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Abstract: We give an explicit formula for the vertex operators related to the level 1

representations of the quantum affine Lie algebras Uq(Df,l)) in terms of bosons. As
an application, we derive an integral formula for the correlation functions of the

vertex models with U,,(Dﬁ,”)-symmetry.

1. Introduction

In [FR], Frenkel and Reshetikhin constructed a g-analogue of the WZW model on
the sphere based on the representation theory of the quantum affine Lie algebras.
They defined g-deformed chiral vertex operators as intertwining operators between
representations of certain types and derived a system of difference equations called
the quantum Knizhnik—Zamolodchikov equations, which is satisfied by the vacuum
expectation value of compositions of g-vertex operators. They also observed that
the connection matrices between the solutions of quantum Knizhnik—Zamolodchikov
equations with different asymptotics provide elliptic solutions of the Yang—Baxter
equations in the face formulation. It shows that the above theory is very closely
related to the solvable lattice model theory. The g-vertex operators are characterized
by the intertwining conditions, however, it is difficult to know explicit forms for
them in general. In [JMMN], the bosonization of the level 1 vertex operators for
Uq(sAlz) was constructed using the Frenkel-Jing construction of level 1 irreducible
highest weight modules. Following [JMMN], the level 1 case for U,(s/,) was done

in [Ko]. For general levels for Uq(;lz ), the bosonization of vertex operators was
constructed in [KSQ] and in [M] using a g-deformation of Wakimoto modules. The
main purpose of this article is to give an explicit formula for the level 1 vertex

operators related to U,,(Df,”).
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On the other hand, it was shown in [DFJMN] that the g-vertex operators related
to U,(sly) appear as the dynamical symmetries of the XXZ-model in the thermody-
namic limit. The XXZ model is a one-dimensional quantum spin chain model with
the Hamiltonian

X X y_y zZ, .z
5 > (ioi + 030y, + Aofoiy,)
keZ
where o7, 07, o7 are the Pauli matrices acting on the k™ component of the infinite

tensor product
YOX — ... QV QV RV Q- .

It was observed in [DFJMN] that the quantum affine Lie algebra Uq(;lz) acts on

the above space formally via the iterated comultiplication. When 4 = (g +¢~')/2,
a formal manipulation shows that

[#xxz, Ulsl)] =0,

where Ué(sAl(2)) denotes the subalgebra of Uq(;l(2)) without the grading operator d.

Thus the algebra Uq(s/\lz) provides an exact symmetry of the Hamiltonian #yyz,
while d plays the role of the boost operator. The new method proposed in [DFJMN]
for studying the model is based on the hypothesis that the space of physical states
for the above model in the anti-ferromagnetic regime (ie. —1 < ¢ < 0) can be
regarded as a U,(sly)-module. More precisely, they postulated that the space of

physical states is the level 0 Uq(sAlz )-module:
Fiu= V(S V ()" = Home(V (1), V(1)) ,

where V(A) is the level 1 highest weight Uq(;lz)-modu]e and V(u)* is the

(restricted) dual module of the level 1 highest weight Uq(sAlz)—module V(). The
space V(1) can be embedded into the half infinite tensor product --- @ V@V ® V
by iterating the vertex operator (called type I in [DFJMN])

V)= V(e V.

It was conjectured in [DFJMN] that there is a unique normalization of the above
which makes the infinite iteration convergent. This conjecture was proved in [E], and
the unique normalization of vertex operators under which the convergence holds was
explicitly computed by M. Jimbo ([E, Sect. 4]). Similarly, V(u)* can be embedded
into the other half infinite tensor product V ® V ® V ® - - -. Altogether, we get the
embedding

'g;/'.,u_""®V® Folve---.

The above em/lgedding relates the naive picture on V®> with the representation
theory of U,(sly). The shift operator on V®> and the Hamiltonian #yy; are
interpreted as operators on %, ,, and the correlation functions are evaluated by the
trace of the vertex operators (see [DFJMN] for the details). The method can be
applied to the other model associated to any quantum affine Lie algebra. The other
purpose of this article is to give an integral formula for the correlation functions
of the vertex model associated with the vector representation of Uq(Df,”) using the
technique developed in [JMMN].
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This paper is organized as follows. In Sect.2, we summarize some notations
for representation theory of Uq(Df,”) and give a comultiplication formula for
Drinfeld generators. The exact formula for comultiplication of Drinfeld generators
was obtained in [Be]. Our formula does not contain all the terms, but it is enough
for the bosonization of the vertex operators. In Sect.3, we recall the construc-
tion of level 1 irreducible highest weight modules (Frenkel-Jing constructions) and
construct level 1 vertex operators explicitly in terms of bosons. In Sect.4, as an
application of the expression of the vertex operators, we derive an integral formula

for the correlation functions of the vertex models with Uq(Dﬁ,l))-symmetry.

2. The Quantum Affine Lie Algebra U,(D{V)

2.1. The algebra Uq(D,(,l)). Let /1 ={0,1,...,n} be an index set, and let
A = (aij),, ;1 be an affine generalized Cartan matrix of type D

2 0 -1 0
o 2 -1 0
-1 -1 2 -1
0 0o -1 2
Do D (2.1)
2 -1 0 0
-1 2 -1 -1
0o -1 2 0
o -1 0 2

Let h be a complex vector space with a basis {hq, Ay, ..., h,, d} and define the
linear functionals o; € h*(i € I) by

o,(hj) = aj, o(d)=20,0 forjel. (22)

Then the triple (h,II = {o,|i € I},IIV = {h,]i € I}) is the realization of the matrix
A. The Kac-Moody algebra g associated with the matrix 4 is called the affine Kac—
Moody algebra of type DM (n = 4) (cf. [K]). We denote by e, f,, h,(i € 1) and
d the generators of the Kac-Moody algebra g. The elements of II (resp. IIV) are
called the simple roots (resp. simple coroots) of g.

