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Abstract: We present a general method to deform the inhomogeneous algebras of
the B, Cy,, D, type, and find the corresponding bicovariant differential calculus. The
method is based on a projection from B, ,Cyy1,Dyt1. For example we obtain the
(bicovariant) inhomogeneous g-algebra ISO,(N) as a consistent projection of the
(bicovariant) g-algebra SO,(N + 2). This projection works for particular multipara-
metric deformations of SO(N + 2), the so-called “minimal” deformations. The case
of ISO4(4) is studied in detail: a real form corresponding to a Lorentz signature
exists only for one of the minimal deformations, depending on one parameter q. The
quantum Poincaré Lie algebra is given explicitly: it has 10 generators (no dilata-
tions) and contains the classical Lorentz algebra. Only the commutation relations
involving the momenta depend on g. Finally, we discuss a g-deformation of gravity
based on the “gauging” of this g-Poincar¢ algebra: the lagrangian generalizes the
usual Einstein—Cartan lagrangian.

1. Introduction

Perturbative quantum Einstein gravity is known to be mathematically inconsistent,
since it is plagued by ultraviolet divergences appearing at two-loop order (the ab-
sence of one-loop divergencies was found in [1], whereas two-loop divergencies
were explicitly computed in [2]). In supergravity the situation is only slightly bet-
ter, the divergences starting presumably at three loops'. In the last fifteen years or
so there have been various proposals to overcome this difficulty, and consistently
quantize gravity either alone or as part of a unified theory of the fundamental in-
teractions. Such a unified picture is provided by superstrings (see for a review [3]),
where Einstein gravity arises as a low-energy effective theory, coupled more or
less realistically to gauge fields and leptons, and regulated at the Planck scale by an
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infinite number of heavy particles (the superstring massive spectrum). How to make
phenomenological predictions from superstrings is still the object of current research.

Another, more speculative, line of thought deals with the quantization of space-
time itself, whose smoothness under distances of the order of the Planck length
Lp ~ 107 3cm is really a mathematical assumption. Indeed if we probe spacetime
geometry with a test particle, the accuracy of the measure depends on the Compton
wavelength of the particle. For higher accuracy we need a higher mass m of the
particle, and for m ~ 1/Lp the mass significantly modifies the curvature it is sup-
posed to measure (i.e. the curvature radius becomes of the order of the particle
wavelength: the particle is no more a test particle).

Thus it is not inconceivable that spacetime has an intrinsic cell-like structure:
lattice gravity, or Regge calculus may turn out to be something more fundamental
than a regularization procedure. Another way to discretization is provided by non-
commutative geometry: when spacetime coordinates do not commute the position
of a particle cannot be measured exactly. The notion of spacetime point loses its
physical meaning, and is to be replaced by the notion of spacetime cell; the ques-
tion is whether this sort of lattice structure does indeed regularize gravity at short
distances. References on non-commutative geometry and its uses for regularization
can be found in [4].

Fundamental interactions are described by field theories with an underlying alge-
braic structure given by particular Lie groups, as for ex. unitary Lie groups for the
strong and electroweak interactions and the Poincaré group for gravity. It is natural
to consider the so-called quantum groups [5,6,7] (continuous deformations of Lie
groups whose geometry is non-commutative) as the algebraic basis for generalized
gauge and gravity theories. The bonus is that we maintain a rich algebraic struc-
ture, more general than Lie groups, in a theory living in a discretized space. This
does not happen usually with lattice approaches, where one loses the symmetries of
the continuum. For a review of non-commutative differential geometry on quantum
groups see for ex. [8]. This subject, initiated in [9], has been actively developed in
recent years: a very short list of references can be found in [10-15].

In this paper we address the problem of constructing a non-commutative de-
formation of Einstein gravity. For this we need a g-deformation of the Poincaré
Lie algebra. We obtain it in Sect.4 as a special case of the quantum inhomoge-
neous ISO,(N) algebras, whose differential calculus is presented in Sect. 3. These
algebras are obtained as projections from particular multiparametric deformations
of SO(N + 2), called “minimal” deformations. Their R matrix is diagonal, and the
braiding matrix R = PR has unit square. On g-groups with diagonal R-matrices sce
for ex. [16] and references therein. Deformations of Lie algebras whose braiding
matrix has unit square were considered some time ago by Gurevich [17].

The projective method to obtain the bicovariant differential calculus on inhomo-
geneous quantum groups was introduced in [18] for /GL,(N), and extended to the
multiparametric g-groups IGL,, (N) in [19]. References on inhomogeneous g-groups
can also be found in [20].

A general discussion on the differential calculus on multiparametric g-groups is
given in Sect.2. In Sect. 5 we discuss the g-deformation of Cartan—Maurer equa-
tions, Bianchi identities, diffeomorphisms and propose a lagrangian for g-gravity,
based on ISO,(3,1). Other deformations of the Poincaré algebra have been con-
sidered in recent literature [21]. Although interesting in their own right, none of
these deformations corresponds to a bicovariant differential calculus on a quantum
Poincaré group.
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2. Bicovariant Calculus on Multiparametric Quantum Groups

We recall that (multiparametric) quantum groups are characterized by their R-matrix,
which controls the noncommutativity of the quantum group basic elements T} (fun-
damental representation):

