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Abstract: It has been discussed earlier that (weak quasi-) quantum groups allow for
a conventional interpretation as internal symmetries in local quantum theory. From
general arguments and explicit examples their consistency with (braid-) statistics
and locality was established. This work addresses the reconstruction of quantum
symmetries and algebras of field operators. For every algebra o/ of observables
satisfying certain standard assumptions, an appropriate quantum symmetry is
found. Field operators are obtained which act on a positive definite Hilbert space
of states and transform covariantly under the quantum symmetry. As a substitute
for Bose/Fermi (anti-) commutation relations, these fields are demonstrated to
obey a local braid relation.
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1. Introduction

In classical mechanics, symmetries are described by groups of transformations
acting on a phase space. In view of the predominant role group symmetries played
in classical mechanics, it was natural to introduce them also into quantum theory.
In fact, this was done soon after the discovery of quantum mechanics and group
symmetries turned out to be an important tool to obtain predictions of quantum
theory [81].

Since the late seventies much work was done to investigate quantum mechan-
ical models on a two or three dimensional space-time. Solving models of 1 + 1
dimensional quantum field theory, Sklyanin, Takhtadzhyan and Faddeev revealed
a new algebraic structure that was called quantum algebra [20, 21]. In the more
axiomatic treatment of Drinfel’d and Jimbo [18, 46] it appeared as a special class of
Hopf algebras [1] and consequently as a generalization of groups. The new name
quantum group was used henceforth. To cut a long story short we just mention that
signs of quantum group symmetries have been found in many quantum mechanical
models such as integrable spin chains (e.g. [69, 75]), rational conformal quantum
field theories (e.g. [3, 68, 54, 44]), and massive integrable models (e.g. [73]). The
process of generalization continued. In 1989 Drinfel’d introduced quasi quantum
groups to be able to “twist” quantum groups. Non-trivial examples of quasi
quantum groups were constructed and shown to be related to orbifold models [ 14].
For reasons that remain to be discussed later, all models which exhibit generalized
quantum symmetries are defined on a low dimensional space time.

To begin with, let us list the most important algebraic structures which are
common to all known examples of quantum symmetries. The basic structure is an
associative *- algebra ¢* (generalization of the group algebra). Representations of
@* give rise to an action of the quantum symmetry on vector spaces. Unitarity of
the representation 7 on a Hilbert space ¥V means that t(&)* = 1(&*) for all e @*.
Among the representations of a quantum symmetry, one can always find a “trivial”
one-dimensional representation ¢. Moreover, tensor products of representations
can be formed. The tensor product of two representations 7, T on V, V' is
a representation t &J 7' on ¥V @ V. It is furnished by a homomorphism 4: ¥* —» @*
® %* (a “co-product” of ¥*) according to the formula

R =®1)4(¢) .

This tensor product need not be associative and commutative and it may involve
truncation, i.e. the representation t {3} 7’ possibly vanishes on a non-trivial subspace
of ¥ ® V'. Finally, a notion of “contragredient” representations is furnished by
a suitable anti-automorphism &: ¥* — 4* (an “antipode” of ¥*). We use the name
“bi-*-algebra with antipode” for such an algebraic structure. The precise definition
is given below in Definition 3. The special case where 4(e) = e ® e and the co-
product is co-associative® is called a “Hopf-*-algebra.”

We adopt the framework of second quantized quantum mechanics, so that
there is a Hilbert space # of physical states which is generated from a unique
ground state |0) by application of a set of field operators ¥!(x, t). Superscripts I, J,
K, ... distinguish between field multiplets while subscripts label members of the

! co-associativity is the property (4 ® id)4 (&) = (id ® 4)4(&) of the co-product.
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multiplets. A quantum mechanical system is said to possess a quantum symmetry
%*, if the Hilbert space J# carries an unitary representation % of ¢*, such that the
ground state |0) is invariant and field operators ¥/(x, t) transform covariantly.
Invariance of the ground state means that |0) transforms according to the trivial
one-dimensional representation ¢ of 4*. The formulation of the transformation law
of field operators involves the tensor product of representations of ¥*. More
precisely, a field multiplet ¥7(x, ) is said to transform covariantly according to the
finite dimensional representation t' of 4*, if

UE)Pi(x 1) = P 0 BU)(E)

holds for all £ € 9* [12]. The symmetry transformations considered here do not act
on the space time argument of the field operators, in other words: they are internal
symmetries. We give a more comprehensive explanation of the notion of quantum
symmetry in the next section.

In second quantized quantum theory, Bose and Fermi statistics are implemented
through local commutation or anticommutation relations of field operators which
create particles,

i )P () =2/ 0)¥ix0 forx+y. (1.1)

Consistency of a symmetry with Bose/Fermi statistics requires that this relation
should be preserved by a symmetry transformation. This is indeed true for internal
symmetry groups.

In two and less space dimensions, Bose/Fermi statistics is not the most general
possibility, but braid group statistics can also occur. Frohlich proposed that local
(anti-) commutation relations of fields should be replaced by local braid relations,

Plx, 0P I3, 0) = 0P (0, )P Lx, OBt s (12)

if x > A for some ordering of space coordinates and w'’ are phase factors. Origin-
ally, Ry Xl } ; were proposed to be complex numbers.

The main question is, whether such local braid relations can be consistent with
the transformation law under some non-trivial quantum symmetry. The answer is
affirmative. It will be seen, however, that braid matrices # with entries in * should
be admitted.

In general, local braid relations of this more general type can be consistent with
non-trivial quantum symmetries, provided the tensor product of representations is
associative and commutative at least up to equivalence,

'Rz’ ®, (1.3)
RIR 2R R . (1.4

The precise formulation of this requirement will involve an element Re ¥* ® ¥*
and a “re-associator” ¢ € ¥* ® ¥* ® ¥* with certain properties They will furnish
invertible intertwiners R = (¢ ® t/)(R) and ¢"* = (! ® ©/ ® t¥)(¢p) between
the representatlons on the right and left- hand 51de of Eq (1.3,1.4). When ¢ =
Y., 0:® @7 ® ¢ oneintroduces @213 =), 97 ® ¢, ® ¢;. In this notation, con-
sistent braid matrices are given by

R

R (‘Ckz®T1,®%)(€0213(R®e) Yed(g*) . (1.5)
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Bi-*-algebras with antipode %, re-associator ¢ and R-element R are called weak
quasi quantum groups. They were introduced in [56] as a generalization of
Drinfeld’s quasi quantum groups [19]. A precise definition will be given in Sect. 4.
Con51stency of weak qua51 quantum group symmetries with local braid relations is
discussed in more detail in Sect. 5.1.

Itis shown in [57] that the chiral Ising model —i.e. the conformal quantum field
theory in which observables are generated by a Virasoro algebra with central
charge ¢ =3 — provides an example with the truncated quantum group algebra
Ul(sl), q = iz as a symmetry2. To the best of our knowledge, this was the first
time that the consistency of non-abelian local braid relations (1.2) has been
demonstrated through the construction of a model. Originally it had been pro-
posed that minimal conformal models have quantum groups as symmetries [ 3, 697,
but this identification is not quite satisfactory, because the local braid relations,
which should come with the symmetry, are not satisfied [54].

The main result of this work states that the picture we obtained from studying
this example is generic. The notion of fusion rules of superselection sectors will be
explained in detail in Sect. 3.1. Basically, superselection sectors are inequivalent
*.representations of the algebra of observables in quantum mechanics. Under
standard assumptions, tensor products of such representations can be defined and
decomposed into irreducibles, with multiplicities N§ (“fusion rules”). The algebra
of observables .o/ has subalgebras .7 (0) which correspond to measurements in the
bounded space time domain @. It suffices to consider double cones 0, i.e. non-
vanishing intersections of the interior of forward and backward light cones. These
algebras form a net, i.e. there is an inclusion preserving map ¢ — 2/(0), where O is
an element in the set " of open double cones in spacetime.

Theorem 1 (QFT Reconstruction theorem). Let </ be a net of local observables
which satisfies the standard assumptions (Haag—Kastler axioms, Haag-duality,
locally generated sectors, finite statistics). Suppose that there is a bi-*-algebra with
antipode such that the multiplicities in the Clebsch—Gordon decomposition agree with
the fusion rules N defined by the superselection structure of </. Then one can
construct a complete local field system (F,9*, #, n) with quantum symmetry. In
detail this means the following:

1. There exists a net & of local quantum fields. The algebras Z (O) which
F assigns to every open double cone O in spacetime come equipped with
a conjugation. The product in Z(0) is denoted by -. The product is not
necessarily associative, but it enjoys quasiassociativity properties as stated in
Theorem 16 below.

2. 9* is a weak quasi quantum group with re-associator ¢ and R-matrix R.
Elements £ € 9* act on F (0) as generalized derivations. The algebra o/ (0) of
observables in () is the fixed-point algebra with respect to this action.

3. Quantum fields localized in relatively spacelike regions of spacetime satisfy
local braid relations. If Y, € F (O,), Yy € F (O,) transform according to irredu-
cible representations © =~ 1t/ and v = t* of 4*, they read

Yo Y ls = 0"5Y )+ Y515, @ T3p) (R) (L.6)

2 U J(sl,)is a family of weak quasi quantum groups which is obtained from U ,(sl,) by a process of
truncation [56].
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whenever Oy > O,. Here w'! are certain phase factors depending on the
equivalence classes of t, t'. Fields are local relative to the observables, i.e.
F(0,) and o (0,) commute elementwise whenever Oy and O, are spacelike
separated.

4. Thereis a Hilbert space # which carries a unitary representation U of 9* and
a faithful representation ©n of . When  is restricted to o/, it determines
a reducible representation of o/ on H. A decomposes into a direct sum of
“superselection sectors” H#’”? (irreducible representations of /) each with some
finite nonzero multiplicity oy,

H=YH#QV), dimV’' =5
J

V! are representation spaces for 4*. States within the “vacuum sector” #° are
G*-invariant. #° appears with a multiplicity 5, = 1 and is cyclic for n(F (O)).

5. Suppose that V,, Y, transform according to representations t, v of 4* and
denote their “representation operators” n(ys,), n(ys) (“field operators”) as P,,
V5. Then the product -y is represented by

nWa ) =2 ¥, V51, ® T3 @ U)(9) - (1.7)

It follows in particular that field operators obey local braid relations of the
form (1.2) with a (not necessarily numerical) #-matrix.

The braid relations hold for all field operators, including composites, i.e. the
braid relations pass to products and conjugates. The field operators satisfy quan-
tum symmetric operator product expansions, see Theorem 18.

Theorem 2 (Existence of the quantum symmetry). An appropriate bi-*-algebra 4*
with antipode as required by the hypothesis of the preceding theorem exists, if the
theory defined by o/ is rational, i.e. has only a finite number of superselection sectors.

The above theorems and their proofs are expressed in the language of algebraic
quantum field theory [43]. Some basic ideas from the algebraic theory of super-
selection sectors are reviewed in Sect. 3. Covariant field operators will be construc-
ted in Sect. 3.3. Local braid relations are established in Sect. 5.2. To discuss the
locality properties of field operators some mathematical results on symmetry
algebras with re-associator ¢ and R-element R are needed. In order not to clutter
the presentation in Sect. 5, This mathematical background will be anticipated in
Sect. 4. Readers who do not want to enter the discussion of algebraic quantum field
theory but have some basic knowledge in two-dimensional conformal quantum
field theory may skip Sect. 3.1, 3.2. Besides of providing a more rigorous mathemat-
ical basis, arguments from algebraic theory of superselection sectors are used to
demonstrate the universality of “vertex operators” and their properties. Indeed all
related features familiar from two-dimensional conformal theories extend to a wide
class of two- and three-dimensional models (without conformal symmetry).

Internal symmetries recently led to a classification of quantum field theories
with permutation group statistics [17]. Doplicher and Roberts proved that
a unique compact symmetry group G can be associated with every higher dimen-
sional quantum field theory. Moreover, the quantum field on which the symmetry
transformations act, commute or anticommute for spacelike separations. The-
orem 1 generalizes the construction of Doplicher and Roberts to quantum field
theories with braid group statistics. Some remarks on uniqueness, which fails to
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hold in the setting of Theorem 1, are included in the last section. For related work
see Frohlich and Kerler [50, 38], Haring [46], Majid [63], Rehren [70, 71] and
Todorov et al. [45, 44].

2. The Notion of Quantum Symmetry

Let us begin with a short review on group symmetries in quantum mechanics.
Consider some quantum mechanical system (#, {¥'}, |0>, H) within a second
quantized formalism. The Hilbert space # of physical states should contain
a unique ground state |0 with respect to the Hamiltonian H. We assume that # is
generated from [0) by multiplets of field operators ¥7(x, ¢) (I labels multiplets,
i labels fields in the multiplet I) which create particles or excitations.

