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Abstract: Let G,,, n € N, denote the set of gaps of the Hill operator. We solve
the following problems: 1) find the effective masses Mflt, 2) compare the effective
mass ME with the length of the gap G,,, and with the height of the corresponding
slit on the quasimomentum plane (both with fixed number n and their sums), 3)
consider the problems 1), 2) for more general cases (the Dirac operator with periodic
coefficients, the Schrodinger operator with a limit periodic potential). To obtain 1)-
3) we use a conformal mapping corresponding to the quasimomentum of the Hill
operator or the Dirac operator.

Introduction

Consider the Hill operator H = — d?/dt? + V/(t) in L*(R), where V is a 1-periodic
real potential from L'(0,1). It is well known that the spectrum of H is absolutely

continuous and consists of the intervals S}, S,, ..., and let
S,=1A}_,A7], ..., A <Af <A,

n=12 ..., Al =0<A], A =-00.

The intervals are separated by the gaps G|, G,, ..., where G,, = (A, A}). If a
gap degenerates, i.e. G,, = ) then the corresponding segments S,,, S, , merge.
The spectrum of the Hill operator consists of closed nonoverlapping intervals which
are called spectral bands. Instead of the spectral parameter £ we introduce a more
convenient parameter z, z> = F, and numbers aX = \/AZ > 0 and gaps

gnz(a;,aZ), 9_n = —9pn nGN, gO:’(D

Later on g, will be called a gap and G,, an energy gap. Now we can define a
quasimomentum function [11, 2],

k(z) = arccos F(z), z€ Z=C\g, ¢g=Ug,,
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where F’ is the Lyapunov function of the Hill operator (see Sect. 5). The function k(z)
is analytic and moreover k(z) is a conformal mapping from Z onto a quasimomentum
region K = C\ U I, where I, is an excised slit

I, ={Rek =mn,|Imk| < h,}, h,=h_,>0, ne€Z h;=0.

Any nondegenerate (degenerate) slit I, is connected in the same way with the
nondegenerate (degenerate) gap g, and the energy gap G,,. With an edge of the
energy gap G5,,, having the length L, we associate the effective mass

My =0, M =1/E"(0), MFf=0, if L,=0,
and MZT =1/E"(k(aF)), if L,#0,

where E(k) = z(k)? and z(k) is the inverse function for k(z). It is well known that
if L,, # 0 then

E(k) = AX + (k — m)*(1/2ME +o(1)), £(k—7n) | 0.

Now we describe the main purpose of our paper.

Let us have only the set of gaps G,, n € N, (or the set of segments S,, n € N).
Then we solve the following problems:

a) find the effective masses,

b) compare the effective masses MX with the gap length L, and with the height of
the slit h,, (both with fixed number n and their sums), then compare such sums with a
norm of the potential V' in some space,

¢) find asymptotics of k(z) at large z,

d) consider the problems a)—c) for more general cases (the Dirac oprator with periodic
coefficients, the Schridinger operator with a limit periodic potential.)

The correlation between effective masses MF, lengths L,,, heights h,, were studied
in many articles. Firsova [3] found the relation between M7, L, , h,, and the Fourier
coefficients of a potential V' at large integer n. In [3] it was also shown that the
sum of all effective masses is equal to the physical mass. In [2] Firsova has proved
the asymptotics k(z) = z + O(z~'/?) as |z| — oc. Any Hill operator with finite
band spectrum was described by explicit formulae in the work of Its, Matveev [5]
(including the inverse problem). In the book [10] Marchenko had obtained some
inequalities between h,,, L, and asymptotics k(z) at large real E, E = 22, (see also
[11]). The main result of the paper [11] by Marchenko and Ostrovski is the solution
of the inverse problem. It is shown that under some additional conditions on the slits
I, n € Z, the region K corresponds to a periodic potential of the Hill operator.
Later on the inverse problem and some properties of the function k(z) have been
considered in the paper of Garnett, Trubowitz [1]. In [8] Korotyaev has studied the
propagation of the acoustic waves in a periodic media. It was shown that any spectral
band (with number n) “creates” the wave with the velocity U, (U, is less than 1).
The velocity U, is equal to the maximum of the function z’(k(z)) when 2* belongs
to the energy band with the number n. Furthermore 2MjU? = 1 and M may be
estimated in terms of the gap lengths and the edges of the bands. In [12] Pastur,
Tkachenco have considered the direct and inverse problem for the operator with limit
periodic potentials.

Let us write down the main result of the paper.

a) Simple formulae providing the possibility to find effective masses in terms of the
edges of gaps G,,, n € N, are found.



Effective Masses and Conformal Mappings 599

b) “The local estimates” (a number n is fixed) between the effective masses Mf the
height of slit k,, and the length of gap L,, are obtained.

¢) We derive inequalities which relate the following quantities: the sum of squares
(with weights) of the effective masses, the heights of the slits, the gaps lengths and a
norm of a potential V' in some Sobolev space.

d) Asymptotics of k(z) or large |z| are found.

e) There are some estimates about U, n € N.

f) We obtain the extension of a)-d) for more general cases (the Dirac operator with
periodic coefficients, the Schrodinger operator with a limit periodic potential etc.).

It is necessary to note that the asymptotics of k(z) for E = z? far from an energy
gap differs from the case when E belongs to some neighbourhood of an energy gap.

To prove a)-f) we use a conformal mapping corresponding to quasimomentum
of the Hill operator [11, 2] that makes possible to reformulate the problem for the
differential operator as a problem of the conformal mapping theory. Thus we should
study some “geometric properties” of conformal mappings from C__ onto “the comb”
K, = K NC,. For solving these “new” problems we use some techniques from
[11, 9] and we often use the poisson integral for the domain C_ U C_ U (—1,1),
the Dirichlet integral for a function kp(z) (the definition of kp(z) see in Sect. 1),
in particular the Dirichlet integral for the function ky(z2) = k(z) — z. The Dirichlet
integral was used in Kargaev’s work [6] to study the conformal mapping of the upper
half plane to the comb.

1. The Main Results

In this section we introduce the concepts and the facts needed to formulate the
theorems, some results for the Hill operator, the Dirac operator with periodic
coefficients and some results from the conformal mapping theory.

At first we give some definitions and facts from the theory of conformal mappings.
We call the set K, = C,\ U, the “comb” where

I, ={Rek=u,,|Imk| <h,}, h,>0, neZ, hy=0,

while u,, is a strongly increasing sequence of real numbers such that u,, — +oo0 as
n — Fo00. We call a conformal mapping k(z) from the upper half plane C_ onto some
comb K, a general quasimomentum (GQ) if 1) £(0) = 0, 2) k(1y) = iy(1 + o(1))
as y — oo. It is well known that a GQ k(z) is a continuous function in z € C + In
this case we introduce the sets

g, =(a,;,al), s,=1I[a}_,a 1=k '(u,_;,u,]), neZ.