R, T%T/y = T* TR 4 (2.1)
and satisfies the quantum Yang-Baxter equation

Ralb]azbzRazcl Rb2C2b3C3 — Rb Ral(2a2c3Ra2b2a3b3 , (22)
a sufficient condition for the consistency of the “RTT” relations (2.1). The R-matrix
components R%’.,; depend continuously on a (in general complex) set of parameters
Gap,¥- For qu = q, v = q we recover the uniparametric g-groups of ref. [6]. Then
Gay — 1,7 — 1 is the classical limit for which R%,; — 5”5”: the matrix entries 7%
commute and become the usual entries of the fundamental representation. The multi-
parametric R matrices for the A, B, C, D series can be found in [22] (other refs. on

multiparametric g-groups are given in [23]). For the B, C, D case they read:

a3y

npYnyYe
ab

by = 0084 |+ (r = DO + (r~! = 1)6% | (1 — 672) + 02 b 01201
q

(= rT0%686] — a2 01 P65y, (2:3)

where 6% =1 for a > b and 6" =0 for a < b; we define n, = 2! and primed
indices as @ =N + 1 —a. The indices run on N values (N =dimension of the
fundamental representation 7%), with N = 2n + 1 for B,[SO(2n + 1)], N = 2n for
C,[Sp(2n)], D,[SO(2n)]). The terms with the index n, are present only for the B,

series. The ¢, and p, vectors are given by:

+1 for C, and a = n, 24)

{—i—l for B,,D, ,
—1 for C, and a > n.

——1-—2..,;,0,—% -%+1) for B,
(prsoon) =4 3.5 -1,...1,— ...,—g) for C, . (25)
—1,.

& -1,5-2,...100, =¥ +1) for D,
Moreover the following relations reduce the number of independent g,, parameters

[22]:
2

r
Qaa =7, Gba=—; (2.6)
dab
2 2
¥ ¥V
qab = = =44 » (27)
Gab’ da'b

where (2.7) also implies g, = r. Therefore the g, with a < b < ¥ give all

2
the ¢’s.

Remark 1. If we denote by g, r the set of parameters q,;, 7, we have

Rq—l =R, 1. (2.8)
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The inverse R™' is defined by (R™')%,4R%,; = 6265 = R%,4;(R™1)*% . Equation
(2.8) implies that for |g| = |[r| =1, R=R"".

Remark. 2. Forr =1, = 1, where R = PR (ﬁabcd = RY)).

Orthogonality (and symplecticity) conditions can be imposed on the elements
T%, consistently with the RTT relations (2.1):

To,cherd, — ol |
%CacT4 = Cha , (2.9)
where the (antidiagonal) metric is:
Cap = € POy (2.10)

and its inverse C% satisfies C%Cj. = 0% = C.»C?. We see that for the orthogonal
series, the matrix elements of the metric and the inverse metric coincide, while for
the symplectic series there is a change of sign.

The consistency of (2.9) with the RTT relations is due to the identities:

~bc
CaR ge =R ) adCre (2.11)
R geces = YR )y (2.12)
These identities hold also for R — R_l. The co-structures of the B, C, D multi-

parametric quantum groups have the same form as in the uniparametric case: the
coproduct 4, the counit ¢ and the coinverse k are given by

AT%)=T%®T", (2.13)
e(T%) = 0%, (2.14)
K(T%) = C“T%Cyy . (2.15)

A conjugation (i.e. algebra antthomomorphism, coalgebra homomorphism and invo-
lution, satisfying k(x(T*)*) = T) can be defined trivially as 7* =T or via the
metric as T* = (k(T)). In the first case, compatibility with the RTT relations
(2.1) requires R,, = R, =R,-1,-1, ie. |g| =|r| = 1, and the corresponding real
forms are SO .(n,n; R) SO, (n,n+ 1;R) (for N even and odd respectively) and
Spg,-(n;R). In the second case the condition on R is R cd = R%,,, which hap-
pens for guqg,, = r?, r € R. The metric on a “real” basis has compact signature
(+,4+,...+) so that the real form is SO, (N;R).

There is also a third way to define a conjugation on the orthogonal quantum
groups SO, ,(2n,C), which extends to the multiparametric case the one proposed
by the authors of ref. [24] for SO,(2n,C). The conjugation is defined by:

(T%)* = 9°T%9%, (2.16)
2 being the matrix that exchanges the index n with the index » + 1. This conjuga-

tion is compatible with the coproduct: A4(T*) = (AT)*; for |r| = 1 it is also compat-
ible with the orthogonality relations (2.9) (due to C = CT and also 2C2 = C) and
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with the antipode: w(x(7*)*) = T. Compatibility with the RTT relations is easily
seen to require _

(R)psns1 =R7T, (2.17)
where ()nn+1 means interchanging the indices n and n+ 1 in the expression in
parentheses. Eq. (2.17) implies

i) |qa| = |r| =1 for a and b both different from »n or n + 1;
it) g./r € R when at least one of the indices a,b is equal to n or n + 1.

Since later we consider the case #» = 1 and (R),n+1 = R (and therefore R =
R~ because of (2.17)), the conditions on the parameters implied by (2.17) will be:

|gas| = 1 for a and b both different from n or n+ 1, (2.18)
gy =1 foraorbequaltonorn+1. (2.19)

This last conjugation leads to the real form SO, ,(n + 1,n — 1;R), and will in fact
be the one we need in order to obtain ISO,(3,1; R), as we discuss in Sect. 4.

A bicovariant differential calculus [9] on the multiparametric g-groups can be
constructed in terms of the corresponding R matrix, in much the same way as for
uniparametric g-groups (for which we refer to [11,13,8]). Here we concentrate on
SO, (N + 2), but everything holds also for Sp, (N + 2). For later convenience we
adopt upper case indices for the fundamental representation of SO, (N 4 2) and
lower case indices for the fundamental representation of SO, (N).