Let A, € h*(i € I) and J € h* be the linear functionals on l) defined by

Al(h_]) = 51_/, Al(d) = 0 s
S(hj)=0, d)=1 forjel. (2.3)

We define the affine weight lattice of g to be P =ZAy D ZA, & --- D LA, B ZS.
The lattice PV = Zhy ® Zh, & --- & Zh, ® Zd is called the dual affine weight lat-
tice. The derived weight lattice P and the dual derived weight lattice P are defined
tobe P =ZAg®ZA, & - B LA, and P = Zho & Zhy & - - - @ Zh,, respectively,
where the A; are regarded as the linear functionals on b = @?:o Ch;. Since the
matrix 4 is symmetric, there is a nondegenerate symmetric bilinear form (|) on h*
satisfying

(o ]oj) = ayj, Olo;) =(0|0) =0 forall i,jel. (24)
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The quantum affine Lie algebra U,,(Df,l)) is the associative algebra with 1 over
C(q"?) generated by the elements e;, fi(i € I) and ¢"(h € PV) with the following
defining relations:

qo — 1, qhth = qh+h/ for h, hl S PV 5

geq" =g Me, ¢ figT"=q7%D s for he PV(iel),
t,—t7!
ef;— fie = 51]'#, where t; =¢" and i, jel,
Y (—1)me™eel =0,
m+k=1—a,
213 (D) =0 foritj, (2.5)
m+n=1—a,

where &) = e /[k]1, % = 51k, [m]! = TT0, k], and [k] = ":_—;__,". We denote

by Ué(Dﬁ,])) the subalgebra of Uq(Dﬁ,l)) generated by e;, f;, t:(i € 1).
The algebra Uq(DLl)) has a Hopf algebra structure with comultiplication 4,
counit ¢, and antipode S defined by

Ag"y =q"®4q¢" for he PV,
A(ei):el®l+tl®el>
Af)=fiot"+1f, foriel, (2.6)

e(g"y=1 for he PV,

e(e)=e(f)=0 foriel, 2.7)

S(g"y=q7" for he PV,
S(e) = —t e, S(f)=—fit, foriel. (2.8)

The Hopf algebra structure of Uq(Dﬁ”) enables us to define a Uq(Dﬁ,'))-module
structure on the tensor product of Uq(fo))-modules and the (restricted) dual space

of a Uq(Df,”)—module. More precisely, if V, W are Uq(Df,l))-modules and V™ is the
(restricted) dual space of V, then we define

x-(vw)=A4x) (v w), (2.9)

and
(x - v")u) =v*(Sx) - u) (2.10)

for x € Uyg), u, veV, we W, and v* € V"

2.2. Drinfeld’s Realization. In this section, we recall Drinfeld’s realization of the
quantum affine Lie algebra Uq(Dﬁl)) (and of U(;(Df,l))) (cf. [Dr]). Let U be the
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associative algebra 1 over €(g'?) generated by the elements xt(k), a;(1), K=',
yE2 q* (i =1,2,...,nk € Z, 1 € Z\{0}) with the following defining relations:
2, u] =0 forall ue U,
KK, =KK, KK '=K'K=1,
[(otifo )T 9% — 7+
ko q—q'’
lai(k), K] = [¢*. K1 =0,

[a,(k),a;(1)] = dk+10

¢'xE(g™ = g"xE k), q?aDg™ = q'a(]),
KixF (K, = g=)x¥ (k)

i) = = M s ),

xEG+ DxE() — g* A 0xE D xE e+ 1)
= gFIE (e (L4 1) = xF (L4 D) x (k)

0, k1 I=k
b/ (B (D = =2 (577 Witk + D=9 T ok + D)

where ,(m) and ¢,(—m)(m € Z3,) are defined by

i_ojowf(m)z"” =K, exp ((q —q! )é a,(k)Z"‘) ,

i% @i(—m)" =K, eXp(—(q —q! )12 a,(—k)zk) ,

"o
(k). xF (D=0 if (o]o,) =0,
() (Dt (m) + xE(DxE (k) x(m) = (g + ¢~ ) (m)x (1)
(D (m)xE (k) + (57 (m) x5 ()X (D) + xi (m)x (1w (k) = 0
if (eyfoy)=—1. (2.11)

We denote by U’ the subalgebra of U generated by the elements xijE (k),a,(l ),Kli',
yEV2(i=1,2,...,nk € Z,1 € Z\{0}).

In [Dr], it was shown that the algebra U (resp. U’) is isomorphic to the quantum
affine Lie algebra Uq(Df,”) (resp. U('](qu”)). We call the algebra U (resp. U’) Drin-
feld’s realization of the quantum affine Lie algebra Uq(Df,])) (resp. of U(;(Df,l))). In

order to give the precise isomorphism of U and Uq(Dg,”) (resp. U’ and Ué(Dﬁ,” ),
we need the following lemma.

Lemma 2.1. Let Iy = {1, 2,..., n} be the index set for the simple roots of a finite
dimensional simple Lie algebra gy with symmetric Cartan matrix. Then for each
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i € Iy, there exists a sequence of indices i = iy, iy, ...,in—1 such that
(all Ialz) = _1 B’

(al'l + aiz'“i}) =—1 >

(o + -+ oy, )=—1, (2.12)

where h is the Coxeter number of the Lie algebra gp. [

Proposition 2.2. ([Dr]) Let iy,is,...,is— be a sequence of indices in Lemma 2.1
satisfying (2.12), and let 0 = oy + 205 + -+ - + 205 + &ty + &ty be the maximal
root of the finite dimensional simple Lie algebra gy = D,. Then there is a €(q"?)-
algebra isomorphism  : Uy(g) — U defined by

e, x7(0), firsx7(0), t—K fori=1,...,n,

eo = [x;,_ (O -+ [x;, (0),x, (D=1 - 11Ky
for (=qY 2 Kolxh (O) -+ I (00,55 (= 1))yt - 1y-1]-1
oKy, g% q?, (2.13)

where Ky = K\K3 -+ K?_,K,_ 1Ky, h=2(n—1), and [x, ], = xy — qpx.
Moreover, the isomorphism ¥ is independent of the choice of the sequence
i1,00,...,0p satisfying (2.12). The restriction of ¥ to Ut;(Dﬁ,l)) defines an iso-

morphism of U,;(Df,l)) and U'. 0O

2.3. Comultiplication of the Algebra U. By Proposition 2.2, the algebra U is given
a Hopf algebra structure. In principle, the comultiplication of the algebra U, which
we will also denote by 4, can be expressed using Drinfeld’s isomorphism (2.13).
The general formula for the comultiplication of U in terms of Drinfeld’s generators
was obtained in [Be]. However, as it was shown in [CP,JMMN, and Ko], the
formula for the “main terms” of the comultiplication is sufficient for our purpose.