We call 0 = Us,, the spectrum of the corresponding general quasimomentum £(z). We
also denote by g,, a gap in the spectrum of GQ and we let g = Ug,,. It is well known
that the set o can not be the spectrum of two different GQ [9]. Note that the function
k(z) may be continued onto the domain Z = C\g by the formula k(z) = k(2), z € Z.
If a gap g,, is empty than the components s, s, ; merge. The spectrum o consists
of closed nonoverlapping intervals s(n) with the lengths r,,, n € Z, and 0 = Us(n),
where the point zero belongs to s(0). We denote the length of the gap g,, by [,,. For
GQ we introduce “reduced masses” (some analogue of the effective masses)

+uf =1/2"(k(aE)), if 1,#0 and +pur=0, if I =0.
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It is clear that uX > 0 if I, # 0 and we shall often use the asymptotics
2(k) = aF £ (k — u,)*(1/2uE + 0(1)), +(k—1u,)]0. (1.1)

Later on p is an integer. We introduce the function u(z) = Re k(2), v(z) = Im k(2),
P
P(2)=) Qu 12 " k() =2"{k(z) — 2+ P,(2)}, z2€Z, p=>0,
0

where

Q=7 [ew@ds, Qf =1 [laPo@az, pz-1.
™ ™

Here and below an integral with no limits indicated denotes integration over R4,
d > 1. For a nondegenerate gap g,, we denote by 7' (r,) the distance between g,, and
the nearest right (left) hand side nondegenerate gap or the point zero. Analogously we
denote by s (s;,) the distance between g,, and the nearest right (left) nondegenerate
gap. Let us introduce the constants

’yozsup(ln/miaxsf), if p=0, and fylzsup(ln/mje:lxr:t), if p>0,

and 7 = infrf. We call a general quasimomentum

i) a normed quasimomentum if QT < oo and Q_, =0,
ii) a symmetric quasimomentum if k(—z) = —k(z), z € Z,
iil) a quasimomentum if v, = mn, for alln € Z.

Note that for the case QT < co we can normalize the general quasimomentum
by some translation. We emphasize that a symmetric quasimomentum corresponds
to the quasimomentum for the Hill operator, a quasimomentum corresponds to the
quasimomentum for the Dirac operator with periodic coefficients. Furthermore a GQ
is an integrated density of states (or the rotation number) for the Schrodinger operator
with some limit periodic potential (see [12]).

We shall tell that GQ k(z) has the moment of an order p is @, < co. By Gerglotz
Theorem we have that GQ k(z) has the moment of order p > —1. Later on we assume
some conditions on the spectrum (or gaps).

Condition 1. Let a GQ k(z) have the moment of an order p > 0, if p = O, then
Yo < 0o and if p > 0, then vy, < oo.

Condition A. Let a GQ k(z) have the moment of the order p > 0,

1) if p =1 then k(2) is a normed GQ,
ii) if p > 2 then k(z) is a symmetric quasimomentum.

Let us describe the connection between GQ and the Hill operator. Remember
that the spectrum of H consists of the segments S,,, n € N, with the gaps G,,. In
the case of the Hill operator the numbers a satisfy af = \/AE >0, at, = —af,
n=0,1,2,3, ..., and gaps g, satisfy g,, = (a,,,a;}),9_, = —g,.n € Z, gy = 0. For
an energy gap G,, and a gap g,, we have the equality L, = At — A~ =1 (at +a;),
n=123....

The quasimomentum k is defined by k(z) = arccos F'(z), z € Z, where F is the
Lyapunov function for the Hill equation

—f"+Vf=2f, zeC. 1.2)
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We note that the set g is symmetric with respect to the point zero and the function
k(—z) = —k(2), z € Z. In the case of the Hill operator the following equalities are
valid:
Mg =k ©0Y?/2=1/20)%, +pt =2 M%, n>1. (1.3)
Moreover, for the Hill operator we have (see [10])
1 1
2Q0=/V(t)dt, Q, =0, 8Q, =/V(t)2dt, e
0 0
Let us formulate the main theorem.
Theorem 1.1. Suppose V € L'(0,1) and n =0,1,2, .... Then
MZn =2 Z (AZm 1 Aitn)—l’

m>0,g==%

My =2 Y (AL, -45.)7,

m>0,9g==+

(1.4)

1 /Ik'(z) —1dzdy = 2Q,, and Z(AZM:{ +A M)=0Q,,
4 n>1 (1.5)

if  VeLX01).
Furthermore, let V € L*(0,1) and p = 1, then

% /[(Z(k(z)‘Z))llzdxdy+/v(x)u(m)xdx

1
= Z/xzv(x)dac = (7r/4)/V2(t)dt

(1.6)
and Y [(AD M} + (A, M1 — Q3/2 = (3/8) / V(t)dt,
n>1
if Ve W2 (R/Z),
and etc. for V belonging Sobolev space sz_l(R/Z) and p = 2,3, ... . All series

converge absolutely.

Now we present the main inequalities obtained in this paper. We define the
Dirichlet integral 7d, = [ |k;(z)|2dxdy, z = z + iy, and the constants T =

(% /48r*) T max L2, T° = 1 + Q,r~2. For a sequence f = {f,}$° or a sequence
f={fu}>, such that f_ = f.,n =12 ..., f, =0, we introduce a norm

“f”:l:,p > nso(AD)P| £, |2 We have
Theorem 1.2. a) Let V € L'(0,1). Then r > 0 and for any n € N,

l, <2h, <1,(1+Tn?), (1.7)
1, <2uf <1 (14+Tn??. (1.8)
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b) Let V € L'(0,1) ifp=0and V € WZP_I(R/Z) if p > 1. Then for any p > 0 there
exist constants C,, C,, ..., Cs depending only on p, v, (7, if p = 0) such that

CiQyp S CHlLI% oy S GallblR, S IMENE 4y < Cud, < C5Qy, . (19)

The exact representation of C|, C,, ..., Cs will be given in Sect. 5. We note that
in [10] there is the estimate [, < 2h,, < C!, for any n = 1,2, ... and some C > 0.
Some analogues of Theorems 1.1, 1.2 for the Dirac operator with periodic coefficients
will be considered in Theorems 1.2-1.5.

Let us consider the case of a general quasimomentum. We introduce the function
w,(z) = |(z — a;)(@ — a})|V% = € R. We define numbers a, = max |al],
b, = min|a| and the norm [|f||Z = Ta2PfZ, with |[f|| = |||y, for a sequence

of real numbers f = {f,,}*° . The following statements hold true.

p—1

Theorem 1.3. Let k(z) be a general quasimomentum. Then for any n € Z,

o(@) = w, ()] 1+~ / _vdt L ey (1.10)
™ w, ()|t — x|
R\gn
1 wat )’
uE=141+4- AL 111
Mo, n{ +7T / wn(t)lt_a%:l} ) ( )
R\gn
l [l u* n
o< < nrn o < .
2_hn_7r 5 < 7., (1.12)
ho < 2N ity s by < 205 (1.13)

At the same time for a general quasimomentum there are some “global estimates.”
We introduce the quantities

pi= > pimin(l,s?), p=0,
g=+,n€Z

pE= " (@)™ pd min(u,r2), p>0.
q=+,n€Z

and

Let us present the theorem.

Theorem 1.4. Let a GQ k(z) have the moment of the order p > 0 and satisfy Condition
A and Condition 1. Then there exist constants C|,C,, ..., Cs depending only on p
and vy, (v, if p = 0), such that
CillUll; < Collll; < 1y < Cyd,, < CyQyy < Gl -
Let us finally formulate now some equalities concerning a GQ and a quasimomen-
tum (the Dirac operator).

Theorem 1.5. Let k(z) be a general quasimomentum.

1) Suppose 7, < oo, ini (b,5E) >0 and Y b;% < co. Then
™ In#0

+ fu—
k’(z)2=1+%Z( Pon _ _ _Hn ) 2€l, (1.14)

—at —a—
z—ar z-—a;
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the series converges absolutely and uniformly on compact sets.
2) Suppose mfs > 0 and Q+ < 00 for some p > 0. Then

p—3

4pQ, 1 +2> (n+ D@ -2-1)Q,Q, 5 =Y (Ui} — piy(ay "), (1.15)
0 n

and the series converges absolutely.
3) Suppose Q,, < co for some p > 0. Then

p—1

dp/2 =( +p)Q2p — g /zzP_lu(x)v(a:)d:c — Z(p -1-n)Q,Q,,_, . (1.16)
0
4) Let k(z) be a quasimomentum. Then for any n € Z we have

1
+ _ E
i:,uzn =2V.P. aq———a—i— ,
meZ,g=+ 2m+l 2n

£ 1
:i:/’l/2n+l =2V.P. Z q—_:l:_ .
meZ,g==+ A, Aon+1

(1.17)

We note that from (1.15) we have the equality () — p,;) =0

2. The Local Properties of the Quasimomentum

In this chapter useful results will be presented. The main attention will be given to
the analysis of the function v(z). It is well-known that for any GQ k¥ = u + v the
function u;(z) >0, z = x+iy € C, (see [9]). Hence there are two positive functions
v(z), z € C\o and u/ (z), z € Z. From the Herglotz theorem we have

vu)=y<L+% _ﬂﬁ_d07 zecC,, @.1)

It —zf?

therefore v/, (iy) = v;(iy) and

, 1 -y u(t) 1 v(t)dt
v;(zy)=l+;/ Wdtfl-i—; (tz )—‘1+0(1), Yy — O0.