A compact group G is called (internal) symmetry of this system if there is
a unitary representation %: G — %(#’) such that the ground state |0) and the
Hamiltonian H are invariant and field operators ¥! transform covariantly accord-
ing to the representation t! of G. To state these requirements in mathematical
terms, let us recall two notions from the representation theory of groups. Every
group has a trivial representation &;: G — C defined by ¢¢(&) = 1 for all £€G. The
tensor product & of representations 7, T’ is given by

(& T ht,i5(8) = ta(§)11;()  forall LeG. @1

If we set &* = 71, unitarity of % asserts %(&)* = %(¢™ ') = %(E*). Invariance of
the ground state |0) can be expressed as

YN0 =|0> =|0>es(l) forall (eG. (2.2)

We say that ¥!(x, t) transforms covariantly according to the representation t/ of G,
if for all £eG,

UQ)Pi(x, 1) = ¥ix, OO UQ) = ¥ i(x, )" BU);i(C) - (2.3)

Since we concentrate on internal symmetries, there is no action on the space-time
variable of the field. For this reason we will often neglect to write arguments (x, )
explicitly. Adjoint field operators ¥!* transform covariantly according to the
“conjugate” representation 7(£) = (‘t!(¢))*, for all £e G (here and in the follow-
ing ' denotes the transpose of a matrix and * refers to a scalar product on the
representation space of /).

AP =PHTRUC) - (2.4)

In conclusion, the formulation of symmetry in quantum theory involves a con-
jugation = to express unitarity, a trivial representation ¢ to state invariance and
a tensor product 3 of representations to write down the covariance law. The
mathematical structure behind these notions is known as bi-*-algebra with antipode.

Definition 3 (Bi-*-algebra with antipode). A (not necessarily co-associative) bi-*-
algebra (9%, A, ¢, *) is furnished by an associative *-algebra 4*, with unit e and A:
G* - G* Q G* (co-product), & G* — C (co-unit) which are *-homomorphisms. A is
not required to be unit-preserving, i.e. A(e) + e ® e is permitted. The co-product
A and the co-unit & must satisfy

(®id)A=id=(id®e)A . (2.5)
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The bi-*-algebra has an antipode if there exists a C-linear antiautomorphism &
G* +— G* (antipode) such that

LI ENald = ae(l), ) EPS(E7) = Pe(&) (2.6)

hold for two fixed (independent of &) elements o, f€%* and
FEF =97, p=S*). 2.7

If A(e) = e ® e and if the co-product is co-associative, viz. (4 ® id)4 = (id ® 4)4,
then %* is called a “Hopf-*-algebra.” The bi-*-algebra is called semisimple if 4* is
a sum of full matrix algebras.

Here ¢, are defined by the expression 4(¢) = &, ® &2 of the co-product 4.
Consistency of the antipode with the *-homomorphism involves a definition of
* on 9* ® ¥9*, which is not unique (cf. [56]) since there are two possibilities to
define a *-operation on @*®x+

D E®n*=*@n*, (2.8)
D E®n* =n*®* (2.9)

for all £ e%*, ne 9*®>. Throughout this paper we will only consider conjugations
of type (I). Everything below can be worked out for conjugations of type (II) (cp.
[61] for formulae). Note that 4(e) = e ® e is not assumed. For us, the homomor-
phism property of 4 means 4(n¢) = A(n) 4(£) and implies only that A(e) is a projec-
tor, i.e. A(e)4(e) = A(e). When we want to stress that 4 is not unit preserving,
(9%, 4, ¢, ) will be called “weak” bi-*-algebra. One should also note the freedom in
the choice of &, § in the definition of the antipode. For a given antipode 7, relations
(2.6, 2.7) are invariant under the transformation o — (o with an arbitrary element
{ in the center of ¥*.
The co-product 4 determines a tensor product t X 7’ for representations 7, 7’
of @*,
TRTY)E) =(t®T)A(&)) forall Eeg*. (2.10)

With respect to this tensor product of representations, the co-unit ¢ furnishes
a trivial one-dimensional representation. Triviality refers to the property
e®1=1=1tKe¢ for all representations 7 of ¥* which follows from (2.5). If
A(e) + e ® e the tensor product of representations is truncated. This means that it
is zero on a non-trivial subspace of the tensor product of representation spaces.

A “contragredient” representation 7 of the representation t of ¢* can be defined
with the help of the antipode %,

) ="1(L 1) forall few*. (2.11)

Relations (2.6) assert that the tensor products 7 & 7 and 7 K] T contain the trivial
representation ¢ as a subrepresentation. It is this feature which motivates the name
“contragredient” representation. We introduce the symbol 7 to denote the repres-
entation of ¥* obtained as

(&) = (t(LUER))* forall Eed* . (2.12)

Since 7 will turn out to determine the transformation law of adjoints, we refer to
7 as “conjugate” representation. If the representation t is unitary, ie. 7(&*) =
(t(&))* for all & e @*, the definition (2.12) assumes the simpler form 7(¢) = ‘t(F(¢)).
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Let us explain how to abstract a bi-*-algebra with antipode from the repres-
entation theory of the compact group G. In this case, ¥* should denote the group
algebra of the compact gauge group G, i.e. a space of “linear combinations” of
elements in G. All (anti-) homomorphisms of the group G can be uniquely extended
to algebra-homomorphisms of the group algebra ¢*. Consequently it suffices to fix
Ag, &g, *, S on elements ¢ in the group G. gg, * have been defined above and
comparison of (2.10) with (2.1) yields

Ag(€)=¢®@E forall EeG. (2.13)

Similarly we obtain the expression F;(¢) = ¢! for the antipode. Since Ag(e) =
e ® e, the co-product 4 is unit preserving. Assuming that the action of * on
G* ® 9* is specified by (£ ® n)* = &* @ n*, (9%, Ag, &g, *, F) 1s easily shown to
satisfy all assumptions listed above. In this sense, group algebras are only special
examples of bi-*-algebras with antipode.

Definition 4 (Quantum symmetry) [56]. A *-algebra %* with co-product A and
co-unit ¢ is called quantum symmetry of the system (A, {¥'}, |0), H), if there exists
a representation

U: G* +— B(AH) such that

(i) % is unitary in the sense that U(E¥) = U(E)* for all &€ G*.
(i) The Hamiltonian H and the ground state |0) are invariant, i.e.

[Hu&)]=0, %&)0>=1|0>e&) forall te%*. (2.14)

iii) The field operators W 1(x, t) transform covariantly with respect to the representa-
tion ! of 4%, i.e.

U PI(x, 0= Pix, O B %))
=) Vi 0THENUER), f A=Y ®& . (219

The covariant transformation law (2.15) tells us how to shift representation
operators % (&) through fields from left to right. Together with the invariance of the
ground state |0) it determines the transformation properties of states. We demon-
strate this for the 1-excitation states,

u(E)P10) = Y WITEDUENI0> = 3 Piti(E,)e(E )10 = P05 () -

The transformation law of higher excitations can be found along the same lines. As
a result one finds that they transform according to some tensor product of
representations t/,

WP P =P PRI RERRC . B’ i)

The brackets in the tensor product of representations on the right-hand side are
necessary since the tensor product (2.10) need not be associative. We will come
back to this point later.

We would like to derive a transformation law for adjoint fields ¥ * as was done
for group symmetries. However, the existence of an antipode . does not suffice for
this purpose, even though it furnished an appropriate notion of contragredient and
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conjugate representations. Let us assume in addition that there exists an element
PEG* ® G* ® Y* such that

P(A®id)A(E) =(id ® A)A(E)p for all (e¥* . (2.16)

We will give a detailed discussion of such elements ¢ below. They are called
re-associators. Here we use the existence of ¢ =) ¢, @ 92 ® ¢ to infer trans-
formation properties of a covariant adjoint of field operators. The covariant
adjoint can be regarded as an analog of the Lorentz covariant adjoint ¥ = ¥P*y, of
a Dirac spinor field.

Definition 5 (Covariant adjoint).
Pl= (Vi @U)W)* = ti(wa*) U W) P>, (2.17)
with w=Y wi@w; =Y 02 9. f)® o5 .

The second equality in the definition (2.17) of the covariant adjoint holds only if t*
is unitary.

Proposition 6. The covariant adjoint transforms covariantly according to the repres-
entation ' of 4*, o
AP =TT @U)C). (2.18)

Proof. From relations (2.6) and (2.16) one obtains
we® &) =) AEHW(E; ®e)
for all £e@*. It follows that
P @ U)W UE) = (T0 ® UNAE) Vilti; @ U) W) .

Taking the adjoint of this equation one derives the formula (2.18).

One should notice that the properties of the antipode & (2.6) and the discussion
of covariance for adjoint fields differ from the earlier work ([56] f.). The original
treatment turned out to provide an unnecessary restriction within the class of
interesting quantum symmetries. In addition many crucial statements about
covariant adjoints given below do not hold within the setting of [56]. It was
suggested by Vecsernyes [79] to use Drinfeld’s definition (2.6), and this is indeed
appropriate as the results reported here confirm.

3. Algebraic Methods for Field Construction

According to the laws of local relativistic quantum mechanics, observables are
selfadjoint operators acting in a Hilbert space 5 of physical states. The Hilbert
space of physical states ## may decompose into orthogonal subspaces #°7, called
superselection sectors, such that observables A do not make transitions between
different subspaces #” [80]. Different sectors #” carry inequivalent irreducible
positive energy representations of the algebra o/ of observables A, possibly with
some multiplicity [42]. Among the sectors is the unique vacuum sector #° which
contains the vacuum |0) and appears with multiplicity 1.

When several superselection sectors exist, it is of interest to construct additional
field operators which make transitions between superselection sectors so that the
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whole Hilbert space of physical states is generated from the vacuum by application
of field operators. These fields operators should commute with all observables
when their space-time arguments are spacelike localized.

By definition, observables have to commute with the generators of an internal
gauge symmetry. A field operator which transforms according to some non-trivial
representation of an internal gauge symmetry is necessarily non-observable, i.e. it
maps states in different superselection sectors into each other. This implies that
states in different sectors possibly transform according to inequivalent representa-
tions of the internal symmetry.

According to the algebraic theory of superselection sectors [15, 16], non-ob-
servable fields are constructed by adjoining localized endomorphisms p to the
algebra .7 of observables. These ideas will be explained in some detail below. For
a comprehensive introduction we recommend the recent book of Haag [43] and
lectures by Roberts in [49].

3.1. Observables and Superselection Sectors in Local Quantum Field Theory. In this
section, M, is a d-dimensional space-time manifold with a global causal structure.
A will denote the set of all double cones ¢ (non-void intersections of forward and
backward light cones) in M,. To be specific let us choose M, to be the d-dimen-
sional Minkowski space. We will consider another possibility at the end of this
subsection. Two subsets &, %, of M, are called spacelike separated, if any two
points x;€.%; are relatively spacelike. The causal complement &’ of a & < M, is
the set of all points spacelike separated from . If d = 2 and @ a double cone, ¢
decomposes into two disconnected components ¢<. We use the notation ¢; S0
whenever ¢; = O<. In the following, G is a group of global transformations of M,
which respect the causal structure. It is supposed to contain spacetime translations.
Elements g € G transform regions ¢ € %~ to g0.

Consider a set of observable local quantum fields ¢;(x) on the space-time M,.
One might for example think of an energy-momentum tensor T'(x) or a family of
real currents J,(x). They are described by a commutator which vanishes for
relatively spacelike arguments. According to the Wightman theory [40, 77], fields
are operator valued distributions. So they should be evaluated on real test func-
tions f: M; — R to obtain (unbounded) operators on the Hilbert space of physical
states,

$o(f) = | dxp(x)f(x) .

Regarded as operators on the vacuum sector #°, these smeared out fields “gener-
ate” the algebra of observables. We define an algebra .« (0) of observables localized
in @ to be the von Neumann (weakly closed *-) algebra generated by all bounded
functions of the operators ¢,(f) with supp(f)e O. Properties of the set of observ-
able fields ¢;(x) can be translated into properties of the family .7 (©) they generate.
We would like to mention that in this step one has to be aware of certain subleties
which might be overlooked at a first glance. In general, domain problems of the
unbounded operators ¢,(f) spoil local commutativity [@(f;), @(f2)] =0 of
bounded functions @ in ¢( f;) for spacelike separated support of f;. For a review on
the status of these problems see [85] and references therein.

At least in many applications to concrete models, we are led (cf. [43]
for a thorough discussion) to consider a family of von Neumann algebras
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A(Ooer < B(HC) in a Hilbert space #° which satisfies the following basic
(Haag—Kastler) axioms [42].

1. It is isotonic, ie. Oy = O, = A(O;) = A (0O).

2. Einstein causality (or locality) is satisfied, which means that o7 (0¢;) = «/(0,)
if 0, = 0. Here &/ (0,) is the set of all bounded operators in #° which
commute with o7 (0,).

3. There is a strongly continuous unitary representation U, of G in #° which
implements automorphisms a,: o7 (0) — < (g(0)) defined by

a,(A) = Uog(g)AUo(g™") forevery geG. 3.1

The generators of the translation subgroup should have their spectrum in the
closed forward light cone. We will refer to these properties as covariance and
spectrum condition respectively.

4. There is an (up to a phase) unique vector |0» € #°° which is invariant under
the action of G, i.e. Uy(g)|0> = |0). |0) is cyclic for each o7 (O).

Algebraic quantum field theory starts from this algebraic structure. Specific prop-
erties of underlying Wightman fields (which often exist in the applications but
possibly not in general) are not needed in the analysis. So we might take the family
o/ of local observables instead of a set of Wightman fields to define (the observable
content of) the model.

