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Abstract: We prove the Atiyah—Singer index theorem where the algebra of pseudo-
differential operators is replaced by an arbitrary deformation quantization of the
algebra of functions on a symplectic manifold.

Introduction

This paper is the first in a series aimed at providing an algebraic insight to various
Atiyah—Singer type index theorems.

In recent years much research was devoted to finding explicit local proofs of
Atiyah-Singer and Riemann—Roch theorems. In the works of Bismut, Gillet, Soulé,
Getzler, Witten and Fedosov, the index of an operator (usually Dirac operator) was
expressed as the trace of a certain infinite dimensional operator; the asymptotic ex-
pansion of this trace provided a local formula. O’Brian, Toledo and Tong [TT, BTT]
developed an explicit method of computing a certain cohomology class in the Cech
complex. The integral of that class over a complex manifold is known to be the
Euler characteristic of the analytic sheaf; thus the computation yields the ex-
plicit proof of the Riemann—Roch theorem. Arbarello, de Concini, Kac and Procesi
[ACKP] suggested a method of proving the Riemann—-Roch—Grothendieck theorem
(inspired by string theory). One of the crucial steps of that method was the passage
to a certain infinite dimensional manifold. The De Rham complex of that mani-
fold is closely related to Gelfand—Fuks cohomology of the Lie algebra of vector
fields; the computation was finally reduced to an explicit computation in Lie algebra
cohomology. This method was further developed by Feigin and Tsygan [FT].

One of the useful tools in proving the index theorems is cyclic cohomology.
This cohomology was independently introduced by Connes and Tsygan. In Connes’
approach, it was intimately related to the index theory. The idea, going back partly
to Helton and Howe [HH], is, roughly speaking, that the cyclic cocyles, being
higher analogues of the traces, provide a natural algebraic framework for trace
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computations. This facilitates the explicit computation of the index as the trace of
a certain operator.

Such a computation of the index of the Dirac operator is due ot Connes.
Another proof of the Atiyah—Singer theorem, for the case when the manifold is
a linear space, was given by Elliot, Natsume and Nest. This proof was more
directly in line with the work of Helton and Howe. We will outline this
proof later.

In this paper, we will state and prove a purely algebraic theorem which is parallel
to the index theorem. It works in a much more general framework. Instead of the
ring of pseudodifferential operators on a manifold we will consider any deformation
of the algebra of functions on a sympletic manifold. (cf. [BFFLS]; it is well known
that the ring of pseudodifferential operators can be viewed as a deformed algebra
of functions on the cotangent bundle).

A similar theorem was proved by B. Fedosov (by completely different methods);
cf. [F].

Note that the approach of this paper, though quite different, is closely related to
the recent paper by Connes, Flato and Sternheimer [CFS].

The Atiyah—Singer theorem does not follow directly from the algebraic state-
ment. But it can be proved along the same algebraic lines. We will do that in a
separate paper. Here we will concentrate on the algebraic case.

First, to give an example (and also to explain why our algebraic theorem is
indeed the algebraic form of the index theorem), let us recall the proof of the index
theorem for IR" due to Elliot, Natsume and Nest. Let D be an elliptic differential
operator on C*°(IR"); assume that D =1 outside some compact. Let ep be the
orthogonal projection onto the graph of D in Ly(IR") @ Ly(IR"). This is a pseudo-
differential operator in the trivial bundle €2 over IR". One can construct an explicit

homotopy e(7), 0 < ¢ < 1, such that e(1) = ep and e(0) = ('g 1 SQ), where P
(resp. Q) is the orthogonal projection onto the kernel (resp. cokernel) of D. One

has, obviously,
indexD:Tr<e(0—<8 ?)) . 0.1)

0 0) 1s not trace class. This suggests that, in order to compute

01
the trace in (0.1) in terms of ep, one should replace the trace with a suitable higher
trace, or a cyclic cocycle. Let ay, aj, ap,... be integral operators with compactly
supported kernels. Put

The operator ep — (

1
O(ao, ..., am) = — >~ sgn(a) - Tr(ao[yer, arl- - [Vony @l) (0.2)
n'”ezlu
where (y1,..., y20) = (O, X1,...,0y,, Xn).

One checks that

(1) @ is a cyclic cocyle cohomologous to the cocyle Tr(ay - - - az,). From this

one deduces that
Tr (e(O)— (8 ?)) = O(e(0),...,e(0)),

(2) O(e(0),...,e(0)) = O(e(1),...,e(1)) . (0.3)
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Note that the above formula of Connes is true for any cyclic cocyle ® on an
algebra 4 and for any two homotopic idempotents e(0), e(1) in A. The problem is
that @ is not defined on an algebra containing e(1). So one has to check that:

1) the right-hand side of (0.3) makes sense;
ii) Connes’ explicit calculation proving (0.3) makes sense for the explicit
homotopy e(?).

Now let us compute O(ep,...,ep). Let & be a non-zero parameter. Let D =
D(x, 0,); D(h) = D(x, hd,). Then index D = index D(h) for any h; therefore, be-
cause of the well known formula for the trace,

) 1 .
index D = p ’llll‘r(l) > sgn(o)Tr epiylyet-epm] - YVon)eninl
. - T

1
=0 }P_r)r}) STr [ a(ep){yo1.0(en)} - {Vony, o(ep)}déy - - dx, .

a R2n

But a(ep)(x, ) = eqxpyx.e) — the orthogonal projection onto the graph of the 2 x 2
matrix g(D)(x, &). Clearly the last limit is equal to %fmz,,e,,(p)dea(m -+ -deg(p).
Now, let X be a compact C* manifold. Let D be an elliptic differential operator
on X. Let ep be the projection onto the graph of D in Ly(X) & L,(X). There exists
a homotopy between ep and e(0) as above. To compute the index of D one has to
construct the analogue of the fundamental cocyle ©. Then, rescaling the cotangent
bundle by the transformation ¢ +— },é, one passes to a one-parameter family of
projectors ep(h). Using the explicit formula for @, one has to show that

index D = /lmg) index D(h) = [ chegp) - td(Ty @ C),
- T*X

where g(D) is the symbol of D, (D) is the projection onto its graph and d is the
Todd class.

In this paper we will prove the parallel algebraic theorem. Let (M, w) be any
symplectic manifold (instead fo 7*X). Let us define, following [BFFLS],

frg=fg+he(f, 9+t o:(f9)+ -,

a formal deformation of the ring C>*(M). We assume that lim,_o(f *g —g* f) =
{f, g}, that ¢,(f, ¢) are differential expressions in f, g and that 1 x ' = f* 1= f.
Consider the algebras A"(M) = (C>(M)[[A]],*) and Al(M ) = (C(M)[[A]], *).
If B is an algebra over a ring k then B~ = B + £ is the algebra B with adjoined unit.

One can construct the canonical trace Tr: AN(M) — C[A~', #]] such that for
/e (M),

|

() =2 (% S o () + W)+ )

and Tr(f xg —g=* f) =0, where 7;(f) are local expressions in f. Also, consider
an idempotent e in the matrix algebra MN(AQ(M)N).

Let e(oc) be the constant value of e at infinity of M; ep = e | i = 0; ep(0) =
e(oc) | =0.

In our idealized approach, A™(M) stands for all pseudodifferential operators;
Ag(M ) stands for pseudodifferential operators of negative order; Tr stands for the
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operator trace; e stands for the projection ep onto the graph of an elliptic differential
operator D; eq stands for e,p); ep and ey(oo) stand for (8 ?)
Let ch(eg) = 3., Streg(dey)' € Q°(M). Aslo, let td(w) be the Todd class of

nn!
the reduction of the bundle of symplectic frames on M from Sp(2n) to U(n); let
¢,(w) be the Chern classes of that reduction.
For any deformation one can define a characteristic class 0 € H*(M, C[[%#]]).

(We do this in Sect.5). One has 0 = w + A0, +--- + k0, 4+ ---, 0, € H*(M, C).
Theorem 1.1.1.

Tr(e — e(00)) = [(ch(ep) — trep(00)) - td(w) « e 12l
M

For the special deformations this was proved by B. Fedosov [F].

The purpose of this paper is to prove this theorem using the method outlined
above. In fact the paper is mainly devoted to constructing the analogue of the
fundamental cyclic cocycle ©.

First, in Sect. 2, we construct a Poincaré duality map in cyclic homology. Let
Ay be an algebra over commutative ring k, g a Lie subalgebra of Der(4p). Let
7: Ao/gdo — k be a trace. We construct a map

7o Clg) = CCl (Ao) (0.4)

where C, is the standard Lie algebra complex and CCj,, is the periodic cyclic
cochain complex.

Now, let 4 be an algebra over a ring k and A, an ideal in A4; let ©: 4p/[4, 4p] —
k be a trace. Passing to the matrix algebras and using the well known connection
between Lie algebra and cyclic homologies, we construct the map

Kot CCmi(A) = CChf (Ao) (0.5)

where CC, is the reduced cyclic complex. Note that, to some extent, all known
characteristic classes with values in periodic cyclic cohomology account for partic-
ular cases of the maps (0.4) and (0.5) (Sect.2.4). We prove the crucial property
of the map (0.5): there exists a map CC._,(k) — CC(A4o), making the diagram

CC._i(A) — CChi(Ao)

2| / (0.6)
CCy_a(k)

commute up to homotopy. Here ¢ is the boundary operator.

Apply the construction above to 4 = A"(M), 4y = Al(M), t= Tr. The dia-
gram (0.6) is in fact a diagram of complexes of sheaves. We show in Sect. 3 that
this diagram can be extended to the diagram

C*(M. CCooy(AY)) A5 CCR(AY)

per

3 / (0.7)
C*(M, CCu_a(k))

where C* is the Cech complex.



Algebraic Index Theorem 227

Let #, (M, A"[h~ ') be the hyperhomology of the double complex C*(M, CC, _,
(A")[h~']. We show that #3,_, is canonically isomorphic to & = C[A~',%]]. Let
2 be the generator of #5,_;.

In the case when M = R?", Q is represented by the cochain hz;”"g’] AXp A A

¢y A x, (of course there is no need to involve Cech complexes). The fundamental
cocycle Q is equal to yr,(€2). The fact that  and Tr(ay...ay,) are cohomologous
follows from the commutativity of (0.6).

Now, note that the (21 — 2)™ hyperhomology group of C*(M,CC..(k)) is iso-
morphic to H*(M,k). In Sect.4 we show that Theorem 1.1.1 follows from the
equality

0Q = e(td(w) - e~ NV2HUIY=T (0.8)

where & | H* (M) = (—1)*. Put @ = y7,(td(w) U Q).
Then
Tr(e — e(c0)) = (O, ch(e)) ,

where ch(e) is the Chern character in periodic cyclic homology. An explicit calcu-
lation shows that for any periodic cyclic o of Al(M),

lim (0,2 - ¢ ") = [o - td(w) - e 12
h—0 v
On the other hand, there is a rigidity property: if « is a periodic cyclic cycle of
Ag(M) over € (that is, if one considers €, not C[[#]], as the ring of scalars), then
Tr(e - e="") does not depend on %. The theorem follows.