Proving some estimates in this chapter we use positive harmonic functions v, u;
and asymptotics v(iy) = y(1 + o(1)), u,(Gy) = (1 + o(1)), y — 0.

At first we shall consider harmonic functions in a domain D(I) = C\(R\I ), where
I is a closed interval. The word “local” is means that some properties are obtained as
result that the function v (or u.,) is positive and harmonic in a region D(g,,)(D(s,,)).
Introduce the set U = {z : |z| < 1}. There is the lemma

Lemma 2.1. Let a function f be harmonic and positive in the domain D = D(I),
I =[—a,a], a > 0. Then

1. If f(z)* = (a— 2)(2u, 4+ o(1)), as z T a, then

(2a)(2py)(a — )
a+x

f@y* < , zel. 2.2)
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2. If 2(a — 2) f(@)* = p, + o(1)), as x 1 a, then

_ 20 f@*a—2)

I. 2.3
- a+z re 2-3)

3. Let f(2) = f(2), z € D. Suppose f € C(C.). Then

f(@)=+va?—z? (ﬂ + 1 f®)dt ), zel, 2.4

7T [t — z|Vi2 — a?
R\I
o f@) 1 / f@ydt
e Vasz ”2“<ﬂ+7r |t_a|m>’ @

R\7

where B = lim f(iy)/y, as y — oo.

Proof. Take any x € I. Let W = W(z) be a conformal mapping from the region D
onto the disk U. The function W is defined by conditions W(z) = 0, W/(z) > 0.
Such mapping may be got by the composition of mappings

b(z) -1 [z+a z; — 2(x)
= = D = 1 7
z TR b(z) g’ zeD, W =@z’ z €U

(here v/1+ 07 = 1). Define the function f, from the equality f,(W(2)) = f(2),
z € D. Using the Harnack inequality for the positive harmonic function f; we obtain

1—r 147
< < <
T O SO < T /O, 0<r <,
and hence
b(z) f(@) bt) f(x)
—— < f(H) < <t . 2.6
b) <f@) < ba) 0 LS <a (2.6)
We rewrite the left-hand side of (2.6) in the form
f@® Jla-x)(a+?)
< <t .
&< =V ave 2 TStS0
From this, as ¢t T a, we get (2.2). Using the right-hand side of (2.6) we obtain (2.3)

by analogy.
The function b(z) maps conformally the region D onto the upper half plane. For
—a <z <a,t<—aort>a we have the equalities

Im 1 Im b(t) +b(x)  (t—a)Va?—a? Vit) = — a
b(t) —bx) B+ @) 2at-z) b —a)?

From here, using the property f(z) = f(2), z € D, we get the kernel of the
Poisson integral for the domain D and hence (2.4).
By (2.4) we have (2.5). Q.E.D.

We have useful Corollary from Lemma 2.1.
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Corollary 2.2. Let function f be nonnegative, harmonic in the domain D = D(I),
I =[—a,al, a > 0. Suppose f(x)*> = (a + z)2py + o(1)), as Fx T a, then

af(@)? < (/iy + B (@ —2?) <2y +p) (@ —2%), —a<z<a, 27)
f@) <daypiz, —a<z<a. (2.8)
Proof. By (2.2),

f(@)?

a? — 2

e } L WAty

. (2a)2min{(a_m)2, (a+x? ) — a

—a < = < a. Multiplying inequalities (2.2) for u, we obtain (2.8). Q.E.D.

Now we shall apply previous results for GQ. Instead of a function f we shall
use the functions u!(2), z € D(s,,), and v(z), z € D(g,). In the case of a general
quasimomentum we have asymptotics of k(z) on any gap and band. For this case we
have

Theorem 2.3. Let k be a GQ. Then the statements (1.10)—(1.13) are valid. Further-
more

w,(7) S v(@) < V2 pzw, @)/ |z —afl, zeEg,, (2.9)
L) <20 + VED) w, (), zTEg,. (2.10)

Let in addition Q, < oo and inf st = s > 0. Then
|t = b | S 1, Qo(1+ Qo/sM)/s* (2.11)

Proof of estimates (1.10), (1.11), (2.9), (2.10) follows immediately from the Theorem
2.1, the Corollary 2.2.

Multiplying (2.9) at ¢+, we obtain the bound for h,, in (1.13), and by (1.11) we
have the last estimate in (1.13).

The first inequality in (1.12) follows from (1.10). Let us prove the second inequality
in (1.12). Integrating v(x) on g,,, using (2.9) and the convexity of the function v(x),
z € g, we have

lh, < 2/v(m)dm < 24/21,pE /wn(m)/lx —aE|de = /21, pEnl, .
gn gn

Introduce

[T / u(t)dt

T w, Bt —ak|”
R\gn

By (1.11) we have 2(u,, — pt) =1,(JF — I )(JF+ J;),

l / v(t) sign(2t — at — a,;)dt

JtoJo="m
" "ooq w,, ()3 ’

R\gn
and hence (2.11). Q.E.D.

Now we present the result about the behaviour of a general quasimomentum on
the spectrum.
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Theorem 2.4. Let S = [a,,a_] be a spectral component of GQ k = u + v and p
be the corresponding reduce masses. Then u!,(z) is a positive harmonic function in the
domain D(S) and

, _ l v(t)dt
ugg(gz:)—l-i—7T / —_(t—a:)z’ Tz €S, 2.12)
py <2y @) S|z —ayl/lz —ag|, =z€S. (2.13)

If k is a quasimomentum then
py|S| < 8n?, (2.14)

where n is the number of the merged components which are composed the band S.

Proof. The estimates (2.12), (2.13) follows from (2.1) and Lemma 2.1 correspond-
ingly. By (2.13) we have

iu’ilm :FI
=t <ul(x), z€S8.
\ 2IS]lz — ay|

Integrating it on S we obtain (2.14). Q.E.D.
Later on we shall need following results on the function v.

Lemma 2.5. Let k be a GQ and z € C . Then
1 1 t
k(z) = — — | dt
(2) z+C+7r/v(t)<(t 5 1+t2)d,

1wt
¢= 7r/t(1+t2)'

If in addition g = (a,b) be a gap in the spectrum of a GQ and | = |g|. Then

1 1 v(t)dt
/”()((t 5D (”/(t—a)(t—b)) @10

(2.15)

t)dt
2 <4 <2 __vmar .Q@.
lu(x) < /u(t)dt_l(ﬂ+ (t—a)(t—b))’ a<z<b. (2.17)
g R\g
Suppose that Q' < oo, p < 0 then
p
ky(2) = 1 / PO w. ez (2.18)
T t—z

Proof. We have (2.15) in the work [10]. Using k(a) = k(b) and (2.15) we obtain
(2.16). By (t —a)~ '+ (b —t)"! > 4/l, a < t < b, and (2.16) and by the convexity
of v(t), a <t < b, we have (2.17).

We rewrite (2.15) in the form

k(z)—z—Q_l——/ v® g 1 mdt%——l—/t;ii)dt

t— z 7rzP t—z mwzP
Hence by definition kp we obtain (2.18). Q.E.D.