All the properties of the family 7 stated above, reflect deep physical principles
(Einstein causality, covariance, etc.). Later we will often need another assumption
on the structure of ./ (0)g < 4, which cannot be justified on the same footing. The
family o is said to satisfy Haag duality if

A(O) = L) forall Oex . (3.2)

Here o7 (0') is defined to be the C*-algebra generated by the algebras .27 (0;) for
0, = O, 0OyeA. Haag duality can be regarded as a strong version of Einstein
causality, which asserts that &/ (0) <= /(0’). Generally speaking, breakdown of
this duality indicates spontaneous breakdown of symmetry [74]. Bisognano and
Wichmann have shown that for families .«/ generated by Wightman fields one can
always pass to the bi-dual #(0):= /(0') which then satisfies duality [5, 6]. We
shall make some more specific remarks on the validity of (3.2) in conformal
quantum field theories below.

According to our introductory remarks, superselection sectors carry irreducible
representations of the observables algebras o7(0)ycx. A representation of
A(O)pe 4 is a family of representations 7, ¢ e # of o/ (0) on some Hilbert space
M, together with a strongly continuous representation U, of the group G such that

1) n@‘,ﬂ(@z) = TC(OZ lf (92 (e 01 .

) Ady,gen’ =m0ty

where Ady ) is the adjoint action. For the defining representation on the vacuum
sector #°° we will use the symbol n,. One often prefers to work with representa-
tions of one C*-algebra instead of representations of the family o/ (0)qc 4. This is

possible since every representation of .&/(0)¢.» defines a representation of the
C*-inductive limit

A =Uoer(0). (3.3)
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Here the bar denotes closure with respect to the operator norm. The algebra </ of
quasi-local observables contains all the local algebras o/ (¢). To perform the
inductive limit it is essential that the sets O e in the Minkowski space form
a directed set.

We will be concerned only with a small subset of representations which have
been singled out because of their relevance for elementary particle physics [7, 8].
A representation = is said to be locally normal if

This has a direct physical interpretation. Elements in o/ (0) describe measurements
which can be performed in . Typically, different superselection sectors can be
distinguished only by their global properties (“total charge”). In other words,
representations 7 of the algebra .« of quasi-local observables become equivalent
when they are restricted to the local subalgebras .«/(¢). Local normality (3.4) will
be tacitly assumed throughout this text. By definition, the Hilbert space #, carries
a strongly continuous representation %, of the space time translations. When the
spectrum of the corresponding generators is contained in the closed forward light
cone, 7 is a positive energy representation.

In [15] Doplicher, Haag and Roberts introduced yet another criterion which
selects in general an interesting subset of positive energy representations. They
called = locally generated with respect to m, if

) o) = Tolw(e) - (3.5

This criterion looks similar to local normality (3.4). However it is much stronger,
since sectors which satisfy (3.5) cannot be distinguished as long as measurements
inside a given region ¢ are forbidden. One might take quantum electrodynamics as
a counterexample for this situation, because by Gauss law the charge inside ¢ can
be calculated from he flux through the surface of ¢. To measure the latter, one need
not enter the region (. Since criterion (3.5) is obviously too restrictive one had to
look for generalizations. Under some additional assumptions, Buchholz and
Fredenhagen have been able to establish a similar criterion (localization in space-
like cones (“strings™)) which allows to consider all positive energy representations
with an isolated mass shell in d = 3-dimensional quantum field theories [10]. To
exploit this stringlike localization, Haag duality for spacelike cones % instead of
double cones ¢ should be supposed.

Conformal quantum field theories live on the tube M, = S* x R [52, 53]. This
causes minor changes in the standard framework described so far. For our pur-
poses it will suffice to give some details concerning two-dimensional conformal
quantum field theories. We parametrize the space time manifold M, by (z, 6),
T=-00...0,0=0...2n M, contains Minkowski spaces M, as subspaces
(see Fig. 1). Their positions are fixed by the unique point { € M, at spacelike infinity
of M,. The manifold M, inherits from M, a global causal structure —i.e. a notion of
positive timelike, spacelike, and negative timelike — which is invariant under the
action of a covering of a direct product of two Mobius groups on the light cone
coordinates o, = 3(t F o). As usual, the set #" should contain all double cones ¢ in
M,. Double cones (€ # have the obvious property that their causal complement
¢' is again in . This implies the selection criterion (3.5) becomes equivalent to
local normality (3.4). Consequently, every (locally normal) representation in
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M,

pos. timeiike
relative to (

neg. timelike
relative to (

0 — 2r
o

Fig. 1. M6bius invariant global causal structure on the tube M, = R = S'. M, is the Minkowski
space with point { at “spacelike infinity.” It consists of all points of M, which are relatively
spacelike to (.

conformal quantum field theory is locally generated with respect to the vacuum
representations my [11].

In two-dimensional conformal quantum field theory observable fields often
split into mutually commuting chiral components ¢ 4 (64) which depend only on
one light cone coordinate. For such chiral observables, periodicity in the coordi-
nate ¢ which parametrizes the space S' implies periodicity in time 7. This means
that ¢, can be regarded as a one-valued field on the circle |z4| =1, where
z4 = '+, We restrict attention to one chiral component of the observables and
drop the suffix + or —. Since spacelike separated double cones ¢ € M, project onto
disjoint intervals I on the circle |z| = 1, chiral observables ¢(z,) and ¢(z,) commute
when zy # z,, (z;€S"). A set of chiral observables ¢(z) generates a family of von
Neumann algebras o7 (I) indexed by intervals I €S'. To formulate Haag Kastler
axioms for such families, double cones ¢ should be replaced by intervals I. The
complement I’ = S'\I substitutes for the causal complement ¢’ and one of the
Mobius groups SL(2,R)/Z,, acts as symmetry group G on the circle S!. In
a positive energy representation 7 the generator L, of “rotations” has positive
spectrum. Recently, Brunetti et al. and Frohlich et al. proved Haag duality for
chiral conformal quantum field theories [9, 37].

The construction of a C*-algebra of “quasi local observables” is not straight-
forward since intervals I in the circle S' do not form a directed set. To define an
inductive limit of local algebras, one has to remove a point {eS! (“point at
infinity”)

= Uret (D) . (3.6)
Note that after the choice of {e€S?, the complement of an interval I#{ in S*\(

decomposes into left and right components I <. Disjoint intervals I, I, = S'\{ can
be ordered like double cones in two-dimensional Minkowski space M,.
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Even though .4 will suffice for all model independent studies, it is often
inconvenient in the applications. It is an obvious disadvantage of <% that local
algebras o/(I) are not embedded into o/ if {el. This motivates to look for
a C®-algebra «7,,;, such that

1. every local algebra ./ (I) can be embedded into .,,;, by a unital map i’ such
that

ih]&x/(lz) =i forall I, c I,

and .#Z,,;, is generated by the algebras i’(</(I)), I = S*.
2. For every representation {n'}, _g of the family .o/(I); - s: there is a unique
representation 7 of .Z,,;, which satisfies 7o il = n'.

The “universal algebra” .«7,,;, does is exist and is unique [27, 25], but its explicit
construction is subtle. Unlike the algebras </ resp. . obtained from the inductive
limits (3.3, resp. 3.6), the center of the universal algebra .7, is in general
non-trivial. This means that the vacuum representation w, of .&/,,;, may not be
faithful. Indeed it is possible that two charge operators localized in domains
Iy, I, I, UI, = S' add up to a global quantity which commutes with all elements in
yniv- These charges may have different values in different superselection sectors.
They must not be identified with multiples of the identity.

The setup for theories with charges localized along strings in 3-dimensional
Minkowski space is very similar to the situation in chiral conformal quantum field
theories (cf. [25] and references therein). Points { on the circle S* are substituted by
directions in the two-dimensional space and one uses spacelike cones % instead of
intervals I < S'.

3.2. Localized Endomorphisms and Fusion Structure. A detailed analysis of the
structure of superselection sectors was first performed by Doplicher, Haag and
Roberts [15,16]. It was restricted to sectors which are locally generated with
respect to the vacuum sector and formulated for theories on the four-dimensional
Minkowski space. The generalization to string-like localized sectors [10] gives
essentially the same structure. If the dimension of the space time manifold is
decreased, specific new features appear. In d = 2 (resp. d = 3) dimensional space-
times, double cones (resp. spacelike cones) can be ordered and — as we will explain
below — this gives rise to representations of the braid group. Such situations were
considered more recently by Fredenhagen, Rehren and Schroer [24, 25]. Our short
exposition will concentrate on representations localized in double cones O in
Minkowski space. We included some remarks relevant to treat chiral conformal
theories and string-like localized sectors in three-dimensional quantum field the-
ory. For many further results and discussions the reader is referred to the original
papers —especially to [24, 257 — and the reviews of Fredenhagen [26] or by Kastler,
Mebkhout and Rehren (in [49]). Theories with charges localized in spacelike cones
in M5 have been considered explicitly by Frolich et al. [34, 35, 36]. Applications
to models in two-dimensional conformal quantum field theory can be found in
[11, 54, 55, 39].

From now on, families 7 (0)p< » are always supposed to satisfy Haag—Kastler
axioms and Haag duality (3.2). Except from some remarks, representations
are assumed to be localized on double cones (3.5) ¢ in Minkowski space M,.
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Equivalence classes of locally generated positive energy representations form a set
denoted by Zep.

The notion of localized endomorphisms will provide the key to all further
analysis. By definition, an endomorphism p of the C* algebra .o/ is a linear map p:
o/ — of with the properties

p(AB) = p(A)p(B) ,
p(A*) = p(A)*,
p()=1.

It is called an automorphism if it has an inverse. Endomorphisms of </ fall into
equivalence classes [ p] with respect to inner automorphisms, i.e. conjugation by
unitaries U € .«/. p is said to be localized in Oe A" if

p(A)=A4 forall Aed(O) < A, O, <O .

An endomorphism p localized in O is called transportable whenever equivalent
morphisms ge[p] localized in the transformed region g@ exist for all geG.
Transportable endomorphisms localized in spacelike separated regions commute
[15].

Endomorphisms of </ can be used to obtain positive energy representations
Ty p of o7 on the Hilbert space #°. For every locally generated positive energy
representation n of .o7 there is a localized transportable endomorphism p such that

T Tyop . (3.7

This can be seen as follows. According to the criterion (3.5), 7| is unitary
equivalent to 7o| (e, i.€. for each double cone O there is a unitary V: #, —» #°
such that

Vr(A) = ng(A)V for all Ae/(O).

By Haag duality, the map
p(A) = V(A V*

defines an endomorphism of &/ localized in O. It is transportable and has the
desired property (3.7). Two localized endomorphisms p;, i = 1, 2 are equivalent if
and only if the representations 7, © p; are equivalent. We conclude that elements of
Aep, i.e. equivalence classes of locally generated positive energy representations of
«/, correspond one by one to equivalence classes [ p] of localized transportable
endomorphisms p. This observation will be used to identify both objects. .

Let us pause for a moment to comment on (chiral) conformal quantum field
theory. In this case superselection sectors carry irreducible positive energy repres-
entations of the C*-algebra .o/ introduced in the last section. By the results in [11,
9, 37], every positive energy representation is obtained as a composition 7y ° p of
the vacuum representation n, with a endomorphism p of ... We can assume p to
be localized and transportable in an appropriate sense. The general considerations
below can be established on . without modifications. In practice it will be more
convenient to work with endomorphisms p of the universal algebra .Z,,;,.
Fredenhagen has shown [27] that the localized and locally transportable en-
domorphisms of o/, exist for all elements of Zep. They restrict to localized
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transportable endomorphisms of ./, < #,,;, when ( lies outside the domain of
localization. Basically, these remarks apply also to stringlike localized sectors in
2 + 1 dimensional quantum field theory.

All this is much more than a technicality. Endomorphisms of .7 can be
composed and thus lead to a proper definition of a product of sectors. Given two
representations m; = 7 p;, i = 1, 2, on the Hilbert space #°°, their product ; x 7,
is defined by

Ty XTy =To°P1°P2 -

The equivalence class of m; x 7, is an element of Zep if equivalence classes of =;,
i =1, 2, are. In other words a product in Zep is defined by [ p ] x[p2] =[p1°p2]
These assertions do not depend on the type of localization.

Two representations 7y ° p;, i = 1, 2, in #°° have equivalent subrepresentations
if an isometry U € Z(#°°) intertwines between them, i.e. Uno(p;(A4)) = mo(p2(A)U
for all local observables 4 € o/. When restricted with the “source” projection U*U
of U, the representation 7, © p; is equivalent to the restriction of zy © p, to the range
of U. By Haag duality, such intertwining operators U can be obtained as an image
of a local intertwiner T € o7,

Tpi(A) = p,(A)T forall Aes .

Local observables T €.« which satisfy this equation span a complex linear space
T (p1, p2)- U S, TeT (py, p2) then TS* is a local observable in 7 (p,, p,). Schurs
lemma asserts, that irreducibility of p implies 7 (p, p) = C. In conclusion,
(T, S = TS* defines a scalar product on 7 (p;, p,) if p, is irreducible. Therefore
T (p1, p2) is a Hilbert space in this case.

