|E|/3), and ¢g. =0 outside
I'(w,2¢,|E|/4). Let §, € So(X) be such that §, =1 in I'(w,2¢,|E|/4), and §. =0
outside I'(w, 3¢y, |E|/5). By definition, it follows that §.q. = g.. We define

P(t,x) = F((x)/* < M)F(z/f* Z |E|/3)g.(x), (4.1
We(t,x) = We(t,x%,x.) = F(Z/t2 Z |E|/4)q.(x)]e(x) . (4.2)

We should note that ¢.(f,x)I.(x) = ¢.(¢,x)W.(t,x). By assumption, W, obeys the
estimate
|07 AW (6,2)| < Coug(0) " ((8) + () 2y~ 1AL (43)

We consider the time-dependent Hamiltonian
H.(¢) = H. + W.(2), We(t) = We(t,x),

and denote by U.(¢) the propagator generated by H.(¢), that is, {U.(t)}/> is a
family of unitary operators such that for ¥ € D(H.(1)),¥, = U.(t){ is a strong
solution of idy,/dt = H (¢t )Y, Y1 = .

By the almost analytic extension method, we see that for f € C§°(R),

d
Dr. f(HA1)) = A f(H(1)} = o'y, (4.4)

due to (4.3). By virtue of this estimate (4.4), we obtain the analogue of Propositions
3.1,3.2,3.5 and 3.7. Since the proofs are similar to those of theirs, we omit the
proofs.

Proposition 4.1. There exists M > 1 dependent on f such that:
(1) For y € L*(X),

oo d
[ FNFGR2 = M)W < CIVP.
(2) For y € #(X), L(X) being the Schwartz space over X,

*d
TSR 2 M)SEOUWIP < o0
1
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Proposition 4.2. Let 0 < v < |E| and L > 0. Then for any € L*(X),
o dt
[ ZIF(=L < 2/ < 9/2) f(H)UeW P < Cllr .
1

Proposition 4.3. Let M be as Proposition 4.1 and v be as Proposition 4.2. Fix
e > 0 and r > 0. Assume that q € So(X) vanishes in I'(w,¢1,r). Then

dt

— PGz v2)F () < M)gf(HA)UeWI* < Cl |1

Proposition 4.4. Let M,v and q € Sy(X) be as above. Let ®(t) denote one of the
following three operators:

F()/2 2 M), FE/# <v/2), F(/f 2 v/2)F((x)/F < M)q.

Then
s — rlingo D(1)f(H())Uc(2) =0 .

Next we show the existence of the following two strong limits, the first limit
being often called the Deift-Simon wave operator (see [Grl,SS1,Z and A]).

Theorem 4.5. Let the notations be as above. Then there exist the following strong
limits:
s — tlim U.(8)" exp(—itH), s — llim exp(itH)U.(t) .
—00 —00

Proof. The proof for the existence of the first limit is similar to that of Lemma
5.2 of [AT]. By Proposition 3.7, we have only to prove the existence of the strong
limit
s — tlim Uc() po(t,x) f(H)exp(—itH) . 4.5)
—00

Taking f € C§°(R) such that f f = f and noting (¢, x)(Wc(t,x) — I.(x)) =0,
we see that

S1H()pe(t,x) = pe(t,x) [1(H) = O™,

by virtue of the almost analytic extension method. From this fact, the existence of
(4.5) can be proved by the same argument of [AT].

