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Abstract: The propagator for a noninteracting many electron system in a constant
magnetic field in three space time dimensions is computed. This formula and the
results of [FT1,2] are used to give a microscopic derivation of a BCS-equation with
magnetic field. It is shown that this equation has no solution if the magnetic field
is sufficiently large. Perturbation theory in the interaction around the magnetic field
propagator is discussed.

1. Introduction

In this paper, we consider the model of a many electron system in a constant
magnetic field in three space time dimensions described by the effective potential

—e 1. ., e 7, e
g(l//e,w )= longe A0 (WYY g )dﬂs , (L1)
where the interaction

V(o) = ﬁ% l}f dEdE (EWL(EW (& — ENp(EWip(E) (12)
a, petT,

is assumed to be short range and rotation invariant. Here, dus is the Grassmann
Gaussian measure with covariance S, where § is the exact propagator for a free
many electron system in a constant magnetic field,

B! B = (Blx-x?
S(x, X'ty = e300 2 s~y (2T XD
x,7;x't')=e 271,,2::0" 7

x e~ —e,)0(" — 1) = 0(e)0(x — )]
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see Lemma I1.2. That is, we will consider the interaction as a perturbation, but the
magnetic field is treated exactly without using linear response theory.

We will prove (see Theorem I1.3 for the notation) that the translation invariant
part D of S can be written in momentum space as

th BT
—e(k,s) 2
D(k,7) = e_"”B’ T be(S)e 2 [0(—e(k,5))0(—1) — 0(e(k,5))0(1)] ds
7
—EnpT 2 n 2k2
—e "B m‘(—"l) B[”B (—B—> , (14)
which may be compared to the free electron propagator without magnetic field,
C(k, 1) = e~ O(—e(k)O(—1) ~ O(e(k))O(7)] - (L5)

Using formula (1.4) and the results of [FT1,2], we derive a BCS-equation with
magnetic field (I11.2.6) from which the existence of a critical magnetic field follows,
see also the curves in Sect. III.

As a first step towards rigorously justifying this BCS-equation and its predic-
tions, we consider the perturbation theory of the model defined by (I.1). We show
that graphs containing no two or four legged subgraphs are bounded by const”,
four legged subgraphs produce n!’s, n being the order of perturbation theory, and
two legged subgraphs have to be renormalized. Furthermore, there is convergence
graph by graph to the B = 0 model. The main problem in proving this is to get
the correct propagator estimates. Once this is done, one can apply the machinery
of [FT1] to get the stated results.

In Sect. II we compute the magnetic field propagator in the symmetric gauge
and prove formula (1.4). Since we are interested in small magnetic fields, effects
coming from the filling factor of the highest occupied Landau level are neglected.
The BCS-equation with magnetic field is derived in Sect. III, and Sect. IV contains
a short discussion of perturbation theory.

In this paper, only the main computations are given. The reader who wants to
see more is refered to [Le], where all calculations are done in great detail.

I thank J. Feldman and E. Trubowitz who suggested this interesting problem
to me and the ETH Zirich for financial support during the time this work was
done.

II. The Magnetic Field Free Propagator

The one particle Schrodinger equation for an electron in a constant magnetic field
B =(0,0,B) in two dimensions without spin is

(o (17-0) ]
Hy=<—|=-V—ed| —pupy=cy, (IL1)
2m \ i

where p denotes the chemical potential. The propagator S will be calculated in the
symmetric gauge

B B
Alx, y) = (—Ey, Ex,O) . (11.2)
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A computation in a nonsymmetric gauge A(x, y) = (—By,0,0) is given in [Le]. In
the first case, the eigenfunctions of (II.1) are labelled by two discrete parameters
whereas in the second case one gets one discrete and one continuous parameter. So
in the first case the calculation of the covariance involves two infinite sums and in
the second case there is one integral and one infinite sum which of course yield
the same result up to the phase factor

S(&, ¢y =5 ¢y, (1L3)

which is due to the gauge transformation

A(x, y) =A(x, y)+ V (gxy> . (1L.4)

Here ¢ = (x,7) = (x, ¥, 7).

For simplicity, the computation is done in infinite volume and it is assumed
that the highest occupied Landau level is fully occupied with electrons, that is (see
(11.6) below) ¢, %0 ¥r € N, so effects coming from the filling factor of the highest
Landau level are neglected. This should be no restriction in considering magnetic
fields concerning superconductivity, because there the number of Landau levels is
of order 10* or 10° (for BCS superconductors).

We now present the calculation of S in the symmetric gauge. In Sects. III and
IV all calculations are done with S. The following lemma summarizes the properties
of the eigenfunctions of (II.1) which are well known.