It remains to prove (0.8). The proof occupies Sects. 5,6. We reduce the prob-
lem to the local computation. Let At be the standard deformation of the ring of
power series C[[x),...,x,,¢1,...,E,]]. Let g be the Lie algebra Aﬁ/([f[[h]] with the
bracket [ 1, g] = ll(f x g —gx [). Let ) be the subalgebra {> "a,x,¢, | a, € C}. Let
H.(g,; A"A']) be the hyperhomology of the double complex C*(g,by; CC,(A™M)).
Then 3, is one-dimensional; let Q2 be the generator. There is the boundary map
¢ C*(g,b; CC.(A")) — C*(g,b; CC,_(k)). This provides the canonical element
0Q of H(g,D; k) and

0Q = e(td(cy, ... cy) - e VU= (0.9)

Here ¢ | H* = (—1)}; ¢; are the algcbraic Chern classes in H*(g,b;C);0 is the
2-cocycle coming from the central extension 0 — C[{A]] — Y. g— 0.

To reduce (0.8) to (0.9) (and to define the element 0 of H2(M, C[[%]])), we re-
place M by a certain infinite dimensional manifold of “non-linear frames” (compare
with [ACKP, FT].

Finally, the local formula (0.9) is proved by a computation. This completes the
proof of Theorem 1.1.1. In Sect. 7 we prove a conjecture of B. Feigin (from which
the Riemann—Roch theorem can be easily deduced). Let M be an n-dimensional
complex manifold; let &, be the sheaf of holomorphic differential operators on M.
Let C*(M,CC.(Zy)) be the Cech hypercomplex; let HC.(Z)) be its hyperho-
mology. It was shown by Brylinski [B] that IHCo(Zy, ) — H*'(M, ).

On the other hand, the trivial cocycle 1 € CO(M, CCy) provides an element of
HCy(Zy,) and therefore an element [1] of H*'(M, ). We prove that [1] = td(M ),,.
This is an easy consequence of (0.8) (with A"(T*M) replaced by Zy).
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There is also a holomorphic version of Theorem 1.1.1. We will discuss it in
another paper.

To construct the maps (0.4)—(0.7) and to prove (0.9), we use the operations on
the cyclic complex. Let us discuss them in some more detail.

First, let X be a C* manifold. Let g be the algebra of vector fields on X.
For D € g, the operations Lp: Q% — Q% and ip: QF — QF™' are defined, sub-
ject to standard relations (like [ip,d] = Lp). Let ¢ be an odd formal parameter,
e =0; gle] = g® Cle]. Let 6 = d/de: g[e] — ge], (D + Ee) = E. Then the set
of standard relations for Lp,ip is equivalent to the following:

the differential graded Lie algebra (gfe],d) acts on the complex Q% via D+
E8 — LD + iE.

This algebra can be extended. Let 4 = C*°(X); put ip(w) = f - w, Ly(w)=
df No for f € A. Let A be the g-module 4 concentrated in the odd degree; let
gp<A be the semi-direct product. Then

the differential Z,-graded algebra (gr<4)[e] acts on the Z;-graded complex Q7%
via D+ Ee— Lp +ig; D,E € go<A.

Now, let 4 be an arbitrary algebra; g = Der(4). For D€ g, a€ A one
can define the operations Lp, i,; CCE"(4) — CCE"(4) and ip, L, CCY'(4) —
CC™ (4). Also define the Z,-graded differential Lie algebra ((ge<4)[¢],d + 1),
where 3(D + a) = ad(a) and 9, is C[¢]-linear.

It is not true that this algebra acts on CCE™(A); for example, [ip,ir]+0. How-
ever, it is true that:

the differential Z,-graded algebra ((ge<A)[e]; 0+ 01) acts on the Zy-graded
complex CCE*(A) up to homotopy.

We explain what this means and provide all the details in Appendix 1. The fact
above is crucial for our approach. We do not need it in full strength for the proof
of Theorem 1.1.1; it is needed, however, for the future applications of our method.

Let us outline some of these applications. First, there should be generalizations of
Theorem 1.1.1 for families and for manifolds with boundary. Second, there probably
is an analogue of 1.1.1 for any deformation of C°°(M) for which the symplectic
leaves form a foliation. This analogue should generalize the recent “higher index
theorem” for the longitudinal Dirac operator on a certain class of foliations of
codimension | (Moryoshi and Natsume).

There is also a possible application to algebraic geometry. Let M be a compact
Kiéhler manifold. Assume that H*(M,Z) = Z. Let w be the symplectic form asso-
ciated to the Kéahler structure. Let L be an invertible sheaf such that ¢(L) = w.
Let —ci(Ty)/2 =m - w.

Let A"(M) be the deformation with = @ (such a deformation always exists;
cf. [F]). Then, applying Theorem 1.1.1 and the Riemann—Roch theorem, one gets

Tr(l) = Py (L,% +m> ,

where Py(L, k) is the Hilbert polynomial of L. This seems to identify Py(L,k) with
the integral of some measure of a nature completely different from the usual form
given by the Riemann—Roch theorem. It would be very interesting, for example, to
find the canonical deformation when M is the moduli variety of rank » bundles on
a curve (in connection to Verlinde formulas, [V]).

Let us mention another application. Let K be a compact Lie group. The quan-
tized ring C[K], of algebraic functions on K ([S,FRT] defines the well known
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Poisson structure on K [STS]. According to Soibelman, for ¢ < 1 there is the nat-
ural way to assign a representation pg of C[K], to any sympletic leaf 2 C K. One
can identify C[K] with C[K], as linear spaces; assume that f € My(C[K],) and
that f]0Q € GLy. Then

( l)l—l

indexpol /) = o1y

[otdf - o

where [ = % dim Q. These matters will be discussed in a joint work of Soibelman
and the second author.

Section 1. The Algebraic Index Theorem

Let M be a C* manifold with a symplectic structure w. Let {, } be the Pois-
son bracket on C*>(M) associated to w. Let & be a formal parameter, and let
C>®(M)[[R]] be the vector space of formal power series in i with coefficients in
C>(M).

A deformation of C°°(M) compatible to w is by definition ([Ger, BFFLS]) a
C[[#]]-bilinear, (% )-adically continuous associative multiplication * on C>*(M)[[#%]
such that for f,g € C>(M),

frg=fg+ho(f,9)+he(f9)+

where ¢,(f.g) € C(M) and ¢1(f.g) — ¢1(g, f) = { f,g}. We assume that

1) @:(f,y) are bidifferential operators on C>(M);
i) 1« f=fx1=f forany f € C(M).

Given a deformation, we denote by A"(M) the algebra C°>*(M ) with the product
*. Also, by Ag(M) we will denote the algebra (C°(M)[[A]], %), where CZ(M) is
the space of compactly supported functions. Also, let Al(M) be the algebra AN (M)
with the unit adjomed

By a trace on A 5(M) we mean a C[[#]]-linear, (% )-adically continuous func-
tional Tr : Ah(M ) — C[# ', A]] (the right-hand side stands for Laurent series) such
that for f,g in C*(M)

Te(f*g) = Tr(g= f).

One can easily show that the traces form a one-dimensional vector space over
C[h~',A]] (we prove a stronger statement in Appendix 2). One can obtain the
canonical generator of this space as follows. First (cf. [BFFLS] and [G]) M admits
a cover by open sets U such that A"(U) is isomorphic to the standard Weyl
deformation (we recall the definition in (5.1.1)) A"(By), where By C R” is the
open unit ball with the standard symplectic form w. Let gy : AM(U) = A"(By) be

this isomorphism. For a function f with support inside U put
o l —F Ui
Trf = k™" [gu(f)wyg.
ntg

This does not depend on an isomorphism gy because Tr is invariant under auto-
morphisms of A"(By). For any element f of AS(M) put Tr(f) = >, Trpy * f,
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where {py} is the partition of unity subordinate to the cover. It is easy to see that
for f e Cx(M),

Te(f)=nr" (% Jf o+ hn () + R n(f) + - ) ,
M

where 7,(f) are linear local expressions in f. Clearly, Tr extends to the matrix
algebra My(ARM)): Tr(f) = > Te(f).

Let e be an idempotent in MN(A{;(M)). Then e = ¢y + fie; + -+, where ¢, €
My(CE°(M)). Obviously, ey is an idempotent in My(CS(M)). Here C(M) is
the algebra C2°(M) with adjoined unit. Let e(c0) = Y, - h'e,(c0), where e,(0) is
the constant value of e, outside some big enough compact in M. Then e(oo) is an
idempotent in My(C[[%]]) and eg(o0) is an idempotent in My (T).

Let

1
chey) = >~ —tr(eo - (dey)™)
n=20%%:
be the Chern character form of the idempotent ey. This is an even-dimensional form
on M. In fact ch(ey) is the Chern character form of the connection ¢y « d « ¢ in

the vector bundle ¢y - €V. The form ch(ey) — tr(eg(00)) is compactly supported.
The symplectic form @ enables one to define the bundle 7 (M )SIE")M of

symplectic frames. Since Sp(2n) has the unitary group U(n) as its maximal compact
subgroup, one can reduce .7 (M) to the U(n)-principal bundle. Let ¢,(w) be the
Chern classes of this bundle. Let td(w) be the corresponding Todd class. This is
an even-dimensional cohomology class of M with coefficients in C.

In Subsect. 5.2, we define a characteristic class 0 € H*(M,C[[#]]) of the
deformation *.

Theorem 1.1.1. Under the notation and assumptions above, let e be an idempotent
in My(AE(M)). Then

Tr(e — e(00)) = [(ch(eq) — ch(eg(c0)) « td(w) - e 12 . M
M

Section 2. Characteristic Map Associated to a Trace

2.1. Cyclic (CoYhomology and Lie Algebra (Co)homology in the Differential
Graded Case. Suppose 4 = € .4, is a differential graded algebra over a commu-
tative ring k O @ with the differential & : 4, — 4;_;; 6* = 0; d(ab) = d(a) - (b) +
(=D)“la « 5(b). Here and below, given a homogeneous element a of 4, we denote
by |a| the degree of a.

Let Cpy(4) = (A @A%™), for m,l = 0. Define the cyclic permutation 2 by

m—1
Mag @ - & ay) = ('I)UHMHHZI:O (Ia'H—”am @ag - Day- -

The Hochschild boundary operator b is given by

m—1
b(a0®"'®anz) = 2(_1)1;I‘a0®"'®al;ak+l QD ay
k=0

+(=D)"ana0 @ay @ - Q ay—1 , (2.1.2)
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where

k
o = (Z|a,|> +k k< mn

1=0

Em = (|“m‘ + ])Z(|az| + l)+ lam| .

<m

Set, on A W A®", N =1+ + 2+ 4",

Bo = (1l — )1 ® Nw).
Lemma 2.1.1. B> = (B+ by’ = b* = 0.
Proof. Direct computation. Cf. [LQ, Bu]. [J]

Put
Cm(A) = I_[ Cpq(A) .

prq=m
We let the differential ¢ act on C.(4) by

m

Nag @ - @ay) =Y (—1)*ay@ - @ay) @ & ay, (2.1.3)
k=0

where

h—1
My = Z(,‘ﬁl"‘ 1)
i=|

Lemma 2.2.2. (B+ b+ 6)> = (b+0)> =0.
Proof. Direct computation.  [J
It is well known that the differential b preserves the image of 1 — 4.

Definition 2.1.3. a) CC,,(4) = C,,(4)/im(1 — /).

b) The cyclic homology of A is the homology of the complex (CC.(A),b+ 9).
It is denoted by HC,(A4), m = 0.