Later on we need some estimates.
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Lemma 2.6. Let a function f be analytic in the domain D = {|Rez| < a}, a > 0.
Then for any *£t € [0, a) we have

1 1 ,
——— [ [f'@Pdady < > [ @Pdedy.  (2.19)
, Tt (a+t)
D D

16
—foP<
4 a? cos

Proof. Map the region D on the disk U by the function

Ci@-iv (w2
b(z) = _j(z) npTand j(z) =exp <2a> , z€D.
Then - -
bty=0, P'ol= T m(a—t)
4acos — 4q sin ———
2a 2a

Define the function f,; by the relation f,(b(z)) = f(2), z € D. For the function f,(z,),
|z,| < 1, there exists the usual estimate

7T|f1/(0)'2 < /Ifll(z1)|2d$1dy1» z) =z iy .
U

Combining this with the inequality wsint > 2¢, m > 2t > 0, and with the equality
/ |f1G) P dz, dy, = /lf’(z)|2dxdy,
U D

we obtain (2.19). Q.E.D.

Now wee present the main “local” results. We shall estimate a reduced mass
through the Dirichlet integral from the GQ on some domain. Introduce the constant

2
Ap={7r2”(1+p)(1+ 1+§(—1—i—p?>} ,

and the integrals
1
o) =+ [ Wy@idedy,
D
and “the normalized integral”
n2P1,(D)

.
WO e pa s

D={a, <Rez<a_}, gq==.

We have

Theorem 2.7. Let a GQ k satisfy the Condition A for some p > 0. Suppose an interval
S = (ay,a_) lies in some spectral band of k. Let p, be a corresponding reduced mass
if ay coincides with the edge of the band and s = |S|, D = {a, <Rez < a_}.

1) Let 0 & S, then
sty < 81+ ) jUD) (s + jAD)), q=+=, (2.20)
(0 pymin(p,, s) < A, IXD), q=+=, (2.21)
(a)P(p,) < AJXD), q=%, if s=o0. (2.22)
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2) Let p=0. Then

pgmin(y, ) < AgJI3(D), q==*. (2.23)
3) Letp>1and 0 € S. Then
()P pg min(uy, la,)) < A, (D), q =+, (224

Proof. We consider the case S C R, the case S C R_ is considered by analogy.

From the definition of k, we have k(z) =z — P,(z) + z_”kp(z), z € Z. We obtain
estimates for z > 0, p > 2 (the case p = 0, 1 is more simple)

0 < K'(z) =1 - Py(x) + = Pk (x) — pz """k, (x)
=[14+p+ a:_pk;,(:c)] _k [Pp(m) + z P;(x) + k(x)
z p
<l+p+zPk(2),
because Pp(ac) + g PI’,(w) > 0, k(x) > 0 as x > 0. Hence we have

0<k@<l+p+aPhkx), zcSCR,. (2.25)
Let 2b = a_ +a,, 2a = s and x = b+ t. By (2.13), (2.25), (2.19) we obtain for
0<t<a,c=4(+p)?
(@+typ_ <2s(a— )/ (@)’ < 2s(a—)[1+p+z Pk (@)
2 . 2
ml,(D) < sela—1) [, L]
(a — t)bP 2 a—t

§23(a—t)[1+p+4

The function

(a+1) a—t

has the minimum in the point t, = a’/(a+ j,) and f(t,) = j, (j; + 2a)/a*. Hence
we have (2.20) for p_.
Consider two cases. 1) Let u_ < s. Then

p_/ip <2143, /8) <2e(1+ 4, /u_)-

For R = j; /u_ we obtain an inequality R < 2¢(1 + 1/R), which is truth under
the condition R < R; = ¢(1+ +/1+2/c), ie.

p_ < Ryjy if p_<s. (2.26)

)
f(t)=(a_t)[l+ Ip }, 0<t<a,

2) Let u_ > 2. then
p_s/G)* < 21+ s/5;) < 261+ \/SE_/7,) -

By analogy we obtain
p_o <RIG?,  bo>s. 2.27)
Uniting (2.26), (2.27) we have got (2.21) for p_. In the case u, we have

(CL - t)/"+ <

cla+1t) | it
2 a+t

2
:l, —a<t<0.
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Repeating the proof for p_ we obtain (2.21) for p, . From (2.21) for the interval
(ay,a, +2u,) we obtain (2.22) for the case ¢ = +. The case ¢ = — is proved by
analogy.

2) The estimate (2.23) follows from (2.21) and from invariance (2.21) under transla-
tions.
3) Applying (2.21) for the intervals (a_,0), (0,a_) we have (2.24). Q.E.D.

Now we shall present the more exact result about the reduced masses for the
quasimomentum. Define constants h, = sup h,,, [, = supl,, 7, = m/4(1 4 27,). The
function f(t) = (21, /nt)logcot[1—1)7y], 0 < ¢ < 1, has the minimum at some point
and denote such point by 0. Later on we shall need the constants

20 1
7 =[eot(1 = )7, v=g (r — 172,

The following statements hold true.

Theorem 2.8. Let k be a quasimomentum. Then for any q = +, n € Z, we have

h, <logt, (2.28)
pd <sinhh, < (r—7171/2, (2.29)
2 2
> 2 arcsi >z 2.30
[su| = 2arcsin coshh, ~ coshh, = 7’ 2.30)
pl <vinfls, |, (2.31)
m

21l sinh2h
< n < <2w. 2.32
we o (o) <= -

Proof. The estimate (2.28) follows from (3.1).

Increase all slits I, n € Z, including degenerate until the height h . We obtain
a new comb and a new quasimomentum k;. From Theorem 3.2 it follows that the
reduced masses increase and the lengths of the bands decrease. It is very important
that new reduced masses and the new lengths of the bands do not depend from number
n. Denote the corresponding reduced masses by o and the lengths of the bands by
s. It is necessary to find p, s. The Lyapunov function for &, has the form (see [9])
Fi(2) = bcosz = cosk, b = coshh,. From this formula it is easy to obtain the
reduced mass in the point z; where F|(z,) = 1 = bcos z;:

£ <pu=—F/(z))/F(z,) = bsinz,/bcosz, = v/ — 1
=sinhh,, neZ. (2.33)

From this inequality and from (2.28) we obtain

2pd < exp(h,) —exp(—h,) <7 — L.

There are the equalities sin(7/2 — x;) = cosz; = 1/b. From this it follows that

. 1
s =2(m/2 — x,) = 2arcsin 1 /b = 2 arcsin m .
Hence from the inequality arcsint > ¢, 1 > ¢ > 0, we have
1 2 2
> > —.
coshh, — coshh, — 7

[$,,| > s = 2arcsin (2.34)



610 P. Kargaev and E. Korotyaev

By (2.28), (2.34), (2.33) we obtain
q

8% <2sinh2h, <72 —72=8y, nmeZ.
s’n.

Hence, from (1.13), (2.33), (2.34) it follows that

l 2uE 2 sinh2h
< —r )< Lk ) B il g iuite 5 gy S8 .E.D.
7°_Sgp<maxis$)—szp( s )_ s 2 sw. Q

Now we shall present the main result on the reduced masses in the case of a
quasimomentum. We introduce the constant

2
B, = {7r2p(1+p)(1+ 1+§H%];)—2>} . p>o0.
Theorem 2.9. Let a quasimomentum k satisfy the Condition A for some p > 0 and
D; ={al_<Rez<a,}, D ={a} <Rez<a; |}, n€Z Then
(ladPud)* < B,IX(DY), q=+=. (2.35)
Proof. We consider ¢ = —. By (2.20), (2.31),
fns S8+ j(s+ 1), by Svs, s=|s,|, j= %~

Hence p;, < s%, where s° is the decision of the equation 8(1 + p)?j(s + j) = vs®.
It is easy to find

vs = 4(1 + p)*jB)/*/2Pm = BY/*I(D;)/(a; ).
The case ¢ = + is consider by analogy. Q.E.D.