Lemma IL.1 (Eigenfunctions). Put e,h and the electron mass to one and iden-

tify (x,y) with z =x+iy. Then the normalized eigenfunctions of (IL.1) in the
symmetric gauge (11.2) are given by

1 1 m—n
B\? (n\* [ [B (Bl el
¢,,,,1(Z) = <E> (E) ( EZ> L:: ! <|T|> e 4 (1L.5)

with energy eigenvalues

1
&nm = & = B (I’l + '2‘> — M, (IL6)

where nym € {0,1,2,...} and m — n has the meaning of angular momentum. They
have the following properties:

¢nm(z)* = (’— 1 )”—m(pmn(z) 5 (H7a)

(Z)mn(k =k +ik) = 4"Eﬂ(—l)”d)nm <—‘;§lk) s (H7b)

[ee)

B

1
" ’ iz 23
¢n,m(zl )¢112111(22) = <§E> ¢n|112(zl - 22)612[’"( 12) (IL7¢)
0

m=
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Lemma I1.2 (Propagator). The magnetic field free propagator with imaginary time

in infinite volume and symmetric gauge is given by

S(é, é/) = i 0¢nm(z)¢nm(zl)*e_’:’z(r—t/)[sna T— T,]

n,m=
= 70X =0 pE — ¢y
where the translation invariant part D of S is given by

D& =2 i:fo Iy (1?) e 1]

Here, [,(v) = La(v)e™? denotes the Laguerre Sfunction,
-1 ife, >0NT>0
[en, 7] = [0(—&,)0(=7) = 0(e)0(x)] =< 1 ife, <OAT <O

0 else

and ¢, = B(n + %) — w. The spatial Fourier transform of D is
oo 22
D(k,7) = nZ:%2(—1)”ln <

k .
?) e }'"t[smr] s

where k = (k, k).

(11.8a)

(I1.8b)

(I1.8¢)

(I1.8d)

Proof. By definition (see for example [FW]), the imaginary time propagator is

S E) =Y Gun(@)Pam(Z ) e [0(—£,)0(" — 7) — O(en)BO(z — )],

nm

where 0(v) denotes the step function which is one for v > 0 and zero otherwise.

Use (I1.7¢) to perform the m-sum:

io: qﬁnm(z)‘:bnm(zl)* = %Ln (

m=0

Blz —Z'|? ) _Bl—?
—— |e
2

The Fourier transform is computed with (I1.7b) for n = m:

B2\1" 2n L 2K

thus (1I.8c) follows. O

T ia ')

The free B =0 propagator in the mixed representation, that is in (k,7) =

(k1, Kk, T)-space, is given by
C(k, 1) = e M e(k), 1]

with
2

k
e(k)=7—,u.

(IL9)

(IL10)
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It is hard to see from (I1.8d), how (I1.9) is obtained as B goes to zero. From the
following representation (II.11) of D the limit B — 0 can be read off. The main
use of formula (I.11) below is that it simplifies the evaluation of Feynman graphs
in momentum space, in particular, the computation of the critical magnetic field
in Sect. I1L.

Theorem I1.3 (Propagator). In (k,t)-space, the translation invariant part of the
magnetic field free propagator is given by

» —e(k,s)th?
D(k,7) = e~ hz,,rf o) P lelks),lds
—tnpT 2 n 2k2
—e B H—e:—B?(—l) BlnB (?) 5 (Illl)

where ch, th are the hyperbolic cosine, tangent [(v) = L,,(v)e‘g is the Laguerre
function, e(k,s) = —2 us, &np = B(ng + 3 )— u and

_ w1
ng = {B+2} , (I1.12)

where the square brackets in (I1.12) are Gauss brackets, thus 0 =< ¢,; < B.

Furthermore,

Sp(s) = 2%(—1)"31,,3 (4%5) (IL13)

is a d-sequence with limit d(s — 1).

Remark. The second term on the right-hand side of (II.11) converges pointwise
to zero, since for s = ¢ > 0 there is the estimate |/,(s)] £ ¥ and np goes to
n4

infinity if B goes to zero.

Proof. np is by definition the smallest natural number such that ¢,, > 0. Thus

ng—1 2
D(k,’[) — 28_§T+“I BE: (—-l)nl,, <%> e~Bn1.'0(__,L.)

n=0

n=ng

oo 2
— 27 TTHT S (=), (%) e P0(r) .

