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Abstract: We consider a weakly self-avoiding random walk on a hierarchical
lattice in d = 4 dimensions. We show that for choices of the killing rate a less than
the critical value g, the dominant walks fill space, which corresponds to a spontan-
eously broken supersymmetry phase. We identify the asymptotic density to which
walks fill space, p(a), to be a supersymmetric order parameter for this transition.
We prove that p(a) ~ (a. — a) (— log(a. — a))!/* as a / a,., which is mean-field
behavior with logarithmic corrections, as expected for a system in its upper critical
dimension.

1. Introduction and Results

The self-avoiding walk (SAW) has long been studied in the physics literature due to
its significance as a model for physical polymers [dG2, dCJ]. Recently it has
received attention from a rigorous perspective as well [MS, BI, IM]. Most of the
rigorous work has been directed towards establishing the properties of either
fixed-length walks in the presence of a strictly repulsive interaction or the Green’s
function of such a process at or above the critical point. In this paper, however, we
study a SAW in the so-called dense phase, where the dominant paths fill space to
some nonzero mean density. We work in d = 4 dimensions, which is the borderline
between simple mean-field behavior (d > 4) and complex behavior (d < 4). A conse-
quence of this is that the critical behavior is modified slightly from mean-field, but
is still tractable. For a weakly self-avoiding walk on a hierarchical lattice we
rigorously calculate the critical behavior of the density, finding the leading power-
law behavior to be mean-field, but with logarithmic corrections.

The model we study is essentially the same as the one introduced in [BEI, BI],
so we will only briefly describe it here. By a hierarchical lattice 4 we mean the
direct sum of infinitely many copies of Z,+, with L some positive integer. A point
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X €% can be written as a sequence(. . ., X5, X1, Xo), With x;€ Z;+, and all but
finitely many x; being zero. The hierarchical norm we use is a -invariant ultra-
metric defined by

w2 [0 Tx=(.0
TlLY ifx=(..,0,Xy_1,...,%) and xy_; ¥0.

Our SAW is a perturbation of a Lévy process on % chosen so that the free Green’s
function G(x — y) = |x — y|~ 2 for x + y. Details on the process are given in Sect. 2.
We work in a finite volume A by killing the process when it first exists 4. We denote
by Eo, 4 the expectation for this killed process.

We measure the amount of self-intersection inside A by

12(A) = [ds dt 1y - wea) »

where w(t) is a sample path for the process. We define the interacting Green’s
function by

Giala,x,y)=[dT e “TEq s(e " 1y1)=,l0(0) =x) .
0

This function was studied in [BI]. They found that, in the infinite-volume limit,
there exists a critical value a. = a.(4) such that G,(a., 0, x) = O(|x| %) as x - .
In other words, the model exhibits massless decay at a = a,. They also constructed
the Green’s function at values a > a,, finding there the hierarchical version of
exponential decay. We think of our model as being comprised of an ensemble of
walks of all different lengths, with each walk weighted according to its length (the
e~ T term) and its self-interactions (the e~ *** term). When the killing rate a is larger
than critical value, only short walks contribute, hence the rapid decay of the
correlations. As a \ a., walks of all lengths contribute, resulting in slow power-law
decay.

We are interested in studying the case of a < a.. Here it is crucial to work in
a finite volume with a self-avoiding interaction; with these two constraints, we
would heuristically expect walks to fill the volume, encouraged by the negative
killing rate, but then to stop at some finite density, discouraged by the interaction.
In fact this is what happens and, furthermore, after taking the infinite volume limit
we find a phase transition at a = a, between the massive phase studied in [BI] and
this dense phase. The density p(a) is an order parameter, being zero above the
transition and nonzero below. We make this more precise below.

In order to simplify the construction we condition on walks beginning and
ending at the origin (though we could also consider more general walks). We define
the expectation for such walks

)= J$ dTF (2 T)e T Eq s(e™ "™ 14(r) =0l @(0) = 0)

E . A(F(T
,l,A( ( G;HA(a,(),O)

>

where we have defined 77 = {t]} . 4, and 1] is the local time the walk spends at
site x, defined as

T
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Since the local time is a measure of the density of the walk at a site our order
parameter will involve an expectation of the local time. Notice that
lim, ., o E,; 4(ty) % 0 for any fixed x in either phase. However, from the analysis
in [BI] it is possible to show

lim lim E,; 4(t,)=0 foraza,.

X2 A - o©

So we choose this as our order parameter:

pl@=lm lim E,; s(ty).

X204 > oC
Our main result is to find the behavior of p(a) for a less than a,. We prove

Theorem 1.1. Let d = 4, and choose some L sufficiently large, then A > O sufficiently
small. Then for each p > 0, sufficiently small,

p(ac(/l) — ﬁ) = Uﬂ( — ]ogﬂ)I/Z(l + 0(( - logﬂ)—I/Z)) ,
U > 0 is a constant that may depend on L and A.

Note that the leading term is mean-field behavior with logarithmic corrections,
as one would expect for a system in its upper critical dimension.

The dense phase for a SAW we first discussed by Parisi and Sourlas [PS]. Also
in that paper they introduced the idea of studying a SAW as a supersymmetric field
theory, independently proposed by McKane [M], which is the method we
use. Dense polymers in two dimensions, both linear and branched, have been
extensively studied by Duplantier and Saleur; see [DS] and references therein. The
phase diagram of ¢ theories in the presence of a field h, for ¢ an n-vector with
n < 1, and its relation to polymer theory have also been studied [GS, WSPP].

An important question is whether our techniques could be extended to the case
of a non-hierarchical walk. As we will see, the bosonic part of the model resembles
a o-model. This fact, especially the presence of Goldstone modes, would consider-
ably complicate the analysis in the non-hierarchical case. While considerable
progress on such issues has been made by Balaban [B] in the context of bosonic
models at low temperature, the critical region still presents problems.

In three dimensions, self-interacting walks with two-body attractive and three-
body repulsive interactions are used to model physical polymers in poor solvents
[dCJ]. Near the 8 compensation point the theory is believed to exhibit tricritical
behavior. Also near this point fixed-length polymers undergo a collapse transition
[dG1, OPB]. We believe the techniques developed in this paper, suitably extended,
could shed some light on these problems.

We will now outline the proof of Theorem 1.1. The principle tool is the
renormalization group applied to the supersymmetric field theory representation
of the SAW model. We begin in Sect. 2 by describing the Lévy process on the
hierarchical lattice, and show how to compute SAW expectations by evaluating
certain Berezin integrals, which, in the language of physics, are correlation func-
tions of a A@* hierarchical lattice field theory, where the killing rate a plays the role
of the (mass)?. Here the fields are superfields ® = (¢, @, ¥, ¥), with the first two
components comprising a bosonic (commuting) complex scalar field and the least
two being fermionic (anticommuting, or Grassmann) fields. Because the action
is a function only of the square ®> = @@ + Y, the theory is invariant under
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transformations of the fields leaving @2 invariant. This is the supersymmetry, which
we will comment on further below.

In Sect. 3 we set up the renormalization group framework we will be using to
compute the Berezin integrals. Our treatment in these two sections is brief since
extended explanations already exist in [BEIL BI]. In Sect. 4 we prove some
analytical lemmas useful for keeping track of remainders during the induction.

The main body of the paper begins with Sect. 5, where we consider the action of
the renormalization group map on the self-avoidance interaction. This consists of
following the evolution of the effective potential v(®) as we apply the mapping
repeatedly. The initial form of the potential is

v(P) = AD* + (a, — B) D*

with a, = — O(A). Because we are interested in the behavior near the critical point,
we start with f small, and hence the initial v has the form of a shallow “Mexican
hat.” While f is small, it essentially grows by a factor of L? under each step of the
RG map. This simply reflects the fact that the mass is a relevant parameter,
according to the renormalization group, and so is driven away from the fixed-point
value. So the Mexican hat becomes deeper the longer we flow under the RG. While
we are still near the critical trajectory, the techniques of [BEI, BI] apply with little
modification, but once we get significantly into the deep Mexican hat region we
must develop new methods that take the new shape of v into account. Here the
model starts to look like a g-model, and in fact we have used ideas developed to
study the hierarchical version of that model [GK].