¢) Put A= Alk; for p € Z, put

coey = 1 (A@o/i”’),
J=p(mod 2) q

ey = 1 CCh).
prg=m
The homology of the complex (CCY'(A);b+ B+ 8) is called the periodic cyclic
homology of A.
(It is easy to see that the differentials b, B and 6 still make sense if one replaces

AR A% by A0 A7),
d) Put

CCh )= @ (/i®“’+”) /im(l—/l),
q

prg=m
HC,(A) = H(CC.(A);b +9).
HC.(A) is called reduced cyclic homology.
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Definition 2.1.4. Put
CCm(A) = CCIH(A )/ = Homy (CCm(A )a k );

ccn ()= @ P Ued’y;

per
pHrq=m j=m(mod 2)

the cyclic cohomology, resp. periodic cyclic cohomology, of A is the cohomology
of the complex CC*(A4), resp. CCl.(A), with the differential dual to b+ 0, resp.
b+ B+

Remark 2.1.5. In the two definitions above, we concentrated upon the versions of
the cyclic theory which would be of main use in the sequel. The cyclic homology
admits another definition, in the spirit of 2.1.3 ¢).
Put
C(A) = @ A
Pq - ’
j=p(mod 2); = p

C(A)= @ C4).

m Pq
prg=m
Then homology of the complex (Cy*(4); b + B + ) is isomorphic to HC,(A4) (recall
that we assume @Q C k).

Also, we can replace 4 A" by AU+ in all the definitions above. The
(co)homology stays unchanged. We will denote corresponding complexes by CCZL ,
cc.,, or C<.

per
There are obvious morphisms of complexes (shift to the left in case of coho-
mology, to the right in case of homology)

S CCI(A) — CCPy(A);  CChy — CCRt? s

C." — C¥,. We shall denote the corresponding operators on (co)homology also

by S. Clearly in case of periodic cyclic (co)homology S is an isomorphism.

Remark 2.1.5.1. At one point we will use yet another equivalent definition of cyclic
homology. Let ' : A"+ — 4®" be same as in formula (2.1.2) but without the
last summand. Then b(1 — 2) = (1 — A)b’ and b'N = Nb (this is why the image of
1 — 4 is invariant under b). Therefore the complex NC,(A);d’) is isomorphic to
CC(A).

Definition 2.1.6. Let A be an algebra over k; let A be the algebra A with ad-
Jjoined unit. Then CC.(A) = ker(CC,(4) — CC.(k)), CCper(4) = ker(CCI"(4) —
CCY(k)) etc.
Remark 2.1.7. In this paper, k will be either € or C[[A]] or C[A',%]]. The alge-
bra A4 will be mainly A"(M) or A}(M). Then in definitions above CC.(4),C.(4)
will involve completed tensor products (both in C* and (%)-adic topology);
also, CC.(A4), C.(4), etc. will mean topological duals. Sometimes we will write
CCif)(A), etc. to emphasize that the tensor products are taken
over k.

Now, let g be a differential graded Lie algebra with the differential o of
degree —1.
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Define
Ag) = T(9)/{Dy © Dy — (=) DR 0p, 6 py)

We define the grading on A(g):

m
[Dy A ADy| =>2(1Di + 1).
1=1

Define a U(g)-module map 6 on U(g® A(g)),

M (X @Dy A---ADy)
= S(=)"X @Dy A---AD,_ A[D,DJA---AD, A---AD,

1<)

n o~
+ 3 (=) XD, N\DyA---AD; A< A Dy,

=1

where

Il

Oy

X+ 22 (Dl + 1D, [+ 1)+AZ<:(1DA|+ 1),

1<k<j

Il

0,

L X+ S + 1D+ 1),

Extend 0 to the endomorphism of U(g) ® A(g) of degree —1:

SX ®DI A ADy) =3(X)@ Dy A+ A Dy + 3 (= )X F2us, (0D
j=1

XX @D A ANOD)A - AD,y,.

One has 0% + § + 6 + oM = (6")? = 6 = 0. We denote the complex (U(g) ® A(g),
oM +5) by R.(g).

Let ) be a reductive subalgebra of gy C g which is annihilated by 0. We assume
that by acts semisimply on g. Define the right action of ) on R.(g):

m

XODIA - ADDR=Xh@Dy A+ ADyy+> XDy A---N[D,h]A---AD.

=1

It is easy to see that the differentials 04 and o together with the right action
of Iy are well defined on (U(g) ® A(g)/b))y. (If a is any Lie algebra and V' is any
a -module, we write V, = V/Va (or V/a V)). Put

R.(8.h) = ((U(8) @ A(g/h))y; "' + 3).

The algebra U(g) is naturally graded; we write |X @ «| = |X| + |«| for x € U(g),

o € A(g/b).
Let M, be a differential graded right g-module with differential d,, of degree —1;

Su(m + DY = dy(m) - D+ (=D)"m - 5(D). Put

C*(QJ);M*) =M, ®U(g) R*(g, [)) .
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For m e M, = € R,(g,h) put
dim @ ) = dym @ a4 (—D)"m @ (Y + 8)x.

We obtain a complex C,(g,b; M) with differential of degree —1. The homology of
this complex is relative Lie algebra homology. It is denoted by H.(g,b; M..).

Let N* be a differential graded left g-module with differential oy of degree +1.
Put

Homy(R.(0,H).N*) = {@ : Ri(g.h) — N*|p(Dx) = (— )7l PIDep(a0)} .
For o from R.(g,b) put

(do)(e) = dnop(x) — (=D (3" + 5)a) .

Put
C*(g,h; N*) = Homy(R.(g,h),N*); d) .

This is a complex with differential of degree +1. Its cohomology is denoted by
H*(g,b; N*).

If h =0, we will write C.(g,M.),H.(g,M.),C"(g,N™), etc. for C.(g,h;M.),
etc. If M, = k, the ground ring concentrated in dimension zero with trivial action,
we will write C,(g,b) for C.(g,0;M,), etc.

Proposition 2.1.8. The following maps are well defined morphisms of complexes:
CCii(4) — C*(.q[(A))gl(/\) 5
CC,_1(4) = C.(gl(A), gl(k))

ag @ - D ay EOI(QO) A ElZ(al ) ARERNAN EmO(am) .
The proof follows from direct computation; cf. [Bu, LQ, T].

Remark 2.1.9. Let k[¢] be a two-dimensional Grassmann algebra: [¢| = 1, 2 = 0.
Put g[e] = g @4 k[¢]. By the Poincaré-Birkhoff-Witt theorem U(g[e]))—=U(g)®
A(g) as a k-module; let < be the derivation of degree —1 sending ¢ to | and D to
0, D € g. Also, the differential & extends to gle] (put o(¢) = 0). Under the isomor-
phism above, these two differentials become —d“¢ and d. Also, R.(g,h)—=U(g[e])
Due k-

For an associative algebra A, put A{e} = 4 *; k[¢]. Then CC,_(4)=A4{c}/
(4 + [A{e},A{e}]). Under this isomorphism, ((T and 0 become b and & from for-
mulas (2.1.2, 2.1.3).

2.2. The Characteristic Map. Suppose that 4 is a unital associative algebra (Z-
graded or Z,-graded) over a commutative unital ring & of characteristic zero. Let
Ay be a homogeneous ideal of A.

Remark 2.2.1. Our main examples will be 4 = A"(M), Ay = Ag(M) (or may be
matrices over these rings). The ideal 4y is NOT the zero degree part of 4.

Let g be a Lie subalgebra of Der(4) which includes ad(4) and preserves A.
Suppose, moreover, that T is a g-invariant trace on Aj.



Algebraic Index Theorem 235

Let A be another copy of A but with shifted grading: 4, = 4,_,. Consider the
differential graded Lie algebra gp< 4,

ge<Ad=g+4; [4,4]=0;
[D,a] =[D,a] for Deg,acd;
d(D)=0, Deg &a)=(-1"ad(a).
For an element X of g>< A define the operator
ix : CCI*(4o) — CCI{|y (4o)
by
ip(ay @+ ® ay) = (—1)1FDIPH®lg . Day®ay @ @ aw,

iﬂ(aO Q@ am) = (_1)(|a0}+l)(|tl}+l)+la0|a0 ca® a) & aj K- & Ay -

Lemma 2.2.1. For any X in gr<A,

[b’iX]+i()X =0.

Proof. Direct computation.

Definition 2.2.2. Let y, be the map
2o Cu(ge<4) — Cpl (4o)

given by
XI(XI A ANXp ) (o) = m_ Z Sgn(G)‘L'(l)((“) ZX,(,,,) ),

aCSm

where o € CCE"(Ay) and sgn (o) is the sign of the permutation ¢ of graded ele-
ments Xi,..., X, determined by

en <Xn Xiz) (1

Proposition 2.2.3.
P ’\LIC B/T :
Ao ° 0= er .
Proof. Direct computation.
Corollary 2.2.4. The following is a commutative diagram of morphisms of
complexes:

Cg) 75 Gl

C*(gll></_1) /

Ay)
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2.3. Poincaré Duality. Suppose now that 4 is a unital algebra over k, 4, is an ideal
in 4 and t is an ad(4)-invariant trace on A4y. Replacing 4, 49 by My(A4), Myn(Ao)
and t by > t(ay,), we can apply the construction of y, to g = g/y(4) and get the
commutative triangle of morphisms of complexes

C(glv(A) Lo CChet (My(40))

Che(gly(A) < My(A)))

Clearly, g/y(k) acts on all three complexes, and all the maps are g/y(k)-equivariant.
Therefore we get a similar diagram of complexes of coinvariants. Note that
gly(A) < My(A) = gly(A[n]) with the differential J/dy, where
kinl = k{n}/(n*); degn=1; Aln]=A@k[n].
Making N big enough and applying Proposition 2.1.8 we obtain a map
CC*—l(A[,’]) — CCp_e:((MN (AO))Q In(k)

(defined when * < N); now notice two simple facts following immediately from
definitions.

i) by restriction from My (4o) to subalgebra {a - J,;} — A, one gets a map
CCrt(My (40))g 1iv) — CCrgl (Ao);

i) under this restriction, the elements of 4 appear only through the correspond-
ing inner derivations ad(a). Hence the composition CC._i(A[n]) — CCp[(4o),
which we still denote by ., descends to the reduced cyclic complexes CC._(4[n]).

Therefore we end up with the following commutative diagram of morphisms of
complexes:

CCi(4) 5 CCri(Ag)

CC._1(Aln)) /

Definition 2.3.1. The induced map y. : HC._(A) — HC}(4o) is called the Poin-
caré duality map associated to a trace .

Recall that there is the long exact sequence

= HCy(k) = HC,(A) — HC\(4) 5 HC, (k) = -+ .
Theorem 2.3.2. The Poincaré duality map y. factorizes through the boundary
map C:
HC.o(4) 5 HCpl(Ao)

where i (———((2,:':12)1! l®‘2”"”) =51

Proof. Note that y, factorizes through the characteristic map for the differential
graded algebra A[n]. But (A4[n],0) is a contractible comples:

J
0—Ap—4—0,
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and therefore the cyclic homology of A[#] is trivial, as can be seen from the spec-
tral sequence associated to the double complex (CC.(A[n];b,0). In particular, the
boundary map

0 HC._(A[n]) — HC._5(k)

is an isomorphism. This proves that there exists y. making the above diagram
commute. It remains to calculate y..