3. The Identities and the “Integral” Estimates

In this chapter we shall present results about “global” properties of a general
quasimomentum. Some of them we shall obtain using the previous proposals. We
have

Theorem 3.1. Let the set o be such that [ < oo, the point zero lies inside o and
Yo < 00. Then o is the spectrum of some GQ and

h, <logT. 3.1

Proof. Suppose that I is arbitrary, fixed closed interval and [I| > 2I,. Any gap,
intersecting with I (but excluding two extreme gaps) lies in I together with the
neighbouring bands. Then

2yl Ino|+ | INno| 420, > 1. 3.2)

First term on the left-hand side estimates the sum of lengths of “inner” gaps. We take
a|I| = 2l,, where a > 0 and enough small. From (3.2) it follows that

A+2y)INo| > (I =2al,) =1 —a)|I].
We need the following facts (see [4, 9]):
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Let .%” be a closed subset of a real axis such that for some values L < oo and
6 > 0 the Lebesgue measure of the intersection of .”” and any interval of length 2L
is not less than 6. Then there exists the unique function v(z) which is harmonic in
the domain C\.” and has the following properties:

i) a.e. on . the function v(z) has zero limit values,
ii) for every z € C, 0 < w(z) — |Imz| < £ log cot 2—2
Y
We take L = 21 /a,6 = (1—a)2l, /a(1+2v,) and 0 < a < 1. From last inequality
and from Levin’s work [9] we obtain that ¢ is the spectrum of GQ and we have (3.1).
Q.E.D.

Now we shall prove the simple variational inequalities for effective masses
(reduced masses).

Theorem 3.2. Let k, (2) be GQ, m = 1,2.
1) Suppose that u,, ,, = u,, m = 1,2, and h, ,, < h, ,, for any n € Z. Then

+ +
Isl,nl 2 |52,nf ) Kin < Ko n - (3.3)
2) Suppose that g, ,, C g, ,, for any n € Z and aiN = a{N for some N € Z. Then

uin <3N - 3.4

Proof. 1) Introduce the function f(2) = Im(z,(k,(2))). This function is harmonic,
nonnegative in C, and continuous in C, . Suppose the inequality

() 2 Im(zy(ky () =y, z=xz+1iy, y>0. (3.5)

Then Im z; > Im 2, in the domain k,(C, ) and
/ 0 0 /
Z(u) = %Imzl(u) > E" Imz,(u) = 2z(uw), v €ER, utu,.

From this the proposal of 1) follows because
Sl = / Zl (wdu, m=12, neZ,

Un—1

2 (k) = ay & (k— ) (1/245 , +o0(1),  +(k—u,)]0.
From the representation (2.15) we obtain that
kn,(z)=z2(14+0()), zeUA)={z:y>Alz|}, |2]— 0.
But for any A there exists a constant R = R(A) > 0 such that k,_,(U(A4)) D {z :
|z| > R} NUQRA), m = 1,2. Hence z,,(k) = k(1 + o(1)), k € UQ2A), |k| — oo, and
z1(ky(iy)) /iy = [2,(ky(2y)) [ (ky (iyN] [k, (iy) /iyl — 1 as y — oo.

From this it follows that f(iy) = y(1 + o(1)), as y — oo, and using the Herglotz
theorem we obtain (3.5).
2) From the Phragmen-Lindelof theorem (for our case see [9]) we have the inequality
v,(z) < vy(x), z € R. Then from the definition of the reduced mass we obtain

v, (x)? . vy (2)? +

+ .
phe = lim —A o gy 2+ QED.
1,N atat y 2(atN ~) " afaf y 2(atN — ) 2,N
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Lemma 3.3. Let k(z) be a GQ.
1) Suppose that Q, < co. Fort > 0, t # |a|, n € Z, introduce the functions

—a¥ —
—~ lz—at z—a;

2m
1 + - 1
St =5 D [ Pe “"_J, f2<t>=;/!k’(texp(z’w»—lﬁdso.
0

lan | <t
Then
/ tf2(t)dt = dy < 00, (3.6)
0
2 3/2
K@ —1-St,2)] < ™Y “t)flil IO =<, 3.7)

2) Let in addition yy < oo, R = infb,r¥ >0, and Y b,* < cc. Then
In70

3 B (3.8)

Proof. From the Cauchy theorem about residues we obtain the equality

a—=z

reay2
k’(z)2-1—5(t,z):i, / Mda,
271

|al|=t

and the inequality

/ (k'(@) = 1)* +2(K'(a) - 1)

a—z - t—|z|

da, _ T + 22 (@)
|a|=t

and by (1.16) we have (3.6).
We have inequalities

2
( Z H <2 p=2 ( u*z)
+ — n n ’

'"/7607/‘7:'7.: <rn

p pEr
2 S X TR

n#0,ut >rik pik>ri

From these inequalities and from the Theorem 1.4 we obtain the convergence (3.8).
Q.E.D.

Now we prove the formulae for the reduced masses in the case of a quasimomentum
and some equalities.

Proof of Theorem 1.5. 1) From (3.6) it follows that we can take the sequence {¢,, }$°
such that ¢, — oo, f(t,,) — 0 as n — oo. From this and from (3.7) we obtain (1.14).
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2) The definition of k,, and its representation (2.18) result in following asymptotics:

D
Ky =1+ Qu miy "™ +0@ P, y—oo. (39
0

Then for each term of the series in (1.14) we have

+
- = Z[u*(a*)m @)™+ F (),
m=0
HahyPt (et
Fo(z)=tntnl__ Enllnl
z — (ln z — an
Suppose that
Zlu*(a ™ — pn ()" <0, 0<m<p, (3.10)
sup Y | F,(iy)| < oo. (3.11)
y=21

Then by (1.14) we obtain

p
K(iy? =1+ % 3 ST @™ — pn @)™y T 0P, (312)

m=0 n

y — o0o. Hence we have (1.15) from the comparison of (3.9), (3.12).
Let us prove (3.10), (3. 11) It is useful to note that from (1.11), (2.11) we have
wt < CL,, |u; — wt| < Cl2, n € Z, for some C > 0. Hence

|t (@™ — p (@)™ < mla) —a; |am™ 4+ |k — py|a™ < C(mA+a,)al

and
ph@hHP g (an P!

< +a+p+1_ —a-—p+1 a

+ lpr @™ = iy (a1
< CB(m+1+a,) a2,

and by (2.17), (1.12) we obtain Q;f > c||I||2 , for some ¢ > 0.
3) We can write k, = R+ 1J, where J(z) = zPv(z), R(z) = zP(u(z) — z + P (2)),
z € R. For the domain D = {z: R, < |2| < R,y > 0}, 0 < R, < R, < 00, we
have the Green formula

wIé(D) = - / R'(z) J(z)dz + (R,V' (Ry) — RV (R)))/2, (3.13)

R1<l11|<R2

where the function
k(s

b(t) = / Plexplip)dp, >0,
0
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and we have got the equality
— R'(x)J(x)

p—1
= :c”v(a:){(p + DaP — pzP~ lu(z) — ZQm(p —1- m)m”_z_m}, z € R.
0

Introduce the set 0V = o U (—00, N)U(IV, co) and the variables corresponding to
o we denote by the upper index N. It is well known (see [9]) that

vM@) @), V@) @), N oo, zeR.
From this and from Levy’s theorem it follows that
Qm't Q. /vN(:r)IuN(x)l |z|™ dx /v(w)IU(w)l |z|™ dz
as N — o0, and by (2.18) we obtain that k;,v converges to k, uniformly on compact
sets from C\o. We also have from (2.18) that
kY (z)=0(1/2), (k) () =0(1/2), as |z] - .