We will now prove the formulae:

n—1 © t—1 s—x 1
S (=D L)t = 2t"fd9(~1)"ln(S)e‘m]T — ——1"(=1)"ly(x),
k=0 % 1+t

(1+1)
(IL.14)
and for [¢| < 1l itis
= ! n n —:—tﬁ 1 " n
k;(—l)’flk(x)zkz( t)ztfds( 1), (s)e” T 2 + (—=1)"L(x) .

(IL15)
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The following proof is short, but one has already to know the answer. An alternative
proof which makes clear how the above formulae have been found is given in [Le].
For |¢| < 1, let

G(x,t) =

e T = S hwet

be the generating function for the Laguerre functions. We have
DG(x,t) =0
where
d
=2(14+t)—+(1—1), .
dx

Hence

205(x) + lo + §(212(X) = 20 (0) + () + L ()= =0,
=1

which gives the recursion relation

2[6+10=0, 2[,/‘,—21/1‘,_14—11(4-[[\-_1:0, k

1\

l.

Now let s,(x,t) be the left-hand side and i,(x,¢) be the right-hand side of (1I.14).
Then

Dsp(x,t) =215(x) + lo(x) + "il(Zl;((x) =20 () + Le(x)
=1

+ L O) =) =20, () (=) + Ly (x)(=2)"
=(=20_(x) + L (x))(~2)"

and

n ! 1 -1 n
Diy(x, 1) —2ﬁ——z( 1)'y(x) = 2(—=t)"'1,(x) — I—H(-I) In(x)

= —(l(x) + 2L,))=t)" = =21, (x) = L1 ()N =1)" = Dsy(x,2)

where in the last line the recursion relation has been used. Therefore, the difference
An(x, 1) = su(x,t) — iy(x,t) obeys DA,(x,t) = 0 which gives

An(e, 1) = An(0,1)e" Tt 3 .
But ([GR],7.414.6)
fds(—l)"l (s)e~ 713 = -,
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thus 1
in(0,1) = a +t)2 t"f ds(—1)'1,(s)e” '+‘ - I-—l‘"( 1)'1,(0)
_— - Zl —t)" = 5,(0,1
_m—l—‘*‘t( )_1\0( ) —S"(,),

which proves (1I.14). Formula (IL.15) is obtained by writing

S (D L) = —— e T S D
k=n k=0

| +1
and
t
ds(—1 11 =5
(1+t)2tafs( Fhis)e T
L o8 - ¢ [ds(—1Y'L(s)e” 71T
= — +t l+
[ (1+1) fs( yhe

2 . . .
Now put t =e 57, x = 2 and n = ng in (1114, 15) and substitute the integration
p B g

variable s by v = %s to obtain the final result (IL.11). A detailed discussion of the
d-sequence is given in [Le]. See also the curves below. [J

In comparing (I1.8,11) with (I1.9), one can see essentially three differences.

(i) The magnetic field propagator is no longer translation invariant. This is due
to the fact that linear momentum is no longer an eigenstate but angular momentum.
(ii) In momentum space, there is no longer a sharp fermi surface (or Fermi
circle, since we are in two dimensions). Rather, the Fermi surface is smeared out
with the delta sequence Jg(s) so that the density of states in momentum space
kZ
O — k~22) is substituted by [ dsds(s)0(us — %) =1— [, dsop(s), see the fol-
lowing curves.

T

Sp(s)ds

0

15 68(3)

10

Jmiry

-10

npg = 30
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. . . . . . h &t .
(iii)) The imaginary time variable 7 is substituted by ‘—52— This is the most

2
important effect (for our purposes), since it changes significantly the values of
the Feynman graphs. Graphs containing two legged subgraphs become finite and

__const

the flow for the four point function is expected to be convergent for B e™ 7 ,
Br
see Sect. lI1.3. Furthermore, the factor thTz appears directly in the BCS-equation

with magnetic field (II1.2.6), and is respoilsible there for the existence of a critical
magnetic field. To see this factor, it is necessary to compute the infinite sum over the
Laguerre polynomials, since, mathematically, it comes from the generating function
for the Laguerre polynomials. Physically, it expresses the fact that electrons are
localized by a magnetic field.