In Sect. 6 we apply the RG map to those blocks containing observables. In Sect.
7 we assemble the results of the previous sections into an expression for E, ; 4(t,)
which is a ratio of two one-dimensional integrals, the results of applying the RG
sufficiently many times so the volume has been reduced to a single point. These
integrals are easily evaluated, and then the limits 4, z — co may be taken, yielding
the result of Theorem 1.1.

Finally, we comment on the nature of the phase transition and of the order
parameter p. In the spin system representation, we noted that the model exhibits
a supersymmetry, and that the killing rate becomes the (mass)?. Because we have
set a smaller than the critical value, we see we are in the low-temperature phase of
the spin system. We thus expect to see consequences of a broken symmetry (in this
case, a broken supersymmetry). The usual order parameter for such a transition is
the magnetization, or expectation of a single field component (®). However, this
would not be relevant for the SAW model, because only the square of a field @2 has
significance (local time) in the SAW representation. But measuring {®?), where
{+ ) is a spin-system expectation, would always give the result zero, by supersym-
metry (cf. [BEI] Theorem 4.2). By contrast, in an n-vector (bosonic) magnetic
system where n > 0. {¢- ¢ ) is always non-zero, being the expectation of a non-
negative quantity. Our model parameter p avoids both of these extremes because,
in the spin system representation, it includes the square of a superfield (local time,
but also two individual components of the field, corresponding to the beginning
and endpoint of the walk: {@opo®2>. In the limit z — oo, p(a) = 0 for a = a,,
which s _.a consequence of the wunbroken supersymmetry: i.e.
{PoPoD2) > {poPo) (P2) in a massive theory. When a < a,, p(a) + 0, and we
are seeing a consequence of the broken supersymmetry: p is a way of measuring an
expectation of @2 that does not trivially vanish.
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2. The Process

We will first construct the free (noninteracting) process, and then explain how to
add self-avoidance. It is a similar process to that used in [ BEI] but differs in two
ways. First, the boundary conditions are different; we work in finite volume A, with
walks that are killed on first exit from A. This is also done in [ BI]. Second, we use
a slightly different probability density g(x) for the steps of the walk. This is done for
technical reasons, which we discuss later, and which are related to working in the
broken phase. The difference between this process and that used in [BI] is minor;
the short distance behavior of g(x) is modified slightly, but it is the same in the limit
of large x.

We now recall some notation from [BEI] and construct our Lévy process. We
denote by ¥ the hierarchical lattice, so ¥ = P¢Z,, n = L*. We define the
subgroups

{O}Zgocglccg)
Y ={xe¥:x;=0,i 2k} .
We use the hierarchical norm on %, defined to be
0 if x=0
x| = o .
L’,p=inf{k:xe %} if x+0.

Let # be the dual to the group ¥, so # = X ;=¢ Z,. Also define #, to be the
annihilator of ¥, so

%kz{{(éo,fl,-..):éi=0ifi<k} if k>0

H if k=0.
We define a norm on # to be
|a={°_ ife=0
L P p=supl{k:te A} if E£0.

We define the free (noninteracting) process w () in infinite volume (i.e. on %) to
be one that has probability r dt of making a jump in time [t, t + dt] and, given
a jump, probability g(x — y) of jumping from x to y. We choose

) L—4k

- Z ﬁ(lfﬁ—Lﬂtl@kH), (2.1)
e

q(x) = 1.(//0

with
L76k
L-Zk)(l _ L—Z(k+1)) :

k=(1-L" % '=L*1-L"?% )
k=1 (1 —
It is not hard to see that g(x) is positive semi-definite, satisfies [, ¢g(x)dx = 1, and
q(0) = 0. Also, |q(x)| ~|x| ¢ as x - c0.

Before introducing the details of the finite-volume process we will briefly
indicate the motivation for this choice of ¢g(x). We define the Green’s function

G, ) =Gx—y=]Px—y1,
0

where P(x, t) is the probability of finding the walk at site x at time .
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Lemma 2.1. A Lévy process on % which jumps according to (2.1), with jumping rate
r =1, satisfies

1 if x=0
IxI72 if x+0°

Proof. Fourier analysis on ¥, exactly as in [BEI], Proposition 2.3. H

G(x) ={

Recall that a simple random walk on a Euclidean lattice has a Green’s function
that decays like |x|2™% Because our process on the hierarchical lattice has
a Green’s function with the same decay (measured with a hierarchical norm), we
interpret our walk as the hierarchical version of the simple random walk.

We can rewrite G as

G(x) = i L~ (x/L¥),

k=0
rx)=(1—-L"*1=0,

i.e., G(x — y) is a sum of rescaled copies of a matrix I'(x — y). Recall that, in the
renormalization group scheme used in [ BEI] and here the functions I' become the
covariance matrices of the fluctuation convolutions (see Sect. 3). With this choice of
q(x), the matrix I"(x — y) is proportional to the identity matrix; in particular, it is
nonsingular. This was not the case in [BEI]; they had a singular I" that annihilated
functions with zero mean on a block. The nonsingularity of our I is important for
reasons that will become clear later; roughly, it means that our radial mass will flow
to some fixed point under the renormalization group, rather than off to infinity,
and it happens that our method requires this feature. We chose this particular
nonsingular matrix (the identity) because it is the most convenient to handle
technically (it is the same choice used in [GK]). We note that, with an appropriate
choice of renormalization group transformation (RGT), one can always obtain
a nonsingular I" for a non-hierarchical model. In the hierarchical case, the defini-
tion of the RGT is tied up with the definition of the model. This is why we need to
change the model slightly in order to perturb I

In this paper we will be using a different process wy(t), which is the same as the
one we have described killed on first exit from some volume A. We assume A to be
a ball gy, for some N = 0. Let E, y denote the expectation for this process.

Lemma 2.2 (Lévy Hincin formula).
Eo .y (on(t), £)) = e™"®
with £ € # and
(IEP—L73™" if 1E=L"5 k<N,
2 i 1elsL™

(T)_L4N1 -4 - L=
Yy =L*N(1-L )k;vﬁ:m

¥n(d) = {

=x [ dxq(x),

x| > LN
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Proof. Because the metric on the hierarchical lattice is an ultra-metric, the process
is killed the first time it jumps a distance greater than |A| = L". We rewrite the
expectation, conditioning on the number of steps n, which is a Poisson distributed
random variable with mean rt. X; are the steps, which are iid random variables
distributed according to g(x). So

Eon(Kon(), &)=Y, (:f,) e "Eo N <f, Z Xilx,gL”>

=0 i=1

= exp < rt [ dxq(x)<& xy — rt)
— e =t

The calculation of (&) is an application of the fourier inversion formula
i, =L*1, , (2.2)
which is [BEI], Lemma 2.1. We insert the definition fo g(x) and find

[ dxa(x) <& xy = [dx <t x [1,x,=0

Ix] < LY
N-1 L6k
B kgo(l—_f——f“”_ln(llxléu—L 1 [N
o -6k
—(1—-L% kZlewéLN]
N-1
- kZo e A e T

4N 4 o L_6k
_“llfléL_NL (1—L )k;NW)—)'a

which immediately yields the result. W

Next we calculate the Green’s function for the killed process and find a de-
composition similar to (2.2).

Lemma 2.3. For any x,y€ A,
N-1
Gy(x,y)= Y, L™*I(x/L) + Fy, (2.3)
k=0
where
rx)=0-L"?)1-=o,
FN — L—Z(N+1)(1 __L—ZN) + L—4N(l//;VT))_1 )

When N = 0, omit the sum in (2.3).