The product of sectors [ p;], i = 1, 2 is commutative in the sense that [p,°p,] =
[p2°p1]. To see this we pick two endomorphisms o; from the equivalence classes
[p:] which are localized in spacelike separated double cones. As we remarked
above, their action on the observables commutes and so the assertion follows. For
every pair of localized and transportable endomorphisms p;,i = 1,2 there is
a unitary local intertwiner e(p4, p2) €7 (py° p2, P2 ° p1), the statistics operator. The
collection of statistics operators in uniquely determined by the following equations
(a detailed proof can be found in the contribution of Mebkhout et al. in [49]),

e(p1, p2)p1(T2) Ty = T,0,(Ty)e(ay,05) forall T;eT (o, pi) ,

e(p1°p2,0) = e(py, 0)p1(e(p2, 0)), &0, pr°p2) = pi(e(a, p2))e(o, p1)
e(p1, p2) =1 whenever p; > p, . (3.8)

In the last row, p; > p, refers to the order of localization regions, provided they
can be ordered. For localization in double cones contained in a two-dimensional
Minkowski space this is the case and p; > p, means that p; is localized on
a domain 0, left from the localization region 0, of p,, i.e. O; > @,. Trivialization
for p; < p, would give rise to the opposite statistics operator &(p,, p1)*. In higher
dimensional quantum field theories there is no invariant distinction between left
and right so that trivialization is possible for all pairs of spacelike separated
endomorphisms. For two-dimensional light cone theories [stringlike localized
sectors in theories on M;], the notion < refers to the point { at infinity [the
direction in the two-dimensional space] which we have to single out to define the
inductive limit in (3.6).



Field Algebras with Quantum Symmetry from Local Observables 209

It follows from these relations that the vacuum sector carries a representation of
the colored braid group. In particular, g; = p'~!(¢(p, p)) satisfy Artin relations

([4D),

0,0y = a0; if [k —i| =22, 0,0i110;=0,1,100;11 . (3.9
O'iai_l =1=O'i_10'i, (310)

ie. the elements g; and ;! (i=1...n— 1) generate the braid group B,. In
theories without an invariant distinction between left and right, o; = ¢; ! so that
we obtain a representation of the permutation group. Accordingly the statistics
operators give rise to an intrinsic notion of statistics of a superselection sector.

At this stage we would like to restrict to sectors of finite statistics. An irredu-
cible transportable endomorphism has finite statistics whenever it possesses a left
inverse® @ with ®@(¢(p, p)) + 0. It has been shown by Longo [51] that this is
equivalent to a finite Jones index [47] of the inclusion p(Z(0)) = ./ (0¥). We do not
plan to justify this restriction (see however [23, 10]) but list the consequences
required later. Whenever two sectors of finite statistics are composed, their product
decomposes into a finite direct sum of sectors which have finite statistics again.
This means that the subset Zep’ = Zep of finite direct sums of sectors with finite
statistics is closed under products. Moreover, every sector with finite statistics has
a unique conjugate, i.e. for every irreducible endomorphism p of ./ there exists
a unique irreducible endomorphism p such that p° p contains the vacuum sector.
One can show that dim 7 (pep, id) = 1.

Equivalence classes of irreducible representations in Zep’ will be labelled by
elements I, J, K, . . . of an index set .%,. We reserve O €.%, for the vacuum sector.
Let us fix a set of representative endomorphisms p;, one for each superselection
sector in Zep’. According to the general remarks on sectors with finite statistics, the
product of two endomorphisms p;o p; is equivalent to a finite direct sum of
irreducibles pg. As we saw above, the space 7 (p;° ;| px) = 7 (I1J|K) defines the
fusion rules N¥ which appear in the decomposition

[props]=@ [PK]NQ .
K

It follows from the associativity of the composition of endomorphisms and the
commutativity we found above that the fusion rules are associative and com-
mutative in the sense

N¥ =N¥, and (3.11)
YNMNE=Y NYENIT . (3.12)
M M
The endomorphism p5 should be the unique conjugate g; of p;. Since the vacuum
sector [ po] appears with multiplicity 1 in the decomposition of [ pje p;] we have

NIJ=5LJ.

3 By definition, a left inverse is a positive linear map &: .o/ > .« such that @(p(4)Bp(C)) =
A®P(B)C for all A, B, Ces/ and &(1) = 1.
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In the Hilbert space 7 (IJ|K) we choose an orthonormal basis T,(¢' ;) € .. In
detail this means that the operators T,(¢';), a=1... N¥ satisfy

Tu(d1)propi(A) = px(A)To(§1) forall Aess, (3.13)
T DTo(e/D* = 80 b KZ;) T )*Tu(g) = 1. (3.14)
The fusion- and braiding- matrices are complex valued matrices defined by
To(t50) Toloi 1) = % To(Dpr(Ta(w' D)) Fun (L 115 , (3.15)
Tu(1'n) Tb(MKI)PI(ﬁ(PJ, Px)) = %: Tc(LKN) Td(NJI)BMN[{,II( i (3.16)

As a special case of Eq. (3.16) for I = 0 we introduce the matrix Q(;%),

Ta(LJK)'S(pJ’ px) = Tb(LKJ)QZ(LJK) . (3.17)

By Schurs’ lemma, the coefficients F, B, Q are certain complex matrices. They are
determined by the model and depend only on the equivalence classes [ p;] but not
on p; itself. The braiding matrices B, Q are often denoted by Q(+), B(+) to
emphasize their dependence on the choice of trivialization of the statistics oper-
ators ¢(py, pk) (3.8). The corresponding matrices for the opposite statistics oper-
ators ¢(pg, py)* are called B(—), Q(—). We restrict attention to one trivialization
and neglect to write ( +). A short calculation reveals the following proposition.

Proposition 7 (Polynomial equations) [24]. The fusion- and braiding matrices F,
Q defined by (3.16, 3.15) solve the polynomial equations

Y Fue[211Q %) @ DFun [ k] = (1 @ (") Fup [ 111 ® Q(4('x)) ,  (3.18)
N
Z FQS[IIi I;]Z?:FNR[II" ?]leMQ[IIS 1]23 = P23FMR[IS’ 1]13FN5[{; 15]12 > (3.19
Q
Y Frolk 1.1Ferlk11* =180, Y. Frolk1.1*Frolk 1] =13pr, (3.20)
P Q

Q(LIJ)Q(LIJ)* =1, Q(LIJ)* Q(LIJ) =1, (3'21)
Fulxil=1. (3.22)
The braiding-matrix B can be calculated from F, Q.

By w111 =23 Fyp[111%(1 ® Q') Far[17] - (3.23)
P

W e used an obvious matrix notation and 1 denotes an appropriate unit matrix. Fy, is
defined on threefold tensor products u@ v @ w by Fl,u®@v®@w) = Flu® v) ® w,
etc. P,5 acts as permutation of the second and third component.

The first two relations (3.18, 3.19) are the famous Moore-Seiberg “hexagon”
and “pentagon” identities known from conformal quantum field theory [66, 67]. In
our context they reflect deep properties of the fusion structure of superselection
sectors. In particular, conformal symmetry was not assumed.
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Proof. We do not want to prove all the relations but just demonstrate the type of
calculations to be done at the example of Eq.(3.23). The product of operators
which appears on the left-hand side of Eq.(3.16) can be manipulated in two
different ways. One is just the step from the left to the right-hand side of (3.16). For
the other we apply the definition (3.15) of the fusion matrix, the endomorphism
property of p;, the definition (3.17) and relation (3.15) in this order,

Ta(LJM) Tb((nfl)ﬂ!(s(/b’ Px) = z Tc(LPI)PI(Td(PJK))PI(S(PJ, pK))FMP[‘ilf 2’1’;
Y T D pr(Tel#) QG ) Fue[1 515
= Z Tf(LKN) Tg(NJI)(FNP[II(, {]*)ng(PJK)ﬁFMP[illc Z‘; .
NP

We used the first relation in (3.20) for the last equality. If we compare the result with
the right-hand side of (3.16) we find that the same operator has been expressed by
two linear combinations of the same basis elements. Consequently, the coefficients
have to agree and this gives Eq. (3.23).

3.3. Couvariant Field Operators. Now we are prepared to construct field operators
¥ which make transitions between different superselection sectors. We want them
to transform non-trivially under the action of elements ¢ from an “appropriate”
symmetry algebra 4*. A simple assumption on the structure of the representation
theory of ¥* will turn out to ensure the existence of such covariant field operators.
They will be constructed as a sum of “vertex operators.”

%* is assumed to be semisimple bi-*-algebra with antipode. Equivalence classes
[t] of finite dimensional irreducible representations t of ¥* are labelled by
elements of an index set ... Because of semisimplicity*, tensor products of two
finite dimensional irreducible representations 7, T on vector spaces, V, V' can be
decomposed into irreducibles t* on V* The corresponding “Clebsch Gordon”
intertwiners C(r ® 7'|t%): V&® V' > V* form complex vector spaces € (t & t'|t%),

Ce® TR NE) = C R .

Recall that a representation t of 4* on a Hilbert space V is unitary, if
T(&)* =1(¢*) for all Le @™

Assumption. Let I, denote the set of superselection sectors with finite statistics as in
the preceding subsection. W e assume that there is a bijection 0. .%,, — F,« and a set of
unitary representatives 19 from the equivalence classes of irreducible representa-
tions of 9* such that

dim(@ ("D @ 19| 9K))) = NI | (3.24)

In other words: There is a unique equivalence class of irreducible representa-
tions of ¥* associated with every superselection sector and fusion rules of the
sectors are in agreement with the selection rules of the prospective symmetry. By
uniqueness of the conjugate, 6 will automatically map the vacuum sector to the

* Note that every finite dimensional representation of a semisimple algebra is a direct sum of
irreducible representations.
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equivalence class of the one-dimensional trivial representation ¢ of ¥*. Since ¢ is
unitary we can always choose

00 = ¢,

We will not distinguish between I and 6(I) in the following.

Given an algebra of observables ./ one may wonder whether a bi-*-algebra
with antipode satisfying the above assumption does exist. We postpone this
discussion until the next section. It will turn out that suitable bi-*-algebras with
antipode do always exist, if #,. is finite (cp. Corollary 14 below).

Given the required bi-*-algebra ¢*, with antipode we can start to build
covariant field operators. They will act on a Hilbert space s# of physical states
which is a direct sum of irreducible representation spaces #” for the algebra of
observables ./, each with multiplicity 6, determined by the dimension of the
representation t/ of ¥*, i.e. §; = dim(z’),

o
H =D D w. (3.25)
Jes 1

#° carries the vacuum representation n, of ./ and it occurs with multiplicity one
(since dim(z°) = dim(e) = 1).

Next we define a representation n of the observables algebra .o on all of J# by
its restrictions to the subspaces #},,

n(d) = n,(A) on HlLm=1...5). (3.26)

According to our general discussion, the representation 7; on #;, is equivalent to
Tty © py which is realized on the vacuum Hilbert space #°. This equivalence can be
expressed by isometries i%,: #° — #;, with the intertwining property

nJ(A)ﬁm = ifmno(PJ(A)) . (3.27)

To specify the action of elements £ € ¥* on #, we choose an orthonormal basis
ey, in the finite dimensional representation space V7. When the corresponding
matrix elements of t7(¢) are denoted by 17,,(¢), an unitary representation % of 4*
on # is obtained according to

U iTul > = Tl Tim(&) (3.28)

for arbitrary |y ) € #°°. The symmetry acts as as a gauge symmetry (of first kind), i.e.
all observables are invariant

[U(E), n(A)] =0 forall Aeo, EeF*. (3.29)

Our main task is to construct field operators ¥},(p;) which make transitions
between the sectors #7 with different I. They will have the following properties:

1. Intertwining property for representations of .7,
(A) Y m(ps) = ¥l )7l ps(A4)) - (3.30)

As a consequence, ¥;,(p;) commutes with observables localized in the causal
complement @’ of the localization region O of the endomorphisms p;. This
property reflects locality of the field operators with respect to observables.
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2. Field operators ¥}.(p;) transform covariantly according to the representa-
tion 7/ of ¥*,

U m(ps) = ¥ (p)(Tim ® UNA(E)) - (3.31)

The field operators ¥},(p;) are determined by these properties up to a phase factor.
They will be build up from the following “vertex operators™

i Dalpy): K-> #E fora=1.. NE, (3.32)
klPl(KJL)a(pJ) = izkno(Ta(KJL))iLz . (3-33)

Combining the intertwining relations (3.27) and (3.13) we find that these operators
satisfy the intertwining property 1 for representations of o/. We extend the vertex
operators . ¥,(x'1), to all of # such that they vanish on states in #7 for all i [,
I # L. The extended operators are denoted by the same symbol. Their intertwining
properties with observables is not affected by this extension.

To obtain a covariant field operator ¥ (p,) on the whole Hilbert space #, we
fix an orthonormal basis C*(JL|K), a=1... N, in the Hilbert spaces €(JL|
K) = €(t' ® 1%|7X) of Clebsch Gordon intertwiners. By assumption, the fusion
rules and tensor product decomposition match so that the index a assumes the
same values as for the vertex operators. With this knowledge we can form the
following linear combination of vertex operators:

lIUrJn(PJ) = Z kTI(KJL)a(PJ)[rJnITkK]a . (3.34)
K,k L,
The complex coefficients [ - - -]* are matrix elements of the Clebsch Gordon map
C*(JL|K) in the basis e] ® e}, resp. e. The field operators ¥;,(p;) meet all the
requirements stated before.

Theorem 8. Let o7 (0)pex = B(H°) be a family of local observable algebras with
properties as before. Suppose that 9* is a bi-*-algebra which satisfies assumption
(3.24). Then there is a representation © of .o/ on a Hilbert space #, a unitary
representation U of 9* on A and afamily B(0)¢. , = B(H) of *-algebras such that

1. The vacuum representation y is a subrepresentation of © on #° < A and
appears with multiplicity 1. States in #° are invariant with respect to the
action of 4*. In particular,

UN0> =105e(E) forall Le™.