Theorem 2.3. Let k € Z >, | € Z~, and let N (resp. N*) be the left ideal of the
algebra U generated by the elements x;'(m1)---x;f(ms) (resp. x; (m1)---x; (my))
with m, € L. Then the comultiplication A of the algebra U satisfies the following
relations.

A () = x! (k) @y + 7K, @ x (k)

k=1 4_ .
+ 3 7 Tk — ) @ x () (mod N_ @ N2),
j=0
A=) =xT (=D @y + K @x (=)

=1 .
+3 YT @~ +j)© 9 Hxt(—j) (mod N- @ N?),
j:
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AT (D) =x (D@ K +7' @ x7 (1)

-1 ) —
+ 9 () @y T (I — j) (mod N2 @ Ny),

J=1
A(x] (=) = x (k) @y K + 97 F @x7 (=k)
k=l —ko—, . _ At . 2
+ Z%v’ X (=/))®y 77 @i(j—k) (modNZ ®Ny),
/:
Aa(D)) = ai() @ % + 9% @ a,(l) (mod N_ ® N,),
Ma(=D) = a(~)@y" 7T +9" 7 ®a(~I) (mod N_ @ Ny ). (2.14)

Clearly, our assertion is also true for the subalgebra U'.

Proof. Fix i € Iy = {1,2,...,n}. By (2.6) and (2.13), we have
A(x(0)) = x (0)® 1 + K, ®x(0),
A(x7(0)) =x7 ()@ K, + 1®@x7(0).

Let i =1ij,i5,...,i5—1 be a sequence of indices in [y satisfying (2.12). Then the
inverse images of x*(—1) and x (1) under the isomorphism ¥ are given by

YOG (= 1) = oyt Uity Loy o0 0D 00,
Y (1) = ¢" 77 ety e e,y eoto] . 1 (2.15)
Since 4 is a €(g'/?)-algebra homomorphism, it follows from (2.6) that
AT (1) =x" (D @y " +K'@x!(~1) (mod N_ @ N?),
AT (1) =x (@K, +y®x, (1) (mod N2 @ Ny) .
Using the relations
[ (0)x (D] = (g — ¢~ )"y (1) =y PKiai(1),
H(=Dx (0] = (g =479 e(=1) ="K a (1),
we obtain
Mai (1) = a,(1) @9 + 92 @ a,(1) (mod N_ @ N, ),
Aa (1) =a(-1) @7 +972 @ a(~1) (modN_ @ Ny) .

The rest of the formulas can be proved inductively using the relations (2.11). [

2.4. Evaluation Modules. Let V = (D!_, C(g"*)v;) & (D", C(g"?)v-) be the 2n-
dimensional natural representation of the quantum group Uy(D,). Thus the U,(D,)-
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module structure on V is given as follows:

€iliy1 =V, el; =0V,

ev, =0 if j*i+ 1,7,
fiv, = Vit ﬁvm:v;, fivy =0 if jFii+1,

_ o o _
Livi = qv, Ly =q U, LV;=4q V5 tIvH._] =qvs

twy=v; if jEii+LiLi+1,
€nlyn = Up—1, ©€pU,—7 = Un, €yl =0 if j=|=n— 1,7,

fnvn—l = Up, fnvn=v;’__l, fntzo if j:|:n—1,n,

—1 -1
InUn—1 = qUp—1, InUp = qUn, IUy—7=q UV, Vn=¢q Vg,

tw, =v; if jFn—-1,nn- 17, (2.16)

where i = 1,2,...,n—1,j=1,...,n,1,...,7.
We define the U,;(Df,”)-module structure on V by

eov] = v5, eoly =vy, ew; =0 for j#1,2,

fovg=v2, fovz=v1, fov; =0 for j=*1,2,

oy =q " 'vi, fva =g 'va, oy = quy,  tovy = quy,

tov; = v; for j+1,2,1,2. (2.17)

Since V is a finite dimensional vector space over ©(g'?), it does not admit

a U,,(Df,”)—module structure. But we can define a Uq(Df,l))-module structure on
the affinization of V' (cf. [KMN]). The affinization of V is the Uq(Dﬁ,l))-module
V, =V ®C(g'"?)zz""] with the U,(D}’)-modules structure defined by

e(v®z™) = ejv @ "0, [iv®z") = frv@z" 00

trez")y=tre:z", P =q¢"vez", (2.18)

fori=0,1,...,n, m € Z, v € V. The affinization V, of V is also called the evalua-
tion module of V at z. Let us denote by E), the matrix unit of Endg,i2)/ such that

Ejop = oy, for i,j,k =1,...,n, 1,...,7. Then the Uq(Dﬁ,’))-module structure on V,
can be expressed as follows:
e =Eipn+Eqq; fi=EvatE g,
i =qEy+Eqrm) + 9 B+ Enn) + Y By,
Jei i+

€p = Lp—17 +E — fn = Eﬁ,n—] +E—

n,n—1°2 n—1l,n?

tn = q(Entn—1 + Em) + ¢~ By 5=7 + Eni) + > Ey,

JjEn—1lnn—1n
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o =z(Ey, + By fo=2"'(E5 +E 3),
fo =1I(ET,T+E§,§)+6]_1(E11 +E»n)+ Z__Eji’
j+12,1,2
¢ ") =¢"v®" (2.19)

fori=12,....n—1, veV, mel.

We now consider the U-module structure on ¥, induced by Proposition 2.2. Note
that, as a Uq(Df,”)—module, V. has level 0. Thus y acts on V, as the identity. We
have already seen that ¢¢ acts on ¥, by (2.19). The action of the rest of Drinfeld’s
generators of the algebra U on V; is given in the following theorem.

Theorem 2.4. The U-module structure on the evaluation module V. is defined as
Jfollows: A
xXF(k) = (@) Epr + (" 22 By s

X7 (k) = (g2 Eiprs + (¢ 2V E
x5 (k) = (q""' 2 Enori+ E,771)

X, (k) = (q" "D Epr + B ),

n—1,n

[ - n—i— -
a(h = a2 (a7 B = q i) + @2 @ B - 4B ),
[ _ _ _
an(D) = Y (G By — ') + (B — By ) (220)

N
fori=12,...,n—1, k € Z, and | € Z\{0}.