Proof. .
GO =y (!
N-1
= kzo (L* — L™=+ (W) g <

Then invert the Fourier transform using (2.2). W
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We now describe how to write the expectations for self-avoiding walks in terms
of Berezin integrals. Given a path w(t), 0 <t < T, for the process, the local time
spent at a site x up to time T is

T
TI = j dS 1‘w(s)=x} .
0
Since our walks are killed on first exit from the volume A = %y, we have that

t(A)=fdxtl=T. (2.4)
A

A measure of self-interactions at a point x for a walk living for time T is

1
2 (TI)Z = f dsyds, l{w(sl)= ofs;) = x} >

0<s;=s5,=T
and so to measure the self-interactions of the entire walk define

t2(A) = [ dx(z])* .
A

We are conditioning on walks beginning and ending at the origin, and hence define
the expectation

= 1% - — At (% ot
Eq . n(F(7)) =y [ dte™ Eq (e ™" UM F(2') 11 = 0} 0(0) = 0)
0
1 © 2 (¢ _ ;tz @ —_
=V J dtEq y(e™ N = ENF(#) 1 — 0 @(0) = 0),  (2.5)

0
where 7' = (zi,. . ., 1), N’ is defined so that E, , y(1) = 1, and we have used (2.4).
Lemma 2.4.

. S(F (®> e—’f%ldxv(d)x)
Ey on(F()) = &) )
S(e —J'gwdxu(d)))

where

(D) = a®? + 1D*

S() = jd.uGN((D)(')Q_DO(PO .
Proof. Apply [BEI], Theorem 3.3, to (2.5). M

3. Renormalization Group

We will now define the renormalization group map, which will be used to calculate
the functions S(-) appearing in Lemma 2.4. Techniques for handling Gaussian
integrals with combined Fermionic-Bosonic measures can be found in [BEI] and
references therein. Also in [BEI], Sect. 4, is a discussion of the renormalization
group framework we use, though the details here are slightly different. For this
reason we will briefly sketch the construction of the RG map.
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The functions S(-) are of the form [ dug, f*, with f* =[], ., f.(®.). Suppose
a;,i=0,...,N are in IR; we will define what values they take below. When we
write Gy + a; as a covariance matrix C we mean C, , = Gy(x — y) + a;. Define

G'(x) =L 2Gy_,(x/L) + 6Fy + ay ,
where 6Fy = Fy — L™ 2Fy_,. Then, referring to Lemma 2.3, we have that
[ dtgy+ap(®) fA(@) = [ ds, (@)dpr (D) fA(@ + 7).

The covariance G’ is constant on blocks x + %;, which means that in the integrand
@, = @, almost surely dug if x — y € 4,. This allows us to eliminate all but one
field per block in the integrand; we call these block fields @;,, ze A/L. We next
rescale, while involves the change of variables @;, — L~ ! &, and results in

[ dug,+a,( @) (D) = [ diic, ,+ay ,(DUTf)H(D),
where ay_; = L?6Fy + L?ay, and we define the reormalization group trans-

formation (RGT) by
(Tf). = Rupsf*

P
“Jawe T 4(F+a)

uez+ %9,
for z € A/L. The rescaling operator Z is an algebra homomorphism defined by its
action on the generators and the coefficient ring C* (IR ")

RWF)=L""y?, Vzelx+%,, y*=yory,
R(p,)=L" "o, Vzelx+ %,

(Zf) o) = f(Ro), [feC”(R™M).

We can now read off how we should define all of the g; for our application. We
have ay =0 and, forj=1,...,N,

j .
ay-j = Z L2’5FN_j+1 .
i=1
Sine 0F; = O(L~*), we see that a, = O (L~ 2), which will be an important fact in the
sequel. We will also sometimes want to index G by the induction step instead of the
size of the volume, so we define

G"=Gy_,, a"=ay_,.

4. Analyticity and Norms

We use the same framework for analyticity as that used in [BEI]. We recall the
definitions and main lemmas here, though we refer to that paper for proofs.
Let ¢ = (@1,. .., ¢,) € CP. For g(¢) a complex C* function, define

lglw = sup lg(o) TT wle)™",
i=1
Ja]

h
= _ | g@®
Iglw.h_z o! |g 'W‘

o
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Here w is a positive weight function and g is the a'® derivative of g with respect to
¢ and @. a is a multi-index.
Next suppose g belongs to a Grassmann alebra G, so

g=29"W".
]
This is the situation we are concerned with in this paper, so we define the following

norm on such functions.

Definition 4.1.
h® e
— g8
|g|w,h %ﬁ'a'lg |w’

where B, o are multi-indexes with components of =0 or 1.
We will need the following facts, true for all weight functions:

Lemma 4.1 (Properties of |-|,, ) [BEI]. Suppose uc is a combined Fermionic and
Bosonic integral, and g € G. Then

@) 1glwn S 1ghorn, if B ZhwZw.

(i) [nc*glo,n S exp (X ;h™ | Cijlh™ 1) gl where w' satisfies pcxw < w'.

(58

We now specialize to the two different forms of w(¢p) we will be using. Let X be
a finite subset of the infinite lattice ¥, let Gy be the Grassmann algebra generated
by the fields @,, x € X, and let gx denote an element in Gy. In the low mass region
(Sects. 5.1 and 6.1), we will take

< ol(h —=h)~*gluw, if B > h.
w,h

(iif)

w(X, ¢)) = exp ( —af dxl(ﬂx|2>
X
and we write |gX|, , to denote the norm with this weight function. We have the
following properties for this norm:
Lemma 4.2. (Properties of |-|, ;) [BEI]. Suppose h = 0, gy € Gx. Then
(W) If Xe%,y, then |Rgx|an= [gx(?_zil% .

(ll) |gX|a,h é |gX|a’,h’ U{ al g a, h, g h

(iii) |pc* gxlon S exp[f dxdy|C(x, ) Ih " *1lgxlan, d=a(l—alCl)~", where
| C|| is the norm of the covriance C(x, y) regarded as an opertor on L*(X, dz)
and a = 0.

W) If XY = &,19x9vlan < 19xlanl gyla,n-
(V) 1gxgvla+o.n = 1gxla,nlgyls,n-

In the higher mass region (Sects. 5.2-5.4 and 6.2-6.4), we will take

w(X, <P)=exp[de(K—0<gz(l¢xl—A)Z)] (4.1)
D.¢
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and we write |gx |k .4, 4.n- Let #’ be the step at which we begin applying this form of
the norm. We will have g\ ~ ﬂ and, in the ensuing steps, 3" will increase by
a factor by approximately L? each step until it reaches one (see Sects. 5.3-5.4 for
details on the flow), at which point its increase slows down as it approaches the
fixed point of O(L?). For technical reasons we need to keep track of some of the
decay properties of the remainder, which we measure by ag,, but we also have to
give up a litle decay at each step while we are still in the regime g, < 1 (there are

O( — logy 4) such steps). We accomplish this by changing « at each step; i.e. we use

a'® for the first such step, then o'V, . . ., and we define
am =L L 42)
32 32 '

with some ¢ > 0. Using the fact that there are O( — log; A) steps before g, reaches
unity, we see that in this regime a® — 0™V > 0(5) A0/18 L,
Some properties of this norm are contained in

Lemma 4.3 (Properties of ||k 4 4.1)-
W) If X =%, then |Z#gx|k,a,a =9x| k120 4
L

E{NE(n
,for weR*,
hw

(i) 'gX(W'),K,a,A,h:ng(')'KL i
(itl) |9xlk.a,4.0 = |gxlk.ar,anw f W2 d 2 a.
(iv) If [A— A< for some 6>0, then |gxlg.aan=< O)lgxlk.a a0 where
a=a+ 0(a*é?.
v)
lterw * gxlk, av+ v, 4,0 = O(1) exp <Z h! [tT Wijlh_l ) l9x|k,am, an> (4.3)
iJ
where we have set t € [0, 1], I'W (x, y) = (yw) 0y, ,, yw = O(1), c = O(1),

o gty
2
amt = N (1 +ch), a” =agy,

2,2 ,(n) (n)
gty = L w"g, 0 92
2 1+ g% yw A)’
and
+1 2 +1 : (n)
a(n)>a> a(n )+§(Cx(")—a(" )) !f gZ <1
= = %a(n+1) U( g(zn) g 1 s