Hence if R, — oo, R, — 0 we obtain (1.16) for the case oV. Then by Fatou
theorem

p—1
4,/2 < (1+7)Qy, ~ & /pr-lu(g;)v(a:)dx 0 -1-mQuQspsn-
0

But from this and from (3.13) we obtain that the limit ¢ = limtb/'(t) > 0, as
t — o0, exists. Let us prove that ¢ = 0. Suppose not. Then for some C' > 0 we have
tb'(t) > C, t > 1. Hence b(t) — oo, as t — oco. Define the function

fz(t)=/Ik;(teXP(icp))lzd% t>0,
0

where by the definition of d,, we have

o0

2 /tfz(t)dt=dp < 00.
s
0

There is a sequence t,, — oo, such that ¢, f(¢,) — 0, as n — oo. Suppose not.
Then for some ¢ > 0 we have tf(t)> > ¢/t for large t and d,, = oo. For this sequence
t,, we obtain

|k, (t,, explip))| < |k, (it,)] +t,, / |KL (¢, exp(ie))| dep
0

S Ikp(ltn)l + 7l-tnf(tn) - 0’

as n — oo, uniformly on ¢ € [0, 7], because by (2.18) kp(z'y) — 0, as y — 00. So

b(tn) < /Ikp(teXP(iQO))lzdtp, — 0, as n— oo.
0
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4) For the Lyapunov function F(z) = cosk(z), z € C, there is the estimate
|F(z)| < coshwu(z), z € R. Then we obtain

+
1+ a2 14 22

Hence the functions F'(z) £ 1 are entire functions of Cartwright class. Using the
properties of this class (see [7]) and taking into account the fact that zeros of the
function F(z) — 1 is the set {a;,,n € N} (if a5, = a,, then the multiplicity equals
two) we obtain

F(z) — 1 = exp(iaz) V.P. Y <1 - —z—) , zeC, (3.14)

a
neZ,g=% 2n

where a € C and the multiplication in (3.14) converges uniformly on any compact
set of the complex plane. Introduce the function f, (2) = F"(2)/(F(z) — 1). From the
Weierstrass theorem and from (3.14) we have
) 1
fo() =ia+VP. Y — (3.15)

zZ—Qa
meZ,qg=+ 2m

where the series converges uniformly on any compact set lying in C\{a3,}. Using
(3.15) and the equality Im F'(z) = 0, x € R, we have a = 0. From F(z) = cos k(z),
z € C, we obtain 2/(k(2)) F'(z) = — sin k(z), and hence

—F(z) = 2"(k(2) F'(z), F@@f)=(D", z=ar. (3.16)
From (3.15), (3.16) it follows that for z = ai, . |,
1
fo(2) = F'(2)/2F(2) = — £ (i, /2= V.P. X}Z_@{

meZ,q=+
Using f_(2) = F'(2)/(F(2) + 1) we have (1.17) for ufn. Q.E.D.
Let v, = max{2,,}. We shall prove “the global estimates” for GQ.

Theorem 3.4. Let a GQ k satisfy Condition A and Condition 1 for some p > 0.
1) Suppose p = 0. Then
1 2
U2/8 <Qy=dy/2< =l < = |IR)? < 2
P78 < Qo = do/2 < — I Al < = 18] < o -
uo <24A0dy,  dy <An AP

2) Suppose p > 1. Then
4 1 2
2R < @y, < — il Bl < 2 AR < 271 +9) 2, (318)

B <24,d,,  d, <204p)Q;,, (3.19)

Qyp AU+ AL+ P12 (3.20)
Proof. 1) Prove successively all inequalities. Take any gap g,,. From (2.9) we obtain

v(z) > w,(x), * € g,,. Integrating this inequality on g, and adding in n we have the
first inequality. In (1.16) there is second equality.
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In (1.12) we have the inequality /,, < 2h,, and this gives
7Qo= [ vdt <Y bl < i IAl < 2P

Let Y,, = min x;*. By (1.13) we have I,, < 2Y,,. Hence

LY, = min{l,py} = min{plsil,/sh} < (g sy + 1nsi)

and then

LY, < min{2Y,2, vy sy + phsh} < v D pd min(ud, s%).
qg=%

From this inequality and from 2h2 < 72l Y, (which follows from (1.12)) we
obtain

2 2 2
(s VYT . 2l
”h”z < 7 E : lnYn < 22 E /'ng mln(:u'gu S;Iz = ZT lu’(z)
q=%,n

Using (2.23) we have the estimate

po =Y pdmin(ul,sl) < 2A0d;.
g=%,n

By (3.17),
"G} < U A7 < 4P E 1 < [P 1r240@
0> > 9 Ho = T 00 *
From this estimate it is easy to get the necessary inequality.

2) Consider the case g, C R, (the cases g, C R_ or 0 € g,, are proved by analogy).
From (2.9) it follows that

/ at +a; \?
/tzp'v(t)dt > /tzpwn(t)dt > /w/bz ) ($+ n : n) d
0

gn 9n
—\ 2p
b*r (af +a _
> e _nz_ﬁ > liﬁz 4—2paip,

where 2b = [,,. From this we have the first inequality. By (1.12)

nnn —

/ tPot)dt < a’Pl,h, <2aPh., neZ.
gn

Hence the three inequalities in (3.18) are proved. We have [, < 7, max, rZ. There
are two cases. First, let [, < ~,r,, then a, < (1+ 7,)|a,|. By (1.12), (1.13),

h < Tl piy /2 < 7 py min{py,, 17y /2} < 721+ ) gy, minfug, )

Hence
a?h? < (1 + )P (@;)* p, min{p; 77} (3.21)
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Second, let [, < 7}, then by analogy
a?Ph? < (1 + )P (a)? p min{pt, i} (3.22)
By (3.21), (3.22),

a?Ph? < (1 )P Z(a%)zz’ui min(ud,rd).
q==x

From this it is easy to prove the last estimate in (3.18).
To prove (3.19) we use (2.21) and then

Z (@2)?? pd min(pd, r) < 2A,D,.
g=+,n€Z

The last estimate in (3.19) follows from (1.16).
We shall prove (3.20). By (3.18), (3.19),

3 < WZIRIE < MR+ ) 2 u
< R+ 7)) TP4A, (1 + p) @y, -

From this estimate we obtain (3.20). Q.E.D.

4. Asymptotics

Let (A, B) be the distance between sets(numbers) A, B. Introduce the numbers £ > 0,

& =min(€,r7/2), &, =min&r, By =ay £&;

ol fon

|t —az]
gn

the domains Z,,(§) = {B,, <Rez < B}}, g,(6) = {|Imz| < £} N Z,(€), and the

functions ( )
[tfPu@)dt
| iare hes

J@,§,2) = —
2Jt—z|<z
We present the theorem.
Theorem 4.1. Let k be a GQ. Suppose that Q,} < oo for some p > 0.
1) Let (z,g9) > & > 0. Then

kp(2)] <2Q5 /121 + J(0,€,2), (4.1)

and J(p,&,2) — 0, as |z| — oo.
2) Let z € g,,(€) for some € € (0,b,,). Suppose Pp(x)' <1, z€g,. Then

207

[fo()| < hy,+ W

+(b, —&)7P [a” max fi+$€{g?)§3i} J(p, Sn,w)} , (4.2)
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where
2h, <T(fE+ ), fE <2 uE, (4.3)
_ . — Qo
+ —_ . —
¥+ 7 < min {~/4ln(un +p)s 1, <1 + mmi(ﬁ)z)} : 4.4

Remark. If p > 0, |n| > 1, then Pp(a:)’ <1, z € g,,. Furthermore, if a GQ k satisfy
Condition A then Pp(:c)’ < 1 for any z # 0.

Proof. 1) By (2.18) and by the inequality 2|z —t| > £+ |z —t| if (2, g) > & we have

1 tPo@tydt 1 / It|Pu(t) dt .