Proof. The idea of proof is the same as that of Theorem 2.3. Fix i € [p\{n} =
{1,2,...,n—1}. Since x;"(0) = ¥(e,) and x; (0) = ¥Y(f,), we have from (2.19)
that

x(0)=E iy + E75,

x, (0)=Eip1i + B 57

on V. Recall that the inverse images of x;"(—1) and x; (1) under the isomorphism
¥ are given by (2.15). Using the formulas (2.19), we obtain

(=) =(q'2) 'E 1 + (qzn—i_zz)_]E,T],;,
(1) =(g2)Eqi + (@ T DE 5
on V,. The relations
[ (0),x (D] =y~ "Kiai(1),  [x (=1)x; (0)] = 9K, a(~1)
yield
a,(1) = (q'2)0q " Ei = qEiv1i01) + (@ 722)q ™ By 7 — 4 B2)

a(=1) = (4'2)""(qEi = ¢ Everv) + (@72 (g By 7 — 47 ' Ey)
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on V,. The rest of the formulas can be proved inductively by using the relations
(2.11) and (2.19).

The formulas for xf(k), a,(!) (k € Z,1 € Z\{0}) are proved in a similar
way. U

Now let V* = (D, Tg"*)v;) ® (D, T(g"*)v7) be the dual space of V,
and recall that the Ué(g)—module structure on V* is given by

(x - v")u) = v*(S(x) + u) (2.21)

for x € Ut;(Df,l)), ueV, v* eV*. Let V¥ be the affinization of V*, and de-
note by E} the matrix unit of EndC(quz)V* such that Ejv; = opvf for i,j,k =

1,...,n,1,...,7. Then by (2.18) and (2.21), the Uq(Dﬁ,l))-module structure on V'
is given by

_( q )( 1+1,1 +El*l+l) ﬁ _( q)( Ii+1 +El+l I)

t=q(E ) i + E;f;) +q WE + E,*+1 =)+ > EJ’; ,

JELiLLI]
en=(~¢ V=, + Esust) So= O E_ 15 +E =),
tnzq—'(E:_l,,,_l+ W HaE St B+ Y Ej,

jEn—lLnn—1n
e0=(~q ' NE 5 +E5p). fo= (g2 WE, + ).

t0=q(ET] +E§2)+q_l(E{'l‘+E* )+ Z _ jj’
12,12

¢ ") =qg" Q" (222)

fori=1,2,....n— 1, v*e€V* mel.

As in the case with V,, the evaluation module V7 is given a U-module structure
induced by Proposition 2.2. In particular, y acts on V" as the identity, and ¢¢ acts
on V} by (2.22). The action of the rest of Drinfeld’s generators on V) is given in
the following theorem, which can be proved by the same argument for Theorem 2.4.

Theorem 2.5. The U-module structure on the evaluation module V} is defined as
follows:

x5 0) = (=~ (g7 Ef, 4+ (gD D,
x7 (k) = (=q)(q 2V Efiy + (g @2 B )
x (k) = (=g~ Wa™ "D By, + Er ).

n,n—1
X, (k) = (=g)q~ " VDNE_ 5+ EF ),
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[ —1 — * —(2n—i— — *

alh) = @ i — B+ 02 (g B g B )
/ —(n— — ] % * —1 x ok

ah = (B - 4B 4 6 B B 223)

fori=1,...,n— 1. k€Z, and | € Z\{0}. O

3. Level One Representations of U,(D")

3.1. Frenkel-Jing Construction. The level one irreducible representations of the
quantum affine Lie algebra Uq(DE,l)) are realized on the Fock space of the tensor

product of the group algebra (E[QO] of the root lattice of the Lie algebra D, and
the symmetric algebra generated by the elements a;(—k), k €N, j=1,...,n To
construct vertex operators between the irreducible representations, we need to work

on the group algebra (E[}g] of weight lattice. However, the latter poses some incon-
venience to deal with (see the remark below). We instead consider the following

group algebra of the lattice P

P =7+ Loy + Loy (3.1)

where the element 1, together with other Z,’s are the fundamental weights of the Lie
algebra D,,. Note that the 4;’s are the finite dimensional analogues of the fundamental
weights A;’s:

A, =4i+4 (G=1,...,n).

We identify the algebra (E[QO] with a subalgebra of (E[Ig’] via:
oy =241 — 200 — -+ — 200, — Oy - (3.2)
We also need the following weights:
Ao =0,
Av=on+ -4 (= Doy +i(o + -+ ap—2) + %i(an—l + o)

fori=12,...,n—2,

1 1 |
Anel = 7 (oc. 4+ (n—2)ay— + znoc,,_l + E(n — 2)oc,,> s
| 1 1
In = 5 (061 + (= 2)ot—2 + 5(" = 2)oy—1 + 5"%) . (33)

The inner product on P induces an inner product on P’. There exists a central
O
extension of the group algebra C[P’]:

1 = Z, > C{P'} — C[P'] — 1
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such that
e*ef = (—1)*Pefe (3.4)

for a,f € O, the root lattice, and here we also use the same symbol to denote
corresponding elements in the central extension.

o
In fact we can construct the central extension as the associative algebra C{P’}
generated by e*,...,e*—1 and e*! subject to the relations:

e%et = (_ 1 )(%l“/ )e“/ej‘:,

. : ) I=ij=n-1)
ele* = (—1)uekeh (3.5)

For any element o = m'A; + Z;:]] mjo; € P', we define

ot = MMM L M1t (3.6)
In particular, we have,
e = e*eT 2 L oT -2 o M1 3.7)
Note that in general e”e™* =¢ € {x£1}.

Proposition 3.1. The algebra (E{Ig’ } is a central extension of (E[]g’] with the
property that
etef = (—l)(“lﬁ)eﬂe"‘

for o, € QO =2ZM +Zoy + -+ Zo,_, the root lattice of D,, and moreover,

e/lleoz, _ (_l)ézlea(,e/ll

(1<i<n),
e;~)1_/111—l — (_l)n_l(e)'ll—]_;”ll )_l . (38)
Proof. Note that
T =1 = M7 L. e T T2 %1 ,
e’in—l_)ﬂl — e‘_;ﬂe“l - e“n-zea‘n—l X (39)

The relations are directly verified from the defining relations (3.5). O

We remark that we could also consider the following method to construct central

extensions of the group algebra (]3[18] (cf. [FLM, DL]). Let w, be a primitive ph
root of unity, and we assume that p is an even integer. For any skew-symmetric
Z-bilinear map cy:

co: PxP—Z,,

there associates a central extension P of P:
1 — (w,) = PSP — 1

such that

aba™'b! = w;"(alz)
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for a,b € P. Moreover, we can have a ¢y such that

co(o, B) = («|f) mod2Z

for o, f € QO, an even sublattice of P. Thus the central extension P factors through
o
the root lattice Q as a central extension over Z, and
aba™'b™" = (—1)@”

for @,b € QO Then the group algebra C[P] will serve our purpose. However, the
disadvantage of this construction is that our vertex operators will contain some
clumsy constants involving the commutator map cy.