Lemma 2.3.3. i) the chain n®" defines a reduced cyclic homology class in
HCo—1(A[n]), o
it) (™) = G2y S ™" in HCy (A1),

1 2n—2)!
111) 0(’7®”) = (n—=1)! ((,:1 1))| 1®2” 2 in HC211—2(k)'

Note that the theorem follows from the above lemma immediately.

Proof of 2.3.3. 1) is obvious (both b and ¢ vanish at y®");

ii) follows from Definition 2.2.2 of y. and Proposition 2.1.8; note that for « in
o) equal 7(x) if o is a power of the
=F 4 fori<n—1

pcx(AO) /f(E(r(O)rr(OHI e EF(" Do(—+1
cycle (01...n—1) and equals zero otherwise. (Here E
and E,_1p for i=n—1)
Let us prove (iii). Recall the definition of the cyclic complex C3° (Remark
2.1.5). Note that in C(A4[x]),

L+l

b(’,]@m) — 0; o‘(”®m) — 1 @ '7®m—l; B(”@m) —m - (1 ® ’,,®m)

for any m. Therefore the homology class of #®" € CCy,_(A4[n]) is represented in
C? by a cycle whose component in A[y] ®m®o is equal to (—1)"~ '(” o L
Note that C57,(k) = k; one checks easily that the homology class of 1 € C3) (k) is
represented by (—1)" - (2:')' 1®@m+1) ¢ CC,,, (k). From this we conclude that

1 Qn—1 ., _
®ny __ . 1®2n 1.
O =T o) ’
1
N @ny _ —hn
7(n )—m_1w9r,

whence the statement of the lemma. O

Let us recall that (reduced) cyclic homology carries the cup product
U 7_]-C—a(A) ® ﬁ(jb(B) - Wa+b+l(‘4 ®B).

At the level of the complex (NC.(4),b" + 0) (Remark 2.1.5.1) it is given by the
standard shuffle of tensors.

Proposition 2.3.4. There exists the product

o HC, (k) @ HCy(k) — HCyypy2(k)
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such that:
) [etl) — (2/:%)!1@(211+1)f0r any n = 0;

ii) for o € HCo(A), f € HCy(B)
HoUp)=700edf.
Remark 2.3.5. Formula (2.3.4) i) is equivalent to S(1*") = —1°=1) for any n > 0.
Proof of 2.3.4. The composition

CCo(An]) @ CCTh(BINY) — CCurpei(A @ Bl 12]) "% CCopir (4 ® B)[])

defines a product for which #“" = (n — 1)!1y®". Now, as we have seen above,
the boundary map ¢ induces the isomorphisms HC,(A[n]) — HC,_,(k), etc., and
('*WU(/hLl) _ @1@(2:&1). 0

n!
Remark 2.3.6. Tt i1s easy to write the explicit formula for the Poincaré duality map
7o Letx ®---®x, € @,,4(,4), ap®@---®a, € CCp(4o). Let A=(12... p) be
the cyclic permutation. Then

p—I
<Xr(xl Q- ®Xp), ay® - ® ap> :(Al)p(pfl)/z Z sgn(/i’)
=1

- Waolxy,ar]. . [x s apl) .

2.4. Examples. Let A =Ay+ A4, be a Z,-graded algebra. Let F € 4, such that
F? =1. Let 7, : A — k be an even supertrace on 4; i.e., ty(ab) = (— 1)l (ba).
Note that F®27 is a cycle of CCa,y_1(A). It is easy to see that F®2" =2n - 1.
One has 1 i
ZXT.V(FQQZH)(”% v ’a211) = mfx(aO[F’ al] T [F’ aZn])

for ay,...,ar, € Ay. Thus we obtain Connes’ formula for the Chern character of a
Fredholm module. Theorem 2.3.2 implies that the cocycle in the formula above is
cohomologous to S~"t,.

Now, let us keep the same assumptions as above except F? = 1. There are two
ogd elements in the algbera gr<A4, where g = Der(4); one is ad(F'), the other is
£

Therefore there is the subspace A*(k - F2 +k - ad(F)) in C.(g><A); this sub-
space consists of all symmetric polynomial functions of ad(F) and £~

Let V be an odd element of a different graded Lie algebra a . Formally, we can
consider any symmetric function in V as an element in C.(a ).

Lemma 2.4.1. I/
. 1
oV + E[V’V] =0

in a, then eV is a cycle in C.(a).

Lemma 2.4.2. Put V = ad(F) — F?; then
. 1
OV + 3V, V] =0

in gr<A.
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The proof follows from direct computations. Expand eV as a power series in
ad(F) and F?, and apply the definition of y, to this infinite sum of chains of
Ci(gp<d). It is easy to see that for ag,...,a, € 4,

7o (exp(ad(F) — F*))ao, ..., an) = [ Ts(aoe_'OFz[F,a.]e"lF2
A”

¥ [F, aa]...[F, anle™"" ) x dt, - dt, ;

here A" = {(tg,...,t,)|> 4, = ;4 = 0}.

We thus recover the formula of Jaffe, Lesniewski and Osterwalder [JLO]. Of
course, if the argument ay,...,a, are even, then the components of the periodic
cyclic cocycle above are zero whenever n is odd.

Section 3. Globalization and the Fundamental Class

3.1. The Cech-cyclic Complexes and the Characteristic Maps. Let, as in
Sect. 1, (M,w) be a symplectic C> manifold and let A"(M) be a formal
deformation of C>°(M) such that ¢(f,9) — ¢i1(g,f)={f,g} is the Poisson
bracket associated to the symplectic structure w. Since, by hypothesis, ¢,(f,g)
are bidifferential, one has in fact a well-defined sheaf of algebras A"(U)
over C[[#A]], where U 1is any open subset of M. Choose an open cover
{U,} of M such that UyN---NU, is either empty or symplectomorphic
to a bounded open contractible subset of R?>' for any ip,...,i,. From now
on, (C’*(M, . ),5) will always mean the Cech complex associated to the cover

{U,}. Put
% pm=C'(M,CC,(A"))

G, = H C~p.m;

m—p=n

the differential in this complex is b + (—1)"d

C'(M,CCo(p1)) '~ C'(M,CCy(AM)) — -

[€

CUM,CCo(")) = (M, CC\(n")) — -

We will denote the homology of the complex &, by #, or # (M, A"). Let k =
C[A]. -

Clearly, the boundary map & : CC.(A") — CC,_ (k) extends to a well-defined
morphism in the derived category of sheaves, therefore C*(M,CC.(A")) =
C*"(M,CC,_(k)) is well defined in the derived category of complexes.
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Proposition 3.1.1. There exist the morphisms of complexes y.,%. such that:

i) the diagram below commutes in the derived category:

C(M.CC_y(A)) 5 CCrr(BL(M)

C*(M,CC._2(k))

ii) the composition of ., resp. 7. with the morphism CC . (A"(M)) — C*(M,
CC.(A™)) resp. CC.(k) — C*(M,CC.(k)), is equal to y., resp. y. which were
defined in Theorem 2.3.2.

Proof. First of all, it is easy to construct the commutative diagram

C*(M,CC.i(BAM)) 5 CHM,CCpf (AH(M))

CH(M, CC_s(k)) /

(since y., 7: are given by explicit local formulas). Now, note that the sheaf U
CCE (Al admits partition of unity (unlike U — CC.(AM(U)). For example, take
{pu,} to be the partition of unity subordinated to {U;} and let /,, be the operators
defined in Appendix 1. Thus, there is the quasi-isomorphism
(BG(M))

C*(M,CCE (Y — CC?,

pel per

composmg it with y., we get the morphism y, : C*(M,CC,_ (A")) — CC_ per (#\”
(M)) given by the explicit formula

{Sl./o U,)} = U Z /T(S)(]PL [B + b IPU ] [B + ba Il)U,,].) .
In the same fashion we get the morphism 7, : C* (M,CC.—2(k)) — CCf (AT’(M))
given by

{evg.v,} - 1% = Z v, (8" ')l pup [0+ By dpy 1 - X [B+b, 1y, 1) [

Corollary 3.1.2. There exists a commutative triangle

Hoo_ (M. A L HCM(ARM)))

per

S T
HAPMK) - &

<
[1\%
(V]

for any m.

Remark 3.1.3. Clearly, the cup product defines the H*(M, k)-module structures on
all three k-modules above (since C pm(#\’") and C*(M, CC,,) are quasi-isomorphic),
and all the morphisms above are in fact morphisms of H (M k) modules.
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The same construction may be carried out if one replaces A*(U) by A™(U)[A ']
= AN U) Rcqh) C[n~",4]] and puts k = C[A~',4]]. We denote the bicomplex by
C*(M,CC(A"[R™"'])) or €*(M, A"[A~']) and its homology by # . (M, A"[A~']).

The next two subsections are devoted to the proof that #5,_ (M, A"(U)[A™'])
is canonically one-dimensional. In 3.2 we show this when M = R?*; in 3.3 we
prove this for arbitrary M.

3.2. Local Computation of #5,_,.

Theorem 3.2.1. HC;(A"(R*)[A~")) ~k if i = 1,3,...,2n — 1; HC,(A"(R*")[A~'])
= 0 otherwise.

Proof. 1t is well known [BFFLS] that any formal deformation of R?* corresponding
to the standard symplectic structure is isomorphic to the standard deformation

Al ) .
ia"aff * 09,

f*g=Z

where o = (ay,...,%,), % = 0. Consider the (%)-adic filtration of the Hochschild
complex C,(A"). The corresponding spectral sequence converges because the fil-
tration is complete. One has E' = HH,(C>*(R*")) = Q*(R*"); the differential in
E' acts from Q* to Q*'; if one identifies Q' with Q> via the form w, then
the differential becomes the de Rham differential d (cf. [B1]). Therefore, the
spectral sequence collapses at £? and HHo(A") = k; HH,(A") =0, i+2n. Now,
from the Hochschild to cyclic spectral sequence [LQ] we get that HC;(A") = k
ifi=2n+2p, p=0; HC,(A") = 0 otherwise. It is clear that the chain 1 ® (&,
Ao ANESAXI A Axy) in AT © (A" is the generator of HH>,. An easy com-
putation in (B + b)-complex C;* shows that this chain is homologous to a non-zero

multiple of 1 € A" @ (Eh Y0 Thus, the morphisms HCay42i(k) — HCayy2i(A") are
isomorphisms. Now, the theorem follows from the exact sequence

- — HCy(k) — HCp(A"y — HC,(A") — HCpy (k) — -

(¢f. [LQ]). [

Remark 3.2.2. Clearly, the chain 1(& ©x;) or the homologous chain 35 (&) ® x; —
X1 ® &))) represents the generator Q; of HC (A"(R')), and 0Q, = 1. Now, put
Qu = QP"; then @, is represented by the chain 3 + 5-(& A& A+~ A AX,) and
09, = 1*" because of Proposition 2.3.4.

3.3. Computation of #,—1 and the Fundamental Class. Consider the spectral
sequence associated to the double complex %_, ,, from 3.1. The first differential is
b; thanks to Theorem 3.2.1, one has

Ez—p,m:Hp(Mak)a m=1,3,...,2n—1;
E2 pom =0 otherwise .
In particular, £2 , | =k and E2 , =0, m > 2n — 1. Therefore there is the edge

homomorphism
HY (M k) — Aoy - (M, B RT'T]) 5 (3.3)
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its restriction to H° is an isomorphism. Let © be the image of 1. This is the
generator of #,,_1(M, A"[A~']). We normalized it requiring that its restriction to
any coordinate open subset be represented by ﬁ(é FAXTA - ANy A xy).