The Hilbert space # is generated from |0) by algebras B(0) < B(H).

2. The algebras B(0) = B(H) are generated by elements of o/ (0) and operators
U () together with operators W 1,( py), where p; are endomorphisms of s local-
ized in (. The field operators ¥,,(p,) are local relative to observables and
transform covariantly according to the representation t’ of 9*. Explicitly this
means

Vo(p)m(A) = () Prlpy) forall AcA(0), (3.35)
UE)Pmlps) = Pl ps) (Tiom @ UNA(E)) - (3.36)

3. Each equivalence class of irreducible representations in Rep' (i.e. locally
generated sector with finite statistics) is realized as a subrepresentation of .
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For these results the existence of an antipode % was superfluous. The antipode is
used to define a covariant adjoint of field operators (Proposition 5). Recall that
a controlled transformation behaviour of adjoint fields requires in addition an
element ¢ satisfying (2.16). It will be argued later that the assumptions of the
preceding theorem suffice to construct such intertwiners ¢ without any further input.

We note that operators n(A4) and % (¢) with A€ .<Z(0) and { in the center of ¥*
generate an invariant subalgebra of Z(0) (i.e. elements commute with % (&) for all
e ¥*). This implies that not all invariants in the algebra %#(0) are observables of
the model. A detailed discussion is given below.

For chiral conformal quantum field theories, field operators can be obtained in
the same way. It was explained above that the corresponding endomorphisms p;
act on an algebra <% which depends on the choice of the “point at infinity” {eS'.
This dependence on { does also show up in the field operators ¥},(p;) and the
algebras of fields #°(I). If { is changed, field operators are multiplied with a unitary
element from the center of the universal algebra .7, ;,. This means that fields do not
“live” on the circle S* but on a covering thereof. The same behaviour is found for
field operators which create charges localized along strings in a three-dimensional
Minkowski space. For an enlightening discussion of these points the reader is
referred to [25].

The field operators ¥, (p;) are localized in the localization domain of p;. One
may construct operators ¥,(x, t) associated with a point (x, t) by taking appropri-
ate limits. If p3 is a sequence of endomorphisms from the equivalence class of p;
such that the localization region shrinks to a point (x, t) in the limit o — 00, ¥ },(x, t)
is obtained formally as

Vil 0) = lim A5, (p%)

— 0

where /Vpﬁ are suitable normalization factors. This procedure has been successfully
applied to charged fields of the U(1)-current algebra on the circle S' [11] and there
is much hope to develop a general technique for chiral conformal quantum field
theories [48, 30].

4. Weak Quasi-Quantum Groups

The formulation of quantum symmetry in Sect. 2 involved only a bi-*-algebra
structure. One cannot expect that every bi-*-algebra is actually realized as a quan-
tum symmetry of a quantum mechanical system. It this point it should suffice to
remark that only group symmetries seem to be realized in higher dimensional
quantum field theory. We will elucidate the reasons later.

To describe distinguished algebraic structures within the class of bi-*-algebras
we introduce and discuss some relevant notions. Weak quasi-quantum groups will
be defined. They were introduced in [56] as a generalization of Drinfeld’s quasi-
quantum groups [19]. References to our physical framework have been avoided to
emphasize the purely mathematical nature of the arguments. Our presentation is
restricted to those parts of the theory which are needed later.

4.1. Fundamental Definitions and Results. In a bi-algebra, tensor products of
representations are defined with the help of the coproduct 4: ¥* —» ¥* ® ¥*.
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Properties of the tensor product (2.10) of representations can be traced back to
properties of the co-product. As an example consider the group algebra associated
with a compact group G. In this case, the tensor product (2.1) of representations is
well known to be associative and commutative. This corresponds to a co-com-
mutative and co-associative co-product 4. A co-product 4 is called co-asso-
ciative, if

(4®id)A(S) = (id ® H)4A(E) , (4.1)
and co-commutativity means that
A(&)=4(Q) . (4.2)

Given the expansion 4(¢) =Y &, ® €2, A’ is defined by A4'(¢) =Y. é2® &) For
Ag both properties can be verified from the explicit action (2.13) of 44 on elements
in G. In the following we introduce a special class of bi-algebras for which tensor
products of representations are at least commutative and associative up to equi-
valence.

Definition 9 (Quasi-co-associativity) [19, 567]. The co-product A of a bi-*-algebra
with antipode (9%, A, ¢, *, ) is called quasi-co-associative, if an element @€ %*
® G* ® G* exists, such that

1. @ has a quasi-inverse ¢~ ' € 9* ® 4* ® 4* such that

ot =(d® A)A(e), ¢ o =(4®id)A(e). (4.3)
2. @ satisfies the “intertwining” relation
P(AQ@id)AE) = (id ® ) A(E)p forall EeF* . (4.4)

3. The following pentagon equation holds:
(id ®id @ A)(p)4 @ id ®id)(p) = (e @ )(id ® A id)(p)p D). (45)

4. ¢ and the co-unit ¢ satisfy (id ® ¢ ® id)(p) = A(e).
5. There exist elements o, § which satisfy relations (2.6 f)) together with the
“normalization”

LS (@)ops B (93) = e =3 b0S($2) o5 . (4.6)

where ¢ are defined through the expansion 9™ ' =Y ¢. Q@ ¢ @ ¢

6. ¢ is unitary, i.e. p* = ¢~ .

An element @ € %* @ 9* ® ¥* with these properties is called a re-associator.

Drinfel’d introduced the notion of quasi-co-associativity in [19] for the case
without truncation, viz. 4(e) = e ® e. Without truncation, ¢ ~ ! is a true inverse of
@. Let us discuss the meaning of this definition in terms of representation theory.
Consider tensor products of three representations t',i = 1, 2, 3. Due to the freedom
in placing the brackets, there exist two different ways to perform threefold tensor
products, (' ®t*)® > and t* ® (z* ® ¢3). They are constructed from the two
different combinations of the co-product, (4 ® id)4 and (id ® 4)A. If 4 is quasi-co-
associative in the sense of the above definition, the two threefold tensor products
are unitary equivalent. Indeed it follows from Eq. (4.3, 4.4) and the last item that
¢ furnishes an unitary intertwiner (' ® 12 ® t>)(¢). Definition 9.3 expresses equal-
ity of two intertwiners between fourfold tensor products of representations. The
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name derives from the fact that the equation describes commutativity of a penta-
gon shaped diagram, in which the edges are indexed with the five factors of the
equation. The relation in 4 is consistent since ('R =1'R1?=
! ® (¢ ® ©?) by triviality of &. Corresponding equations for the other components
of ¢ follow with the help of the pentagon equation. In particular we will need the
relation

(id @ id ® £)(p) = Afe) . (4.7)

The definition above has another highly nontrivial consequence. Given a co-
product 4 and an antipode & the combination (¥ ® %)A4' (¥ ~(¢)) defines again
a homomorphism %* — %* ® ¥*. The latter turns out to be equivalent to the
co-product 4, if 4 is quasi-co-associative [19]. To make this statement more
precise we introduce the following notation:

Y =2 FU)aV,® S (T)aW,,
with Y T,0U,®@V,®W,=(p®e(4®id®id)(e" "),
[=2(F @I )N ($a)y A2 85 (7)) ,
with ¢=¢ '=3 ¢, ®@¢:®¢;. (4.8)
Drinfel’d proved in [19] that the element f satisfies
fAQS = (@) A(F (&) forall led*,
7= fA(). 4.9)

The first equation asserts that f furnishes an intertwiner between the coproduct
4 and the combination of 4 and ¥ on the right-hand side. In terms of representa-
tion theory, it can be restated as

RO BN ) =T TN B (Q). (4.10)
Here (17 ® 7))~ is the conjugate of /& t’.

Definition 10 (Quasi-triangularity) [19, 56]. A bi-*-algebra with antipode (9*,
A, ¢, %, &) with quasi-co-associative co-product A and re-associator ¢ is called quasi-
triangular, if there exists Re $* ® 4* such that

1. R has a quasi-inverse R~ e 9* ® 9* such that

RR™'=A(e), R 'R=4(e). (4.11)
2. R satisfies the “intertwinning relation”

RA(E) = A ()R forall (e G*. (4.12)

3. R is unitary in the sense that R* = R~ 1.
4. The following hexagon equations are fulfilled:

(id ® 4)(R) = §02—311R;3<Pz13R12§0_1 >
(4 ®id)(R) = (P312R13(Pf312R23€0 . (4.13)
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We used the standard notation. If R =Y ri @12, then Ry3=Y.r, ® e @ rg, etc.
Given the expansion ¢ = Z_goi ® ¢§_€<) @2 and any permutation s of 123 we set
Psyss3 = 20 ®s V@ 9E D s O

The discussion of this definition parallels the one given for Definition 9. Quasi-
triangularity implies that the two representations t! 12 and t?® ¢! are equiva-
lent. The interwiner is furnished by (t!&t?) (R). Equations (¢® id)R = e,
(id ® )R = e follow with the help of the hexagon equation. The same holds true for
all relations involving the action of the antipode S on components of R.

After these definitions we are prepared to explain the title of this section.
A bi-*-algebra with antipode &, re-associator ¢ and R-element R is called weak
quasitriangular quasi-Hopf-*-algebra or simply weak quasi-quantum group [56].
They are generalizations of Drinfeld’s quasi-quantum groups [19] in which trun-
cation is not allowed, i.e. 4(e) = e ® e. For a quantum group [18,82,83], the
re-associator ¢ is trivial, i.e. ¢ =e® e ®e. In this framework group algebras
appear as special examples of quantum groups when R = e ® e.

Let us discuss some properties of bi-*-algebras with antipode &, re-associator
¢ and R-element R. The relations stated in Definitions 9, 10 imply validity of
quasi-Yang Baxter equations,

R12(P312R13§01_312R23(P = (P321R23<P5311R13(.0213R12 . (4.14)

and this guarantees that R together with ¢ determines a representation of the braid
group [59]. To state this result we introduce some notations. Write

"=e® - ®e (nfactors), (4.15)

and similarly for id". In addition we abbreviate ¥* O — g*® ... ® G* (nfactors),
and
A"=({d""'®A4) - (idR A4 forn=2, (4.16)

A=A, A°=id, A '=¢. (4.17)

Furthermore we introduce the following permutation maps Pj: 4*®" —» @*®n
defined by

W ® o Ee 1 @& - ®él)=(én® G ® &Gy ® 51) (4-18)

Theorem 11 (Artin relations) [58,59]. Let R* = R and R~ = R'™' where ' inter-
changes factors in 9* @ 4*. Fork = 1, ... ,n — 1, define maps o} = : 4*®" » g*®n

gt = A" QP T @ AT (@ T T ® 0s(RE @)oY . (419)
Then o} = obey Artin relations (3.14) and o}~ is the quasi-inverse of o} ", i.e.
attalT =4""Ye).

The proof can be found in [59]. For the special case in which ¢ = e ® e ® e and
A(e) = e ® e, the explicit relation to representations of the braid group prompted
the discovery of quantum groups and can be used to construct them from solutions
of the Yang Baxter equations (see e.g. [62]).

Let t' denote a complete set of representatives from the equivalence classes of
irreducible representations of ¥*. 1! are assumed to be finite dimensional and
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unitary representations on the Hilbert spaces V7, ie. t/(¢*) = (t(¢))*. For
semisimple ¥*, representations ' [t/ can be decomposed into a direct sum of
representations t¥ and this decomposition determines a Hilbert space €(IJ, K) of
Clebsch Gordon intertwiners C(IJ |K): V! ® V7 — VK as in Sect. 3.3.

When a re-associator ¢ and an element R exist, the tensor product of repres-
entauons is associative and commutative up to equivalence so that the dimensions
vk = dim%(1J | K) furnish a solution of Egs. (3.12). To describe the action of @ and
R on the Clebsch Gordon intertwiners, we fix a set of complex phases v’ = »!’
such that

G)IJCUIK (,OIL (OJICUKI CULI (420)

whenever t¥ is a subrepresentation of /¥ tX. Note that one can always choose

™' = 1for all I, J. Due to the intertwining properties (4.4, 4.12) of ¢, R and Schur’s
lemma, ¢, R determine a set of complex matrices @, w defined by

CUP|L)CUK|P)3p"* = ®polL x1*C(QKIL)C(IT[Q)12,  (421)
)

CUJIK)R*Y = oV o( )CUI|K). (4.22)

Here ¢"*=(1'®@7 ®1%)(p), R =Pr'®)R) with P VI®V’/ —
V7 ® V! the permutation map. The properties of R, ¢ give rise to relations among
the matrices @, w. A short calculation shows that they satisfy the polynomial
equations (in Proposition 7) when @ substitutes for F and the matrix w appears in
place of Q.

Conversely we can start from a bi-*-algebra ¥* with antipode with an asso-
ciative and commutative set of dimensions v¥ = dim%(IJ|K). Note that the
dimensions of the matrices, F, Q are the only parameters in the polynomial
equations. In Proposition 7 these dimensions were given by the fusion rules N¥.
However, it is realized immediately that every solution of (3.12) — in particular v§ —
determines a set of polynomial equations. Our aim is to construct elements ¢ and
R from a known solution of these polynomial equations. We will succeed for
semisimple algebras %*.