Finally, the factor e *8" requires a short discussion. The assumption that the
highest Landau level is fully occupied with electrons means that there is no n € N
such that ¢, = 0. np is by definition the smallest natural number such that ¢, > 0.
Then 0 < &,, < B, so one can write

tny = 0B (Il.16a)

with some 0 < a < 1. However, for « arbitrary close to 0 or 1, the t-decay of
the second term in (II.11) becomes arbitrary bad, although it converges point-
wise to zero. In order to keep the estimates of the following sections (for ex-
ample the estimate for the second term in the BCS-equation (II1.2.6)) uniform,
assume

c<a<l-—¢ (IL16b)

or equivalently define the set of admitted magnetic fields to be

%= U

neN

L } . (IL16¢)

7
n—!—z eEn—s+e

Then the measure of the set of neglected fields can be made arbitrarily small since

x 1 1
- _——‘Sconstﬁ.
,,;(n—i—%-a n+%+8) Mz(n+ IR +e2 =

III. The Existence of the Critical Field

III.1 The B =0 BCS-Equation. In [FT2], Feldman and Trubowitz obtained the
BCS-equation (without magnetic field) in the following way:

Consider the effective potential for an interacting many electron system which
is given by

—-e 1 — e 7.,.7€ -
G ) =log = [ e VI duc(y ), (IIL1.1)
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where C is the free propagator corresponding to the normal ground state

CEeYy=ceE-¢y=[ (‘; ’; KO == ek ))O(—1) — O(e(k))O(T)]
dk l X—X 1 =T 1
_f(zn)zf 0 pHkx—x")—iko( >——lk0_e(k) (I1L.1.2)

and e(k) = k7 — u. The quartic interaction ¥~ is assumed to be short ranged. They
started to anlayse % in perturbation theory [FT1]. It turned out that all graphs con-
taining no two or four legged subgraphs are bounded by const”, n denoting the order
of perturbation theory, that all graphs which contain no two legged subgraphs are
bounded by n! const”, and that graphs containing two legged subgraphs are in gen-
eral infinite. They introduced a localization operator L, which acts nontrivially only
on quadratic and quartic monomials and isolates the singularities and n!’s produced
by the two and four legged subgraphs. Then all graphs contributing to (1 — L)% are
bounded by const”. In [FMRT] and [FKLT1,2] it is shown that (1 — L)% is indeed
an analytic function at A =0 with a fixed, volume independent positive radius of
convergence.

The relevant part L% of the effective potential is analyzed by a renormalization
group flow [FT2]. If one expands the kernel F¥) of the quartic part of L&" into
a Fourier series,

(&)
FO( sy = F®(cos 0) = IZOAS") cos 1,
where k' = (0, k}:‘nt—”) denotes the projection onto the Fermi surface, one obtains

in the ladder approximation the following flow equation for the coefficients A( )

see [FT2]:
A =5 G, 12 0, (IL13)

where

dpod B 3
g - parclpl e Pl cesmpp — jchipyey

:fdlplm !

G e ey M @) — M ep))) (L1 4a)

approaches the limit

1

b= Q@n)kr ]

f v [p (M~2y*) = p*(¥)] (I1L.1.4b)

and p(x) is some C§° function, which is one if x < 1 and zero if x = M?, M being

some constant bigger than one. If one starts with 130) > 0, which corresponds to
an attractive potential, then the sequence generated by (III.1.3) diverges to infinity
which is interpreted as: the normal ground state is not stable. In order to get a well
defined effective potential, one introduces a 4 in the following way:

Define the two component Nambu fields

_ %(é)) o
ws)—(%(é) L PO = () (IIL1.5a)
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or in momentum space

Y1(K, ko) > 5 7
Y(Kk,ky) = | - , YK k)= K, ko), ¥ (=K, —ko)) . III.1.5b
(k, ko) <¢l(_k’_k0) (K, ko) = (f1(K, ko), ¥, ( 0). )
Then the Grassman Gaussian measure becomes duc(?, ¥) with covariance matrix
- 3 . / /
C(EE) = (POWE)) = f%e"“” =k (=T (ko] — e(k)a®)™',  (IIL1.6)

and the effective potential can be written formally as

- 43 -
jﬁ Wk iky1—e(k)a™ )W(k)

- 1 e Bl — -
G, ¥°) = log —Z—fe_’" (PP, AP, V).

Then add and subtract [ (‘2’%’;3 Y(k)Adc' P (k) to get
G, F) = o lfe—U (‘l‘+'1“‘,'17+'l-’e)—zlf%3"f‘(k)a"l’(k)
G W) = log -

e—f% Wk )(iko1 —e(k)a” — Ao Y¥(k)

AP, ¥)

X

1 S e @ i ey - .
— log Z_,fe_/J (Y+¥°.9+¥ )—A/ dg"’(g)()’l'p(g)d‘uCA , (11117)
where now
d’k
Cue, )= [ S~
€68 = G
const

The new covariance is bounded by <3, which has the consequence that now all
graphs are finite. But if 4 is going to zero, graphs containing two legged subgraphs
diverge. To produce an expansion uniform in 4 one has to renormalize, that is, one
has to add counterterms