The basic object is the braiding matrix

Ay Dy Cy  BY _ S Fy g—1pFB ~1\C,G —1\AzE GoD
A4Pp 2T e, By =d e, R ey6 (RT ) g a1 (RT )2 6,0, R72 2., , (2.20)

which is used in the definition of the exterior product of quantum left-invariant

one-forms ,%:

A Dy __ A D Ay Dy C1 B C B
W4, 2 /\(L)Dl 2= Wy, 2 & wp, 2 — AAl ZD] 2] (&) leCl)C1 2 ® wp, 2 (2.21)

and in the g-commutations of the quantum Lie algebra generators y’:

Ey Fy\D\_C . E . F Dy C 4.4
2P, x e, — Ag P2 .S, 1 F s, 1 F, = CPip, ey, 20" 4y s (2.22)
where the structure constants are explicitly given by:
1
B C By ¢4y C B Cyi1A; B
A P [—5355&5,45 + Afe My, 132] . (2.23)

The d* vector in (2.20) is defined via the diagonal matrix D% as d* = D% (no
sum on A), with D = CC’, or

D% = C*“Cpe . (2.24)
A graphical representation of the braiding matrix (2.20) is given in Appendix A.

Remark. 3. For r = 1 we have A? = 1. This is due to B = 1 and D/ = 5%

The braiding matrix A and the structure constants C defined in (2.23) satisfy
the conditions

C."C,* — AY;,C"C,) = C;*Cy*  (g-Jacobi identities), (2.25)
A A Ay = A A AT, (Yang-Baxter), (2.26)
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CmniA'nlrjAmlk + Ailrjclks — qujkAiquCrpl + Cjkm isrm , (227)
Cl" Ay = Ay A™,Cof (2.28)

where the index pairs 4Z and 43 have been replaced by the indices  and ; re-
spectively. These are the so-called “bicovariance conditions,” see refs. [9,10, 8],
necessary for the existence of a consistent bicovariant differential calculus, as we
discuss further in Appendix B.

A metric can be defined in the adjoint representation of the B,, C,, D, g-groups
as follows:

Cyj = C,My, = CV (R, Che (2.29)
CcV = Calazclcz = CaleReazclchzf s (2.30)

and satisfies the relations:

C,C* =8k =chc,, (2.31)

and
CH A%y = (A7")5, 00, (232)
A% Cyp = Cy (A, (233)

i.e. the analogue of Egs. (2.11)—(2.12). These relations allow to define consistent
orthogonality relations for the g-group matrix elements in the adjoint representation
(see Appendix B).

Remark. 4. When r = 1 (ﬁ]@z =1, A% = 1), the following useful identities hold:

D% = C*Cype = 84, (D7')% =C“Cyy = 6%, (2.34)
Dy =C*Cy =6, (D), =C"Cy=4, (2.35)
RO Ry = 8505 = B4R, (2.36)

A A%, = 858 = AT AN, . (2.37)

The first two *-conjugations (the “usual ones”) on the 7’s we have discussed
earlier in this section can be extended to the dual space spanned by the g-Lie
algebra generators y as in the uniparametric case. The consistent extension of the
third conjugation to the y space is treated in Appendix C, for the case of minimal
deformations (» = 1) of SO(2rn). We find that

%) = =Dy 4D (238)

is compatible with the bicovariant differential calculus if the A and C tensors are
invariant under the exchange of the indices n and n+1, and if the following relation
holds:

Cijk = —Cjik . (2.39)
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3. Inhomogeneous Quantum Groups and Their Differential Calculus

In this section we present a general method of quantizing inhomogeneous groups
whose homogeneous subgroup belongs to the BCD series. In particular we concen-
trate on the g-deformations of the ISO(N) groups, as these are the groups relevant
for the construction of g-gravity theories.

The idea is to project SO,(N +2) and its differential calculus on ISO,(N),
much as we did for /GL,(N) in ref. [18] (see also [19]), where we projected from
GLy(N +1).

For this we have to consider the multiparametric deformations of the orthogonal
groups SO, ,(N +2) with r = 1 (minimal deformations). Only for » =1 we can
obtain a consistent projection on ISO4(N ).

We know that the R%,; matrix of SO, ,(N) is contained in the R*%, matrix
of SO, (N +2): more precisely it is obtained from the “mother” R matrix by
restricting its indices to the values A,B,.=2,3,...N — 1. We therefore split the
capital indices as A = (o,a = 1,...N,e). Then the R matrix of SO, (N +2) can
be rewritten in terms of SO, .(N) quantities:

oo oe e ee od od co ce cd
oo r 0 0 0 0 0 0 0 0
oo 0 ! o0 0 0 0 0 0
o 0 f(r) o0 0 0 0 —Cohr 2
L s 0 0 o r 0 0 0 0 0
Ry ={ob 0 0 0 0 58 0 0 0 0 ,
o 0 0 0 0 0 =235 0 8 0
a 0 0 0 0 0% 0 =t 0 0
ae 0 0 0 0 0 0 0 & 0
ab 0 —C*»% 0 0 0 0 0 0 Ry
3.1

where C,p is the SO, (N) metric, A=r —r~! and f(r)= (1 —r~ V).