The subalgebra of Uq(D,(,”) generated by elements y*! and a,(k) (k € Z\{0},
j=1,...,n) is an infinite dimensional Heisenberg algebra, denoted by Uq(f)). Let
Sym(§™) be the symmetric algebra over €C(q'/?) generated by the elements 1 and
a,(—k), k€N, j=1,...,n of the Heisenberg subalgebra Uq(f)). Then the space

Sym(f)_) provides a natural representation of Uq(f)) with y = ¢ (or ¢ = 1), where
the action is induced from the left multiplication modulo the relations

aj(n)-1=0 (neN),

[(t IZJ )k] k] .

[a,(k), a;(1)] = k+10
Fori=0,1,n—1,n, let

W, = Sym(h~) © C{Q}e" , (3.10)

where we formally enlist the element e*—1, and define
e = @M1t = gFleTH L o1 gl (3.11)

as an element in the space (E{}g’ }en-1. Note that, as vector spaces,

C{F} = C{0} & {0},

C{P'}e'1 = C{O}e"—1 @ T{O}e™ . (3.12)

We extend the action of the Heisenberg algebra Uq(ﬁ) to the space W, by letting

its elements acting freely on the twisted group algebra (E{Ig’ }. Define the operators
e*,0, and d on the space W, by

Cfed= el

o fed=lpred,

d - f®e/j _ ( 2]:”/ (ﬁlﬁ) (}Lii)vi)> f®eﬂ, (3.13)

where [ ®@ef =a, (—ni)---a;(—n)@el € W,
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Proposition 3.2. [FJ] The space W; becomes the irreducible representation V(A;)
(i=0,1,n— 1,n) of the quantum affine Lie algebra Uq(Dﬁ,l)) under the action:

y=q K= g™, ak)—ak) (1<j<n),

(—k) > a;(k) _
xji(z)""X/i(Z) =exp( k;l j[k] ”/221‘) exp (;Ig j[k] gF2 2 k)

3
e:i:a(, Z:I:c,+l ,

and the degree operator d acts by (3.13). The highest weight vectors are respec-
tively:
o) =1@1, |4)=1©e", i=ln—1n. 0O

3.2. Vertex Operators for Level one Representations of Quantum Affine Lie Algebra

Uq(Di,l)). We recall the notion of vertex operators and some of the properties [FR,
DJO]. Let V be a finite dimensional representation of the derived quantum affine

Lie algebra U, (D“)) with the associated affinization space V, (recall Sect.2).

The vertex operators are Uq(Dﬁl)) -intertwining operators between an irreducible
module and another one tensored by the affinization V,. A vertex operator belongs
to type I if the affinization ¥, lies in the right factor of the tensor product, and it
is of type II if the affinization V, lies in the left factor of the tensor product.

The existence of vertex operators is described in the following theorem.

Proposition 3.3. [FR, DJO] Let V(4) and V() be two irreducible representations
of Uq(Dﬁ,l)). Then we have

Hoqu(Dm)(V(l), V()®V,) ~ {v e V|wi(v) =4 — i modd and
e}(u,h,>+11) =0 for i = 0,...,}’1} ,

where the isomorphism is defined by sending an element ® € Homy, (V(4), V()
to an element v € V such that

@|2) = |p) ® v + (higher terms in the powers of z),

and ® denotes a suitable completion of the tensor product. (We will omit ™ from
now on.)

Similar statements are also true for the vertex operators of type II
We will consider only level one representations for the quantum affine Lie al-

gebra Uq(Df,l)). There are only four irreducible level one modules for U,,(Dﬁ,])):
V(do), V(Ar), V(Ap—1), V(Ay).

The vertex operators can be equivalently formulated as intertwining operators
between modules of derived quantum affine Lie algebra Ué(Dﬁ,l)) of the form:

& vy - Pwer,

M) Ve P,
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where the space Vp) = [T, V(u), is a completion of ¥ (u). Equivalently, we con-
sider the vertex operators:

&) v s Pwe .,

&) V() - V. P(u) .

viewed as Ué(D,(,l))—modules. Then the operators
o1 (2) = B ()2,

®/(2) = " (2) (3.14)

satisfy the relation:

d® 1) (z) — &' (z)d = - <z% +4; - A#> 2 (z). (3.15)

Here we set A, = (A4 +2p)/2(k +h), where k = 1 is the level and h = 2n — 2 is
the dual Coxeter number for the Lie algebra g = D,. We have explicitly

[

AA0:0> AAlzi,
n n
AA = — AA”=§.

n—1 8’
Let V' be the natural representation of U,(D,) with the basis (see Sect.2)
{or,...,vp, 07,05}
We define the components of vertex operator in the following manner. For
YV (2) — V(p) @ Vi, we write
(3.16)

& (2)|u) = 2 &1 (2)lu) © v, + Z & ()u) @

for |u) € V(A). The components of type II vertex operators are defined similarly
We also consider the intertwining operators of modules of the following form:

(132‘1/(2) V)@V, = V(p) @ Clz,z7 ']

by means of the vertex operators with respect to the dual space V'

)0y @) = 3 (2)]v) (3.17)

for o) € V(A) and i =1,...,n,1,...,7
Using Proposition 3.3, we know there exist vertex operators only between

modules V(A,) and V(A,41) for i=0 or n— 1. The normalization takes the
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following form:

@Q:HV(Z)M ) = |A41) ® v77 + higher terms in z,

i+1
@jf: (2)|A,41) = |4,) ® v,41 + higher terms in z,
@j’*'y*(z)M,) = |Ai41) ® vfy, + higher terms in z ,

A+1 (z)|A,+1) [4,) ® v ; + higher terms in z, (3.18)

where i = 0,n — 1. For type II vertex operators we take a similar normalization.
For example,