Next we note that for ¢ > 0 small enough and ¥ € L?(X), there exists f €
Ci°(R) such that

I{1d — f(H ()} Ue( ]| = O(e)

uniformly in ¢ = 1, which is proved by virtue of (4.4). Now we take M as in
Proposition 4.1 for this f and define ¢.(¢,x) by (4.1) with this M. Then, by virtue
of Proposition 4.4, we have only to prove the existence of the strong limit

s = lim exp(itH )go(t,3)f (HAD)Ue(0)

which may be proved in the same way as that of (4.5). O

By the existence of the first strong limit in the above proposition, we obtain the
following theorem immediately.
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Theorem 4.6 (Asymptotic clustering). Let the notation be as above. Then for
Y € LA(X), there exists Y. € L*(X) such that

exp(—itH )W = Uu(t W + o(1)

5. Proof of Theorem 1.1

In this section, we complete the proof of Theorem 1.1. By Theorem 4.6, the proof is
now reduced to studying the propagation properties of the propagator U.(¢) gener-
ated by the time-dependent Hamiltonian H,(¢). For this sake, we introduce a family
of the unitary operators {T(¢)};,cr on L*(X) as follows: For u(x) € L*(X), we
define

(T(t)u)(x) = exp(it|E|z — it} |E[*/6)u(x — *E/2) . (5.1)

We also introduce the time-dependent Hamiltonians
H.p(t) = Hy + I5(tDy) + 1.(tD, — £ E/2)
H, 51(t) = H, + I{(tD,) + W,(1,0,tD, — t*E/2) ,
Hemo(t) = He, i + We(t, x5, x. + EJ2),
Ha,m1(t) = Ho oy + I5(tD,) + Wo(1,0,1D, + £°E/2)

for a C ¢, where H, yy = —4/2 + V9(x“) acts on L*(X) and has no electric fields.
We denote by Un(t), U, s1(2), Ue, mo(t) and U, u1(2) the propagators generated by
Hop(t), Hy 51(t), He mo(t) and H, y1(2), respectively, where U,p(0) = Id, U, 51(1) =
1d, U mo(1) = Id and U, a1 (1) = Id. Since exp(—itH,)D, exp(itH,) = D, — tE for
a C ¢,U,p(t) is explicitly represented by

Uap(t) = exp(—itH,) exp (—ift{lj(sDa) + I.(sD, + szE/Z)}ds> .
0

The family of transformations {7(¢)},cr was introduced by Jensen—Yajima [JY], by
which Stark Hamiltonians are transformed into Hamiltonians without electric fields
(see also [AH]). In fact, we see by the argument similar to [JY] that

Ue(t) = T(OUe mo(T() ™, Upsi(t) = T(OUgan()T(1) 7" (52)

We should note that V%(x“) in H, » does not undergo a change under the transfor-
mation 7'(¢). By virtue of the relation (5.2), we have only to study the asymptotic
behavior of the propagator U, 0(¢) generated by the time-dependent Hamiltonian
H. po. We now apply to H, p the result due to Derezinski [D] on the asymptotic
completeness for long-range many-particle quantum systems without electric fields
(see also [Z]).

Proposition 5.1. Assume that (V') is fulfilled. Then the wave operators

Qo m1 =5 — tlirono Ue, mo(t)* Ug, s (1)(P* ® 1d)
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exist for all a C ¢, and are asymptotically complete, that is,

L}*(X) =Y @ Range Q, v -
aCc

The condition p > v/3 — | in the assumption (V) is essentially used to prove
this proposition only. We go back to the original propagator U,(¢). Since 7(¢) com-
mutes with P ® Id for a C c, the following theorem is obtained as an immediate
consequence of Proposition 5.1.

Theorem 5.2. Assume that (V') is fulfilled. Then the wave operators
Qus1=5— tlim Ue(8) Uy s1(1)(P* ® Id)

exist for all a C ¢, and are asymptotically complete, that is,

LX(X) = > @ Range Q, s .
aCce

We also need the following lemmas to analyze the propagators Uap(t) and
Us, s1(1).

Lemma 5.3. Let y € #(X). Then as t — o,
(1) |(Da = tEYT (0l = O(1),
(2) [(Dg = tEYUq, s1(t || = O(1).
Proof. Since
Dy piyPa —tE) =0, Dy, (D —tE) =0,
(1) and (2) are obtained by integration. [

Lemma 5.4. Let y € ¥ (X) and q.(x) € So(X) be as in Sect. 4. Set ¢.(t,x) =
qe(x/t*) for t = 1. Then as t — oo,

(1) (1 = ¢e(8,0,eD, = 2E/2))Uan (W[ = O™ ),
(2) [I(1 = $e(t,0,D, — PE[2)) Uy s1( )| = OG™1).