< — _ 4 — — < .

bei<y [ HEOR O <20} Al + 6.
2|t—z|<|z| 2|t—z|>|z|

Since Q; < oo we obtain that J(p,§,2) — 0, as |z| — oo.

2) By the maximum principle enough to estimate f,, on the boundary of Z, (). First
we consider f,(z) when 2z belong to the upper side of the slit g,, (the case of the
lower side is considered by analogy). By the definition of k,,, f, we have

0<Imf,(z+i0)=v()<h,, z€g,. 4.5)

Now we estimate the real part of f,(z + i0), z € g,. We see Re [l + 10) =
1 — P, (z) >0.

Then the function — Re f,(z + t0) increase in = € g,, and sup |Re f,(z +140)| =
TEGn

max | Re fp(af)l. Now we estimate the function f,(2), Rez = BE. By (2.18),

1 [t[Po(t)dt N
< Rez — _
&N < g | opac Re#=DBa
Suppose = € {aX, BEX}. Then
P 1 tPu(t
|1:|”f(:v)]§-1— / M*‘aﬁff-&— / [t[Pu(t)dt
P ™ [t — x| - _—lt 7]
2t=al>le] @2lt—2|<z}\on

<2QF |zl + b f + J(,€,,2)

since 2|t — x| > [t — x|+ &, if t ¢ g, and |af —¢t| < |Bf —t|if t € g,,. By (2.16),
(2.17) we have the first inequality in (4.3). By (2.9) we obtain

NI
fE< ”““/ Lt < o uE.
7r w,, (t)
gn

Using the estimates for v from (2.10), (2.16) we obtain (4.4). Q.E.D.
We shall consider asymptotics for the Hill operator. We introduce the numbers

_ _ 2 . v(t)dt
ﬂvn—/v(t)dt, Tn—Zvn+m(mr) , W, = / m, nez,

gn m#0 R\gn
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and the function

1 v(t)dt
F = — I S )
(@) - / ] neZ, zeg,
R\gn

We present the theorem.

Theorem 4.2. Let k(z) be the quasimomentum of the Hill operator and V € L'(0, 1).
Then for any x € g,,, n € Z, the statements (1.7), (1.8) are valid. Furthermore

max{W,,, F,(x)} < T, < Qyr 2, (4.6)
T, <Tn2, 4.7
(@) < w, () (1 +Tn™?). (4.8)

Proof. We estimate W, . the case of F,, is considered by analogy. We have the
inequality w, (t)* > m?r?, ¢ € g,,,,,, and hence

U(t)dt v(t)dt
e Z / oz e @9

m;én gm

By |m| > 1 we have. T,, < Q,r~2. In the case of the Hill operator
l,=L,/(a}+a,)<L,/2nr, n>0. (4.10)
By (1.10), (4.9),
v(@) = w, (@)1 + F, () <w,(x)1+T,), xz€g,, neZ. 4.11)
We see from (4.10), (4.11), (4.6) that

1 0 0 0 2
< = < 2 <
v, < - /w T dt <, /2) T°/2 < 8(277,7")2
gn
Hence .
T°L
T,= Y v, p,mn?< Y e
m#n,n#0 m¥#n,m#0 2(4m(n —m)r)
3T
s 272 Z mz(ml— n)?’
ms#n,m=#0
and by

n? B 11 2 Zl/mz—ﬁz/6
m2(m—-n)? \m-n m)’ - ’

m>0
we have (4.7). By (4.6), (4.7), (4.11), (1.10), (1.11) we obtain (1.7), (1.8). Q.E.D.

Introduce the function

A(ﬂﬁ,z)—Z{f +e ﬂ(ﬁ“) } 1 <4< oo,

”
A(ﬁ,f,Z)=2{§‘l+%10g (1+%)}, f=o00, £>0,
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We present

Theorem 4.3. Let k be the quasimomentum for the Hill operator and p > 0, £ > 0,
QF <00, 2€C, B> 1. Then

1

B
wJ(p,E,z)ST"A(ﬂ,é,z){ > aﬁﬂlff}
2(gn,z)<|z|
1

B
gT"A(,@,g,z){ > agf-”ﬁLff} . (4.12)

2(gn,2)<|z|

Proof. Introduce the function

BB,& = Y €492, 1B +1/8=1,

2(gn,2z)<|z|

and a number 7Q(p,n) = [ [¢|Pv(t)dt. We have

gn

J@,62<2 Y (E+(9,2)7 Q,n)

2(gn,2z)<|z|

< 2( > Qo n>ﬁ> " B(g,e, 281,

2(gn,z)<|z|

‘We have to estimate B. We obtain

|2]/2r
B(B,§,2) < Z €+ nlr)P1 < 2{§—ﬂ1 + / € + |z~ d:c}
0

2|n|<|2|

and
_5 51—,31
B(ﬂ»f,z)§2{§ +m}) IS,B<OO,
B(ﬁ,ﬁ,Z)§2{£‘1+%log(l+|2—zgl>}, B=oco.

and hence B < AP1. By (1.7),

mQ(p,n) < af, / v(t)dt < aPh,l, < aPT % /2 < a?7*T°L%/2. Q.ED.

gn
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5. Applications

In this chapter we shall apply the previous results for the case of both the Hill operator
and the Dirac operator with periodic coefficients.

First we consider the Hill operator H = —d?/dt* + V(t) in L?*(R), where V
is 1-periodic real potential and V' € L!(0,1). Let ¢(t, 2), (t, z) be the solutions of
(1.2), satisfying ¢,(0,2) = 0(0,z) = 1, ¢(0,2) = 0,(0,z) = 0, and the Lyapunov
function F(z) = (¢}(1,2) + 6(1,2))/2. The sequence 0 = Al < A < Af < ...
is the spectrum of Eq. (1.2) with periodic boundary conditions of period 2, i.e.
f(x +2) = f(z), z € R. Here equality means that A, = A} is a double
eigenvalue. We recall that aff = \/A,ﬂ; >0, afn =—af,neZl +- Essentially
that F(af) = (=1)", N € Z. The lowest eigenvalue A is simple, F(al) = 1 and
the corresponding eigenfunction has period 1. The eigenfunction corresponding to Af
have period 1 when n is even and they are antiperiodic, f(x + 1) = — f(z), x € R,
when n is odd. We have the well-known estimate

1

AE = (mn)? +/V(t)dt +o(l), n-—o0. (5.1)
0
Later on we need the simple relations
pE=+2aEME, ME=MF, pf=uF,, neN, (5.2)
L L
<] < —= n e N. (5.3)

AF TN T AL

n

<

There are some estimates for ., h,,, .7, v, in Sect. 2 and the same series for the
general quasimomentum in Sect. 3. For the Hill operator we can rewrite these results
more simply.

Corollary 5.1. 1) Let k be GQ for the Hill operator and V € L'(0, 1). Then
M3 Al M4
Kz =28 ) no=142 Y nn (5.4)

E — Al E— AL’
n>0,qg=+ n n>0,q=+ n

the series converges absolutely and uniformly on compact sets. The effective masses
are expressed by (1.4).

2) Let a potential V. € WY(R/Z), p > 0. Then
> UADPM + (AP M)

n>1
p—1

1
= (14+2p)Q,, + Zo:(l +2m) (p —m— 5) Qon@op-1—mys (5.5

and the series converges absolutely. If p = O(p = 1) then we have (1.5), ((1.6)).
Proof. By (1.14), (5.2). (5.3),

+ - q q
2k 2_1 — o, _ Hn — Ha H_pn
k" =1 Z(z—a; z—a; Z Kl P

meZ q=%,n>0 -n
. z QNq[ 1 1 ] _ Z 4AI M3
- n — q q| — A9
q=1,n>0 Z an Z+an n>0,g=+ E An
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and hence
(AL —E+ E)M!
K -D/2= ) ST
n>0,g=+ n
q
> MI+E ) o
n>0,q + n>0,q +
=M - = + E ) Aq :
n>0,g=%
because >, MZ=1/2 (see (1.14) at z = 0). Thus we obtain (5.4).
n>0,q=%
By (1.17), (5.2) we have (1.4) by analogy.
2) By (5.2),
A=) q@)Pul =Y qla) PP ul + (L) Pul ]
n>0
= a@)" " Pulll - (=" =4 (ADTPME, p>0.
n>0 n>0
Using (1.15), (5.2) we obtain
2(p—1)

A=41+2)Qy+2 Y (n+1D2p—1-1)Q,Qp 5
0

p—1
=401+ 2p)Qyp +2 ) Cm A+ 1DQ2p— 1= 2m) Qo Qa1 —my -
0

By (3.17), (5.5) we have (1.5) and by analogy we get (1.6). Q.E.D.