Theorem 12 (Reconstruction theorem). Let %* be a semisimple bi-*-algebra with
antipode. Suppose that the multiplicities vi which appear in the Clebsch Gordon
decomposition

T -TJN@VIJ K

are commutative and associative in the sense of Eq. (3.12) and that a solution of Eq.
(4.20) has been fixed. Then every solution of the polynomial equations (Proposition 7)
associated with v{ determines a pair of elements @, R with properties as in Definition
9, 10. Their action on Clebsch Gordon maps is given by Eq. (4.21, 4.22).

Proof. The proof of this theorem consists of two parts. First one has to show that
for a given set of ¢'/X, R*1/ defined by (4.21, 4.22) one can always find elements
PEG*RY*®%* and Re%*®%* such that o"*=('®7®5)e,
R = P(z' ® 77)(R). We do this for R. Let My be the full matrix algebra that
consists of (dim(t*) x dim(t¥))-matrices. Since %* is semisimple, TX(4*) = M for all
irreducible representations tX. By definition PR € M; ® M, so that PR*!/ is
a sum of tensor products of matrices, PR*" =Y m; @ m2, m} € M;, m% € M;. We
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can find elements s, e 9*, i = 1, 2, such that t'(s;) = m, and 7'(s7) = m;. Take
ST e %* to be the element P’ ® P’ Zs ® sZ (P! is the minimal central projection
correspondmg to the irreducible representation t') and repeat this construction for
every palr (I,J) of representations. Finally, R =),,S" satisfies
R = P(z' ® t’)(R). The second part of the proof is to show that the elements ¢,
R satisfy all the relations in Definition (9, 10). This is an immediate consequence of
the polynomial equations (Proposition 7). Proving the normalizations (4.6) in-
volves an appropriate choice of «, f by exploiting the transformations o +— {a
described after relations (2.7). The quasi-inverses act according to

C(OKIL)C(IT|Q)i2(9 ™ ") =Y. Ppoli x1CUPIL)CUK| P53, (4.23)
P

CUIIK)R™V = o'w(’ )CUJ|K) , (4.24)

with (0 WX =@ ® %) (¢ ), RV =’ ®t)(R")Pand P:VIQ V' >
V7’ ® V! the permutation map.

The idea to reconstruct elements ¢ and R from a solution of the polynomial
equations appeared first in [57]. There it was done in a concrete example. In the
language of categories, a similar observation was formulated by Majid [63] and
extended to cases with truncation by Kerler in [50].

4.2. Construction of Weak Quasi-Quantum Groups. Looking for examples of weak
quasi-quantum groups, the last theorem in the preceding subsection gives a simple
strategy. Since solutions of the polynomial equations are known for many fusion
rules v{, we obtain a weak quasi-quantum group whenever we are able to find
a suitable bi-*-algebra with antipode (in the sense of Theorem 12) The construc-
tion of bi-*-algebras with antipode with prescribed multiplicities v’ of the Clebsch
Gordon decomposition is actually a simple algebraic problem. It can be solved if
610y = va Ok has a positive mteger solution.

As usual, the multiplicities v§’ are assumed to be associative and commutative
in the Sense of Eq. (3.12). We suppose that there is a unique label 0 with the
property v}° = §; ; and that — with respect to 0 — every label J has a conjugate J.
The latter is distinguished by the property v§’ = 6;;.

In order to start our construction we choose a set of finite dimensions 6; = 1
such that 6, = 1 and 6, = ;. V' should denote a §,-dimensional Hilbert space and
e; the unit operator on V’. V° is spanned by one normalized vector | e, > with dual
<eol-

For certain choices of the dimensions §; we can hope to find a family of linear
maps C*(IJ | K): V@ V7 VE(a =1 --- N¥) which satisfies the following equa-
tions:

Ca(I.IlK)Cb(IJlL * = 5K’Léa‘bel( . (425)
C(I0|I)=e;=C(0I|1), (4.26)
C(IT|0),3CUIT|0)F, = k1 te; . (4.27)

Here, the constants x; are supposed to be real numbers. We introduce the Hilbert
space V = 6—) ; V7 and extend e; and C*(I1J| K) to linear maps on V, resp. V® V
by eIV = 615[ g etc..
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Proposition 13. Suppose that Egs. (4.25, 4.26) can be solved by a family C*(1J| K).
Define a *-algebra 4* which consists of maps £:V +— V as follows:

G ={E Vi V|EVIsViforalles).

The *-operation on 9* is given by the usual adjoint of maps &:V + V. There exist
a co-product A, a co-unit ¢ and an antipode ¥ which enjoy the usual properties.
Explicitly they act on elements & € 9* as

A@E) =Y CUIT |K)*EC(IT | K) (4.28)

&(¢) = {eolSleo , (4.29)

F (&) =Yk CI110)33(e; ® £ @ ey) CUT]0)7 . (4.30)
I

Proof. Most of the properties are obvious. We shall give only some of the calcu-
lations and omit the others. Orthonormality (4.25) of C*(1J|K) is needed for the
co-product 4:%* — %* to become a homomorphism,

A A = Y, C* T | K)*EC (1T | K) ), CO (LM | NY*nC*(LM | N)
=Y C T | K)*&Ed, 0k, nexn C°(IJ | N) = A(n) .

A(E)* = A(E*) and the properties of ¢ are trivial. The normalization (4.26) is used to
obtain
(e®id)A(E) =Y C(OJ|J)*EC(OT )= ¢ . (4.31)

To prove that & : %* +—» @* is an anti-homomorphism we note that the definition
of & is equivalent to

CUTI|0)(e® Z (&) = CUI0(E®e). (4.32)
Consequently, the action of % on the product ¢z can be evaluated according to

S (&n) = Y ki C(IT]0)23(e; ® En ® ey) CIT|0)3
1
=Y k1C(I110)23(e; ® n ® F(&)CUT|0)7,
1

=SS Q) .
The behaviour of % with respect to the *-operation is checked as folows:

FL)* = ZKIC(I_“O)IZ(el ® n* ® er) C(IT|0)35
—ZKIC(IIIO)u(V (*) ® e; @ er)CUT0)3,
5* ZKIKI = y—l(f*)-
I

It remains to prove compatibility with the co-product. To do this we start again
from Eq. (4.32):

S5 = ZKIC(I_IIO)BC(U—I 0127 (&)E

= ZKI HIO 23(er ®A(~f))C(H|O)12
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=Y x8(§)C(IT10),3CUT| 0)T,

= ¢(9) . (4.33)

A similar calculation gives EL.%(E2) =e(é). We see that in these examples
o = f§ = e. Trivality of «, f§ is related to the condition (4.27). If «; is allowed to
become a more general invertible map V! +— V!, one has to encounter nontrivial
a, f.

Irreducible unitary representations t/ of ¥* are obtained by restriction to V7,

(&) = ¢y .
The tensor product ' & 1’ acts on V! ® V7 by
(T ®)E) =Y CUT|K)*T* (&) C (1T | K),
K,a

so that C*(IJ| K) have been identified as Clebsch Gordon intertwiners. By con-
struction, dim(%é(IJ | K)) = v{'. We conclude that our initial problem is solved by
the bi-*-algebra with antipode (9%, 4, ¢, %, %) in Proposition 13, provided it exists.

The above proposition reduces the problem of finding an appropriate bi-*-
algebra with antipode to the solution of equations (4.25 f.). Of course such solutions
will only exist for special choices of the dimensions J,. A necessary condition on d;
can easily be derived from the orthonormality of C*(1J | K) (4.25). It means that the
C“(1J |K) map vectors in the §;6,-dimensional Hilbert space V! ® V” onto an
orthogonal sum of §g-dimensional spaces which occur with a multiplicity N’ de-
pending on K. The total dimension Y x N¥dx of the image cannot exceed the
dimension 6;6; of VI®@ V7,

010, =Y N Ok . (4.34)
K

The first part in the proof of the following corollary shows that condition (4.34) is
also sufficient.

Corollary 14. Suppose that the number of labels I is finite and that the “fusion rules”
vk satisfy the standard assumptions. Then there is a semisimple bi-*-algebra 9* with
antipode and irreducible unitary representations t' such that

dim(@ ('’ | %) =¥ . 4.35)

Proof. Let us first suppose that a solution of (4.34) exists. One starts by construct-
ing maps C(IT|0): VI ® V! V° with the property that C(IT|0),5C(IT|0)}, is
proportional to e;. They will satisfy relations (4.25, 4.27) after an appropriate
normalization. A complete set of solutions of (4.25, 4.26, 4.27) can then be obtained
by the usual orthonormalization procedure. Relation (4.34) guarantees that suffi-
ciently many linear independent maps exist.

For a finite number of equivalence classes of irreducible representations, a solu-
tion of (4.34) is furnished by o =1 and dx = 6 = max;; () k N¥'), J + 0. This
proves the corollary.

In the context of this subsection, Corollary 14 asserts the existence of (non-
trivial) weak quasi-quantum groups. It should be remarked that it also answers the
question which was raised by the assumption (3.24) at the beginning of Sect. 3.3,
namely the question whether a bi-*-algebra ¢* with antipode suitable to construct
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covariant field operators ¥;(p;) does exist. As is seen from Corollary 14, one can
find appropriate bi-*-algebra with antipode for all rational models.

Example. Let us describe at least one explicit solution of Eq. (4.25 f) for the fusion
rules N¥ of the chiral critical Ising model. They can be found in Sect. 7. Since the
dimensions o =1, d,,, =2, §; = 1 satisfy the condition (4.34), we know that
a bi-*-algebra with antipode exists for these dimensions. A list of corresponding
Clebsch Gordon maps which satisfy Egs. (4.25, 4.26, 4.27) is given by (with 1 the
two-dimensional unit matrix)

C(0010) =1, C(310)=(1001),
C(0317) =1, caijo =1,

CO111) =1, Czzl1) = 5100 1),
C(0l7) =1, caofy =1,

C(;1|3) = diag(l, — 1), C(1}]3) = diag(l, — 1)

Here (1000)=(10)®(10), (0100)=(10)®(0 1), etc. A solution of the poly-
nomial equations associated with the Ising fusion rules NY is well known and
determines a re-associator ¢ and a R-matrix R according to Egs. (4.21, 4.22). So we
obtain the (smallest non-trivial) example of a weak quasi-quantum group.

5. Quantum Symmetry, Statistics and Locality

In quantum field theory, permutation group statistics is implemented through
quadratic relations among the field operators, viz. canonical (anti-)commutation
relations for Bosons (Fermions). The spin statistics theorem states that Fermions
have spin s = 4,3, ..., whereas Bosons have integer spin. More general values for
the spin (remember that the spin labels representations of the rotation group, e.g.
SO(2) in 2 space dimensions) are possible in low dimensional quantum field theory.
They are associated with braid group statistics. It has been proposed to implement
braid group statistics through local braid relations [32],

Pix, 0P (y,t) = "W (y,) Pi(x, )B4l for x>y. (5.1)

Here, '’ are complex phase factors. As in Sect. 2, the meaning of x > y depends on
the dimension of the space-time on which the theory lives. In contrast with [32] we
do not restrit the Z-matrix to have C-number entries, but the matrix elements may
take values in %(%*) instead. For the order x <y a similar relation follows with
2’"< and 0’ = w!’. Denoting with # the matrix obtained from 2 by interchange
of the first indices k, I, the two matrices #77~ and #’'< obey

e@IJ< — (@JI>)-1 .

Note that for %47, =1 and o'/ = +, we recover Bose/Fermi-commutation
relations as a special case of Eq. (5.1).

Consistently of local braid relations with the transformation law (2.15) distin-
guishes weak quasi-quantum groups from arbitrary bi-*-algebra symmetries [56].
We will review these arguments here. In the second subsection we determine
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a re-associator ¢ and a R-element R for the quantum symmetry of the algebra of
fields % constructed in Sect. 3.3. Local braid relations of the field operators (3.34)
and their covariant adjoints will be established with 27 furnished by the
elements ¢, R.

5.1. Weak Quasi-Quantum Group Symmetry and Local Braid Relations. In a quan-
tum theory with quantum symmetry, the matrix-elements %;; 7; are not free to take
any values. Consistency of (5.1) with the transformation law of field operators and
associativity of the product of operators constrain . If the quantum symmetry is
quasi-co-associative and quasi-triangular with re-associator ¢ and R-element R,

a solution of these constraints is given by
Rid =T @1 @ W, ij(@213(R®e)p™")
= Y til@sra $2)Tij(ar 9D U (93 $7) (52)

where we use the same notations as in the preceding section and ¢ = ¢ ~'. From
the second line we read off that the matrix elements %4; ;; are not numbers in
general but operators in the Hilbert space. The expression is a linear combination
of representation operators % (p2¢?) and is therefore equal to a representation
operator U(yn) of some element # € ¥*. A numerical matrix £ is obtained if and
only if the re-associator ¢ is trivial, ie. if p =e®@e® e.

To motivate Eq. (5.2) we demonstrate that local braid relations (5.1) with %~
given by (5.2) are consistent with the transformation law of fields, i.e. that both sides
of the equation transform in the same way. The products of covariant fields which
appear in (5.1) are in general not covariant, if the co-product 4 is not co-associative.
Suppose now that there exists a re-associator ¢ satisfying (4.4). Then one can
construct a “covariant product” x of field operators [56, 58].