Note that the edge homomorphism (3.3.1) is given by

]:IPBCHC-QEsz,,_]_p;

¢ -+ Q means the cup product; we use the symbol - to distinguish from the cup
product in cyclic homology.

Section 4. Algebraic Index Theorem for Formal Deformations

4.1. Boundary Operator at the Fundamental Class. Recalls that we had defined
the generator Q of #,, (M, Al [7']) (cf. 3.3) and the boundary operator

O Ao (M, ") — @ HP""(MK) - 1°7

m
rPz3

(cf. 3.1). The following theorem will be proved in Sects. 5, 6.

Theorem 4.1.1. 1) the fundamental class Q may be represented by a cochain in
ZIZOh'("J”)C:’(M,Tz,,_H,); modulo h - Zh_(”*’)(j’(M,TQ,,H_;), this cochain
may be chosen in

Z h—(l+ll)éi(M’ /\2/1+iKh)) ;

1) One has
0Q =T, - 1°7FF
k

where, by definition,

(" - eV (@) = =1 Ty, T € H¥(M).

4.2. Proof of the Main Theorem. First of all note the following fact which follows
from Theorem 4.1.1.

Corollary 4.2.1. 3, S *yr(Q - T,:) =S~ Tr, where e"te= 1)V 21d(w) =
(=13

Proof. One has

ST - Q)= S8 - T - 71(09)
k=0 k=0

s n gy (S
i
= ;s—" ST Ty (1907

=S5t s Tr=8"Tr. O
k1

Note that we have used Theorem 2.3.2 at the end.
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Let y: CCY"(AL(M)) — QF(M) be the linear map such that

m

1
wag® -+ Qay) = ——aoo)da(o) .da'”
where afo)

Theorem 4.2.2. Let a be a periodic cyclic cycle of MM ). Then

= limy_9a,. This is a morphism of complexes.

1) (y1.(Q),a) has no singularity at i =0, and
lim (7r.(2), @) = (~1)" [u(a) ;
h—0 M

i) Tr(a - e="") has no singularity at h = 0, and

lim Tr(a + ™) = [e(u(a)) - td(w) - e 12,
L M

where ¢/HNM ) = (— 1)
i) Let a be a cycle of CCP (A" (M) (¢f Remark 3.1.3). Then

0 ¢
thTr(a) =Tr <a . E(O/h)) ,

and thus )
g—hTr(a . e'(”') =0.

Proof. One has

| B
n - <XT1‘(‘Q)’a> = Z <ZTI <%(§l AXI N NGy /\xn)’IﬂLI) (l> + %,
U

where * means a collection of similar terms which involve instead of (&1 A -+ A x,)
some expressions of tensor degree higher than 2n. But, because of the explicit
formula for y1, (Remark 2.3.6), any tensor factor will contribute a commuta-
tor which is divisible by %. In particular we see, using Theorem 4.1.1. ¢), that
(71.(Q),a) is regular at i = 0 because the expression under y1, contributes at least
a h?" factor. We also see that limy _(y1,(£2),a) depends only on a (mod 7). Let
(Viseo s yan) = (E,x1, ..., &y xy). The explicit formula for yr, yields that

‘ i ) B
%erlo<ZTr (%Cl /\xl AEERVAN Cn Axn) ,a>

. (_1)”
=f11133)2 2 [(2 ),ao[ya,, arl...[Vo@nyanldyr ...dyn
n (0 0
= Z( l) f(z ), ){yal,a(] )} {yﬂ(z,,),a(z?}dyl ...dyz,,

(0) 5 (0) )
=(—1)'"[ay'dd,’...d a5, ,

since {¢,, - } = d/dx; and {x,, - } = —0/¢,.
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Now, we claim that the contribution of the summand * (formula (4.2.1)) to
limy o (y1(Q),a) is zero. Indeed, because of Theorem 4.1.1 1), if supp a C UpN
--+M U,, this contribution is equal to

1

imgez faO{X(rl ’al} e {Xa(Zn-t-m)’ aZn+m}dédx =0

Son +m

(where X, are some functions on Uy N---NU,).
This proves part i) of Theorem 4.2.2.

Lemma 4.2.3. The morphism p : HCY'(AlNM)) — HY(M) commutes with the ac-
tion of H*(M, T).

Proof. Let ¢ = (cy,.v,) € C"(M,C). Let a = ay ® -+ @ a,,. Then

ule «a)y=yp (Z CUo~-UpIt_*UO [B+ b,],_,U] ]---[B+b, lﬁu,,]a> .

We have
]ﬁ(a0®al®):aog®al®+]®’

the second summand is irrelevant because the value of p at it is an exact form.
Also,
[B+b,1,] = Ly + Luap) = Ly(mod 7).

Thus
e -a)=pu (Z CUy---Up Z(iaopuo K Q0 Py, D PUs, & - '))

B 1 (m+ p)!
 (m+ p)! m

> U, PUAPU, - dpu,

. az)o)da(lo) coodd® = ¢ - p(a). 0

We obtain from 4.2.1 and 4.2.3 that
Tr(ae™"") = (n(Q).a - e(id(w) - e 1))

and
rlin}) Tr(ae™ ") = [ ep(a) - d(w)e= 12
This proves (4.2.2 ii). Part iii) follows from Corollary 6.5.2. [J

To prove Theorem 1.1.1, consider the Chern character in cyclic homology
. ~
[C,K]). For an idempotent e in My(A,(M)), put

chie) = ¥ (~1) -

A=0 k'

Tr ((e — 1) ®@e¥%) .

Clearly, u(ch(e)) = e(ch(ep)) up to an exact form.
Theorem 1.1.1 follows from Theorem 4.2.2 if we apply it to a = (ch(e) —
ch(e(oc))) - 0™, m = 0.
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Section 5. Gelfand—Fuks Cohomology

5.1. The Space of “Nonlinear Frames.” In this subsection, we will replace the
space # (M) of symplectic frames by the infinite dimensional manifold of “nonlinear
frames.” For this, we need some information about local structure of deformations.

Recall that, if U is a contractible subset of R*" and w = > d¢, A dx,, then any
deformation of C*°(U) corresponding to « is isomorphic to the standard Weyl
deformation:

A ~ ~ A

noo ¢ g 0

h
(f *g)(&x) =exp <§ DY - ——> S(&x)g(n, y)

FErN n A
=106, 0y on, 0x,

(5.1.1)

<=
=V

From now on we will denote this standard deformation by A"(U). Let x be a point
of U. By E\r’(U)X we will denote the algebra of oo-jets of elements of A™(U) at
x. We view this as a topological algebra; the topology is given by powers of the
ideal 1 generated by #%,x,,...,x,, i1,..., ¢,

Proposition 5.1.1. Let g be a continuous C[[h]]-linear automorphism of the algebra
A(R*),. Then there exists an element ¢ = ¢o + iy +--- in ARy such
that:

1) (/)0 € <x1,...,X”, él>~~~7€vn>2;

i) g(f) = et + - e
for any f € AR,

Proof. The element ¢ can be easily constructed step by step; (cf. [BFFLS and GJ).
Note that the condition i) means that the Hamiltonian vector field corresponding to
¢o preserves the point zero.

Now, consider a symplectic manifold (M, w) together with a deformation A" (M).
Denote by A™(M),, the topological algebra of oo-jets of elements of A"(M) at the
point m € M. Clearly, any such algebra is isomorphic to @"’(]R”’ )o-

Put

M = {(m,p)me M; ¢: ANM),, S ﬁ\f‘(le”)o} ,

where ¢ is a continuous isomorphism of C[[%]]-algebras and ¢ mod # is real (i.e.,
commutes with complex conjugation).

Consider the group Gy = Aut i\”(IRZ” )o of continuous C[[%]]-linear automor-
phisms, real mod #. Let K be the subgroup consisting of the transformations Ad(e?),
® € A"(R*)y. The correspondence Ad(e?) < @ mod C[[#]] - 1 is clearly bijec-
tive. We endow K with the corresponding topology. It is easy to see that K is
normal in Gy.

Now, the quotient group Go/K is isomorphic to the group Hy of formal sym-
plectomorphisms of IR?". Note that Sp(2n) C Hy and Hy/Sp(2n), as a set, is in
one-to-one correspondence with (xi,...,x,, ¢ 1,...,6,1>3. Therefore there is the ob-
vious topology on H, and whence on Gy. It is easy to see that G, becomes a
Lie group with model space R*. As a manifold, Gy is a projective limit of finite
dimensional manifolds.

The symplecting group Sp(2n) is a subgroup of Gy. It acts by linear symplectic
coordinate changes.
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Let go be the Lie algebra of Gy;

90 = {} = do + Ay + - € AR )| € (x,, &)/ T[[A]] - 1, o real}

with the bracket [¢,y] = %((b*uﬁ—l//*gb). This Lie algebra contains a sub-
algebra linearly generated by x.x;, x,¢;, ¢, which is the Lie algebra sp(2n) of
Sp(2n).

It is clear that the embedding Sp(2n) C Gy is a homotopy equivalence. Thus,
one has homotopy equivalences

M/Sp2n) = M;
M/Umn) S M.

Let (myp) € M. Let ¢ = @o + Ay + -+, the lineralization of ¢y is a symplec-
tic isomorphism IR?" = T,,M. This provides us with the map M — .7 (M), where
Z (M) is the bundle of symplectic frames. This map is clearly a homotopy equiv-
alence. Thus, we can conclude with the following.

Lemma 5.1.2. The principal bundle M — M/S p(2n) is homotopically equivalent

to the principal bundle F (M) Siﬁn)M, where F (M) is the space of symplectic

frames on M.

5.2. Lie Algebra Cohomology, Cohomoloyy of ]\7[/Sp(2n) and Characteristic

Classes. Let g={¢ € AR ) /C[[R]] - 1| real} with the bracket [¢, ] =
;11((/) 1y —if % ¢). Clearly, go is the subalgebra of g.

Lemma 5.2.1. There exists the natural uaction of § on M which extends the
action of . It induces the isomorphism g T(,,,l(,,)/V[ for any point (m, @)
0f]\71 .

Proof. Consider a point m € M and an open neighborhood U, of m. Consider an
oo-jet of a symplectomorphism gq : ¥ = U,,, where V' is an open neighborhood of
0 in IR*" and ¢o(0) = m. Consider a one parameter family of oo-jets of symplecto-
morphisms /, : Wy = V,, where W, is an open neighborhood of 0 in R, hy = id
locally and #,(z,) = 0 for some z, € ;. Assume that we have continuous isomor-
phisms

Uy 2 B(Vo)o 2 B (Wy),,

such that o(f)=f cgo+h..., y(f)=f - h +h...,p=id.