It is not difficult to reexpress the A and C tensors in our index convention.
Less trivial is to find a subset of these components, containing the A and C tensors
of SO, .(N), that satisfies the bicovariance conditions (2.25)—(2.28). This subset in
fact exists for » = 1 and is given by:

d b b -1 -1 d
Aa 24,2, b, =R Lepgn (R )M o0 (RTT)2% 420, R, 1y (32)
9od —
Aq, odxdz 'clczblo = lezblngl (R l)c‘g]dlal > (3-3)
qod,
b Goby (—1yc1b -1
Aalazdlolqo lbz = —_Z(R )CI Ielal(R )aze]bzd] s (34)
qob]
qod|  1—1\cib
Aalodlolcloblo = _l(R )Cl ]d|a1 s (35)
qobl
Goc 1
A.azdld2161cz°b2 — q_l_(R )21 gzlegzdzbzcz , (3.6)
ocy

ay dy|je b __ Yoay b ard
Aal 20 2' ¢y lbz - _‘sz ]czalR 2 2b2f2 5 (37)

oa)
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Aoazodzl.cz.bz = gO—az_lzaz‘izbzcz > (38)
ocy
Aoazdlo‘clo.bz = {oc, QObz(R_l)azclbzdl s (39)
o . -1 —
Aa,°e?1°" 0 = (qoa o) (R™ ey (3.10)
C"ICZI’lb2 ]dldz = structure constants of SO,,—;(N), (3.11)
1 ob — —1\a
ClPp 14 = hm1r— — 52;5;', 1 b2 R1Y1P1, (R4, (3.12)
1
Cclczlno'dlo — Rgzblczgl(R—l)clglela(R—l)ae]gzdl , (3.13)
C1 " ofa™ = g, CEIRDD g (RTIYV, (3.14)
° 9o c
C, %y e = AR, (3.15)
qOC2
qOC C
CL‘] .b d °o_ _ 1 Cb 51 , (316)
53 2' 1 GocyGod, 2629,

o b dy _ 15
€l = lim - |-

This is the key result of this section, and enables the consistent projection on

the ISO,(N) algebra by setting:

o=1=2=1e=1"e=1"%=0. (3.18)
The ISO,(N) Lie algebra is given explicitly in Table 1. The reason we call this the
ISO,(N) Lie algebra will be explained below. The limits in egs. (3.12) and (3.17)
are finite, since the numerators behave as 0(r — r—1).

We prove now that the components (3.2)—(3.17) indeed satisfy the bicovariance
conditions (2.25)—(2.28). We label by the letter H the subset of indices present
in Egs. (3.2)—(3.17), i.e. 4 =, %, 5 (7 = a%.4°, o), and by the letter K all the
other composite indices. We have to prove that, setting equal to H all free indices
in (2.25)-(2.28), only H indices enter in the index sums (and therefore the H-
tensors of (3.2)—(3.17) satisfy by themselves the bicovariance conditions). This is

true i) for the quantum Yang-Baxter Eqgs. (2.26) since the tensor PA is diagonal
for r = 1, so that

AHHH AHH AHH AHK AKH AKKHH =0 : (3 1 9)

SOL + RI2P1 R, | (3.17)

Table 1. ISO,(N) Lie algebra

K et b = A a2 b " e 1"y = € bl 54, [0y, -=1(N) Lie algebra]
d _
Xclcsz]o - Zoledzb]cz_/l(R )lg'd aj X OX dy = R92® ]czy (R™ )CIJI a(R l)aelgzdlxdlo
o
d
XcloXb‘o qo l(R )clb,d]alxaloxlozo
{ ] c qO
XCICZX by — qo l(}a )az CI gad RJZ szczx azx dy = = —R dzbz czx.dz
qoC2 Goc,
9o
ol’h — —2R2y e, =0
Goc,

22C)

Xc‘ oX.bz - qoclqobz(R_l) by d|X.a2Xdl 0o=0
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ii) for the g-Jacobi Egs. (2.25) because CyyX can be different from zero only
when X =, °, and Cyx!’ = Cgy" = 0 when g = *,; iii) for the last two bicovariant
conditions (2.27)—(2.28) again because of (3.19). O

Thus far we have shown that there is a subset of 345 (the generators of the g-
Lie algebra of SO, ,—1(N + 2)) closing on the g-algebra of Table 1, namely x%, x%
and y°,. This algebra is bicovariant, in the sense that the corresponding A and C
tensors satisfy (2.25)—(2.28). It wold seem that the number of momenta is twice
what we need, since there are two kinds of “momentum” generators, 3%, and y°.
However by examining in some detail the g-algebra we can conclude that only
N combinations of these momenta do survive, and if we rewrite the algebra of
Table 1 in terms of these combinations we precisely obtain a deformation of ISO(N ).
Let us prove this.

Consider the structure constants C¢! %1 b, la, - It is not difficult to see from (3.12)
that for ¢; = by, by = b), these constants are vanishing for any value of » (use the
explicit expression (2.3)), and thus in particular for » = 1. On the other hand the
structure constants C”! b 1ola,® and ch b,1oe?? are not vanishing for the same
values of ¢y, b1, b,, but:

C"y,Tola,° = 53, (3.20)
C'1y, 00 = Cothig ) 52 (3.21)
Thus we have the two commutations:
A oxPhy = Ao 2 1,01 1 et 10 = 0, (3.22)
010 = Ae 1, 2 Loxhor y = Ao + a0y K, (323)
with 5] = N + 1 — b;. Next we remark that for A% =7 (as is the case for »r = 1)

the two left-hand sides of the above equations are equal up to a minus sign, so that
finally we have:

Ko+ agy "y = 0. (3.24)

These N equations reduce the number of independent momenta to N. We can easily
rewrite the algebra in Table 1 in terms of the redefined momenta:

1

a 2

O,

r =49

1
2

o = dog Ko s (3.25)

and we have done so in Table 2.