OC("+1) +%(0£(") _ OC("+ 1)) lf g(zn) <1

nt+1l) < 4 <
o So =S X .
- ‘{%a("“) if 9521

(Vl) If X0 &, 1g9xgvl,aan S 19xlk,a, 4,019y Kk 04,1
(vii) |gxgylrtk,atpan < |gx|J,a,A,h|gy|K,b,A,h-

The proof is contained in Appendix A. This lemma will be used in Sects 5.3, 5.4,
6.3, and 6.4. The freedom in the choices of « and o is not needed until Sect. 6.
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It is not very convenient to compute these norms from the definitions. We can
frequently take advantage of facts we know about the analytic structure of the
functions we norm. We write

(1) . (2) P 1) . (2)
Q=@ F19;, @i=@; —1@; ",

and allow the ¢!’ to be complex. We set
Dy(p) = {(¢i, pi,ui, #) € C*:Vi=1,...,p,
Vj= 1,219 — o} |uil, lai| <k},

Si= U Dulo).

(pu) eR
If we have a function F analytic on D,(¢), define

|[Fla(@) = sup [|F(9)l,
¢'€ Do)

and let F(®) denote an element of the Grassmann algebra obtained by substituting
u =, i = in the power series
1

= 002 F)(@ 0,0,0) @™,

CNNRIEDY

with any convention for the order of ¥’s in the product (¢! = «’! = 1).

Lemma 4.4 (Comparison of Norms) [BEI]. Suppose F is analytic in S and
g = F(®), then for ¢ > 1,

1 4p
|g|w,h§<1_c_1> ”F”w,ch>

I Fllw,n= sup |Flu(@)w™ () .
@ €eS,

where

We will also use a corollary of this lemma that is specific to functions in G that
are of the form g = G(®?), where G is a function of a single variable. In order to
apply the above lemma, we need to bound G(¢' ¢’ + w'i)w(p)~ ! for peC,
(¢, @', u, ') € D(@). To make matters simpler, we could just bound G(v)w(p) ™!
forpeC,ve D(c},) (o), where

DP(p)={zeC:z=¢'¢' +u'
for some (¢', ', v, 4') € Dou(@) }

or, simPler still, we define C,,(¢) to be a disc around |¢|? of radius r.,(¢) chosen so
that Dci)(go) < C.(p). We set

rh((p)z{sh if 1ol <h

8hlp| if ||>h
and also define

R,= ] GCilp).
peC
We now have the following
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Corollary 4.5. If G is a function of a single complex variable, analytic in R,
g = G(9?), then

1 4
immg(l _J sup [G(lo* + Dw(p) ™ .
—¢ peC

le Coy()

At times we will want pointwise bounds on a function given bounds on its
norm. For this we have

Lemma 4.6. Suppose F is a function of a single variable z, and G(®P) = @>" F(?)
satisfies |Gl,,, < 0. Set z= @' @' + I', with ¢', ¢’ complex conjugates, I' € C with

2
|7 <max<<g> ,gl(pi) Then

O()h™2"*2| Gl,,,w(0) if 1’| < 3h/4
O() (hl@')*|9'|>"|Glu,nw(¢) if l@'| >3h/4"

Proof. Letf(¢', @)= (¢ @' )" F(¢'@’). Clearly | f|,.1 = |Glw.4, and so f is analytic
in ¢, @' with radius of convergence h. We use this fact in two different ways
depending on the size of |¢’|.

(i) If |¢'| £ 3h/4, then |@ @' + I'| < 15h*/16. So we choose some w, W not
necessarily complex conjugates such that ww = ¢’ ¢’ + I with |w|, |w| < h. Then
we expand

[F®(@ @' +1)] é{

S ="

Now,
F(ww) = W“"——a Loww) " f(w, W) ], (4.4)
ow

which tells us that

o -\ e Wﬁ—n—awﬁ_—n—a aﬂ aﬁﬁ_
F“(ww)—g}(ﬁ—”) (ﬁ_n_a+1)__ﬁ!—[3_!——5§ﬁgl3—ﬁf¢=¢=0.
45)

Now, because f(¢’, ¢') is a function of ¢’ ¢’ alone, and analytic at the origin, we
have that aq’f/,ﬁg,fb:@:o:o unless f = f. Note that F is regular at the
origin, for otherwise |G|, , would be infinity due to the F’ term in

F(9*) =F(¢®) + Yy F (¢ (). Hence 0505 f 1, = g—ofori=0,...,n— 1. Also, we
can use Lemma 4.1 to show that

oF o
aghagh! | SV w(0).
p=9=0

Inserting this in (4.5), we find that

[FP(¢" ¢ + 1N < O() R 22| f1,, ,w(0) .
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(ii) If |¢'| > 3h/4, we have F(q)’ '+ 1)y =ww) " f(w, W) with w = ¢’ + I'/e’
and w = ¢@'. We will apply (4.4) again, this time expanding f around ¢’ and ¢'. For
any m,

o w — /ﬂ—mw ﬁaﬂ aﬂ

==L em ) =)

B! B! P aq;ﬂ v=0
=9 (4.6)
Next use Lemma 4.1 to get the bounds
B 3B _ 7
307 358y S PP ().
o=

Inserting this in (4.6) and noting that with this choice of w, w the only contribution
from the sum over f is the f = 0 term, we find

)

SO0MA S lwaw(e) - (4.7)

Finally notice that, again for any m,

a m
Inserting (4.8) and (4.7) into (4.4) completes the proof. W

Corollary 4.7. If the weight function w is of the form (4.1), with g, = 4A4% >
L‘Z\/Z, h =min(A~ Y4 g5 '), and F, G, ¢', 3', I are as in Lemma 4.6, then

FO(Q' G’ + 1) S OUX2) A2 Glg ag, 4,5 ¥ 200101 = 47

(W, )" < c(m)]g/| 27" (4.8)

The hypotheses of Corollary 4.7 are such that it will be applicable in Sects.
5.2-5.4 and 6.2-6.4.

5. Renormalization of the Interaction

In order to compute the expectation of the density at site z, we must compute the
functional integrals S(I,) and S(®21,), where the interaction I 4 is defined to be

Ii= [ 9(2),

xeAd
9(®@) =exp(—v(?P)),
v(®) = Ad* + ad? .

We begin by computing the RGT in those blocks that do not contain 0 or z, so the
RGT applies to the function g%, where

= l_[ g(¢x) .

xeX

This proceeds by three different methods depending on the size of the mass.
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5.1. Small Mass Flow. The existence of a critical point follows from Proposition 5.1,
below. We wish to study our model at masses below the critical one, and follow the
approach to the critical point carefully. For masses very close to the critical one,
a slight perturbation of the methods of [BEI] apply. These were developed in [BI],
and for completeness we present them briefly here. After zero or more RGT’s, the
function T"g can be represented as

Inductive Assumption 1 (f, 2, M). The function g(®) can be represented as
P g(@) = P (¢TI (1 + 15 00 16, 1a,) + 1(D)),
V(@) = A: DP* i, vay + 1 PG, bay -

Here u? = a,(7) + 2AG, (0), the parameter n satisfies n < coA?, and r(®) = R(d?)
satisfies

1/4
b

lrl\/z’h Scid; h=A4"

d’
—r(td =0, 0=5/<8.
A )t=0 , 0=
Proposition 5.1 ([BEI] Theorem 7.2). Choose some integer L sufficiently large, and
then some A sufficiently small. Then there exists a.(lo) = — 240G (0) + O(A3),
such that if

g((p) = exp( - j'O ¢4 - aC(DZ) 5

then T"g satisfies IA1(0, 4, 00 ) with A, = (A{ ' + Bon + O(logn))~* for all n. Here
O(-) may depend on L.