Proof. Since ¢.(t,f?E/2) =1 for t = 1 and |V.(t,x)| £ Ct~2, the lemma follows
from Lemma 5.3. O

By these lemmas, we have the next proposition.

Proposition 5.5. There exist the strong limits

s — lim Up(t)* Uy s1(2), s — lim U, 51(£)*Uap(2) .
— 00 11— 00

Proof. We write d;a(t) = ¢.(1,0,tD, — ?E/2). By Lemma 5.4, we have only to
prove the existence of the limits

tlirgo Uap(0)* () U s1 (W

ll_l)lllo Ua‘SI(t)*d;a(t)UaD(l)l//
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for Y € #(X). Since

8.0+ Hp(F(0) ~ 510}

= —t73(Dg — tE),(Vuq. )t~ 'D, — E/2)) ,
we have the proposition by virtue of Lemma 5.3. [
We replace U,p(t) by the propagator U,p(¢) defined by (1.2). We need the

following proposition.

Proposition 5.6. There exist the strong limits

s~ lim Up(@) Uwp(t),  s— Jlim Uap(t)* Uap(2) .

Proof. Noting that I,(sD,) = I,(sD, 1), we have only to prove that as ¢t — oo,
fot {1.(spa + $*E/2) — I.(spa, L + s*E/2)}ds converges locally uniformly in p,. We
write

1
1(pa + S*E[2) — I(spa, L + SE/2) = [{(8yL:)(tsp| + SPa, L + S°E/2),sp))dT .
0

We note that
Os{I(tsp) + spa, L + s°E[2)} = ((0)L.)(tsp| + spa, L + S°E[2), T p|| + SE)
+ {OLL )Py + 5Pa. 1+ S°E/2), pa 1)
— () L.)(t3Py + $Pa 1+ S°E/2),5E) + O(s~+7)

holds locally uniformly in p, and uniformly in 0 <t < 1. Here we used the fact
that (VI.)(tspy + spa, L + $°E/2) = O(s™"*”) holds locally uniformly in p, and
uniformly in 0 < 7 < 1. Hence we have

(0L )(wspy + spa, 1 + $*E/2),5p|)

> @ -
= “’&I >6S{Ic('csp|| +5pa L +S°E[2)} + O(s~ 1)

This implies the proposition. [
Combining the above two propositions, we have the following proposition.

Proposition 5.7. There exist the strong limits

s - tlim Uap(t)* U s1(2), 5= tlim U s1(t)* Uap(2) .

We should note that these operators commute with P? ® Id. Indeed, we decom-
pose H,p(t) and H, s on L*(X) = L2(X*) ® L*(X,) into

Hp(t)=H*®Id +1d @ Tap(t),  Has1(t) =H*®1d +1d ® Ty 51(1) ,
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where
TaD(t) = Ta + I;(tDa,J_) + ](.(0, tDa, 1 + tzE/z) 9

Ta.SI(t) = Ta + [;(tDa) + Wc(t’O,tDa - tzE/Z) .

Thus, if we denote by U,p(¢) and Ua,SI(t) the propagators which are generated by
T.p(t) and T, 51(¢), respectively, we see that

s = Jim Upp(6) Uy,s1(0) = 14 @ (5 = lim Oup(0)* Uas1(0))
—00 [—00

5= lim Uy s1(6) Unn() = 14 @ (s = lim Uy51(t) Uan(0)) -
t—o0 [—00

Completion of the proof of Theorem 1.1. The existence of the modified wave
operators W', with a C ¢ is proved by Theorem 4.5, Theorem 5.2 and Proposition
5.7. 1t follows from Theorem 5.2 that Range W}, | Range W}, if a=b.