Recall that for a sequence f = {f,}{° and a number p we introduced a norm

1714, = E(Ai)plf |2. If we define a number 1 = su%{A+/A } > 1, then we
n>

have 51mple estlmates 1112, < A3, < nPlfII% - Tt is necessary to note that for
an even sequence f = {f,}>°, ie. such that f_ =f,.n=123 ..., f=0,
we have the equalitis 2||f[|3 o = IfI%. 2/If1I%., = IF1I}-

Now we present the theorem.

Theorem 5.2. Let k be a quasimomentum of the Hill operator and V € L'(0, 1). Then

1—16 ILIE -1 < Q= do/2 < 2 I, (56)
IBl%o < 4n*|M*|%, < 7°Bydy, 5.7
dy < 2By||LI% - (5.8)
Suppose a potential V € W} _I(R/ Z),p>1. Then
23 IL oy < Qs < IR, 59
Al < 4m°|MF|4 14, < 7°B,d, /4, (5.10)

d, <21+ p)Qy, <81+ B, LI, $.11)
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Proof. By (5.3), (3.17),

d0/2=Qoz-§-Zz§2EZL

n>0 n>0
and again by (3.17) we have (5.6). Now we shall prove (5.7). By (5.2), (1.12),

R2 < mHui)? < 4m?AT(MEY, neN. (5.12)
Combining (5.12) with (2.35) we have (5.7). We see from (3.17), (5.3), (5.7) that
Q5 < Rl IU1* < 2(1All} ollUI* < 47° Bydo L1130 < 4° Bydo|ILII% -1

and using 2Q), = d,, we have (5.8). The estimates (5.6)—(5.8) have been proved.
We rewrite (3.18) in the form 2274=2||(||3 ) < sz < 4||h|j3 , /7, and by (5.3),

2L,y < @y < 2 A,
From (5.12) it follows that
IRIZ, < 4> (AEVIM P Al < 4| ML 40 s

n>0

and by (2.35) 4HMi|jE i1 < Bpd,, .
Now we shall prove (5 11). We have the first inequality of (5.11) in (3.19). It is
necessary to prove the second. By (3.18) and by the first estimate of (5.11) we obtain

that
m Q3 < Ml A, < 4ILIG -7 Byd,, < BIILI o1 7°B,(1 + D) Qyy
and hence we have (5.11). Q.E.D.

Now we shall find asymptotics k(z) as |z| — co. We consider only the case p = 0.
Suppose £ > 0 and (z,g) > &£. By (4.12) at § = oo we have

1
7 J(0,&,2) <270 71 4 = 10g< +B)} sup 12, (5.13)
26/ ) 2(z,9n) <2l
and since

20a, +at| >z, as 2(z9,) <|zl, (5.14)

and by (5.3)

4
sup lig—z sup Lfb, (5.15)
2(z,9n)<|2| 121 2az 13121

then we see from (5.13)—(5.15) that
J0,€,2) < J\(&,2) (&, 2)/ |2,

mJ(62)=8T" sup Ly, S =¢& +110g( l2|>.
4A7 >|z)? 2¢

(5.16)

Then we obtain

k(2) — 2| < 2Q/ |2l + J,(&, 2) L€, 2)/ |2 (5.17)
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Now we consider the case (z,g) < £. Let m > 1 and such that 7* > 7/2 as

[n| > m. We take 4§ < 7 and z € {(z,9,) < £}. By (1.10), (5.3),
T°L T°L

2h, <TY < n_ < n 5.18
n ST S ] = T G189

From (5.18), (1.10) it follows that
<1, <7°L, /|2, (5.19)
and by (5.16) J(0,&,x) < 4J,(&, |2]/2) Jy(€,2]2])/|2|% z € {af,aF £ £}. Finally,

we obtain
lk(2) — 2| < (4Qy + T°L,)/|2| + 4J,(§, 2/2) J5(€,22)/|2|*.

Now we shall consider some estimates about the velocity U,, n € Z. Let the
spectral band of the quasimomentum for the Hill operator s(n) = [a(n),b(n)],
r, = |s(n)|, n € Z. Suppose the point k, such that U, = z'(k,,) = maxz'(k),
z(k) € s(n). We present

Corollary 5.3. Let V € L'(0,1). Then
> r2(-U ) < 4dy.

Proof. Let 2z,, = a(n)+ b(n) and the domain D,, = {Re z € s(n)}, n € Z. Then we
have

w(r, /2K (z,) — 1]* < /Ik'(z)— 12 dzdy,
Dnp

and by |k/(z,) — 1| > |1 — U;'| we obtain (r,,/2)*|1 — U;'|? < I¥(D,,). Summing
we have the estimate. Q.E.D.

Now we shall consider the Dirac operator H, (with periodic coefficients) in the
Hilbert space . 7% = L*(R) ® L*(R)

(0 1\ d [(Vitp ©
HD—(—I 0) dt+< 0 Vz(t)>‘

Later on we shall use the Dirac equation
h+Vifi=zf, —fi+Vah=2h, (5.20)

where V|, V, are real 1-periodic functionsint € R, V|, V, € L'(1,0). For a vector-
function f(t) = {f,(t), f,(t)} we consider the following boundary conditions:

fO) = f(1), (5.21)
f0) = —f(1). (5.22)

The boundary value problem (5.20), (5.21) is called by periodic and the boundary
value problem (5.20), (5.22) is called antiperiodic. We denote the eigenvalue of the
periodic problem by aétn and the eigenvalues of the antiperiodic problem by azin Y
n € Z. It is well-known that

< izn_l <aj, ;<ay; <a), <..., (5.23)
a; =n(r+o(l)), |n|— 0.
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Let o(t,2) = (p,(, 2), p,(t, 2)), 0(t,2) = (0,(t, 2),0,(, 2z)) be the solutions of
(5.20) satisfying (0, z) = (0, 1), 6(0, z) = (1, 0).

We introduce the Lyapunov function for the Dirac equation 2F,(2) = ¢,(1,2) +
0,(1,2), z € C. The properties of the Lyapunov function for the Dirac operator and for
the Hill operator are similar. But there is one exception. The function F',(2) is not even
in z € C. We have F(af) = (—1)", n € Z. The spectrum of H, is purely absolutely
continuous and is given by the set Us,,, where a intervals s,, = [a,_,a, ]. These
intervals are separated by gaps g,, = (a,,,a}). If a gap g,, is degenerate, i.e. g, =0
then the corresponding segments s,,, s, ., merge. The spectrum of Hp falls into
the components which are called spectral bands. Now we define the quasimomentum
function k(z) = arccos Fip(z), z € Z = C\g, g = Ug,,. The function k(2) is analytic
and moreover k is a conformal map from Z onto the quasimomentum slit plane
K = C\UTI,, where an excised slit is given by I, = {Rek = mn, |Imk| < h,},
h, > 0, n € Z. A lot of estimates for the Dirac operator repeat corresponding
estimates for the Hill operator.

Acknowledgements. E. Korotyaev would like to thank T. Hoffmann-Ostenhof for the hospitality of
Erwin Schrodinger Institute.
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