1 _1
Table 2. ISO,(N) Lie algebra in the y* = ¢, 2% — Gy, 1% basis (@' =N +1-a)

X”t'z Xblbz _ Aalazdldz|clczb1bzxu|uzxd1d2 — Ca Czblbzldldzldldz [SOW,:I(N) Lie algebra]
1

2

q__oledzbl R Haa S dy qOb; R92b1 R=1ye1 o R A1
- czyl( Y aya X dy = 77 e, ( ) er al ) gady X
2

2
qod'l

¢y b
X ICzL !
od

- %(R“)C""d,a,x"‘xd‘ =0
ob)
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This was possible because the g-commutator of y?, with a given generator y is
the same as the g-commutator of —q;a], x°« With y, because the constraint (3.24)
is consistent with the g-Lie algebra of Table 1. Another way to see it is to remark
that the algebra of Table 1 satisfies the g-Jacobi identities (2.25). Then we have
an explicit matrix representation of the g-generators y: the adjoint representation

1

1
(xi¥x = Ci/. Equation (3.24) means that the generators g2, %% and —gq_7 1
have the same matrix representative, and hence the same commutations with the
other generators.

The g-Lie algebra of Table 2 satisfies the bicovariant conditions (2.25)—(2.28).
As discussed in Appendix B, these define a (bicovariant) differential calculus on
the quantum group generated by the elements M,/ (adjoint representation).

Note however that we do not have an invertible adjoint metric any more (but
only a submetric C,; with ,j along the SO,(N) directions). Then the existence of
the antipode of M,/ is not ensured via Eq. (B.4): the quantum group generated by
M,/ is a Hopf algebra only if we manage to find an inverse (M ~!)/. Otherwise we
have a bialgebra.

Let us examine now the dual algebra generated by y;, f%;, f~';. In this case
we can find an antipode, without reference to an adjoint metric (see the discussion
at the end of Appendix B). For the argument, Egs. (2.37) were crucial: do they
hold also in the “projected” case? The answer is yes, due to the matrix PA being
diagonal for » = 1. Then the algebra generated by the y;, f7;, /', is a bonafide
Hopf algebra, which we call the quantum ISO,(N) bicovariant algebra (we reserve
the name of g-Lie algebra to the one generated only by the y;).

Finally, we come to the *-conjugation on the generator space induced by the rule
(2.38), for ISO,(2n). Recall that this rule is consistent when the 4 and C tensors are
n < n+ 1 invariant and condition (2.39) is satisfied. The question is whether the
projected *-conjugation is still compatible with the projected differential calculus.
This indeed happens: the A and C tensors corresponding to the algebra in Table 2,
satisfying the bicovariance conditions (2.25)—(2.28), are still invariant under the
exchange of the (fundamental) indices n and n+1. If the structure constants C
satisfy (2.39), the result of Appendix C holds also for ISO,(2n).

Then we have the (Hopf algebra) conjugation:

%) = —D° a9’y , (3.26)
0 =-2%)", (3.27)

whose consistency can be checked explicitly in the example of the next Section.

4. 1S0,(3,1) and the Quantum Poincaré Lie Algebra

We come now to applying the preceding formalism to the case of ISO(4). We know
from the discussion of the previous section that a real form exists corresponding to
a (3,1) signature. Let us consider the “mother” R-matrix of SO, ,~1(6). According
to (2.6) and (2.7) there are three independent deformation parameters, i.e. go1, go2
and gj, (in the index convention a = o,1,2,3,4, ). It is not difficult to see that this
R matrix has the 2 « 3 symmetry only if g, = 1 and ¢y, = 1. Therefore we are left
with the only parameter g,; = g. Note that g, is the deformation parameter of the
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Lorentz subalgebra, and ¢, = 1, means that this subalgebra is classical. Moreover
the condition (2.18) becomes |g| = 1.

Consider now the 1SO,(4) algebra one deduces by specializing N =4, qo; = 1,
go1 = q in Table 2.

Besides the g-commutations between the generators, one finds a set of relations
similar to (3.24):

gx +72a=0, r+quta=0, Yi+qurs=0, (4.1)
gt +r =0, Y- —1s+ =0, (42)
'+ 722+ s+ 7's, any g1 =0. (43)

We see from (4.3) that ), % decouples: we can consistently set it equal to
zero and obtain a reduced bicovariant g-Lie algebra (in fact this can be explic-
itly verified on Table 3, see later). We can therefore introduce the basis y., =
%[Cacxcb — Cpexfal: for g = 1 the metric C,p is the classical antidiagonal metric
Ciq4 = Cy3 = C3 = C4; = 1 (otherwise 0), and y,, is antisymmetric in a and b.

Table 3 gives the commutations of the ISO,(4) generators in the new basis s,
%a = Capx®. The invariance under the index exchange 2 < 3 is explicit, and the
condition (2.39) is easily seen to hold.

Then we can define a consistent x-conjugation on the y, according to (3.26),
(3.27):
X;ﬁ = _Xdﬁ (a>ﬁ4:253) >

X;ﬁ = X3

X;ﬁ = —X28>

X33 = 23 (44)
)" =-1, ) =-1 B =-2n @) =-xm, (4.5)

whose compatibility with the commutations of Table 3 can be directly verified.