We shall prove the asymptotic completeness. Let y € L?>(X). By Theorem 4.6,
Theorem 5.2 and Proposition 5.7, we have as t — oo,

exp(—itH )Y = Ue(t)e + o(1) = 2 Ue()Q2a, 519" + o(1)

aCce

= 3 Unsi (W' +o(1) = T Uan(e) +o(1)

aCc

for some ¢ € Range (P’ ® Id), where l;? = limy— o0 Uup(£)* Uy, s1(1)Y2.  This
implies
Y € > ®Range W, ,
aCc

which completes the proof of Theorem [.1. [J

6. Case of Non-Zero Reduced Charges

In this section, we assume that no subsystems have zero reduced charges. Then
E?+0 for all cluster decompositions a with #(a)=+ N, and hence the maximal ele-
ment ¢ of the set {a € o/ : E* = 0} becomes the N-cluster decomposition. Through-
out the section, ¥,(x*) is assumed to fulfill the assumption (V'):

V() = O(lx*|~**1D2)  for some p > 0.

The aim here is to extend the result obtained in the case of two-particle systems
(see [JY] and [W1, W2]) to the case of many-particle systems.

The argument below is in principle based on the same idea as in Sigal [S]. We
should note that under this assumption, Theorems 4.5 and 4.6 still hold.

We use the notation 0, = (w, V). We construct an approximate solution to the
Hamilton—Jacobi equation

0,S + |E)0.S = | p|*/2 + Wo(t,V,S) (6.1)
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associated with H.(¢). Without loss of generality, we assume that 1/p is not an
integer. Set L = [1/p], so that (L + 1)p > 1. We first define Ky(z, p) by

Ko(t, p) = | pI*y2 — |E[(w, p)*/2 + |EPPP/6 .

Then K, satisfies
0,Ko + |E|0.Ko = | /2.

We further define K;(t, p), 1 £ j <L, for t = | inductively as the solution to
afK]_l_[E[azKJ:Fj—l(t’p)’ Kj(lap)zoa

where

J Jj=1
Fi(t,p)=W. (t, ZOVme(t,P)) - We (t, ZOVme(t,p)> .
Lemma 6.1. '
IBK(tp)=0t""), 1<j<L,
uniformly in p.

Proof. The lemma is easily verified by induction. The solution X, is given by
K,(t, p)= lftFj_l(s,(s —E + p)ds.
In particular, we have
Ki(t, p) = lft W(s,(s*/2 — st)E + sp)ds ,

and hence K| obeys the estimates by (4.3). Assume that K,,, | < m < j— 1,

satisfies the estimates in the lemma. Then it follows that 61,3,F i—i(t, p) = 0@™?).
This proves that K; also satisfies the desired estimates and the proof is
completed. [

The approximate solution S(¢, p) to Eq.(6.1) is now defined by
L
St p)=> Kit,p), t=z1. (6.2)
J=0
Then we have for t = 1,
98 + |E|0:S — | p*/2 = W1, V, ) = —Fu(t, p),
and hence it follows from Lemma 6.1 that
{08 + |EN0S — | p*/2 = We(t,V,8)} = O +1w) (63)
uniformly in p. We also consider the Hamiltonian

Ho(t) = H. + Wo(t,D),  Wy(t, p) = W.(t,(V,S)(t p))

for t > 1 and denote the Uy(¢) the propagator generated by H(t).
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Lemma 6.2. Let the notations be as above and y € #(X). Then as t — oo,
(1) | = (VpSYt, D)UY || = O(1),
(2) Ix = (Vp )&, D) Uo( )| = O(1).
Proof. Let ®(t) =x—(V,S)(t,D). We calculate the Heisenberg derivative
Dy ®(1). We write H.(t) = Ho(t) + W.(t,x) — Wy(t, D). 1t follows from (6.3) that
Dy ) = ilHo(0), ®(1)] + ¥'(1) = (V, FL)(t, D) = O~ 7).