The set G of continuous isomorphisms A"(R¥")y = A"(IR?")., where z varics,
has obvious smooth structure (in fact G = R ). Assume that {1} is a smooth fam-
ily. Then L(—t li=o(y - @) defines a tangent vector to M at the point (m, ¢). Clearly,
£ 1—o ¢ It is also clear that the tangent space to G is

this vector depends only on

equal to g. Thus, we have a homomorphism o : ¢ — Vect M. 1t is easy to see that
3

this homomorphism is in fact a Lie algebra homomorphism and that g = T(m.(p)M ;
this is because the map  — (m, o ¢) is in fact a local diffeomorphism between

Gand M. OO
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Let C},,(g) be the complex of continuous cochains of Lie algebra g with co-

efficients in the trivial module €. We define a homomorphism
i Clo(g) = Q7 (M) (5.2.1)
if p el (g) and X,..., X, € T\ M, then
(X1 X)) = (™ X071, (522)

where o : g — Vect M was defined above. Clearly, ¢ is a map of complexes. Let
U(n) be the maximal compact subgroup of Sp(2n) C Gy, then u descends to a map

1 Ch(a(n); €©) — QF(M/U(n)) (5.2.3)
which induces a homomorphism
W H (g u(n); C) — H* (M, C) (52.4)

(because M /U(n) is homotopically equivalent to M).

Now recall the definition of the Chern classes in relative Lie algebra cohomology
([Fu]). Let g be a Lie algebra, by a reductive subalgebra such that the adjoint action
of ) on g is reductive. Then there exists an h-equivariant splitting V : g — [). Put

RIX,Y) = V([X.Y]) — [V(X), V(Y)];
this is an h-valued two-cochain of g. For any invariant polynomial P € S¥[ly]" put
cp =P(R) € C*(g,h;C).

It is not hard to show that cp is a cocycle and its relative cohomology class does
not depend on V. If b = u(n) then we get, using the polynomials P, = Tr A* X,
the Chern classes ¢; € H*(g,1u(n)).

Lemma 5.2.2. u(c;) = cp(w) € H*M(M, T).

Proof. Indeed, a splitting V : ¢ — u(n) provides a connection in the principal bun-
dle M — M J/U(n); the forms p(c;) are the Chern—Weyl forms of this connection.
But this principal bundle is homotopically equivalent to the bundle of symplectic
frames. [

Now, let 0y be the 2-cocycle corresponding to the central extension
0— R +AaC[[A]] —» A" —g—0.
Put 0 = u(0y); 0 € H*(M,C[[A]]).

5.3. Fundamental Class in Lie Algebra Cohomology. Consider the double com-
plexes

C_po(@u(n); A" = CP(g,u(n); CC(A™)(R?))

and
C_pg(gu(n); (A'E']) = C_ g Depay ClR, 1]
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with the differentials 0“¢: C_,, — C_,_y,, and b:C_,, — C_, . Let C,, =
[1,-,-C=pq be the complex with differential 5+ (—1)70“. We denote its
homology by #. (g, u(n); A").

As in 3.1, one defines the boundary map

Homr(gu(n); AR S @ HP (g, u(n)sk) - 127,

>m
Pzy

k = C[A~",4]]). By the same spectral sequence argument as in 3.2, (g, u(n); Al
[A=']) =0 for i = 2n and is one-dimensional for i = 2n — 1. Denote by €, the
generator of #5, | for which 6Q;, = 1°*" + - - -,

Section 6. Proof of Theorem 4.1.1

6.1. Reduction to Lie Algebra Cohomology. Our aim is to reduce the computation
of 02 in Cech cohomology to the computation in Lie algebra cohomology. To do
this, we, as usual, introduce the third complex which involves both Lie and Cech
structures and serves as a link. Put

G(M,CC (")) = C*(M, C*(g,u(n); C(M,CC,(B"R™)[A'])).

More precisely, % is the Cech complex of M with coefficients in the sheaf
whose space of sections over U is the Lie algebra cochain complex of g relatively
to 1(n) with coefficients in g-module of C> maps from U to CC,(A"(IR*")y). Note
that g acts on U (this action was defined in Sect. 5), and g acts on @\ﬁ(]RZ” )o by
derivations. Therefore g acts on C>(U,CC,(A(R*")y)); the space of g-invariant
sections coincides with CC, (A"(M)).

This last remark shows that there is a well defined morphism of complexes

p: C*(M, CC(AM[A™']) — Z(M,CCL(A")).

This morphism is induced by the following morphism of sheaves: a section of s
of CC.(A"(U)) maps to a section ((m, @) +— (image of jet_ (sy ), under ¢@)) which
is a closed cochain in C%g,u(n); C>(U,CC,(A"(IR*)y)[A'])). On the other
hand, one has the morphism of complexes x' : C*(g,11(n); CC,(A"(IR*)o[A™'])) —
G(M,CC,(A")).

The morphism ;¢ is induced by the map which sends an element 5 € fC_*(z\f’,
(IR?")y) to the constant function on M with value 1.

Similarly, we can construct the complex Z(M, CC.(k)), k = C[A~"',A]], and the
morphisms g’ and p. We get a diagram of complexes

C*(g,11(n); CC._ (AT (R>)[h~1])) £, DM, CC,_(A")) L C*(M,CC._\[h™'])

s [ [

’

C*(g,1(n); CCo_(k)) B aM,CCon(k)) D C*(M, CC, (k)
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Note that p on the bottom of the diagram is a quasi- 1somorphlsm Indeed, C*(g,u(n);
C°°(U C)) is isomorphic to de Rham complex Q*(U/U(n)) But U/U(n) is con-
tractible; therefore the sheaf of complexes U — Q*(U/U(n)) is quasi-isomorphic
to the constant sheaf U — C.

The same spectral sequence argument as in 3.2 shows that there exists a unique
fundamental class Q. in H,, (%) such that 0Q = 1*" + ... and a unique fun-
damental class @, in Ha,_,(C*(g,u(n); CC,_)) with the same property. Clearly,
W(82) = p(Q) = Q..

Therefore 0Q = p~'1/(0Q,); it is easy to see from definitions that p~'y’ in-
duces the same map on cohomology as u : H*(g,u(n)) — H*(M,C) from Sect. 5.
Therefore we have reduced the proof of Theorem 4.1.1 to the following.

Theorem 6.1.1. 1) the fundamental class Q; may be represented by a cochain in
3,2 o FC (g u(n); CCopi 1 (B1)); modulo Y, - h =+ C' (g, u(n); CCyi1 ),
this chain may be chosen in 'y, - ;A= C' (g, u(n); DY

i) 0Q, = Y%, Ty - 1o0h)

where T, € H* (g, u(n); C[[A]]) and

e ilorer/2 d= e, .. e0) = Z(—I)I‘Tk )
X

The proof will occupy the next three subsections. Part ii) will be proved in 6.2-6.3;
part 1) will be proved in 6.4.

6.2. Computation of 0Q;; Reduction to One-Dimensional Case. First of all,
consider the Lie subalgebra g/(n) in g: the matrix (a,;) is represented by the
element > a,x¢,. It is clear that 4/(n)¢ is conjugate to u(n)e in g¢ by a
matrix from GL(2n,C). Thus it is enough to prove that, for the fundamental
class @, € H*~!(g¢, /(n)e; CC.(AT)),

QL — ZTA . lo/1+k ,
h

where 7, - (—1)* are H** components of the class td ™! e~ . o112 constructed
from the Chern classes c¢y,...,c, corresponding to g/(n)¢.

We shall denote the subalgebra gl(n)¢ of g¢ by by, or 51mply by b.

Our first step is to enlarge the Lie algebra g¢ acting on CC, (A”(]Rz” Yo). Let ge
be the Lie algebra {¢ € AP (R?")|¢p mod # is real }¢. One has the central extension
0—(R+ AC[[A]De — gc — gc — 0. Let B =ha C - 1. Clearly, C*(g¢, ;M) =
cr (q(r,l) M) for any ge-module M. Let ge[e] be as in Remark 2.1.9. Then gel[e]

acts on CC, as follows:

- e

1 n
gDao @ @[Da]®--@ay);
i=0

Lp(ay®@ - ®a,) =
1 n

Lip(ap @ -+ @ay) = EZ(—l)’(ao®~--®a,®D®a,+| Q- @ay).
1=0

One checks (cf. Appendix 1) that these operators indeed define an action of the
differential graded algebra g¢[e].
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We will need some information about relative cohomology of gg¢[e]. Let g be
any Lie algebra, )—a reductive subalgebra of g such that ad | }) is semisimple
on g. Consider the differential graded Lie algebra g[¢], as above. For any invariant
polynomial P € S¥[ly’]" define the characteristic cocyle cp = P((0“'¢ + 9)V + V?) in
C*(gle], h; ©), where V : g[e] — b is an h-equivariant splitting (such that V(g¢) =
0). Recall the following proposition (cf., for example, [Na]).

Lemma 6.2.1. The map S*['1Y — H**(g[e],h), P+ cp, is an isomorphism; also,
H***'(g[e],h) = 0.

For the readers’ convenience let us sketch the proof. Since (g[¢],0) is con-
tractible as a complex, the cohomology of the differential induced by o on C*(g[¢], 1)
is isomorphic to S*[h’']". The isomorphism sends Ag® A%ge to zero for p > 0;
for p =0 it sends an element of AY(eq’)? = S9(g’')" to its restriction to ly. Thus,
the spectral sequence of the double complex (C*, %€, 5) collapses. [

We now have a slight technical difficulty because the action of ¢g¢ does not
preserve the subcomplex CC, (k). It preserves, however, the subcomplex CCi”(Af’)

which is the linear span of tensors @y @ - ® 1 & - - - © a,. Note that CC,/CC\" =
CC,. Thus one can define a boundary map

¢ C*(@ele) b; CC(RMA']) — C*@elel, b; cCt” (AMH[A 1) .

Lemma 6.2.2. There exists a quasi-isomorphism
C*(@elel,b; CCLh)) 2 C(@alel, by CCV(AM) (6.2.1)
which extends the obvious embedding

C* (G, b; CC.(k)) — C* (G b; CCO(AM) . (6.22)

Proof. Consider the spectral sequence of the double complex (3“¢ + 0;5). One has
Ez_p‘q = H?(ge¢, b; €)0¢CCy(k) for both complexes in (6.2.1), resp. H” (g, D; €)
@eCCy(k) for both complexes in (6.2.2). Moreover, since HY4(g¢[e],h) = 0, the

spectral sequences for (6.2.1) degenerate at E2. This implies the statement. [J

By the same argument as above, one can extend the fundamental class €, to
the class in 1H2,,¥1(§¢,B;Z“ci(£\ﬁ)[h—‘]). To prove 6.1.1. ii), it suffices to show
that

N0 =S, - 10tk (6.2.3)

where 2 was constructed in Lemma 6.1.3.
Now one can see the advantage of passing to gele] from ge. Indeed, by virtue
of Lemma 6.1.2 and by uniqueness of the fundamental class, it suffices to prove

(6.2.3) if ©, is the fundamental class in Hs,_;(be], b; CC.(A")[A']) and the
right-hand side is in H,(b[e], b; CC.(k)).

Now we can make further reduction. Let d, C Iy, be the subalgebra of diagonal
matrices. Let S,, =0, C - 1. By Lemma 6.2.2, the restriction homomorphism
C*(g[a],g; CCyy(k)) — C*(Ab (], D ; CC._1(k)) is a monomorphism (any invariant
polynomial on [ is determined by its restriction to D).
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Our next step is to reduce the problem to the case n = 1. Note that the
products — and e on cyclic complexes (cf. Subsect. 2.3) extend to hypercoho-
mology (one can combine them with the standard multiplication of the Lie al-
gebra cochains); d(a — b) = éa e db. Denote g/(1)¢ by Dy; then d =Db, ="
In fact the algebra D,*"[¢] acts on CC,(A") (via the homomorphism b [e] —
Dalel; (X + A1) — (x1,..., %0 2. 4 + 1)). Denote by €,(1) the fundamental class
in Hy,_1(d[e], D15 (A")(IR)o[A~']). Then, by the multiplicativity formula above
and by uniqueness of the fundamental class, one has Q; = ©,(1)7"; if we know
that

Q1) =1 oS T} - 1%+, (6.2.4)
then
69[‘ _ ((’)QL(I))ON — lon ° Z(TI\ . 10/\')0;1 ,

and Lemma 6.2.3. ii) follows from (6.1.5) because of multiplicativity of our coho-
mology class.