Definition 15 (Covariant product of field operators). The covariant product of two
multiplets P!, W/ is the multiplet defined by

(P x Py =3 P Pt 9s) Tai( ) U (93) - (5.3)

By (4.4), ¥! x W7 transforms covariantly according to the tensor product repres-
entation t' [gt’. Ordinary products of field operators can be recovered from
covariant ones,

VIV = Y (P X P i (D) T i( D) U (D7) - (54)
Using this covariant product, local braid relations (5.1, 5.2) may be rewritten as
(P x P7)i; = o™ (P x ¥ (ti ® T)(R) - (5.5

The arguments of the field operators, which we neglect to write, satisfy conditions
as in Eq. (5.1). Because of the covariance properties of field operators, both sides
transform in the same if the element R € ¥* @ ¥* obeys intertwining property
4.12).

To prepare for our second consistency check one should notice that associati-
vity of the product of field operators is equivalent to the following:

Proposition 16 (Quasi-associativity of the covariant product). The covariant product
is quasi-associative in the sense that products 'P]J X e X Y’]Jl L with arbitrary positions
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of brackets can be written as a complex linear combination of products
‘Pi: X e X ‘I’ﬂ; with any other specification of brackets. In particular one has

((qﬂ x P7) x lPK)ijk = (lPI X (lPJ X lPK))i'j'k'(TI ®U® TK)i'j'k',ijk(<P) . (5.6)

Proof. This proposition is a consequence of the pentagon equation (4.5) for ¢.

Consistency requires that the matrix %'/~ satisfies constraints which come
from the possibility of interchanging triples ¥(x, 1) ?J(y,t) ¥K(z,t), x > y > z, of
fields in two different ways, leading to the same result where fields in the multiplet
YK appear in the leftmost position followed by ¥ and finally ¥ to the right. The
constraints are exploited most easily if one starts from the threefold x -product
Y1 x (Y7 x PX). By an alternating application of Eq. (5.6) and Eq. (5.5) we end up
with (PX x P7) x P!, There are two ways to perform these manipulations which
give the same result, provided that R, ¢ satisfy the quasi-Yang Baxter equations
(4.14).

In our present context Egs. (4.13) imply validity of local braid relations for
composite operators, i.e. when the product ¥/ x ¥’ is inserted in place of ¥~
More precisely suppose that local braid relations (5.5) hold for the products
Plhix;, t)x /(y,t), i = 1,2 and x; > y. Then by (4.13) we have the following local
braid relations for composites:

(Pl x Py W), = o' o2 (P2 x (P x W) )i, (T B T2 i, ® 1) (R)
Similar considerations for the field operator ¥/ lead to
(P x (P x P2);5, = o o2 (P x W2) x P11 (e @ (P R T2),1,5,5,) (R) -

For the proof one uses the quasi-associativity (5.6) of the x product and local braid
relations (5.5) as in the preceding paragraph.

When we defined the covariant conjugation® in Sect. 2, we had to make the
assumption (2.16) about the existence of an appropriate intertwiner ¢. If ¢ is the
re-associator of a weak quasi-quantum group, the covariant conjugation has
certain distinguished properties. We state them here without proofs. For details the
reader should consult Appendix A. Recall that the covariant adjoint of a multiplet
P/ transforming covariantly according to some representation t! of ¥* was defined
by (rel. (2.17))

V= (P ® id) (w)* . (5.7)

?,’ transforms covariantly according to the representation ' so that its covariant
adjoint is again well defined,

Pl = (L @ id) (w)* = P! . (5.8)

The last equality follows with the help of the pentagon equation (4.5) for ¢. It states
that the covariant conjugation is involutive. Being kind of a substitute for the
ordinary adjoint * (for ¢ = e ® e ® e the covariant adjoint is given by P! = ¥1*),
we expect the covariant conjugation to be consistent with the product of fields. The
precise statement is

(T x V) = (P x V(T @ Th) (f*) - (5.9)

5Tt is now regarded as a complex anti-linear map which sends every covariant multiplet of fields
to its covariant adjoint
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The term involving f* should not surprise. In view of relation (4.10) it can be
understood from consistency with the transformation properties of relation (5.9).
As a last property of covariant conjugation we want to mention that the adjoints
P! @7 of covariant fields obey local braid relations

Pi¥] ="V Pt @, ® 1) (R) (5.10)

if Y1, ¥/ satisfy (5.1, 5.2).

The local braid relations for composites together with relations (5.10, 5.9) reveal
a remarkable stability of local braid relations with respect to covariant multiplication
and conjugation. This has a major conceptual significance. Supppose we were able
to construct a set of “fundamental” covariant fields ¥/ for a given model and we
checked that they and their covariant adjoints obey local braid relations. Then we
can apply covariant multiplication and conjugation to obtain arbitrary com-
posites. No matter how fancy they are, they will always obey local braid relations.
Since (¢ ® id)R = (id ® ¢)R = e, it follows in particular that invariant composites
are local observables, i.e. they commute with all fields in the theory which are
localized at spacelike distance (provided that w® = w’® = 1 which holds at least
for every solution of (4.20)).

We mentioned that local braid relations are expected to give rise to representa-
tions of the braid group B, on the space of n-particle excitations. When 2!/~ is
given by Eq. (5.2), this is indeed the case. Consider states which are created from the
ground state |0) by application of n-fold product of field operators 'I’f:(xk,t).
Suppose that x; < x, < --- < Xx,, for instance. Operators {, (k=1---n—1)
should act on such states by interchange of field operators ?’{: and Pi+!

Ie+12

PPl phplen g0y = Pl plerple Pl 0y (5.11)

[ I+t

Using (5.1) and (5.2) one verifies by a short calculation that the action of {} is
obtained from the maps o}: 4* ®"— 4*®" 35 introduced in Theorem 11. Since the
latter obey Artin relations (3.9) and the additional factors w'’ cancel in the
calculations, Eq. (5.11) defines a representation of the braid group as it was
announced.

5.2. Quantum Symmetry and Local Braid Relations in 4. When the algebra of field
operators 4 with quantum symmetry ¥* was discussed in Sect. 3.3, we did not
consider the locality properties of field operators. We will demonstrate now that
the field operators y;,(p,) constructed in Sect. 3.3 satisfy local braid relations
among themselves and with their covariant adjoints. We need no extra conditions
on the quantum symmetry ¥* than those stated there, namely that the fusion rules
of the bi-*-algebra ¥* with antipode. A re-associator ¢ and a R-element R are
constructed from the fusion- and braiding matrix of the quantum field theory. In
agreement with the general discussion, they determine the matrix )] ;; according
to formula (5.2).

Our first aim is to construct appropriate elements ¢, R. We use the same
notations as above. In Sect. 3.3 we supposed that the dimensions dim%(IJ|K)
coincide with the fusion rules N¥ defined by the superselection structure. The latter
are commutative and associative in the sense of Eq. (3.12) so that we are now in the
position to apply Theorem 12. It asserts that every solution of the polynomial
equations (Proposition 7) associated with the fusion rules N¥ yields elements o,
R which satisfy the relations in Definitions 9, 10. In the present situation the desired
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solution is furnished by the fusion- and braiding-matrices, F, Q of the quantum
field theory (Proposition 7). Formulae (4.21) for ¢ and (4.22) for R take the
following explicit form:

C(IP|L)C(JK|P),30"% =Y Fpo[i x1*CQK|L)CIJ|Q)12, (512
Q

CUJ|K)RYV = o Q( )C(JI|K) , (5.13)

where o'’ = @'’ denotes an arbitrary solution of (4.20) by complex phase factors.
The bi-*-algebra (9*, 4, ¢, %, ) with antipode &, re-associator ¢ and R-element
R is dual to the quantum field theory in the sense of Frohlich [33].

Let us now turn to the discussion of local braid relations among the field
operators ¥;,(p,). The statistics operator &(py, px) was introduced in (3.8) as an
element of the observables algebra 7. Thus, the action n(¢(py, pg)) on the Hilbert
space S is well defined. Local braid relations will follow from

lPJJ'(I)J) tIII’E(PK)”('?(PL px)) = CUJKlPﬁ(PK) 'P{I(pl)@:£jk 5 (5.14)

with Z given by (5.2). To prove this identity we insert Definition (3.34) for the field
operators ¥},(p;) into the left-hand side and use the interwining relation (3.27) and
Definition (3.23) of the braiding-matrix B,

lI’]J'(PJ)lI’l{<(P1<)7t(€'3(PJ,PK)) = ziftn(LKN)Td(NJI)inBMN[JL II< szIiJ[Jj % zL a[’i { "1\’4 b

With the help of (3.23) the braiding matrix B can be expressed in terms of the
matrices F, Q so that it is possible to apply Definition (5.12, 5.13) of ¢ and £%. The
result is

lPJJ'(PJ) 'I’;If (px)m(e(py, px)) = CUJKZifz Tc(LKN) Td(NJI)iIi’ [Ifnj\vl zL]C[Jn Il zvv dT{’i @yn?jk) .

This equals the right-hand side of Eq. (5.14). Since the statistics operators were
normalized to 1 for p; > pg (cf. (3.8)), local braid relations follow from Eq. (5.14).

Local braid relations betwen field operators ¥7 and their covariant adjoints are
obtained in two steps. First it is checked by a calculation similar to the previous
one that

V1 (p)m(epx 0)) (B )k VK (px) = TR (o) Pilps) . (5.15)
Then the lemma in Appendix A establishes the braid relation we are looking for,
PE(pr) ¥l(ps) = ™ F(ps) Vo px) (i ® Ty ® %) (9213R 207") . (5.16)

Here pgx > p; has been assumed. Braid relations among conjugate fields follow
from the braid relations (5.14) and the result (5.10).

Theorem 17 (Local braid relations in 8). Suppose that the fusion rules N defined
by the superselection structure of </ coincide with the multiplicities in the Clebsch
Gordon decomposition of an (otherwise ordinary) semisimple bi-*-algebra with anti-
pode %* (in the sense of (3.24)). Then the algebra of field operators B = B(O)pc
with quantum symmetry 9* constructed in Sect. 3.3 has the following properties:

1. The field operators (3.34) which generate the algebras 2(0) satisfy local braid

relations
Pl pn)Pl(py) = ¥ (p)) Pipr)RiL 5 for pr>py.  (517)
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Analogous relations (5.16) hold between the field operators and their covariant
conjugates.

2. The operators RY;3; are furnished by elements ¢ € 9* @ 9* ® 4* and R € ¥*
® %* which satisfy all axioms in Definition 9, 10,

‘%lIkJ,?j':(TI®TJ®%)lk,ij((p213R12§0—_l) . (5.18)

3. The quantum symmetry 4* is a weak quasi quantum group with re-associator
@ and R-element R so that braid relations are “stable” under covariant
multiplication (5.3) and conjugation (2.17) (in the sense discussed above).

Even though this theorem was formulated for quantum field theories on the
Minkowski space for sectors which satisfy criterion (3.5), analogous results hold for
stringlike localized sectors or quantum fields in chiral conformal quantum field
theory.

Local braid relations do not exploit all the nice properties of the field operators
¥/(p,). It was remarked in [57] that they also satisfy operator product expansions.

Theorem 18 (%*-covariant operator product expansions). The field operators (3.34)
satisfy
(P (p)) x PX(px)pe = 2w (o) Tolu DG % w0 (5.19)

This holds for any choice of the morphism py, within the class [ py]-

Proof. We use the definition (3.34) of the field operators and definition (5.12) of ¢ to
obtain the first equality in

(P (o) x PXp))i = it Te( 8 TaW D ine(Faae L2 F19)56 0% 1 7105 % w1
= Zifz Ta(LMI)pI(Tb(MKJ))iIi[ArIn { lL]a[JjII(c ?nl b
= ZT%(/)M) Tb(MKJ) [Jj Ilf % b,

Application of relation (3.15) leads to the second line where we finally insert the
definition (3.34) again to obtain the result.

Operator product expansions on the vacuum can be used to convert expecta-
tion values of products of field operators into vacuum expectation values of
observables. In contrast with [55], the relations (18) hold on the whole Hilbert
space H.

In the case of quantum field theories with permutation group statistics, Dop-
licher and Roberts have established the existence of a group algebra 4* which
satisfies the assumption of Theorem 17. Moreover, they found that the elements R,
¢ determined by (5.12, 5.13) become trivial, when the phases w'’ are fixed tobe — 1
if I, J label sectors with para-Fermi statistics and + 1 otherwise. Triviality of R, ¢
means R=e¢e®e and ¢ =e® e ® e so that we recover ordinary Bose-/Fermi
(anti-) commutation relations from Eq. (5.27) and the covariant conjugation co-
incides with taking adjoints.

6. The Field Algebra 7

Field operators ¥, and the representation operators % () generate the associative
*-algebras 4(0) < B(#). In quantum field theories with permutation group statis-
tics, one is used to work with field algebras # = % (0)y « » Which are generated by



228 V. Schomerus

fields localized in @. The (group) symmetry acts on the algebras % (0) such that
invariants under this action are local, i.e. commute with all spacelike separated
fields of the theory. In general, invariant elements within the algebra %(0) will not
have this property, even if they can be expressed purely in terms of field operators
localized in @ without any factors % (¢). When ¢ is nontrivial there is no way to
conclude that such invariant operators are local with respect to the other fields.
Instead these invariants are products of local fields and operators %({) with { in the
center of ¥*°. In other words, the associative algebra (0) is too large. It is the
factor %({) which destroys locality (unless { = 1). Nevertheless there is a good
substitute for the family Z#(0) even in the case of braid group statistics. Its
definition involves the covariant product x which was introduced in Definition 15.