O = (A, A) [ dEP(E)FP(E), (111.1.9)

eik(x—x')—iko(r—r’)(l-ko] _ e(k)03 — Ag! )~l . (I11.1.8)

D = D0, A) [ dEP(E)a' W(E), (IIL1.10)

to the exponent in (III.1.7). But then, to recover the physical effective potential,
one has to impose the constraint

A= —-D(,pA4), (IIL1.11)

which, in first order, gives the BCS equation:

A
4= ~Dld i 4) = STrlo'( 2 RS ik SO

A

d’*p
= —ETr [a‘ f any (k,plle,k)03C4(p)03lko=o,1k|=kF}

d*p 4
= A —= (K, p|V|p, k') >———|, I.1.12
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where k' = (0,kpqiy). Taking (k', p|V|p,k') = 0(wp — e(k))0(wp — [e()]), one
obtains the familiar equation

1 = —Jconst [ d*pB(wp — |e(p)])

1

wp/a 1
= —Jconst [ dv , (111.1.13)

0 2+ 1

__ const

which gives 4 = wpe™ 7 .

111.2 The BCS-Equation with Magnetic Field. In the case with magnetic field, one
can proceed in an analogous way. However, because the Hamiltonian is diagonal
in (n,m)-space, one has to work in this space rather than in momentum space. In
(n,m, ky)-space, the covariance is

1
S(n,m,ky) = s

(II1.2.1)

Introduce the two component fields (II1.1.5). Since ¢pm(z)* = (—1)"""Pun(2),
the two component fields in (n,m)-space are given by

l//T(na m, kO)
Y(n,m, ko) = _ ,
(=D)""Y (m,n, —ko)
W(n,m, ko) = (1 (n,m, ko), (—1)""" (m,n, — ko)) , (11.2.2)
and the covariance matrix becomes
S(n,m, ko) = (ikol — ¢,0°)7" . (111.2.3)

Then writing the integration measure formally as

exp{ > @W(n m, ko )ikol — £,0°)¥(n, m, ko)}d('lljf),

n,m=0

and adding and subtracting the term
Z J ————'I’(n m, ko)Ac W (n,m ky), (I111.2.4)
n,m=0

one obtains the new covariance
Su(n,m, ko) = Sy(n, ko) = (ikol — g,0° — Ac')™",

which becomes in coordinate and momentum space

Sd(f f/) - Z ¢nm(z)¢nm(z )f 0 _lAO(T ‘ )(lk()l - 8110' - AG )_

n,m=0

Sotp e ey,
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where xx'* = yx’ —xy/,

D4(&) = 2£ i < ) fazll;o —tho(r—1 )(lkol — g,0° — Ad')!,

n=0

oo 2
Dak ko) = S 2(~1)"1, (%) (ikol — &,0° — Ac')™".

Then the BCS-equation with magnetic field is given by the first order approximation
to the constraint

A= —D(\uB,A). (II1.2.5)

Theorem I11.2.1 (BCS-Equation with Magnetic Field). Let (k, p|V|p,k) = 6(wp —
le(k)|) 8(wp — |e(p)|). Then, using the approximation dp(s) =~ (s — 1), the first
order approximation to the constraint (111.2.5) is given by the equation

B 2 ; h 1 _ Qt
1= const)fdtjo(t) {chaB —2‘32“1287)+ EEM ,

1-—
Y 24 enlls
(I11.2.6)
where Jy denotes the zeroth Bessel function and o is defined by &,, = aB, & <

o <1—g¢ see (I1.16).
Remarks. 1) Substituting \/——’5_—1 = fooo Jo(t)e "dt in (II1.1.13), the BCS-equation
e+

without magnetic field reads
%) 1 _op,
1= constlfdtJo(t);(l —e 7 (I11.2.7)
0

and is the B — 0 limit of the above equation.

2) For zero magnetic field, one has a pairing between (k,T) and (—k, |). With
magnetic field, linear momentum k is no longer an eigenstate, but angular momen-
tum / =m —n is. Then the Ac'-term in (II1.2.4) gives a pairing between (/,7)
and (—/, ).