Proof. Our model is slightly different than that used in [BEI], but this is irrelevant
since they did not take advantage of the special feature of theirs that the fluctuation
covariance was singular. This is borne out by the analysis below: take = 0 in our
Proposition 5.2, and substitute this for [BEI] Proposition 7.1 in the proof of [BEI]
Proposition 7.2. B

We are interested in the case of f > 0 small, so we choose 0 < f§ < 11/, Before
the first step, our starting g satisfies 141 (f, A, N) with r = = 0.

At the end of the induction we will see that our covariance Gy is not quite
massless; it has a mass that vanishes exponentially as the volume tends to .
Because the a. (1) we are using in I A1 is defined by the infinite-volume process, we
must correct for this by adding a small negative mass to f; i.e. to calculate the
expectation of the density in finite volume with negative killing rate §, we must
start with the interaction function exp((f + B,) ®*)g(®?). For simplicity of nota-
tion, we will set ' = f + 4 and then drop the prime.

We apply the RGT:
T(e'g) = Aur (" 9)"

If there were no interactions, we could do the convolution exactly via a translation
of the superfield. We do this translation even in the presence of the interaction

(> (—-pU ' +p ',
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and then
T(eF¥g) = R I &P PPy 5 g7 (W @)
W=(1-pr!
or, inserting the forms for I, W we have for our model,
L2 g2
T g)=e"" Rurw*g” (W)

with y =1 — L™2. So, keeping in mind that f — L?f/(1 — By), we can study the
recursion for g(®) exactly as was done in [BEI], with the changes of replacing
I' - I'W in the convolution and evaluating at W &. Since the differences are
minor, we will only briefly sketch the argument here, replacing one part of it with
a more elegant method due to [BI].

Proposition 5.2. Let L be large enough, and co = co(L), ¢y = ¢y (L) in IAL(, 1, M)
be large enough. Let 0 < ) < A, gvith Ao = Ao(L) small enough. Then eb® g(®)
satisfies IA1(B, y, M) implies T (eP® g(®)) satisfies I AL(f', ), M — 1), where

L2
e
— pY
A =A—BrA% + 0(BA, A%),
W=L"n+0(2.

and B, = 16y (1 - %) vy = 4y<1 - %)

Proof. We will assume .94 < A’ < A, which will be justified in the course of the
proof. We say a term satisfies 7 bounds if

17l S 0L e,
[F@ (0)] £ c(L)A® for |o] < 8.

7 will be used to denote terms that satisfy # bounds, and its value may change from
line to line or even within the same line.

The g splits into three sets of terms: those with = 2 remainders r, which we
denote S » ,, those with one remainder S;, and those with no remainders S,. Both
terms with remainders are handled exactly as in [BEI]; they are 7. We omit the
detailed arguments, but the heuristics are as follows: the S ; terms are O(4%) in
norm due to the two remainders, and the derivative condition follows when we use
the fact that r(®) starts at O(®?). This same fact gives us the derivative conditon for
the S, terms, and to get the norm conditon we observe that under rescaling r scales
down by L™8, which compensates for the fact that there are L* such terms.

The remaining term is handled by a new method due to [BI]. Define

Z(0) = R — grw +e O+ lodrorw1i6)

—ypL?pA + O(B% pA%),

ut) = perwx [ dx{v(®,) —n: %},

%\
2o Ju(t) du(t)
ug(t) = gf, dxdy (F'W)(x, y)ga?% )
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and we define e on Wick-ordered polynomials to be the ordinary exponential, but
terms of order : % : are expanded out to first order, and terms of order : ®® : and
higher are expanded to zero'® order (i.e. 1). Hence it is easy to see that

Z(0) = Rurw *So
which is exactly the quantity we wish to calculate, and that

d

— Z t) = ~ .

g Z0=

So, by the fundamental theorem of calculus, we have that
*%MFW*SO 2%6_3 +j. dsp - \)rw*u, +V

It remains to do the calculation. The leading behavior is in the u(1) term. In
order to calculate this, we first state the identity

w n
(Rhrw *: 9" 2,10 ) (W 9) = <Z> PG (5.

where

B=2L2ﬁv< —%—%)HGM L a1 — DBy — B2?).
In particular,

4

(Rt *: P* 16 1a,) (W D) = <%> (D% G, vay, T 2B (%> 2.

The identity follows from the definitions of Gy, ay, W, and I', along with proper-
ties of Wick ordering, which are summarized in [BEI] Lemma 5.1. Note that
Guy-1 +ay-1—1=0(L"*M),and M can be as large as we like since since we are
interested in the infinite-volume limit and we only apply this proposition in the
small-mass regime.

We can now find the leading behavior of A’ and ' from

L>p
T(eP"g) = eT=57 *" [ (¢ =0 fo omuarw =50 @) 4 7]

The u# and » terms in u(1) do not contribute to A’ or ' at leading or next to leading
order (the largest contributions are O ($4?)). So the only important terms in u(1) are

Ru(VHY(W D) = 4: D* 16y +au-. + 4L* By (1 - %> AD? +

Combining this with the L?p®?/(1 — py) in front, we find
¥ =24 0B 22,

ﬁ’:zﬂﬁ<1_4y<1~§>z>+4uﬁ{ﬁzﬂ.

Hence we have found that yp =4y (1 — %), as stated. To see that f, = 16y (1 — %)
requires examining the ug correction. The calculation is straightfoward, but since it



282 S.E. Golowich, J.Z. Imbrie

is done in [BI] we will not repeat it here. We note that the ratio y;/f, = 1/4 is the
same here as it was in [B1], as would be expected.

The final step is to absord the 7 terms into a shift in §, A, and #, which occurs
exactly as in [BEI] and incurs only O(4°) shiftsin , 4, and . W

5.2. Switch of Representations. After applying the small-mass recursion up to the

point where one more RGT would result in || = \//—1/4, we must stop using the [BI]
method and use a new approach for a while before switching methods again and
using the large-mass techniques. Both of the other techniques act on a different
representation for the function g, to which we must switch. This new representation is

Inductive Assumption 2 (S, K, 4, 4, «).
eﬂA¢2 gnew = eﬁA¢2(e_v“¢W(¢) + rnew) 2
Unew(¢) = —K+ ;“(¢2 - A2)2 s
|rnele,agz,A,h é Czﬁ 5
rler—2=0 for i<3,

where o is described above (4.2), h = min(1™Y%, g5 1/?), g, = 41 A* is the radial
curvature of vyew(|@|?) at the minimum, and, in the last line, we are considering
r = r(®?) to be a function of one variable, differentiating with respect to it i times, and
evaluating at A>.

—-1/4

Up until now we kept most of the mass outside of the interaction (we left the
critical piece a, inside v). At this point the mass is large enough that we must take
the Mexican hat shape of the potential into account. This is reflected in I A2. So we
move most of the mass back into the interaction, but we still leave the vol-
ume-dependent piece f, outside. We will find that f, is very small throughout most
of the induction, so it will not cause us any problems.

Proposition 5.3. g, satisfies [A2(f', K', X', A',«) with the choice of ¢, = c,(L)
large enough, and

K' = (B — Bs+2(G™(0) + a™) 1 — u2)* /44 + 0(/7) ,
A% = (B — P+ 2(G0) +a™)A — pud)/24 + 0(1),
N=14+0032),

o =1/16.

Also, , ,
eP1% g () = P g (D) .