6.3. Proof for n = 1. First, compute 0Q; restricted to the subalgebra C - (x¢ — %) =
D,. In fact our computation will be carried out over the following subring D,
of A"(R")y. Let d; = ;¢&; then put Dy = C[x,,]. Let us examine the complex
C’*( D[], D1; CCw(Dy)) in more detail.

First of all, by definition, the first Chern class ¢, is represented by the follow-
ing cochain: ¢j(exd,) = 1. Thus c{(exdy, ..., exdc) = nl. Therefore, for a chain # of
CC*(DI )5

6L]C(ﬂ) =Cr Lz:.\'F\ n;
8LI€(C’17 . ,7) = C'|'+IL1;\'F\’7 :

Thus, the complex C*(d[¢], D,; CC.(Dy)) is of the following form:

a2cc, & a2ce, Loa2ce, Lo osccy Lo

TeL Tt Tt
C|T0 & C[T] <b— C|T2 fb— C|@3
TL Tt TeL

cc, &£ ¢, & caq
where CC, = CC,(Dy) and L = Ly;,.
Lemma 6.3.1. The fundamental class Q(1) is represented by the following chain:

1
Q1) = —Z;cﬁ"‘(x@a\.)@". (6.3.1)
n

Proof. One checks that

(b+al)21) =S "+ 10 @x)°", (63.2)

nz0
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where (1) is the right-hand side of (6.3.1). But the right-hand side of (6.3.2) is
in the subcomplex T(”(D] ).

Now, a simple calculation shows that, in the double complex above,

. (2n)! ®2n+1)
"nt(n + 1)
_ |
C(n4 1)

1@ @)%~

no, qentl,
1 >

thus,

C” o
8Q(1):Z(n+11)! et

comparing this with

1] —e @ )n 1

= = Z

¢ (n+ 1)'

To complete the computation of ¢Q2;(1), consider the algebra Sll We view the

element o~ '(6Q;(1)) as a power series on D, with values in CC,(k). (Note that o
is defined in Lemma 6.1.3.) Our statement will follow from

Lemma 6.3.2. For any 2 € C and X € b,

QUK Y - 1) = (1)) e 3 e

m=0

Proof. Consider the following isomorphisms in derived category:

CH(Di[e], D13 CC. (k) == C*( D [e], Dy; CCO(AM))

L (D [e], D13 CCO(BM n])) < (i [e], D13 CCL(ALN])) -

One can define the composition ¢! + i - 2 explicitly:
1 ~— . on (_l)k s m
H(c Pod o a)(1%)(eX, ... .eX) = i  ((m — 1)Iy®m)
k times
(-1)]‘ A L= 1
- k L;]sz”' (}7)

Now, to define ¢7'i(0€,(1)), one has to define it on the algebra D, and extend it
trivially to D;. The lemma follows easily. []

6.4. Proof of Theorem 6.1.1 i). Let us construct the fundamental class Q; explicitly.
Let C!" = C*(a¢,b; End T*(@ﬁ(ﬁlz"))), where g¢-module structure on End CC,
is given by multiplication by Lp from the left. The differential in clV s given by
B+ b+t Let C*) = C*(gg,b; CC.(A"(R*"))), where ge-module structure on
CC, is trivial. The differential in C'* is denoted by B + b + d“. Multiplication of
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Lie algebra cochains and action of End CC, on CC, induce the multiplication
cPVec® — c?.

Consider the cochain
A=09+ o+
1),
of C"; wu(Xi,. .\ X) = Lyy—vx - Lxy -V,

Let Q) be the fundamental class in C*(b[e],h; CC.(A")). Let R(X,Y) be the
curvature form. Let ¢R be the two-cochain X A Y — ¢R(X, Y). Consider the A*(ely)-
(lR)m Put

valued cochain Zm>0 Tml
IJ:Q(LO)<Z &> :

m=0 m!

This is a cochain of Cm

Proposition 6.4.1. The cochain o - f represents the fundamental class Q.

Proof. Clearly, the lowest component of = - /i is equal to 35— ,I,,(cl AXp A A
&n A xy). It remains to show that o - 8 is a cocycle. Let Ly and Ly be cochams of

WV Ly(X) = Lyxy and Lpwxy)y = Lgyyy). It is easy to check that

(B+b+ ") =0-(—Ly+Lg);
(B+b+05°) = (Ly — Lp)p

(we use the Bianchi identity SR = [V, R]).
Therefore o - f# is a cocycle and represents the class €2,. Finally, it is easy
to check (compare to 6.3.1) that Q(LO) may be represented by a cochain from

3, CHOeL ;AT " CCay).

Corollary 6.4.2. The fundwnental class Qp (resp. Q) may be represented by a
cochain in C*(g,u(n); CC(AMNIR>Y)), resp. C*(M,CC."(AM).

6.5. One-Dimensional Families. Let R, = {/ € R|4 > 0}. Let A™(M x IR, ) be
the deformation of C*(M x IR,) given by

f*xg= Z(hi)"(p,(f,g) .

If U is a coordinate neighborhood in M such that AM(U) is isomorphic to the Weyl
deformation then A (U x R, )= A"(U)®C>®(R, ). The isomorphism is given by

f(x, &) — f(x,AE). Let MA></]RJr be the space of pairs (x, @), where x is a point
of M x R, and ¢ is an oc-jet of an isomorphism A™(U,)=> A"(R?)[[/]]. The
group G/, of automorphisms of A"(IR?)[[4]] acts on M x IR, it contains a subgroup
O(1) x U(n) (the generator of O(1) sends A to — 1), and MA><iIR+/O(1) x U(n)
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is homotopically equivalent to M x R. Let gé‘ be the Lie algebra of Gé. As in
5.2.1, one can extend the action of gé to the Lie algebra g’:
g¢ = W1 o< (B (RP[A)/CIA] - 1),

where W, = {f(i)%lf(/l) € C[[2]]} and the bracket on the factor on the right is
equal to +(f *g —g* f). One can construct the morphisms

w: C*(ag, O(1) x u(n)e; €) — C(M,C); (6.5.1)

(2 C*(g¢, O(1) x u(n)¢; End CCP(A"(R*)[[21][d2])
— C*(M,EndCCP" (A" (M) @coe(r ) Q7 (RY))), (6.52)

where End in the right-hand side of (6.5.2) stands for the sheaf of complexes with
the differential [B + b, - ].
Let Vg : A"(R*)[[A]] — C[[4]] be evaluation at x = & = 0.

Lemma 6.5.1. The following two cochains of the left-hand side of (6.5.2) are
cohomologous:
1) wg € Co(g(r,...); Wy = Li;¢/2 s
i) wy € C*(ge,...); X Y)=0 if X or Y is in W' myXY)=
—IVG(X*Y — ¥ X) for X,¥ in BR(R[[A]]/CI[A]] - 1.

Proof. Let ny € C(gg,...); no =124

. 1
M€ Clgerr ) M) =0, X € Wim(X) = =21 ¢ (g,

One checks that
(O““B+b)Yno+mn)=wo—aw,. I

Consider the C*°(IR ;. )-valued trace on AZ‘/‘(M x Ry):

Tr(f) = (SO )

(hyn!

If U is a coordinate neighborhood in M and we identify A (U x R,) with
ANU)RC>®(IR,) then Tr becomes the old trace tensored by ideoo(r ). We de-
duce from Lemma 6.4.1 the following.

Corollary 6.5.2. For a € HCY' (A" (M x R ,)),
0 o (00R)\\
&Tra—Tr<a-a< 7 >>—0.

i _Osh)
—Tr{a-e 7 ) =0

)

(o

Therefore

Proof. Indeed, Tr i/(wo — wz) = £Tra — Tr (a - £ (0%’))> =0. 0O
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Section 7. An Application

In this section we shall prove a conjecture of B. Feigin.

Let M be a complex analytic manifold, &,, —the sheaf of holomorphic differ-
ential operators on M. Consider the double complex C*(M,CC.(Zy)). This is a
complex of modules over C*(M, T). Brylinski proved that

H.(C*(M,CC(Yu)) = @ H*(M,C) - 100y,
hz=0

In particular, Hy ~ H?(M,C), where n = dim¢M.
On the other hand, one has the obvious cycle 1€ CO(M, CCo(“%y)). A

question arises how to identify the image [1] of this cycle under the isomorphism
above.

Theorem 7.1.1. [1] = (td(Ty ) )an-

Proof. We shall use an analogue of Theorem 4.1.1. Consider the double complex
C*(M,CC.(“y)). There is the canonical (2n — 1)-dimensional fundamental class Q
in cohomology of this double complex. Consider the boundary map

¢ C (M, CC (%)) — CH(M,CC.(T)).

Theorem 7.1.2. 0Q =Y td, ' - 1"k, where ;" € H*(M,C) and td; '(Ty) =
S 1yhd,
Proof. The proof of Theorem 4.1.1. works word for word. One has to replace A"

by %, and the Lie algebra g from Sects. 5,6 by the Lie algebra W, of formal
vector fields. [l

Note that the Bott periodicity homomorphism S acts on C*(M,CC.(%y)) and
commutes with the action of C*(M,C). It maps 1°**D to — 1*%, Put x" % =
(— 1)y =k=11*0*8) for any k. From Theorem 7.1.2 we get that

X+ (=D =0

Kzl
Indeed, the cycle representing the left-hand side is equal to the differential of the
fundamental class. The operator S acts as multiplication by x. Clearly, under the
identification above, [1] = x*"~'. Denote a; = (—l)ktd['; recall that, by definition,
S~ a; = 1/td(Ty). We conclude that [1] = b - x", where
=" (mod X e+t ay).

Let 1 + by + by + - - - be the element of H*"(M,C) inverse to | +a; +a> + -+ (i.e.,
I+ by + - =1td(Ty)). Note that

(x/z +alel—| I +a’1)(x/1_l —|—b1x"7l + - +bn—])

is a polynomial of the form x*'~! — h,x"~! 4 ... therefore b = b,. [



256 R. Nest, B. Tsygan

Appendix 1. Operations on the Cyclic Complex

Let 4 be an associative unitary algebra over an associative commutative unitary ring
k. Let A= Afk - 1; Cu(A) = A® A"". For any k-linear map D : 4 — A, D(1) = 0,
define the operations

Lp:Cu(d) — Cy(4); ip:Cu(d) — Cp_1(4);

SD : Cm(A) - Cm+|(A) :

Lp(ag® - @an) =S (~1)""Play@ - @Da)o - ®a,,
1=0

where 7, = Z;(l)(laﬂ =1
ip(ay @+ @ a,) = (—)19FDIPHwlg - Day@ay @ @ ay,
m+li1—1

SD(aO @ .. ® am) — Z Z(_ 1 )(’]nH—] 'l)’h‘HDl(’lerl*’h"’l/*l)

=1 j=I

X(190a,® - Qay@day® - D@, @--a, ).
For any a € 4, define the operations
Ly: Cu(A) — Cppi(A4); iy 2 Cu(A) — Cp(A);
Sa 0 Cn(A) = Cipr(A4);

m
Lg(aO ®- am) = Z(_l)”'(laHl)aO R Ra 1 ®a@ D ap;
1=0
if(ay @ -+ ® ay) = (_1)(If’oHl)(i“Hl)+|ﬂ0|a0a Ra® - ® ay;
m+1 1
Sl @ - D ay) =3 52 (—1)0m = Dnylal+ D)0y ==, = 1)
- 1=1 =1

X(1®a® Ra,Ray®--Qa,-HnQa® - Qa,_1).