Proof. In the case with magnetic field, the graphs contributing to D(4, u, B, 4) have
to be evaluated in (n,m)-space at n =ng and ky = 0. A two legged graph G is
expanded as follows

GE N =P GE— ) = S (@) bum( )f K ke~ G, ko),

n, m=0

B\
G(n,ky) = [ dxdydrl, (%) e ot G(x, y,7)

d’k 2m " 2k?
fW—z(— YL, (?) G(k, ko) .
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With (k, —k|V|p,— p) = 0(wp — |e(k)])0(wp — |e(p)]), one obtains to first order

D(A 1, B, A) = —-—Tr[a ( S _& ) |n=ngkp=0

__) 7 2k2

< 2tk V1K) o*D( )
(2717)3 » P P> A\ P )T |n=np.ky=0
= )de()B(S)f 2n) U(wD ls— p|)o ((J)D - ’— - ul)

& w (29 4
x 22("]) [n (7)

n=0 p% + 1”»',7; + 42

Now, using 0z(s) =~ o(s — 1) and performing the py-integral, one gets

mp p2
D(/,1,B,4) =const . [ d <7 - ;t)
—mp

2
ny (2P 4
X S 2=l | — ) —— . 11.2.8
/1230 ( ) < ) {ZIZI + A?_ ( )

To compute the infinite sum, use the fact that the Laplace transform of the zeroth

Bessel function is (s2 + 1)72, that is

1

The resulting sum can be computed using Theorem I1.3. One obtains

[dtJo(At)e™ ! = (111.2.9)
0

'S 2
S 2(- 1)1, (%) el = D(p, —1) — D(p.1)

n=0
o 2 2
= fdv 08(1) ZBt g2 <e"'”3’() <Hv - 7) “tpl) (P- — ,UL))

e—t:nBl e'(:"B’ ) 2p2
+2 (1 T 1+63,>(—1)Bl,,3 (*;;) : (111.2.10)

=
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Write ¢,, = aB with ¢ < a < 1 —¢ (see (II.16), and again neglect the smearing in
the chemical potential. Then (111.2.8, 10) yield

wp 2
D(4, 11, B, 4) _const,ufdtJO(Az) [d (% - ,u)

—p

P Y 3 2 2
BT TH p —uBip (P

——e 2 (e“B’O (,u——) +e 0(——u)>
7B

sh[(§ — «)Bt] e (2p>
* chiBt 2=l B

B B
—const/MfdtJo(t) {cha 4 B (1-

_2 “D hBt

1)

CBBSh[(2 ‘OC)A ]
+2 4 ch—-t }

1+ 2D
and again ¢z = | | _Jrﬁ ds d5(s) may be approximated by one, which gives the stated
I

equation. [J

In order to have the B = 0 BCS-equation (II1.2.7) a solution 4, the exponent
“L must be chosen 1arge In (II1.2.6) however, the magnitude of the exponent is
determined by the ratio “2 because the 4 appears in the hyperbolic tangents which
is always bounded by one. Thus in order to get a solution 4, B has to be sufficiently
small. This becomes clear in considering the following curves:

*® I—C—hh% B wp 1
drio(E)ychi iE 21y B g L
‘/0 T o(bh)C 2 sh'r @D h N a 2
9 t b=0
[ 5 =10.01
6
S
b=0.1
4
3
2 —
— 5=1
1
- " h
100 200 300 400 50¢C
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For the computation of the critical field, let b = %, h= “’TD and let 4 — 0 or
h — oo. (I11.2.6) becomes

| —e 3% sh[(3 — oc)r]}

l—contderJ (r> chot +
- COmSEAT AT b she 2 chlc

. 2.1
—%0 ¥ 1—e 53 hi(d —
h=s const/lfdr{chat P _i_ls [(3 CX)T]}
b

e
sht 2 Ch%‘t

and one computes
B, = const wpe~ @7 = const 4 . (I11.2.12)

113 The Flow of the Four Point Function. In the precedmg paragraph it has
been shown that the appearance of the hyperbolic tangents —th > instead of 7 in
the magnetic field free propagator is responsible for the existence of a critical field.
Thus, one would expect that the flow of the four legged part of the effective potential
behaves differently than the B = 0 flow (II1.1.3,4) if one takes the approximation

1 -e(k)—L
D(k,t) ~ —54-e 3 [e(k), 7] = D(k, 1) (I1IL.3.1)
ch*Z
for the exact propagator (1.8, 11) and neglects the phase factor in (11.8a). This is
indeed the case.

Lemma I11.3.1. Substituting the B = 0 propagator C by D, the flow equation in
the ladder approximation (111.1.3) becomes
A0y = 1By + BB (111.3.2)

where contrary to (111.1.4b) the ﬁfgh)’s satisfy

0 1
> ﬂg') = const <log§ + const) . (I11.3.3)

h=—o00
Proof. The B"s become

(hy _ fdpodlpl Ipl(I ~(<h) ~(<h)

8 2ny k (»F), (111.3.4)

() —1D

where

lhﬁ
1 —em—g- _

(po,m:fdre”’m—c—hme 2 [e(p), tlp*(M 2" Ve(p)?)
2

~(<h

D

and p as in (I111.1.4). One computes
d BN ~(<h)
S22 = (o = 15" (p)P)