Table 3. 1SO,(3,1) Lie algebra in the y, = bl Xab = %[Caczcb — Cpeyq] basis

[Xabs %ed] = CocYaa + Caatve — Coatac — CacXpd
(012, Xalg—1 = 471 Coatt — 47 1 Crara

[213; Xalg—1 = 47 Caazi — ¢ Cras

[x145 %a) = Caaxt — Craxa

[x23: Xal = Caaxz — Coaits

(24, %adg = 47 Caatz — 47 Caata

U3 2aly = 42 Caaks — 42 Cata

isxely=1 =0, [sxslg-1 =0

Dosxalg—2 =0, [r2, 031 =0

[z, xalg=1 =0, [z, x4lg—1 =0

with [4,B]; = AB — sBA, Ci4 = Cpp = Cy3 = Ca1 = 1 (otherwise 0).
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This conjugation allows the definition of “antihermitian” quantum generators ¢:

éaﬁ = Xaf >
1
Eop = ﬁ(){zﬂ + 138)
£ = =i — 138)
3ﬂ \/E thi X3ﬁ 5
&y = —iyas, (4.6)
éot = Xac )

&= —\/I—E(XZ +23),

& = it~ 1). @7
On this basis the metric in Table 3 becomes
0 0 01
w0000
1 0 00

with the desired signature (+, +, 4+, —).

5. Cartan—-Maurer Equations, g-Diffeomorphisms and ¢g-Gravity

In this section we discuss the g-generalization of Poincaré gravity based on the
deformed Poincaré algebra of Table 3. As in the classical case we start by defining
the curvatures. To do so, we first need the deformed Cartan—-Maurer equations [9, 8]

do' + Cy'a) Nk =0, (5.1)

where the w are the left-invariant one-forms discussed in Appendix B. The C struc-
ture constants appearing in the Cartan—-Maurer equations are in general related to
the C constants of the g-Lie algebra [8]:

Ci' = Cy' — A" 3 Cyy . (52)

In the particular case A% = [ it is not difficult to see that in fact C = %C, which is
a worthwhile simplification.

The procedure we have advocated in refs. [25] for the “gauging” of quantum
groups essentially retraces the steps of the group-geometric method for the gauging
of usual Lie groups, described for instance in refs. [26].

We consider one-forms @’ which are not left-invariant any more, so that the
Cartan—Maurer equations are replaced by:

R =do' + Ci'o) Nt (5.3)
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where the curvatures R’ are now non-vanishing, and satisfy the g-Bianchi identities:
dR' — C'RI N + Cile? NRE =0 (54)

due to the Jacobi identities on the structure constants C [8]. As in the classical
case we can write the g-Bianchi identities as VR’ = 0, which define the covariant
derivative V.

Equation (5.3) can be taken as the definition of the curvature R’. We apply
it to the g-Poincaré algebra of Table 3: the one-forms are o' = V% w® and the
corresponding curvatures read (we omit wedge symbols):

R ' =dv' + q_%wleQ + q‘%ang + 0"y,

R =dV?— g 102V, + Vs + g2 0™ Vs,

R =4dv3 - q_%w”V] — BV, + q%w34V4 ,

R =dV* — o™V, — g2 ™ Vs — g2 0™V, (5.5)
R? = do®™ + Coy™ ™, (5.6)

where V, = CaV?, Cyp being given in (4.8). We have rescaled w® by a factor 1
to obtain standard normalizations. R®® is the g-Lorentz curvature, coinciding with
the classical one (as a function of w®), and R® is the g-deformed torsion.

From the definition (B.20) of the exterior product we see that for A% =1 the
one-forms @' g-commute as:

o' = -Ayoto’. (5.7)
Inserting the A tensor corresponding to Table 3 we find:

V”cu12 — _q—lwIZ Ve

Vi = —g~ @B pe

Vaw14 — _a)14Va ,

Vaw23 — —(,1)23 ya ,

Va(D24 — _qw24Va ,

Vi = —ga®*ve, (5.8)

vyl = g yty?

V3Vl _ _q—1V1V3

VAVl = —g iyt

V3 VZ - _ VZ V3

V4V2 — __q—l V2V4

Vv = —q7v3pt. (5.9)
and usual anticommutations between the w® (components of the Lorentz spin con-

nection). The exterior product of two identical one-forms vanishes (this is not true
in general when A2%1).
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We are now ready to write the lagrangian for the g-gravity theory based on
1504(3,1). The lagrangian looks identical to the classical one, i.e.:

L =R®VV%pea . (5.10)

The Lorentz curvature R??, although defined as in the classical case, has non-trivial
commutations with the g-vielbein:

VaR12 — q_1R12 ye

VaR13 — q—lRU ya

VaRl4 — R14 Ve

VaR23 — R23 ye

VaR24 _ qR24 ya

VIR?* = RV, (5.11)
deducible from the definition (5.6). As in ref. [25, 8], we make the assumption that

the commutations of dw’ with the one-forms ' are the same as those of C jki o o*
with @', i.e. the same as those valid for R’ = 0. For the definition of 4. in (5.10)
“see below.