@ZIA,H(Z)MI) = | A1) ® v + higher terms in z . (3.19)

Proposition 3.4. The vertex operator @ of type 1 is determined by its component
D1(z). More explicitly, with respect to V., we have:

®i(z) = [Diy1(z), fil, fori=1,...,n—1,
S(z) = [P:(2), fily fori=1,...n—1,
én(z) = [$,=(2), fuly »
B, 1(2) = [Du(2), fu1r)y = [Ba(2), fu)g » (3:20)

and with respect to V}, we have:
&)\ (2) = [/ B (2)],-1 fori=1,....n—1,

®:(z) = [/, Pi(2)],-1 fori=1,...,n—1,

éi(Z) = [fna d);—l(z)] =1

2 =0 [fn,d’,](Z)] o =[faer, Br@)), 1 - (3.21)
Proof. The natural representation ¥ of U,(D,) is described by (2.16), which implies
that for 1 <i < n—2,

D(z)(fiu) = P\ (fiu) @ vy + -+ + Pul2)(fiu) @ vy
+(p;,-(fiu)®v,—,+"'+¢T(Z)(ﬁu)®UT

= (41)P(z)u
= B2 uR 41 + P + P (D) u @ v; + [id1(D)u@ 1 vy

o+ [iD:2) @8 v

Thus we deduce )

0,(2) = [Bi1(2). £y -
Oorlz) = [0 £, -
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Using the intertwining property

P(x)(fiu) = (A1) P(z)u

for i = n — 1,n we obtain the remaining relations of (3.19). The case of * can be
proved similarly. [J
For the type II vertex operators, we have the following similar result.

Proposition 3.5. Let &(z) be a type 1 vertex operator with respect to V, : V(1) —
V. ® V(w). Then &(z) is determined by the component &,(z). More preczsely, with
respect to V,, we have:

Di1(z) = [Di(z),e], i=1,....n—1,
b:(z) = [d(2)ely i=1,....n—1,

@ﬁ(z) = [J)n—l(z)’ en]q 4

b, —1(2) = [B5(z), en1]y = [Du(2), 4]y » (3:22)
and with respect to V.*, we have:
P (z) = ¢*ler, B} (2)],-1 fori=1,...,n—1,
P (2) = ¢len, D (2)),-1 fori=1,...n—1,
®(z) = ¢’len, D2—(2)],-1

b,_1(2) = ¢’[en, D51 = ¢len—1, B3 (2))-1 . O (3.23)

3.3. Bosonization. To further determine vertex operators, we express them in terms
of Heisenberg generators and group algebra of the weight lattice. To this end, we
find the relations between Drinfeld generators and vertex operators.

Theorem 3.6. Let ®(z): V(L) — V(u)®@ V. be a vertex operator of type 1,
where (4, 1) = (Ag, A1), (A1, Ag), (Au—1, Ay )(A,,,A,, 1). Then we have for each

j=1,...,n,
[D:(2). X, (w)] =0,
Ldi) " = g% di(2)

lay (k) B (2)) = & g Mk di(a)

ok, by = 3, Wg= 04y (3.24)
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Proof. From the partial comultiplication formulas in Theorem 2.3, it follows that,
B(2) X, (Kyu =Y &)X, (K)u® v,
= AX (k)Y Bz u @ v,
= (X)) @ 7" + " K; @ X;* (k)
+ ;y“‘"”/%//j(k -DRYTX (D) + ) D u ;.
Then from the action of Xj+(l ) on the evaluation module ¥, we see that no terms

containing the vector vy will survive the action. Hence d~51—(z) commutes with Xj*(k).
As for the relations between a;(k) (k > 0) and <1~5T(z), we consider

S (k) = (k) © 2 + 972 @ a)(k) + ) Y B2 v
=a,(k>d‘>T(z)u®uT+5,1q3"/2¢,—(z)u®( 0 s )k)q bt

which yields

[a;(k), B-()] = &, 1@:]“”7" k() .

The remaining relations can be proved similarly. [J
The same argument will lead to the following result.

Theorem 3.7. (a) If P(z) is a vertex operator of type 11 associated with the
evaluation module V,, then

[61(2), X, (w)] =0,

() =g B (),

[a;(k), &1(2)] = — ,IL?q"/"’z"cin(z),
[a;(—k), ®1(2)] = —5,1%—]q‘3"/2z"‘c51(z) : (3.25)

(b) If &(z) is a vertex operator of type 1 associated with V", then
[61(2), X ("] =0,
4®1(2) =g di(2),

la, (k) By 2)] = 8 g2k o),

(k) Bi(2)] = 5,1 g ety e (326)
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(c) If &(z) is a vertex operator of type 11 associated with V¥, then
[P7(z), X, (W)] =0,

;i) =g dy(z)

fa, (k) B3 = 5,1 g ™44k
[k] 4/1 7k k5
[a;(—k), D7(2)] = —0j1 4 di(z). O (3:27)

In order to construct an operator satisfying the commutation relations, we intro-
duce some auxiliary Heisenberg operators.

Lemma 3.8. Let

k[(n — 1)k] <n—2 [2(n— i — k]
[k1[2(n = DAY I [(n —i— 1)k]

aj(k) = — a,(k)+an—1(k)+an(k)> - (3.28)

Then on the Heisenberg algebra Uq(f)), we have

la,(k),at(1)] = 6,104~ - (3.29)

Proof. Write v = g*, then [[2(—("":_,’__1—1)}("]] = p"~i=1 4 p7"HF ]t follows from the Dynkin

diagram of the Lie algebra DY that

k[(n — 1)k] <,,_2 [2(n — i — 1)k]
(k1P2(n — D)\ [(n—i— 1)k]

k[(n — 1)k] ([2('1 — 2)k][2k][k]  [2(n — 3)k][k]2>
[k1[2(n — 1)k] [(n —2)kk [(n —3)k]k
— U”_] _:U_n+1 ((011—2 + v—n+2)(v + U—] ) _ (Un—3 + Uvn+3))

=1.

lai(k), ap(—k)] = [a1(k),ai1(=k)] +)

The rest of the relations are shown similarly. [

_ Proposition 3.4 asserts that the vertex operators of type I are determined by their
1-components, and the type 1l ones are given by their 1-components. The following
result thus completely determines the vertex operators.