Definition 19 (Field algebra). A net of (not necessarily associative) algebras

F(O)p c  With con}ugatmn " is called field algebra & of the model, if there is a linear

injective map n:F v+ B(H) and a set of generators Y] such that n(yi) = Vi,
n(J!) = P! and

AL (o Gl ) ) = (PIX Ce  (PPr X P o ), (6.1)
We say that 7 is a representation of the field algebra %

This definition means that the field operators ¥;, faithfully represent the
elements i, of the field algebra as linear operators on #. We will see below that
the product - in & (0) inherits its properties from the covariant product x. In
particular it is non-associative in general. The representation operators ¥;, can be
multiplied with the ordinary associative operator product. The non-asso-
ciative - product in & (0)) and the associative operator product are related indi-
rectly via the covariant product. Actually, this situation is quite familiar from the
representation theory of Lie algebras. The non-associative Lie bracket serves as
a perfect analogue of the - product on &. Within a representation of a Lie algebra,
representation operators can be multiplied using the associative product of linear
maps. The commutator of linear maps expresses the non-associative Lie product in
terms of the operator product.

Given the set of representation operators ¥;, and an appropriate element ¢ to
define their covariant products, the field algebra Z is unique and can be construc-
ted explicitly. In a first step we define a family of field sets F(0) = () to be the
linear span of components of covariant multiplets obtained as a covariant product
of the fundamental field operators. In other words, elements in F(¢) are linear
combinations of

Who el = (PR (e x (PR X P o))

1 Y ) (62)
where all field operators are localized in @. Obviously, the operator product of two
elements in F(0) will not be in F(0) in general. To obtain a product - on F(0) we
make use of the covariant product (5.3). The definition

l[/{ln,,..‘...il,.. (P)]ln I [PII Ay Jn . (63)

n st ]m
extends by linearity to F(¢) and furnlshes a product on the field sets F(0). It follows
from relation (5.9) that the covariant conjugation maps the field sets into itself and

hence restricts to a conjugation of the field algebra. This concludes the construction
of #

°I thank Karl-Henning Rehren for this remark
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Next we introduce an action of the quantum symmetry 4* on £ (0), i.e. we
define a linear map ¢: % (0) — £ (0) for every ¢ € ¥* (in an abuse of notation we
denote elements in ¥* and the associated linear maps by the same letter &),

EQp (e - ) o))
=(p (e gl )R B B B) o )©E). (64)

A tuple (,) of elements y, € & (0) is said to transform covariantly according to the
representation t of ¥* if

CWa) = Yptpa(l) 5 (6.5)

for all £ € 9*. ¢ € & is invariant if it transforms according to the trivial representa-
tion ¢ of ¥*, ie. if (@) = pe(&).

The following theorem collects all the important properties of the field algebra
F =FOoex-

Theorem 20 (Properties of the field algebra ).

1. The algebras ¥ (0) are quasi-associative in the sense that the product
1, W  with arbitrary specification of the posmon of brackets can be written
asa complex linear combination of products R//k ‘ with any other speci-
fication of brackets. Re-association is performed with the help of the formulae

(o W) - W) = (o= (W= 1)) (05 @ T @ T3) () (6.6)
(s W) = (War V) ¥ (05 ® T ® TH) (07 1) (6.7)

They are valid if (y,), (3), (W3) transform according to representations t, v, t”
of 9*.

2. Quantum fields obey local braid relations, i.e. if Y, e F(0,), Ype F(0,)
transform according to irreducible representations © = v’ and v = ¥ of ¥*,

Vor W = 0”5 P5(T5, @ 1) (R) (6.8)

whenever O > O,.
3. e @* acts on the algebras F (0) as a generalized derivation, i.e.

EW-Y) =2 &) &) (6.9)

for arbitrary s, w eF.
4. The conjugation ~on F(0) is involute, =y, and satisfies

W0 = - )Ty ® B) (f) (6.10)

where f denotes the element (4.8) and , Y’ are again assumed to transform
covariantly according to the representations t, t'.
5. The algebras </ (0) consist of all invariants in F (0), i.e.

A(0) = {Y € F(O)| W) = pe(O)} (6.11)

_ Oninvariants ¢ € o/ (0) the covariant conjugation restricts to the adjoint x,

¢ = o*.
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Observe that the version of local braid relations we used in this theorem implies
local braid relations for arbitrary pairs of generating fields . If the quantum fields
¥, transforms according to a reducible representation 7, Clebsch Gordon inter-
winers corresponding to the irreducible subrepresentations of t furnish a linear
decomposition of the multiplet (). The relations 2 apply — by construction — to
the individual summands in this linear combination so that local braid relations for
arbitrary quantum fields y, can be worked out.

Let us just remark at the end that operator product expansions of the form (18)
give rise to operator product expansion in the field algebra,

Um(ps) - ¥n () = Lm (oa) Tolo ) & w17 (6.12)

7. Discussion and Outlook

For the construction of the field algebra & with weak quasi-quantum group
symmetry, every bi-*-algebra with antipode ¥* can be admitted, provided the
multiplicities in the Clebsch Gordon decomposition coincide with the fusion rules
of quantum field theory. This selection criterion for ¥* as well as the explicit
expressions for the re-associator and the R-matrix were completely determined by
the observables .« of the model.

In [54] we used algebraic methods to construct a field algebra with quantum
symmetry for the critical chiral Ising model. Instead of C*-algebras we used the
Virasoro algebra Vir.—,, as a chiral Lie algebra Lies/ of observables. This Lie
algebra admits three inequivalent unitary irreducible positive energy representa-
tions 7, in the Hilbert spaces #”, J =0, 1, 1. To construct suitable endomor-
phisms, we had to enlarge Vir.—,, to a Lie algebra Lie.. All unitary irreducible
positive energy representations r; of the Virasoro algebra Vir, - ;, on #” extend to
representations of Lie.o in the same Hilbert space #”. A complete set of endomor-
phisms p; of Lie.s/ to reach all the sectors was found explicitly. The fusion rules
were calculated from the explicit expressions.

[p12°P12] = [po] + [p1],
[,01/2°P1] =[p1°p12] = [01/2] s
Loiepi] =1L[po], (7.1)

and [po°p;1=[psopo]l = [py] for all J = 1, 3, 1. The matrices N¥ can be read
off.

It was suggested in [56,57] to regard a “truncated” version of the quantum
group algebra U ,(sl,) as quantum symmetry of the chiral Ising model. As we have
seen above, the critical Ising model (as any other rational model) admits infinitely
many quantum symmetries. [t is important to remark that they are all truncated (in
particular they cannot be group symmetries). Without truncation the dimensions
8, of irreducible representations t/ have to satisfy

816, =Y N{ ok . (7.2)
K
When N¥’ are the fusion rules of a quantum field theory with permutation group

statistics, an integer solution of this equation is furnished by the “statistics dimen-
sions” d; of the superselection sectors [16]. The set of statistics dimensions d; gives
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at the same time the dimensions of representations of the symmetry groups
constructed by Doplicher and Roberts. On the simple level of Eq. (7.2) differences
with the situation in low dimensional quantum field theory show up already. As
one can easily check for the fusion rules of the chiral critical Ising model, positive
integer solutions of (7.2) do not exist. Whenever this happens it excludes the
possibility of non-truncated quantum symmetries. If one admits for truncation, the
condition (7.2) on the dimensions d; of irreducible representations becomes an
inequality, which has an infinite number of solutions so that there is a priori an
enormous freedom in the construction of quantum symmetries (and consequently
in the construction of field algebras).

If we fix a particular integer solution of the inequality 6,6, = )’ Ni/d, the
remaining freedom is reduced to a “twist” in the sense of [19]. As H. Rehren
remarked in [72], this corresponds to the possibility of Klein transformations of
field operators.

It should be mentioned at the end that soliton sectors in massive two-dimen-
sional quantum field theory do not fit into the present theory of superselection
structure. The usual analysis applies only to a special class of models which was
discussed by Frohlich [31]. Inspired by the properties of classical multi-soliton
solutions; Fredenhagen proposed that in generic situations, soliton sectors can
only be composed if they “fit together” [27,28]. The structure of possible “quantum
symmetries” is not known for these more general cases, but will probably be quite
different from the quantum symmetries treated here.

Validity of the analysis in this paper is also restricted to finite statistics and does
not extend to quantum field theories with infinite statistics. Models of such theories
exist [29].

8. Appendix A: Properties of Covariant Conjugation

This appendix is devoted to the properties of the covariant conjugation which was
introduced in Sect. 2. A list of properties is given in Sect. 5.1. Their proofs will be
sketched below.

As we remarked before, the covariance law can be used to shift operators % (&)
from the left to right of the fields ¥!. Yet we did not discuss how to achieve the
reverse, i.e. move elements from right to left. It is precisely the existence of an
interwiner ¢ satisfying (4.4) which allows to do this. Let us introduce the element
w=Y @2 piB) ® @2 as before and define a new multiplet ;%' according to

P ) = Pi(x, 0)(c: @ W) (w) - (83)
This new tuple has a “good” transformation behaviour, namely
Pu) =R P, (84)

where 7(¢) = '7/(#~1(¢)) for all £ € ¥* and all representations 7 of ¥*. We will
often refer to transformation laws of the form (8.4) as “left covariance” to distin-
guish them from the (right-) covariance (2.15). Relation (8.4) is actually a simple
consequence of the intertwining property (4.4) and the relations (2.6).

If the element ¢ is the re-associator of a weak quasi-quantum group (i.e.
¢ satisfies all the relations in Sect. 4.1) the map (8.3) from (right-) covariant to
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left-covariant multiplets has a number of useful properties. They are summarized in
the following proposition.

Proposition 21 (Properties of Rel. (8.3)). Assuming that the quantum symmetry G* is
a weak quasi-quantum group one can show

1. The map (8.3) from right- to left-covariant elements has an inverse,
Yi(x, 1) = (T ® U) (v) P (x,1) . (8.5

Hereve 9* @ %% is deﬁned byv=> F(¢;)op? ® @3 with ¢ given through
the expansion of ¢ = @~ .

2. The passage from right- to left covariant elements is consistent with local braid
relations in the following sense. Suppose that W}, W] satisfy local braid
relations (5.5) Then

PP = o @ @ T ® UN@213R1207 1) P Y (8.6)
3. On covariant products, (8.3) acts according to
(P X P n((2” TI)mnji QU)W =(EFu®TH QU f120 NPT, (87)
where fe G* is the element (4.8).

Proof. A detailed prof of this proposition is beyond the scope of this text. We start
with the first item and make only some remarks on the other two. The relation (8.5)
is a straightforwad application of the pentagon equation (4.5). The latter can be
restated as

([dRid® M@ Ne® o) =(4Rid®id)(p)(¢ ' ®e)(dRA®id) (¢~ "),
Using the properties (2.6) of the antipode one derives
(id @ )(W)p =Y (S ($: p5)ad? ® §7 ® $2)(A($7) @ e)
and then after a similar step (with v = Y v} ® v7)
Y ANWS " vs) ® €) = Y (¢3S~ a3 B) pa ® €)A(e) = A(e) ,

where the last equality follows from relation (4.6). This equation can be exploited in
the following calculation:

EQU)(v), P = Vi(T; ® th @ %) ((id ® A)(U))(Th ® U)(w)
= EF’k (Tkj ® U)(4)(e)) =

We prove the second item by iteration of arguments leading to the following
lemma.

Lemma. Suppose that ¥{, ¥] satisfy local braid relations (5.5). Then
o TP = Vi @ T @ U) (A Y (8.8)
with # = ¢313R1290 7!

Proof. From the defining relations of a weak quasi-quantum group one can derive
the following generalized quasi-triangularity

R134[(id ® id ® 4)(¢)]2314(id @ 4 @ id)(R) = (id ® id ® A)(R)(e ® ¢) . (8.9)
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The meaning of the lower indices has been explained in Definition 10. This
equation is a good starting point to obtain

(0:®A4(02)(e®@W)(e® S o)) ®e) =2 '[([d® A)(W)]213, (8.10)
where ¢!, are the components of #. As a consequence
Vit ® T UNR) P = PPt ® ;@ UNR ™ [(id ® 4)(W)1213)
= 0"Vt ® Tﬁj ® U)([(id ® 4)(W)]213)
= o Wit} @ U)(w) Pi
= o PPl
This is the proposed equation.

Proof of Proposition 21 (continued) Things become really cumbersome when we
come to the third item. Here is a rough sketch of the proof. One has to insert the
definition of left covariant multiplets into the left-hand side of the equation. Next
the covariance law is applied to move all factors which involve elements in the
symmetry algebra ¥* to the right. Once this is done, the resulting expression is
rewritten with the help of the pentagon equation (4.5) and the properties (2.6) of the
antipode. One has to use (4.5) three times until everything simplifies as a conse-
quence of the formulae (4.9f.) for the element f. This completes the proof of the
proposition.

The covariant conjugation (2.17) introduced in Sect. 2 amounts to the prescrip-
tion

Pl = (P> (8.11)

The transformation law (2.18) of ¥! is a direct consequence of relation (8.4) above.
All properties of the covariant conjugation listed in Sect. 5.1 follow from Proposi-
tion 21 (notice that w* = v).
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