We will assume | 4’2 — 4%| < O(1), to be justified in the course of the proof. We
begin by defining

K =(B—pa+2(G"0) +a™) A — u?)*/4A
=0(1),
A = (B — i+ 2(G™(0) + a™) A — u2)/24
=012, (5.2)
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so that
e/i(blg — Ba®? K — (07— AZ)Z(I @O (@) el B0 =K+ 2(®? ——Az)z)

= oP192 oK — 2 = A (1 4 1(2)) | (5.3)

where the last line defines f. We Taylor-expand f to second order around some
point B, chosen below:

f=fo+/1(@* —B)+f,(®* — B> +f>3,

SO we can write

2

1+f=(1 +fo)[<1 +C(<1>2—B)+%(<D—B)2>(1 +D(<I>2—B)2)+ﬁ],

where
_f
1+f
_ c?
Tl+f, 2°
_f> _ 3 C’D 2 pyé
fr_l-l—fo CD(9* — B)® — 3 (@ By, (54)

which allows us to write

2
b — eﬂAdﬁzeK-M(DZ — A%)? (1 +fo) [(eC(d)Z —B) _ eg(‘P B))

X (P =B — BB 41, (5.5)
where
(1 _ t)l 1

o Dr Bt (5.6)

O“—a*-'

We expand the above equation into five terms, the first of which becomes the
leading term in g,..,, the rest becoming r,..,. We get the desired form of the leading
term by making the choice B = 4’2 and shifting K, A4, A to eliminate the linear term:

K' =K — C*/4) + log(1 + fo),
A% = A2 4 CJ2),
N=i-D.

In order to show the norm condition for the remainder, we need bounds on the f;,
which we obtain with the help of the identity r®(®?) = ¢~ " 0,r(P*) used as

follows:
. 0\ o\
Fgrogr=0 " =— ) r A >r
[r0p2 = 4 iq? <6<p> ot - g2 s(4) Kaq)

< 0N Irl ;S 06 3)

w(A4)
J7,0
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This, along with (5.2), allows us to show

lfol £0('7)

|1l = O(4)
|21 £ 0(2°7)

C<0()
=
D <0037

The derivative conditions for r,.,, are obvious. To see the norm condition, we need
the following

Lemma 5.4.
lexp[ — by (9> — B1)* + by (9? — B2)1(P? — A'?)" Jo,ugy arw < c(m)A—™2
where by = 4 + O(43?), b, = O(A), |B; — A*| £ 0(1), g, =4V A, and W = g'; /2.

Proof. Let F(®?) denote the function inside the norm in the statement. Using
Corollary 4.5, we need to bound |F (z)w(e) |, with z = |@|*> + [, l € C4,(¢), ¢ € C.
This is easiest to see if we pick some number 4 = O(1) (chosen large enough) and
consider two regions separately:

(i) [l@|*> — A”*| < A4~ 2. Here we have that |I| £ O(4~'/?), so using the condi-
tions in the statement on the b;, B; as well as the definitions of g5 and w(¢g) we see
that both |F(z)| and w(¢)~ ! are bounded by O(1).

(ii) ||| — A’2| =Z A4~ 1/2. In this region, if || < h, then

/ o(h?) 1
< <
th—A” Sqme =0T
If |@| = h, then
! O(h)|o|
lp)? = A2 | T |lo)? = 4|

The function |@|/(|@|* — A’?), with |@| in the large-field region, achieves its
maximum at |@|*> = A2 + 42712, So
_OB)(A™ + 4171121

= 4017

‘ !
o — 47
0(47'?),
and we can write
IF(2)l S exp[ — bixi(lol® — A2 15 (|of? — A2)"

where k; = 1 + O(47'/2). At this point we can use half the decay to cancel the
weight function and half to kill the monomial, leaving us with the bound in the
statement. W

Lemma 5.4 applies directly to the terms in (5.5) containing an e, or e;. To see
that the term containing f, is also small enough in norm we apply Lemma 5.4 to the
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last two terms in (5.4) and then write
fes=f—fo—fi(@* =A%) — (P> — A?) .

Lemma 5.4 applies to all of the terms but the one containing f; for this one, we
need to norm the quantity

K 2@ A7 g6 QBB

To handle the first term we expand the Wick monomial and then write
@? = (9> — A'*) + A'?, applying Lemma 5.4 to each of the resultant terms. For the
term containing the remainder we use

_ 2 _ 2
'e(ﬂ Par® r'K’,zg’z,A’,h’ é O(I)Ie(ﬁ ba)® r'O,zg’z,A’,h’
<o) PPy

SO PPy s alrl g7 e
<oW.

We have used Lemma 4.1, part (i), in the second line and the last line is true because

we have assumed f§ < ﬂ/4.

Aslongas ¢, = ¢, (L) is chosen large enough, we have shown that the sum of the
various terms we have claimed comprise r,,.,, satisfies the norm condition, and the
proof of Proposition 5.3 is complete.

5.3. Intermediate Mass Flow. We now have a new representation ¢,
and we drop the labels “new.” It takes into consideration the fact that the
minimum of the potential has moved far away from zero, which is reflected in the
norm we use to measure the remainder; essentially we are expanding around
@? = A% rather than ®* =0. Eventually we will want to use this in our
renormalization procedure, but in a narrow intermediate regime we must use
essentially the old procedure of expanding uc« as 1 + A¢ + - - - though there are
a few differences.

We call the radial curvature of the potential at the minmum (the “radial mass”)
g, and note that g, = 4442 So far we have been keeping track of the parameters
B, A, n along with the function r(u? is not a parameter since by definition it
is just the mass along the critical trajectory). When we begin to do RGTs after
the mass is well away from the critical point, we no longer need to keep track
of #, since its role was to allow us to track the evolution of 1 carefully, which
we only need to do very near the critical point. In the new representation, we
keep track of the parameters K, A, A along with the function r,.,. Theere
is also a relation between these parameters and r,., given by ¢,..(0) =1,
due to [BEI] Theorem 4.2, which accounts for the fact that we are dispensing
with n and therefore losing a degree of freedom. It happens that it is more
convenient to just track the evolution of K, 4, A independently and not make
use of the relation. We can also use g, = 444% to parameterize our recursion
by K, g,, A instead, and we will use both parameterizations at various points
in the sequel.
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Proposition 5.5. Let g, e[L™23'2/51/4*%], and suppose eP1® g satisfies
1A2(B4, K, A, A, a™). Then T (e#1%°g) satisfies A2(B,, K', X', A', "+ V), with

K' = L*K + 0(*"),

¥ = w4+ 00

L 2
A? = (—) A% +0(1),
Wy
! Lzﬁ
ﬁA = - .
1 — By
Here vy € (0, 1/4), n is the number of times this Proposition has been applied since the
switch of reresentations, and o™ was defined in (4.2).

Initially we do not know what K', ', A" are. We will prove estimates under the
assumption that

K’ = L*K + 0(4%),
N=wil+ 0%,
A? = <£> A*+0(1) (5.7
Wy

for some ¢ > 0. This will be justified in the course of the proof. We also set o = o™,
"= gt D)
o= .

As in the low-mass region, we define a quantity 7 that will be used to absorb
harmless remainder terms during the renormalization process. Here we take

,flK’,a',g’z,A',h’ § L_Zczﬂ 5
. 1. 2
[F® g2 = 42 = O(1)eX 2?7272, (5.8)

where in the second line we are considering 7 to be a function of a single variable
and differentiating « times with respect to it. Note that we do not yet know that A4’
is, only the assumption (5.7).