2/B B2
= fdv ( — —v ) e—ZIe(p)lv{pZ(M-2(h+l)e(p)z) — pA(Me(p)?)} .
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Hence (I11.3.4) gives

oo 2/B Bz
" = const [dy [ dv (1 - ——v2> e 2ly—nl
0 0 4
APM Iy — ) = p* (M (y— )}, (IL3.5)

These ﬁg')’s show a different behaviour than (Ill.4a,b) since

oo 2/B

0 2
> /3;”’ = const [dy [dv (1 - %vz> e 2= 22 (y — p)?)
00

h=—o0
I 1 — —4—B—u 1
= const fdu(l — uz)—e— = const <log— + const)
0 u B

in contrast to lim;_, _,,f® =p. O

It has been shown in [FT2], that if
sup{l/“”l} Z g <y <1, (I1.3.6)

then all sequences of /I(h)(B) s generated by the flow equation (II1.3.2) converge
irrespective of the sign of A,O) That is, if (II1.3.6) is satisfied, then the normal
ground state is stable, no matter whether the potential is attractive or repulsive

provided A is small enough. Since /t ) is proportional to A and because of (I11.3.3),
condition (II1.3.6) implies

—const

1 0
.)» (const log 3 +const>| <1 or B > conste VI

in agreement with (I111.2.12).

IV. Perturbation Theory

In this section, we summarize without proof (for details, see [Le]) the results con-
cerning perturbation theory of the model (I.1,2,3), where V' is assumed to be a
rotation invariant potential in L'(R*). Spin indices are neglected. Since one is in-
terested in bounds which are uniform for small B, the strategy is the same as in
the zero magnetic field case. For B = 0, it is proven in [FT1] that

— the ultraviolet parts is irrelevant, that is each graph is bounded by const” in the
ultraviolet regime;
For the infrared part, one obtains
— two legged graphs are in general infinite, they have to be renormalized;
— four legged graphs produce n!’s.
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In the case with magnetic field, one obtains the same results uniform in 0 <
B < By, that is

— the ultraviolet part is irrelevant, each graph is bounded by const” with a B-
independent constant;

For the infrared part, one obtains

— two legged graphs are finite, but they blow up for small B, so they have to be
renormalized;

— the values of all graphs without two legged subgraphs converge to the correspond-
ing values of the B = 0 graphs as distributions. The same holds for renormalized
graphs if there are two legged subgraphs. Graphs containing four legged sub-
graphs may be bounded by const}, but in the limit this jumps up to const"n!
which is the uniform bound.

The ultraviolet and infrared part of the model are defined by the decomposition

J=JB

Sy = e (D“”(c‘f ¢+ YD - é’)) ,

where the ultraviolet part is given by

B Br?
(0) - = —enT 2
DP(&) 7 ;1;)1" ( 7 ) e ey, T]h(eE;) (IvV.1)
and the infrared part at scale j is
: B = Br? ' :
DY) = =1, <i> e e, T f(Mer) (1IV.2)
2r n=0 2

where /4 is a smooth monotone function obeying

0 ifx<1
h(x):{
1 ifx = M?*,

M is a real number bigger than one and

h(x) if x < M?

f(x) = h(x)(1 = k(M *x)) = N .
1—h(M~%x) ifx =M?,

has support in [1,M*], thus f(M~%¥x) forces M¥ < x < M*M?¥ and

1 = h(x)+ il f(M~¥x), x>0. (IV.3)

j=—o0



172 D. Lehmann

Jjg is determined by M/8+2 = ¢B, eB < eny = (1 —¢)B. The basic estimates are
given in the following

Lemma IV.1 (Covariance Estimates).
a) There is the decomposition DO(¢) = iBg’(g) + D) (&), where

sing
11
IDie(O)] < const T———— (IV.4)
(0) B2 . ~wET
Do (€) = (é)——— e "2 0(r), (IV.5)

sing

hBr

p € C5° being one for |&| < 1 and zero for |£] < 2.
b) Let jp <j<—1 and N,N' € N arbitrary. Then there are p dependent con-
stants ¢; > ¢ > 0 and a constant const = consty ys u, , Such that