Noting that —(L + 1)p < —1, (2) of the lemma is proved by this estimate. We also
have
i[We(t,x) = Wo(t, D), @(1)] = O(t™'~")@(1) + O(t™' ")

by a simple calculus of pseudodifferential operators. Hence the Heisenberg derivative
DHC(,)@([) takes the form

Dy, (y®(1) = O~ "P)d(1) + Ot~ ") + Ot~ "+1Dr)
This yields
ool ¢ {1+ s awuwlas),
1

and hence (1) of the lemma follows immediately from the Gronwall inequality. [J

By Lemma 6.2, we have the following proposition.
Proposition 6.3. There exist the strong limits

s— lim Oo()"Ue), s = lim Uu(0)" Oal0).
Proof. By a simple calculus of pseudodifferential operators, we have
We(t,x) — Wo(t,D) = Ot~ ") (x — (V,8)(t,D)) + O(t~"*")).

Combining this fact with Lemma 6.2, we have the proposition. [J

We define the smooth function Y(z, p) with values in X by

Y(t,p) = F(t < 1)tp = £E[2) + {1 = F(t £ D}V, 5)(1. p)

for t > 0. We write W(t, p) = V(Y(t p)), and denote by Ho(t) = H. + W (t,D)
the time-dependent Hamiltonian and by Uo(¢) the propagator generated by Ho(?).
Let Y(t, p) =Y (¢, p+¢E) and W(t, p) = V(Y (1, p)). Then Uy(¢) is explicitly rep-
resented by

Uo(t) = exp(—itH.) exp (—i f W(s,D)ds) .
0

Then we need the following lemma.
Lemma 6.4. Let y € S (X). Then as t — oo,

(1) (D = tE)YTo(t || = O(1),
(2) (D —tEYUo(t)y|| = O(1),
(3) 7 (V,8)(t,D) — tE/2)Uo(t)Y]| = O(1),
) (=" (V,8)(t, D) — tE/2)U ()] = O(1).
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Proof. (1) and (2): Since

Dy (D —tE) =0, Dy (D —1tE)=0,
the statements follow by integration.

(3) and (4): We set &(t) = t"(VpS)(t,D) — tE/2. We calculate the Heisenberg
derivative of @(¢) as follows:

Dy iy ®(1) = —t7X(V,S)t,D) — E/2+t7'D + Ot~ '*7)
L
= —t"23(V,K)(t,D) + O~ (1F0)
J=1

- O(t—(1+p)) ,

where we used (6.3), the fact (V,Ko)(t,D) =tD — t*E/2 and Lemma 6.1. Simi-
larly, we have Dy ,&(t) = O(+~(*P)). Hence, the statements are proved by
integration. [J

Lemma 6.5. Let € #(X) and q.(x) € So(X) be as in Sect. 4. Set ¢.(t,x) =
qe(x/t?) for t Z 1 and write $(t, p) = ¢o(t,(VpS)t p)). Then as t — oo,

(1) [|(1 = ¢, DNTo(t)|| = O™,
(2) [|(1 = ¢, DYUo(t || = O™ ).

Proof. Since ¢.(t,?E/2) =1 for t = 1 and |V¢.(t,x)| £ Ct=2, the lemma follows
from Lemma 6.4. O

By these lemmas, we have the next proposition.

Proposition 6.6. There exist the strong limits
s— lim Oo(ey' Do), s — lim Uo(e) Uo(1) .
Proof. By Lemma 6.5, we have only to prove the existence of the limits
lim Oo(t)*$(, D)ot
Jim To(2)* (6, DYU (1)
for ¥ € #(X). We should note that Y(z, p) = (VpS)(t, p) for t 2. We write

¢'(t, p) = (Vqc)(t2(V,S)(t, p)). Using (6.3), the fact (V,Ko)(t,D) =tD — 12E/2
and Lemma 6.1, we have for ¢ = 2,

d N ~
7;86D) + i{Ho()p(1, D) ~ $(t, D)Ho(1)}

= (¢'(,D),{~2t73(V,S)(t,D) + t72D}) + O(r=**")
= (¢'(t,D),{~t (D —tE) — 2t~ i (V,K)(5,D)}) + O3+
j=1