Again as in the low-mass region, we write

2 LA g2 P
T(eP1%g) = 07" (Rptry, . ) (W, D) ,

w,=(1 _ﬁAF)—l s

ggl=S0+S1+S;2,

where S is the term with no remainders, etc. We can use Lemma 4.3 to handle most
of this in the same manner as in the low-mass region: e.g. for the S, term,

|Rurw, *S 2 2Wa* )k wgy, aw = 110 S 22(+)le, o

= 0(1)|/1'F*S>2'K agz L (L+ca), 4, wal’
L

L2w?
SO0MIS 220k, ags, a, war
L
S OIS 221k ags, 4,n

1] g\X
SO Y iy g anlGoc o as
g2, g
|X|z2

=c(L)0(4) ,
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where g, is g with r set to 0, and ¢ = O(1). We have used Lemma 4.3 in all but the

last line, and Lemma 5.4 in the last line. Since ¢(L) can be bounded by 4, this yields

the first of the 7 estimates. The second follows by applying Corollary 4.7 to S > ».
We next claim that Zurwy, * Sy is 7. We first write

1
Rurw,* Sy = RSy + A | dt terwy* Arw, St -
0

By arguments similar to those above, we can show the second term is 7. The first
term will require a new argument. We write it as

Wi\ o,
%SI(WA¢):F<<T> @ )

F(z) = L*e™ = 0@p(z) |
(@)= — K + Az — A%)? .

We start by showing the second of the 7 conditions. It is helpful to write
1 1
r(z) = 3 fdt(1 —0?r"(t(z — A%) + A?)(z — A?)?, (5.9)
0

where we have used the inductive assumption on the vanishing of the derivatives of
r. In bounding this and its first two derivatives we use our assumptions (5.7) along
with Corollary 4.7, which tells us that

'r(a)lA'z/Lz § O(/'{I/Z+zx/2)ek .

The derivatives can also act on the exponential, which brings down a power of 4 for
o =1 or 2. Hence we have that

a a
(0

which gives us the second 7 estimate.
We still need to show the first 7 estimate, the norm condition, for which we
prove the following.

01X,

=4

Lemma 5.6. Suppose X (®) = Y (9?) satisfies | X | a4, 4.0 < 0, and Y is a function
of a single variable satisfying Y ®| . = 0 for « < m, some m = 0. Let

Z(®) = X(®,) (e " ?)?n\i
for x € %,. Then
|RZ(W, ’)|K',a'g;,A',h' = O(L_Zm)|XlK,ag2,A,h .

Proof. We first observe that #£Z is analytic in a sufficiently large region to apply
Corollary 4.5, since

I%Z(WA ‘)IK’,a'g;,A'yh' é 0(1)lZ|K,acgz,A,¥h'
é 0(1)|Z|K,agz,A,h
é C(L)lXIK,agz,A,h
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where the second line is true for any ¢ < L/wa4, since h’ < h. So we can certainly
choose c large so ZZ (W ,z) is analytic for z € R,;.. To apply Corollary 4.5 we must
bound F(z)w’'(p)~ !, where

F(z) = e & D0v@ y(g)

w,\2 5
2=\ (lel"+1D leCulo).

We handle the bound in slightly different ways depending on the value of | ¢|*.
Recall that |I;| £ max(32h'2, 16l |¢@|). We call the region of

2 2
Wa 2 2 Wi -1/2
— — Al = =] 42
(L) ! -<L>

with 4 > 1, chosen large enough, to be the large-field region. In this region, if
|@| = 16k, then

(2o e
BOANE o () 4

A

16 ((LN 5 o2
éw((@) A +A/L 1

0473, (5.10)

We obtained the last line by noting that if 44~ /2 > L2 A%/w?, then we can use
I < h <27 Y% to get the bound of O(4~1/?), where as if A2~ '/? < L2A%/w?, then
we are in the regime where i’ = O(h/L) and we can use the fact that h4A = 171/2/2
to get the bound O(4~1!) < O(47'/?). Finally, if || < 16h’, we see directly that the
estimate O(4~') applies, so (5.10) applies for the entire large-field region. This
allows us to write

(o r=((5 oo on

— Y(m)(t(z _ Az) + AZ)(Z _ A2)m.

Using Corollary 4.7 to bound the derivatives of Y, and inserting (5.11), we obtain

F@)w(p) " < exp [(y -1 (K - xz<<%>2 ol - Az)z)]

x O (A™)| X |k aga, a0z — A" W (@)
SOL™*")|X i age, an -

withx =1 4+ O (4™ /%). We used half of the exponential to kill the weight function
and half to kill the polynomial in z.
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In the small-field region, I is comparable in magnitude to w}|@|?/L? — A2, so
we can no longer get any decay from the ¢ ™", but nor do we need it. From

v <oy
N

2 2
W4 2 2 Wy
24 —4 24

Since w'(¢) "' < O(1) in this region, we have the same bound as before. W

WweE See
<O(L™Y)A 12,

We are left with the S, term. We relegate most of it to 7 by writing

1
RUrw, * gy = [1 + A+ Jdt(l = 0w, * AZ] ge
0
and claiming the last term is 7. The proof is an application of Lemma 4.3; i.e. to get
the norm condition we write
Rurw,, *(A*So)W g ar g arw < c(LYh™*
S L7 2¢, /1,

where the last line is true since we have chosen vs; > 0., To get the derivative
condition we use F" (@) = ¢ "0} F(®?), and again Lemmas 4.1 and 4.3 show
e X105 Rirw, * A2 Solw2pp = a2 < c(L)h™*7"
and so
e X092 Rprw, * A7 Solwrgg = a2 < AT
This is the second of the 7 conditions. So we are left with

%ﬂrwA*gg‘ =(1 + A)So +7

L 2 2
= exp[L“K - ij(qsg - (W—> A2> ]P(WA4>3) ,
A

2 3
P(@*) =1+ ywAL4<4/12<<%) ol — A2>

The cubic term is 7, as long as we take ¢, large enough, as is easily seen from
Lemma 5.4. We denote by P .5 the terms in P that are at most quadratic. We write
242

_wi—> (1 +fD 4 F@y,

. LK — ;.W'A<¢>2 -
(Rurw,g" )W, ®) = e

f(l)EP<3_1’

LZAZ )2

Wﬁ r’

f(z) _ — L*K +2wﬁ<d>2 -
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where 7 is the sum of 7 terms we have accumulated up until now. We now can
proceed in a manner similar to what we did following (5.3) by setting = f) + f®),
Itis important to notice that f$3 = 0, so the f 3 contribution to fr comes only from
f®. This fact, along with the assumption (5.8), allows us to see that fr is small
enough in norm. We can then read off

2

C
K'=L*K — u log(1 + /o),

¥ = whi— 412 A%w} + 0 (232,
L2 C
A= =) a2+
<WA> %
Also, noting that g5 = 44’ A%, we have

L*w3g,
P == TA92 o, 472)) .
0 = e (140 )

The proof of Proposition 5.5 is complete.

5.4. Large Mass Flow. At this point it becomes more useful to parameterize our
recursion in terms of g, rather than 4, since here the main behavior comes from the
first term in

Mol = 427 = ga(lgl = 2 + L (19 = 4 + 2 (o] — A

while the others are small corrections because 4 > 1. We retain the same definition
of the representation g because exp(— g.(|¢| — 4)?) by itself does not have very
nice analyticity properties, a fact that would have to be compensated for by the
remainder, which would be undesirable as we would like the remainder by itself to
have nice analyticity properties

Proposition 5.7. Let g, > A'**%  and  suppose  exp(B,P*)g satisfies
IA2( B, K, 4, A, o™). Then T (P17 g) satisfies TA2(By, K', X', «"* V), with

1
K' =L*K —§L4log(1 + g,yw,) + O(LY),

2
A7 = (ﬂ> A2+ 0(1),

L
4
wi A g2
AN=———11+0|=]]),
1+92VWA< * <A>>
L*B,
G = . 5.12
ﬂ/l 1—ﬁA'y ( )

Here n is the number of times this Proposition or Proposition 5.5 have been applied
since the switch of representations, and o™ was defined in (4.2).