We discuss now the notion of g-diffeomorphisms. It is known that there is a
consistent g-generalization of the Lie derivative (see refs. [8,27,15]) which can be
expressed as in the classical case as:

2

1

=i, d+di,, (5.12)
where .i,I is the g-contraction operator defined in refs. [8,27], with the following
properties:
i) iy(a) =0, a € A, V generic tangent vector,
i) i, =81,
iii) i, (0 A 0*) = i, (O)' A ;; + (~1)P0 5¥ 0 generic p-form,
iv) iy(ab + 0') = aiy(0) +iyl’, 6,0 generic forms,
v) Ly = Aiy, A€C,
vi) igp(0) = iy(0)e, e€ 4. (5.13)
As a consequence, the g-Lie derivative satisfies:
i) Zya =iy(da) = V(a),
i) £yd0 =d¢y0,
iii) £y (A0 +60") = Ay (0) + £y (6),
iv) £ (0) = (¢y0)e — (—1)Piy(0)de, 0O generic p-form,
V) £,(0N ") = (£, 0) N AF + 0N, 0. (5.14)

In analogy with the classical case, we define the g-diffeomorphism variation of the
fundamental field o' as
Sof = ¢, 0, (5.15)
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where according to iv) in (5.14):
£y, @ = (iydo® + di, 0 )e’ + de* = (i, dw*)e' + de* . (5.16)

Notice that if we postulate:

Arklia)lﬁi — 8r'cok ,
A% Lol Adet = —de" A oF (5.17)
we find ’ A
A F) = Ao + o A bk, (5.18)

i.e. a rule that any “sensible” variation law should satisfy. To prove (5.18) use iv)
and v) of (5.14). The g-commutations (5.17) were already proposed in [25] in the
context of g-gauge theories.

As in the classical case, there is a suggestive way to write this variation:

£, 0" =iy, R+ V-, (5.19)
where
Ve = dek — kai,i(a)’ A o)
=déf — Cfe o’ + C e (5.20)
Proof. Use (5.3), (5.17) and iii) in (5.13).

We have now all the tools we need to investigate the invariances of the g-
gravity lagrangian (5.10). These are discussed in ref. [28]. The result is analogous
to the classical one: after imposing the horizontality conditions i,abR“d =i,R=0
along the Lorentz directions one finds that, provided the ¢ tensor in (5.10) is ap-
propriately defined, the lagrangian is invariant under g-diffeomorphisms and local
Lorentz rotations. The correct definition of the g-alternating tensor is:

ez = 1, b3 = =% epu=-1, enn=gq

81423 = q%, €1432 = —q%, &134 = —1, £143 = ¢,

&4 = 1, B2 =0 gy =gl en =3,

&314 = q%, €341 = —q%, &2413 = _qz, €431 = q3,

&304 = _q%, £3041 = q%, e = ¢, e = —¢,

&3412 = G t = —q, GBI —4 e =g (5.21)

Note 1. Using the general formula (B.22) one sees that the rule (5.17) follows
from postulating the following coproduct on &:

AE)y=¢ @M. (5.22)

Note 2. The g-Lie derivative was defined along left-invariant vectors in ref. [8],
and extended to a Lie derivative along any tangent vector in ref. [27]. In both these
references, formulas are given where ¢; and «’ are left-invariant. In (5.13) and
(5.14) we have generalized these formulas to non-left invariant ¢, and «’, with the
t, still dual to the o/.
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Note 3. The D = 2 bicovariant g-Poincaré algebra proposed in the first of refs. [14]
coincides with the one obtained from SO,,—((4) via the procedure of Sect. 3.

Note added in proof: We have treated in this paper the ISO,(N) algebras. We
refer to [30] for the R-matrix formulation of the quantum inhomogenous groups
ISO,,(N) and ISpy.(N).

A. Change of Basis and Graphical Representation of A

Consider (2.22) with adjoint indices:

11 — A = Ci* (A.1)
Under a (nonsingular) change of basis
Xi = Szjfj > (A2)
the g-Lie algebra transforms into:
~kl ~
& — A 88 =Cf G (A3)
with .
Ay =S SN A Sk (A4)
Cf = (SN (SN Copt Sk, (AS5)

which amounts to say that A and C transform as tensors under (A.2). Therefore
we have the

Theorem. The transformed A and € tensors satisfy the bicovariance relations (2.25)-
(2.28).

Proof. Obvious since (2.25)—(2.28) are tensor relations.

There is a particular change of basis for the y that allows a graphical represen-
tation for the braiding matrix A. In the case of the B, C, D series the new & are
defined via the metric C:

éab = Cacch 5 (A6)
and the A tensor takes the form:

did s—1 A—1 sdiay  ~dyf
AN by = (R ) (R Mg R peR (A7)

To prove this, one uses the definition (2.24) inside (2.20), and the identities (2.11)—
(2.12).

If we represent R and R as
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then the braiding matrix A is represented by (cf. also [12]):

XN

The metric C, is represented as

a b
Cop = a/—\b C = \/

399

and, as an amusing exercise, the reader can draw the graphical representation of the
adjoint metric C;; given in (2.29) and its inverse, and of the relations (2.11)—(2.12)
and (2.32)—(2.33). The metric C,;, allows to close the braids into knots, and the
graphical representation of this section yields a knot invariant for any B,, C,, D,

g-group. The three Reidemeister moves hold because of

. ~ab
1) CpR cq Cea, ]

ii) the definition of the crossings corresponding to Rand R,
iii) the quantum Yang-Baxter equations for R.

On the connection between knot theory and quantum groups see refs. [29, 12].