Let g = Der(4) be the graded Lie algebra of derivations of A. Let 4 be the
usual g-module 4 with the grading shifted by 1 : for a € 4, we write a € 4 and
la| = |a| + 1. Let go< A be the semi-direct product;

[D +a,E + b] = [D,E] + D(b) + (— DEH E(a) .
Define the derivation 0 : ge<A4 — gb<4;
3D+ a) = (—1)ad(a).

Let U(ge<A) be the universal enveloping algebra of ge<A4. The grading of
gr<4 and the derivation J induce the structure of a differential graded algebra on
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U(gr<4). We need the following map
U(gp<A) — Homy(4,4)+4 ; (A1)

for D, € gand a € A4, the image of Dy ...D, is Dyo---0D,: A — A and the image
D] ...ng is Dl [SREE on(a) 64
For ¥ € U(gm<A4), we shall denote by Y the image of ¥ under the map (Al).

Put
Sy = Sy; i)/ = i-; Ly :Ly.

Finally, put Iy =iy + (—1)I'lsy.
Let A4: U(ge<A) — U(ge<A4)®? be the standard comultiplication. We denote

AY =YV eh=Yal+YY o)
=1RY+Y Y RL=Y®1+1Y+> ¥V oY .
Let b be the Hochschild differential and B be the cyclic differential from Sect. 2.
Theorem Al. Let D, E € ge<A. Then

[Lp, Ll = Lipey; Uy, Lol = Ly, pys (A2)
[B+ b, Lp] = Lop; (A3)
[B+ b, 11+ Loy = =S2(=D"y - 1y + Ly (A4)

where, for D; € g><A, Lp,..p, = Lp, - Lp,.

The proof follows from the direct computations.

Let us say a few words about the meaning of this theorem. If [/p, Ir] were equal
to zero, then there would be no need in the operators /y, where Y is in U(gp<4)
but not in g><A4. Let ¢ be an odd formal parameter, &2 = 0; let (g><4)[e] = (g><
A) @y kle]; put (0/0e) (D + ¢E) = —E; then ((g><A4)[e]; 0 + 0/d¢) is a differential
graded Lie algebra. If [Ip, Ig] were equal to zero, this would mean together with
(A2),(A3) that the differential Z,-graded algebra ((g><4)[¢]; 0 + ¢/0¢) acts on the
Z,-graded complex (CCE* (4); b+ B).

In reality [Ip, Ir]#+0. We claim that, because of (A4), (gp<A4)[e] acts on
CCI"(4) up to homotopy. What we will in fact show is that another differential
graded algebra, which is homotopicallyat equivalent to U(g < A4), acts on CCE™" (4).

Let (a,0) be a differential graded Lie algebra. Define By(a ) to be the free
algebra with the generators Iy, Y € U(a )t (the augmentation ideal); we assume
that /y is linear in Y and that |Iy| = |Y| + 1. Let d be the derivation of By(a ) such
that

dly = —I;y — Z(—l)'y”lﬁ s (AS)

The algebra U(a ) acts on By(a ) in the obvious way. Let U(a )< By(a ) be the
semidirect product. The differentials ¢ on By and 6 on U(a ) combine to provide
the obvious differential d on U(a )< By(a ). We modify this differential a little bit;
put

d'Y =9Y, YcU(a), dly=dly+7Y. (A6)

We denote the differential graded algebra (U(a )< Bo(a ); d') by B(a).
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Theorem A2. The differential Z,-graded algebra B(q<A) acts on the Zy-graded
complex CCY*'(4).

Proof. This is obvious from (A2)—(A5).

Theorem A3. The embedding k - 1 — B(a) is a quasi-isomorphism for any a.

Proof. The algebra (By(a ),d) is a partial case of the well known construction; this
is the cobar construction of the chain complex of the Abelian algebra a - ¢ C a [¢].
It is well known that there is a quasi-isomorphism By(a ) — U(a - ¢) = A*(a).
The theorem follows easily. [

We can conclude that the algebra Bg(a ) is a free a -module resolution of the
trivial a -module k. Let R.(a ) be the standard resolution. Then there is the chain
map R.(a ) — B(a).

Combining this with the action of B(g><A4) on CCY™(A) we obtain the crucial
functorial chain map

R.(ge<A) & CCP(A) L CCP(A) . (A7)

This map is (g><4)-equivariant (g<4 acts only on the tensor factor R.(gp<A)
of the left-hand side; it acts on the right-hand side by the operators Lp).

For example, let 7 : 4/g4 — k be a trace. Then 7 extends to a (g < A)-invariant
functional on CCY*'(4). Consider the composition

C*(g5= 4) @ CCP(A) = k Guigomgy Re © CCIT = k Dygeag) CC 5 k5
we obtain the map

e Ci(ge<d) — CC i (4)

from Subsect. 2.3.

Let us make a few concluding remarks. Let (C,, 0) be a differential graded
coalgebra. Let Cobar (C.) be the tensor algebra of C, with shifted grading; we
denote the free generators by J., ¢ € C., and |[J.| = |¢| + 1. Let d be the derivation
of Cobar (C,) such that

dJe = —Joe = (=D g,

where Ac = > ¢ @ ¢, is the comultiplication in C,. Then d? = 0 and Cobar (C,, d)
is a differential graded algebra (cf. [Q]). Let a be a differential graded Lie alge-
bra, C.(a ) the standard chain complex of a (Sect. 2); C(a ) =P,_, A" a; then
Cl(a) is a coalgebra. The homomorphism of differential graded algebras

¢ : Cobar C/(a)— U(a),

eJp)=D, Deca; @UJ)=0, cena,

is a homotopy equivalence of complexes.
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Theorem Ad4. There exists an action of the differential graded algebra
Cobar C(g><A) on the Zy-graded complex CCY'(A) such that:

i) for D € N'(g><A), the generator Jp acts via the operator Lp;
ii) for D € N'(e(gr<A)), the generator J,p acts via the operator Ip.

Sketch of the proof. First, note that (for any a ), as a coalgebra and as an a -
module, U(a )~ S(a ). Let us modify the definition of the algebra B(a ) above.
The only difference is in the differential; if d is the differential in U(a )< By(a ),
then put

d"Y =dy, YeU(a), d"'ly+dly+Ly, YeSa:

d"ly =Ly, YeS7a .

The algebra (U(a )< Bg(a ),d") is denoted by Bj(a ). One checks easily that
Bo(a ) and Bj(a ) are in fact isomorphic and that Bi(a ) is a homomorphic image
of Cobar C(a). [

Saying that C}(a ) acts on a complex C. is the same as saying that there is
a twisting cochain of a with coefficients in End C.. A twisting cochain is an odd
cochain p € C*(a; End C,) such that

L1
op+ 5[p,p] =0.

The operators Lp, ip, Sp, where D € Der(g) were introduced by Rinehart [R];
he proved that [B+ b,Ip] = Lp.

From our point of view, the map given by (A7) is crucial for understanding
differential geometric nature of periodic cyclic homology. If the periodic complex is
the non-commutative analogue of the de Rham complex then (A7) is the analogue
for the classical formula

~

(do)(Xi,... X)) =S (1) " XoX,... . X,...)

~

D o(X X)X X

Finally we would like to mention that our approach to operations is close to Get-
zler’s, cf. [Ge]; the algebra g>< 4 can be extended to the algebra of all Hochschild
cochains ([Ge, DT]). This extension plays an important role in Getzler’s construc-
tion of Gauss—Manin connection in periodic cyclic homology, in Nistor’s study of
the bivariant Chern character, [N], and in [CFS].

Appendix 2. Cyclic Homology of Deformations

Let A}(M) be as in Sect. 1.
Theorem A2.1.

HH(AY(M)) = HZ'(M) @ Clh™', 7l

HC(ANMYB') S @H (MY Clh™', #]].

pz0
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Proof. Essentially, this statement is contained in [B1]. Let C*(Ag(M)[h_l]) be
the standard Hochschild complex. Consider (#)-adic filtration on this complex.
Then Eg = Q/(M); the differential d, :E,O, — E10+1.,'7| is described by Brylinski
n [Bl]. If we identify €, with Q2! using «", then d| becomes de Rham dif-
ferential d. Thus Ej; = H>'~'(M). We need to show that the spectral sequence
degenerates at E'. If not, then for some i dimey—1 4y HH(AJ[A™']) < b2~/ (M),
where
b2 (M) = dim H ™ '(M).

From this, using Hochschild to cyclic spectral sequence [C], we will conclude
that
dimgp—1 3 HCI (AG[RT']) < 2bLM) .

It remains to show that this is impossible.
Let 4y be any algebra over C. Let

axb=>heia b), ¢ola b)=ab

be any formal deformation of Aq. Let Al = 4p[[A]] with multiplication *; also, let
Ao[[h]] be the algebra of power series with standard multiplication.

Theorem A2.2. (Goodwillie—Getzler, [Ge]). The complexes CCY'(4y[[#]]) and
CCY'(4b) are canonically isomorphic.

Proof. The proof rests on the same algebraic idea that we were using through-
out this paper. A Hochschild k-cochain of an algebra A4 is a linear map A®* —
A. The space of all such cochains is denoted by C¥(4, 4). Let m € C*(4, A);
m(a, b) = ab. One can construct (cf. [Ger]) a Z-graded Lie algebra structure
on ®C*(A4, A), where, for D€ C*, |D| =k —1; if D,E€C', then [D,E]=
DoE—EoD. One has [m, m]=0; put 6D = [m, D]. Then 6> =0; J is the
Hochschild cohomological differential, &: C* — C**!'. If g = Der(4), then the
algebra go<A (Appendix 1) is the subalgebra of C*(4, 4); qo<A = C°+
Ker(é : C' — C?).
Having D € C*(4, 4), one can construct the operations

Lp: CCI(4) — CCY, L (A);
Ip : CCY(A) — CCY2 (A)
such that
[Lp,Le]l = Lip,£); [Up,Le]l = Iipr)
[B+b,Ip] = Iy.p)+Lp;
L,=5b,

where b is the Hochschild homological differential. Then the formulas above show
that

d
%(B + b) = [B + bsla'm/dﬁ] .
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Thus,
B+b=X(B+b)soX ",
where
dX
e 'X-l :_1111/(1~
7 dm/dh

This shows that X is an isomorphism between CCY"(4o[[#]]) and CCY(4D).
Corollary A2.3. dim HCY (470) =Y~ b.(M).

Corollary A2.4. The space of C[[h])-linear continuous functionals Tr : (A) (M) —
C[a~", 4] such that Te(f * g) = Tr(g = ) is one-dimensional.
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