Theorem 3.9. The 1-components of the vertex operator (ﬁ(z)ﬁ:il of type 1 with
respect to V, : V(A,) — V(Aix1) @ V; can be realized explicitly as follows:

$.(2) = exp (Z% B (ke )exp (Z[k]q—Tka (k)z—")

x e (g2 1z) it (3.30)
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where a =0,1,1/2,1/2,b = 1,1,1,(=1)*"" for the case of V(Ay)— V(A1),V(A})
— V(Ag), V(Ap—1) — V(Ap) and V(A,) — V(Au—y). For the vertex operators of
type 1 associated with the dual evaluation module V}, we have correspondingly

b, (z) = exp (Z [—ﬁ—]q“'”aT(—k)z") exp (Z%]q"‘/zal—(k)z‘k>

x e*1(gz)" T , (331)

where a is the same as above and b =1, ¢*"~%, (—q)"~', q"~', respectively.

Proof. The idea of the proof is to verify that the given operator satisfies all the
commutation relations of Theorem 3.6 and the normalization.

Consider the situation associated with ¥, first. Since the proof of the four cases
are similar, we look at the case of V(Ay) — V(A,)® V,. The commutation rela-
tions with Heisenberg generator a;(n) are clearly satisfied due to the two exponential

factors in 431—(2) and Lemma 3.8, as in the usual situation of the theory of vertex

operators for affine Lie algebras [FLM]. The factor e*! guarantees the commutation
relation with ¢, for j = 1,...,n. To see the commutation with Xf(z), we need to
use the notion of bosonic normal operators of vertex operators, which rearrange the
monomials in Heisenberg generators a;(n) and e*,0, so that the a;(n) (n € N) and
0y appear first. Thus we have

Di(2) X" (w) =: Dr(2) X} (w) : (1 - q—<2n—1)g>5‘/ (@' 2)e(h, ) s

~ ~ 0ji
X w)br(z) = X B (1= =) e, ).

where ¢ is the cocycle associated with the central extension (3.2). Moreover, we
have

[Br(2), X" (W)] =: B(2) X} (w) -
(@2 = w) e(2,05) = (w = ¢ ') ety 21)} = 0,

since &(4y, @, )e(oj, Ay) = (= 1) A1)
Finally, we note that

G170 o) = 1 @M = |41),

which gives the exact normalization required.
Since the verification of commutation relations for the other three cases are quite
similar to the above, we only check the given operators satisfy the normalization.

Again we look at the case of @T = @Q?V to illustrate the idea. To this end, we
observe that in this case,

‘ijl = [ "[éT’fl]qw-->fn—2]q’fn]qafn—l]q9--'afl]q .
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Note also that
$-(0)X,7(0)--- X, ,(0)X,7(0)---X,7(0) - | ®e™

- (isl_(O)Xl_(O)' X, 5(0)X,(0)---X,(0) - 1 ® e M

= é‘(o) 1 ® e_dl>_""°‘n—28_a"(€_2l+al+m+a"_| )—]

due to (41|4;) =1 and the appearance of the factor (qz”"z)a"frl in (13;1'0%/. Now
1
we notice that any nontrivial permutation of the product of

Br(0)X7(0)- - X, ,(0)X, (0)--- X, (0)
will annihilate the vector |A;). Thus we have
®1(0)|41) = |4o) -

. A,V . . .
The normalization of @ p " is given by Proposition 3.1:
e).,,_l—ky,ei,,—l,,_l — (_l)n—l ) 0

By the same argument, we get the realization for the vertex operators of type II.

Theorem 3.10. The 1-components of the vertex operators é(Z)Z,AL of type 1l with
respect to V, : V(A,+1) — V, @ V(A;) can be realized explicitly as follows:

i) = exp (-5 Pt ar -0t o (-2 Bla Haw: )

x e M (gz) % (3.32)

where a = 1,2,3/2,3/2, b= 1,1,1,(—=1)"" for the case of V(A;)— V(Ag), V(Ao)
— V(Ay), V(A1) — V(Ap) and V(A,) — V(A,_y). For the vertex operators of
type 11 associated with the dual evaluation module V}, we have correspondingly

~ k 4n—5,
r(z) = exp <—Z Lk—]q__z—kaT(_k)Zk>

< exp (‘Z %qi”z;”‘a.—(kﬁ‘k) gz (333)

where a = 1,3,3/2,3/2 and b = 1,q=%"*2,(—q)™"*',q="*" for the four cases.
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4. Integral Representations for Correlation Functions

In this section, we derive an integral formula for the correlation functions of the

vertex models associated to the vector representation of Uq(Df,l)) as an application
of the bosonization of the vertex operators.

4.1. Vertex Models. We give the mathematical definition of the vertex models
following [DFJMN] and [IIJMNT]. As explained in the introduction, we take

Ende(D V(1)) = D V(D& (n)*

1EQ 7 HEQ

as the space of states %, where Q = {Ag, Ay, A,—1,4,} and " means a suitable
completion. In the following, we use A and u as an element of Q. We give the left

and right action of Uq(Df,l)) on & as follows:

x -« f =Y x1y0 foS(x2)) fox=38"(x@)o foxu,

where f € #, x € U, A(x)=>_ x1)® x2)- The space F regarded as the right
module is denoted by Z". Let

Frye = Hom(V (1), V(1)) = V(A) ® V()" .

There is a natural inner product between %,

7, and #; as follows:

trya)(qg > f9) P
(flg) = —2A2_L20 for f € Fy g€ P

try4,)(972)

where p = "7 A,. It is invariant under the action of Uq(qul)), ie. (fx|g) = (f|xg)
for all x € Uq(Dﬁ,l)). We use the vertex operator

&) vy - e,

to incorporate the local structure into %. We need the following proposition.