= (¢'(t,D),{—t72(D — tE)}) + O(t~ )y

Hence, we have the proposition by virtue of Lemma 6.4. [J
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We define the time-dependent Hamiltonian by Hy(¢) = H. + V(Y (¢,D. 1)), and

denote by Uy(¢) the propagator generated by Hy(z). Then Up(¢) is explicitly repre-
sented by

!
Uo(t) = exp(—it H.) exp (—if W(s,D(.,l)ds) .
0
We replace Uog(t) by Up(t). We need the following proposition.
Proposition 6.7. There exist the strong limits
s = lim Uo()*Uo(2), s = lim Uo(2)* Us(t) .

Proof. Noting that D = D, we have only to prove that as ¢ — oo, fOI {W (s, pc)—
W (s, pc, 1)} ds converges locally uniformly in p.. We write

1
W (s, pe) — W(s, pe,1) = [(0:W)(s,tp| + pe, L)(p) ®)d7.
0

We note that 3,{Y(t, p)} = (.Y )(t, p + tE) + |E|(0.Y)(t, p + tE) = |E|(0. Y )(t, p +
tE)Y+ p+ O(¢t™") as t — oo uniformly in p, by the definition of Y(z, p). Then we
see that as s — oo,

AW (s, tpy + pe. 1)} = (VXY (s, 1) + pe,1), O{ Y (s,7p) + pe,i)})
= |E[(VV )Y (s, tp| + Pe, 1)), (3:Y)(5, 7P| + pe, 1 + SE)) + O(s~ 1)
holds locally uniformly in p. and uniformly in 0 < t < 1. Here we used the fact that
(VY)Y (s,tp + pe.r)) = O(s~"*7)) holds locally uniformly in p. and uniformly
in 0 £ 1 £ 1. Hence we see that
(0:W)(s,tpy + pe, L)(p||> @)
= (VY)Y (s,7p) + Pe, 1)), (0:Y)(5,7p) + pe, L + SE)){py, w)

,
= <p|'2| ) Os{W(s,tp| + Pe, 1)} + O(s~*?))

holds locally uniformly in p, and uniformly in 0 <t < 1. This implies the
proposition. [J

Combining the above two propositions, we have the following proposition.

Proposition 6.8. There exist the strong limits
s = lim Us(1)*Uo(t), s = lim Uo(2)* Up(2) .

What we want to prove here is the following theorem.

Theorem 6.9. Assume that c is the N-cluster decomposition and the assumption
(V) is fulfilled. Then one can construct a function Y(t, p) € C°(R x X) with
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values in X such that the modified wave operators
t
WOjE =s- li:I;? exp(it H) exp(—it H.) exp <—if W(S,DC,_L)dS>
— 00 0

exist and are asymptotically complete, that is, WOjE are unitary operators on L*(X),
where W(t, p) = V(Y (¢, p)). Moreover, WOi have the intertwining property.

Proof. We prove the theorem for W, only. The existence of W, is proved by
Theorem 4.5, Propositions 6.3 and 6.8. Then it is easy to see that W, has the
intertwining property. By Propositions 6.3 and 6.8, we see that there exists the
strong limit

Qf =5 — lim Uy(1)* U.(2).
t—00
Let € L?>(X). By Theorem 4.6 and the above fact, we have as ¢ — oo,
exp(—it H )W = U(t W + o(1) = Up(t)Q e + o(1) .

This implies y € Range W', hence we have L*(X) = RangeW, . Noting that W,
is an isometry, the proof of the theorem is completed. [

Remark 6.10. If, in particular, the assumption (V') is satisfied with p > 1/2, then we
can take Y(t, p) as Y(t, p) = tp + r*E/2, that is, we may take W, as the Dollard-
type modified wave operators (1.3).

Acknowledgements. T. Adachi thanks Professor Kenji Yajima for many valuable discussions and
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