DY)(¢€) < const  max {

1, (BLZ)'}Mf[l MY+ (MY

4 <ns 2
(IV.6)
¢) There are the pointwise limits
Jim DO(E) = €O, lim D) = ¢, (av.7)
where
C(O)(é) = f((; l;z l(kx /\()T) —E(k)‘[[e(k) T]h(e(k) ) (IVS)
is the ultraviolet part and
(/) d’k o' (kx—ko) y—e(k)T 2 2
CY(&) = J(z 2 0 [e(k), T] /(M ™7 e(k)”) (Iv.9)

is the scale j infrared part of the B = 0 propagator.
Inequality (IV.4) is the same as the B =0 bound and ( IV.5) is smaller than

the B = 0 bound which is —p(é)—e’”e 2r 0(t). Thus the fact that the ultraviolet
part of (I.1) is irrelevant is an 1mmedxate consequence of the corresponding result
of the B =0 model. Equation (IV.6) differs from the B =0 bound only in the

Iy (%z)l} which would be substituted in the latter case by
(1+ r)‘%. However,

max I —
G<ncy 2

since the estimate fails near the turning point of the Laguerre function where the

factor max%éné% {

} gconst(l—_:-?, (IV.10)
r)2

. _1 .
decay is only r~3, so the decomposition

—1
1 < 3 const M ¥ e MI\(H') (IvV.11)

(1477 ks
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which is done to estimate the B = 0 graphs, has to be substituted by a suitable
decomposition of the Laguerre function. This can be done (see [Le], Lemma IV.1.3).
The net effect is, that, as in the B = 0 model, the bound on a labelled graph, that
is a graph with scales on all lines, in 2 + 1 dimensions can be reduced to the one

dimensional case where the covariance C}j’) at scale j;, / being some line of the
graph, obeys

PP < Mgy, g € L'(R)NL™(R). (IV.12)
The power counting of such graphs is given by the following

Lemma IV.2 (Power Counting). Let Gy, be a connected amputated graph with 2q
external legs build up from generalized vertices or subgraphs b, obeying

I[1£29, |llp = sup sup { (_* fddxj) llzqv(th,xzq‘-)l} <o0.
Lo J*t

For S C{1,....2q}*0 and testfunctions f € L'(RY)NL>®(R?), introduce the
norm

11Gells = I Tas TG0l
Suppose each line of the graph has a covariance CY) with
€V £ MPgM'x), g € L'(R)NL™(R?).
Then there are the following bounds

_ (20— ayinn o d (2027
1Gaglllo < X099 TT(llllag, ||loM 5244\~ 5G4 (IV.13)
veV

— d Y
1Gagllls < ™97 T (llg,lllgb 427

vEV ine

T (Illfag, ||ls, M 5018 =5Ca=1SD7 - (1v.14)
vE Vext

where ¢ = max{||g||;1,|gllLoo }. Thereby a vertex is called external, if at least one
of its legs is integrated against a testfunction.

Iterating (IV.13,14) for different scales, one gets a summable decay for ¢, = 3,
a marginal situation which produce n!’s for ¢, =2 and an exploding factor for
g, = 1, that is, in the case of two legged subgraphs. They have to be renormalized.
Since the magnetic field propagator (iky — &,)”! has its maximum at ko = 0 and

n = ng, the local part of a two legged diagram G(¢&,&;) = e’g""‘ZLG(él — &) is
given by

L[d&d&G(E, EWEW(E) = Gln = np,ky = 0) [dEP(EW(E),  (IV.15)
where R
G(n ko) = [dte™ [d*rl, (%”—) G(r,7) . (IV.16)
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Then a renormalized graph (1 — L)f dfldézé(él,éz)nﬁ(él)nlx(éz) has indeed an im-
proved power counting since ([Le], Lemma 1V.3.6,7)

|G(n,ko) — G(ng,0)] = (kol + e — eas DI [EIG(E)Il < MY M~'6 M3 (IV.17)

which is an improvement of M/~ since j < ig, i being the lowest scale of
G, because the renormalized tree expansion produces renormalized subgraphs RG
only with scale igg > j whereas counterterm subgraphs LG have scale ij¢ < j.
To review the formalism of renormalization, see for example [FT1] or [FKLTI, 2],
where an inductive treatment is given.

Using (IV.17), one can prove ([Le], Lemma IV.3.8) as in the B = 0 case ([FT2],
Lemma 11.2), that a string of two legged subgraphs (renormalized and counterterm)
may be substituted by a single covariance. Then one can apply the power counting
lemma without having ¢, = 1 to obtain

Theorem IV.3. Let G = G(B) be a (necessarily connected and amputated) n™ or-
der graph with 2q external legs contributing to the renormalized effective potential

e T€ 1 oy e 7 7€ e v e~y e T 'eé -
G ) = logéfe B QAT+ ORCBY AW NI N gy (4 4]
Then there is a constant independent of B such that

veE Vin& VE Vext

Furthermore,
}}g’o GBI, ..203 = IGO|I11,..., 24} -
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