Proposition 4.1.
; 2. £2 2. 22

D) 18" () = 8 ED)0(E5 oo

) PP &) = (&)
(P& )00 (8% )0
(4% )00(& )0
Jor (2 p) = (Ao, A)(Ar, A0} (A1, An)(An, Anr), where &= ¢ (a; pos =
H1=0 (1- apl)~

Proof. Using our bosonization formulas, the proposition can be proved by a direct
calculation. However, it is very cumbersome. In [DO, Appendix], the explicit forms

idygy ,

2) & (), () =

idyiev
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of the 2-point functions of the vertex operators for level 1 modules for Uq(Df,'))
case are calculated by solving the quantum Knizhnik—Zamolodchikov equations in
[FR]. The proof is done in the same way as in [DFJMN, IIJMNT]. [

Setting z = 1, we obtain the U‘]/(Dﬁ,'))-module homomorphism
~uV . ~
D, VA =TV(wV.
Let
~ ~ ) vy
& = B, B
where the sequence (A™) is given by (A™) = (Ag, Ay, Ag, Ay,...) or (AM) =
(A1, Ag, Ay, Ag,...). Note that the sequence (A")) = (4,4,...) is determined by the
first 4 ([cf. [KMN]). Then @ZN) converges and gives the following isomorphism by
Proposition 4.1:
T =VA) V() =V(A™) VY@ VOV
N—times

Using this isomorphism, the space # is equipped with the local structure. Now, we
define the local operators. For L € End VOV et

=(N) _1,. z(N)
Loy =(P; ) l(ldy(;L(Nn@L)(‘p;, ) -

By Proposition 4.1, we know

(V) (@ )oo(E oo \" 52 2 D
S lz((qzaﬁ)m(é;@)w Py ®py - @

where qBﬁfV = <i>§fV(1). The action of L on %, is defined as follows:
L-f:=%u0of.
By the above considerations, # is understood naively as the subspace of the infinite

tensor product ¥®>°. Using the dual vertex operators (essentially the same as the
type I vertex operators, e.g. sece [DFJMN])

/
Sk

byl VO V) - VWY
we define the shift operator 7 : # — & by
T: Ty =VA)@VA)Y 2V Vo V() 2V V) =Py .
The Hamiltonian J# is defined by
A = negative const. x (T*dT~2 —d).

The space %, has the unique canonical element idy(;). We call it the vacuum
and denote it by |vac), € &, ;(vac| € Z/,. In fact, the vacuum vector is the
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eigenvector of # which has the lowest eigenvalue 0 (cf. [DFIMN]). We denote
the correlation function ;(vac|L|vac); by (L)*.

4.2. Integral Formulas. In [JMMN], an integral representation of correlation func-
tions of the XXZ-model was given using the bosonization of the vertex operators

for the level 1 modules over U,(sl;). We can apply the same method to our case.
Let

(7% E)oo(& oo >N

prim MN(Z],,,.,lex,yli) = ((ng; )oo(E2E) 00

mymy--
P ZN=1) SNy /1’V

try (Y P By (21) - B At (N ) By =1y (28) - - B (21))
) N 1

x
tryy(x =4 y?)

where p is the classical analogue of p. Then we have

(L)@ = P oz 212 g7 |2)

mymy -

for L=E,, Ly ®"'®Em;m1-
In the following, we only concentrate on one-point functions (N =1 case)
P (z|x, y|A,) for i = 0,1,n — 1,n. Let

h(z) = (Z;x)oo(qzz_l;x)oo 5

k(z) = (2:0)00(4°23X)00 (2 X)00 (4727163 X) 00

(C1ED)

Oiz1,....20) = y(zw,)z_x 3 +(9t|/1,)z(l}~1|°f)._.zsl/1n|d).
aeQ

Then, using the same technique developed in [JMMN], we obtain the following:

d "'d,,__d,"'d ’_
P:nn/(ZIX,y]Aj)= g % m Mn—1 @M, My

(Zn\/—_1)2”—2 0w Moot ,1'1 ...,1;’_[

a[K(,,, m’)@ Hn_—2k (ﬁ)
(s x)ntrvean(a=2) T, T, 2 h(w fs))

X

where
9 = (4% E))oo(& E)oo((q%5 E))oc (83 E)oc )" 2,
(S S Dt D

a; = [ , , fori=0,1,n—1,n,
B G 1L R R -

/ /
(1) _ 91Mi+1 2) _ 9Mi41 (3) _ i+t @) _ 94y
Wy =T, W = e, W= e, W=
ni ni n; Ul
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391
for [ =0,...,n—2, and ny = gz, np = ¢*" "'z

5

O -6 ('70'7(/)’72’73 2 '711—3'7;/1—3’7n—l'7£,~1 y2 '7:1—2’7;,_2 y2 ’7n—2’1,/1_2 y2>
I 1 IR s 9 )
(mny)? (=215 ) (a1 * 77 ()

j—2
; (1=l )H(l AT - W)
M- =0

% _ZR('/’/ 177]["7/4-]"7/,’11-‘-1)
(=g - D)

forj=1,....n—1,

LY Y . j= \
Kspy=—"—+——( _— : wi?) H (1— 2w )/H (1—w?)
M =

y 111:[2 R(;f],_l,m,”]IJrl"’];”/];—)-l)
= (1 —g*)(1 — qzlﬁ/m)(z—f)

forj=1,....,.n—1,

ROni—v, e iss My ) = {0y —

gni—0))n) = g — gl (m
—q(n1—1 — qn)) (M4

—qny)
—gn)(y — qnp) < (n)

— )Y i)

n—2

n—2
K(nn)_qznn IH(I_qW(Z) )H(I—WE:‘))’
=0

n—3 —_1 n=3
Ky = 4" 21011 — g, (1 = w ) TT (= w® ) TL (1= w),
=i 1=0

K(m,m') =0 otherwise .
All the contours of the variables n1,...,7,-1,7},...,1,_, are counterclockwise and
are in the following region:

(i) for (m,m") = (j, ),

q <w§))<l, .q <w( )2<1 q2<w(1)<1,...,q2<w(])2<1

g < wﬁz) <1, < w(z)2 <1,¢ < wml <l..,¢* < w(3)2 <1,

(4)
7 <wy

(ii) for (m,m") = (j, ),

(4)
<1,.,q <w,., <1,

(1) (1)
q<w0 < 1,. ,q <w,_,

< 1,4 <w()]<l g <wf,)2<1,

7 < w(.3) <1,...,¢ < wff_)z <1,

Ve <w<()4)<l LG <w ()

2<1q <w(4

V<1, <wf,)2<1.
Remark. When N = 1, the integral does not depend on the spectral parameter z. In
fact, z disappears after rescaling the integral variables. It remains to calculate the
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explicit form of one-point functions as in [JMMN] and [Ko]. At present, it seems
to be difficult. The trace trg~%” in the integral can be expressed by using the above
theta function. If we can calculate the integral, the constant related to the @, will
be cancelled with the trace trg=2".
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