B. A Note on Bicovariance Conditions and ¢-Groups Defined in
the Adjoint Representation

Whenever we have a set of A4 and C components satisfying the bicovariance con-
ditions (2.25)—(2.28), and an invertible metric Cj; satisfying (2.32), (2.33), we can

define

1) A quantum group generated by the matrix elements Mij . The “RTT” relations

become now “AMM?” relations:

M/MAN" o = MMM,

(B.1)

The co-structures on M are similar to the ones defined on the 7T (Egs. (2.13)—

(2.15)):
AM?)y =M oM,

(M) =8,
K(M?) = CyM/*Cy; .
Moreover, we can impose the orthogonality relations:
MIMC* = ¢! |
M/M'Cy = Cy,

(B.2)
(B3)
(B4)

(B.5)
(B.6)



400 L. Castellani

These are compatible with the AMM relations (B.1) because of Egs.(2.32) and
(2.33).
ii) Functionals y, and f*; via their action on M:

L(M*) = CF, (B.7)
FiMY) =AYy, (B.8)
whose co-structures are given by:

A= fi+lI'®u, (B9)

e(u) =0, (B.10)

K'() = =1’ (f%) (B.11)

A =fef, (B.12)

g =49, (B.13)

K'(f)=flok. (B.14)

The action of y; and f; on products of M elements is defined in the usual way
via the coproduct 4, i.e. y;(ab) = A'(3;)(a ® b), etc.
These functionals satisfy the relations:

wir; — A = € (B.15)

Ao g = 1A g (B.16)

Cnmi mjfnk + flek — quijpflq + Cjklfil , (B.17)
S =Auf" (B.18)

which are the operatorial equivalents of the bicovariance relations (2.25)—(2.28),
cf. [10]. Indeed the latter can be obtained by applying the former to M,*. We recall
that products of functionals are convolution products, for example

xix, = (@ x)4. (B.19)

The algebra generated by the y and f modulo the relations (B.15)—(B.18) is a
Hopf algebra, and defines a bicovariant differential calculus on the g-group generated
by the M elements. For example, one can introduce left-invariant one-forms o’ as
duals to the “tangent vectors” y;, an exterior product

DN =0 @ — Aot @ o, (B.20)
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an exterior derivative on Fun,(M;/) (the quantum group generated by the M;/) as
da = (id ® y)A(a)w', a € Funy(M;) (B21)

and so on. The commutations between one-forms and elements a € Fun,(M;/) are
given by:
o'a=(id ® f))A(a)’ . (B.22)

Note. When A% =1 there is a way to define the antipode of f7; without reference
to an adjoint metric. This we manage by enlarging the algebra, adding to y; and
[ also the functionals /™~ defined by:

My = Ay (B.23)

An antipode for f% can be defined as

() =175, (B.24)

since

f_ifoj(Mlk) = (f_is ® fsj)A(Mlk) = f‘—is(Mrl)fsj(Mrk) = ArislASkrj = 5;51; »

(B.25)
the last equality being due to Eq. (2.37). Then we see that
fSf =8, (B.26)
so that /7 is a good inverse for /7. Similarly we can prove that
[ f 7MY = 8567, (B27)
and therefore
(T =17, (B.28)

which means that i) k"> = 1, ii) the algebra generated by y;, /%, f ' is closed under
all the co-structures (actually the set of the generators itself is closed).

Using Eq. (B.24), the relations (B.15)—(B.18) can be easily extended to include
the f —i Jj

C. Extension of the x-Conjugation to the Dual Algebra Generated by
the y and f functionals
Here we want to show that the conjugation:
)" =2 v » (C.1)
=9/ 2, (C2)

where & is the matrix that permutes the fundamental indices n < n + 1, is compati-
ble with the operatorial bicovariance conditions (B.15)—(B.18). We begin by
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taking the x-conjugate of (B.15), which yields
* % <kl * % ~ *
1 = A i =G (C3)

Using now (C.1) and the fact that A is invariant under the index permutation
n < n+ 1, we can rewrite the above equation as:

-kl -
i = A gxite = —Ci" tm - (C4)
Remark. For |q| =1 we have
-kl
A%y =A%, (C5)
Indeed rewrite (B.15) as
wiri — A% = Ci" tm - (C.6)

For r =1, A% i is proportional to 5’}5,{ (and contains only one term, as we can
see from the defining formula (2.20) and the fact that R is diagonal with only one
term in the diagonal entries) and it is easy to deduce that (C.6) is compatible with
(B.15) only if A% ,; = (A¥,;)~! (the inverse of the matrix element). For |g| = 1 we
have /_lklij = (A¥;)~1 so that (C.5) is proved.

Notice now that (C.4) would reproduce exactly (C.6), proving the compatibility
of the conjugation rule (C.1) with the g-Lie algebra, if we had also:

C/" = -C,". (C.7)

We could not prove (C.7) on general grounds: presumably one can always find a
basis for the y; generators such that it holds. This is indeed the case for IS0,(3,1).

In a similar way one shows the compatibility of the conjugation (C.1),(C.2)
with the remaining bicovariance operator conditions (B.16)—(B.18). One just needs
to use property (C.7) and a useful identity valid for 4> = I:

C;" = —A",Cym, (C.8)

i.e. the structure constants are A-antisymmetric. This is easily proved by remark-
ing that the left-hand side of (B.15) does not change under multiplication by the
projector Py = (I — A)/2, since P4(I — A) =1 — A (for A*> =1), and thus

1
S = A)f15Ca™ = Cy", (C9)
which is just Eq. (C.8). Again this can be immediately checked to hold for
1S0,(3,1).
Finally, it is a simple matter to check that

KO = A =14 (C.10)

(and similar for f7;, ;) showing that (C.1)—(C.2) is a Hopf algebra conjugation.
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