Initially we do not know what K’, /, and 4’ are. We will prove estimates under
the assumption that they take on the values (5.12), which will be justified in the
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course of the proof. We also set & = o™, o' = «* !, and notice that g, approaches
a fixed point value of order L2, since

L*w3g g
h=d4rar=—""2 (14+0(Z)].
g2 L+ gywy A

As before, we accumulate error terms in 7, now defined by

IFlk v graw < L7272,

[7®] g2 _ 42 < O(1)eX 15 (5.13)

We begin by writing g”* = So + S; + S, and S, goes mainly as before:

dxdy|T'Wa(x, y)|h~?
| Pitrw, +S 5 2Wa) kg S € 1S 2 2l keage. an

OIS 5 51K aga, an

< 2m0(7)

lIA

e

<L %¢c, /7,

where we have used that h stays bounded from below by O(L™!), since g, ap-
proaches a fixed point value. This gives us the first 7 estimate, and the second
follows exactly as before. So we have that

T(eP1%g) = e [Rury, *(So + S1) + 7]
To handle the other two terms, our basic strategy will be to write
Rurw, *(So + S;) = K 2 =27 L ] (5.14)

and to show that R satisfies 7 estimates for some choice of K, 1, 4.

Set F(®) = (Rurw,*g°")(W,®P). We apply Lemma 4.3 to find |Flx . g, a,cn <
oo if e £ L/2w,, say. Now, by Theorem 4.2 of [ BEI], we know that F is a function
of @? alone, so we can project down to the degree-zero component of G and
consider the function f(¢,®)= F(¢@). Clearly the purely bosonic norm
| flk' g, a,cw 1s bounded above by the combined fermionic-bosonic norm
|F|k' wg; 4,cw» and hence f is analytic in ¢, ¢ with a radius of convergence of at
least ch’ everywhere which 1mp11es that f(z) is analytic in the interior of
UwECD“’ (¢) © Ry, if ¢ (and L) is large enough. The same argument applies to
Rurw,* S z 2, s0 we conclude that R(z)is analytlc in R,;, and hence we can apply
Corollry 4.5 to it; we need only bound R(|¢|*> + 1) for ¢ € T, l€ Cop(9). In
particular, note that we have projected onto the degree-zero component of G; i.e.
when we evaluate R(®?) we can set y = iy = 0, which simplifies our calculations.
Also, at this point we further simplify by specializing to our specific form of I'(x, y),
namely yo(x, y).

We begin by defining ¢'=¢ + y, ¢' = @ + y, where y, ye C are such that
@@ =o@p+and |y, |y|/2w,. We use this to write

K—/‘< Wit | ol c%“”)z
P(lol> + 1) ={du,,, (e ,
o’ 2 -

Q(|€0|2+1)—561HVWA(C)V< 2 +® +CFCF>,
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where ( is the fluctuation superfield, with bosonic and fermionic components
(B, {F), and by |u|? we mean uit even when u, i are not complex conjugates, as is the
case here with ¢’, @'.

Hence,

Rrw, * (So + S)W2(|f? + 1)) = P¥ + LIPY~1Q + 7.

We further subdivide by expanding in power series in {¥{*, which have only two
terms in this case:

K—7 M+CBZ~A2 ’
PO((p(ﬁ+l)EfdﬂywA(CB)e < - ) B
K—)~<W"T¢+(" A2>2
Pp(o@p + 1) = [ dpty, (£%) dity  (EF) e
x(—21)< WA€0/+CBZ_A2>CFC‘F
’ 2
QO(¢¢+I)Ejd:uywA(CB)r< %4‘01 >,
’ 2
r(@¢ + 1) = [ duty , (C%) dptyy, , (CF) r’( WAT(/)+CB )CFEF.

We will choose K, 1, A to be of the form (5.12); the precise values of the O(-)
corrections will be determined below. We will deal with two regions of ¢ space in
different ways; the large-field region, when ¢ is far away from its minmum, has very
little weight, which we can use to bound its contribution, while the small-field
region is amenable to perturbative expansions.

Large-field analysis. We define the large-field region to be

walol
. |
L

> hA® .

Lemma 5.8. If |u|, |iz| € C not necessarily complex conjugates, then for all z € C,
[e= Mz +ul =47 < O (1) — boallzl =4 (5.15)
for some (1/4) —e < b < 1/4.

Proof. Pick some 4 > 0 large enough. Then, if | |z] — 4| £ 4h, the left-hand side of
(5.15) is bounded above by O(1), while the right-hand side is bounded below by
O(1). If | |z]| — A| > 4h, we bound the left-hand side of (5.15) by

e~ (=0~ 221>~ ) < o~ bga(lz] — 4)°

forb=(1-0(4"1))/4. N
We apply this to P, by setting

=P p WAl s (5.16)
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K—/l( A2>2

e

and, choosing b near to 1/4, find

’ 2
W,
PRI -

IP0| § Id.uyw/l (CB)

S O(1) [ dpywy (CB) K~ boatlzl = 47

(ywa) " 'el/L + b92A>
[(ywa) ™! + bgy 1?2

— by, Wil 2
—A , 5.17
xexp<1 +bg2yw,1< L 17

where to obtain the last line, we have shifted (* — {® — w,¢/L. Now we use the
fact that b — o = O(1). Choose b = o + (b — ®)/2, and use part of the exponential
to kill the powers in front, valid for ¢ in the large-field region. We conclude

5!]2 <WA|<I7| _

|Po(p@ + )| < O(1)e" Themal L

< O(I)eK<

A )2 —0(4%)
(5.18)

The Pp term goes almost as the P, term; the only differences are a
factor of yw, from the fermionic fluctuation integral and the extra factor of
—2A(|z + w,y/L|* — A?) inside the integral. The latter can be dominated by the
exponential at a cost of a fraction of the decay, which we can easily afford, and
a factor of 1712, We are left with

walol

B9 .
|Pr(0@ + 1) < O(AV2) X Tobams "L —4) —0u™

for ¢ in the large-field region.

We only need very crude bounds on the remaining terms Q, and QF, as we can
get all of the decay we need from the P’s. So we just apply Corollary 4.7 to
r(|z + w,y/L|?), retaining the definitions (5.16), and find

1Qo(@p + D) £ O(212) e,
10r(9p + DI < O(2) ",

which is true for all values of ¢.
The next observation we need to make in the large-field region is that, from
Lemma 5.8, we have

lez‘c—i<m'|2—12>2| < 0(1)ek—bé2<|¢|—2)2

< oK 832101~ 4)* — 0(4™) (5.19)

for ¢ in the large-field region. Again, we have lots of decay to spare, of which we
have used part to produce a factor exponentially small in 4 and part to produce
a term that will kill the weight function.

The final step to complete the bound in the large field region is to combine the
estimates (5.18)—(5.19): due to our choice of b we see that we have plenty of room in
the decay to shift LA/w, — A’ and that the L* — 1 factors of P have enough decay
to compensate for the fact that we have not kept track of any from the Q terms. We
find

|R(p@ + )] < o OU+ K =<aitio= a7
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for ¢ in the large-field region, which, along with analogous bounds in the small-
field region, will be enough to obtain the 7 norm condition from Corollary 4.5.
_ The second of the 7 estimates, the derivative conditions, involves evaluating
R at a point which is well outside the large field region, so we do not need to deal
with it yet.

Small-Field Analysis. Next we attack the small-field region, when |w,|¢|/L — A| =
hA®. Here it will be convenient to define

o="AloP + D" — 4,
WaPo o
=(c+4
i3 (6 +A4)¢,
KALﬂ =(c+A)é, (5.20)

SO PoPo = @@ + l. We see that |o] < O(hA®) when ¢ is in the small-field region. We
also write the bosonic fluctuation field in a new basis:

(B=6¢+inp; BP=6¢0—ifip. (5.21)
Putting these definitions together, we have

2
W4q0() B

T =(A+o0+6)P+7%.

We use this in considering the integral

Wapo
L

1= {du,,(Bye IT+el -2 (5.22)

where the two cases we are interested in are F = 1, for P,, and
F(o + 6,7%) =20yw,((A + 0 + 6)* + 72 — A?),

for Py. At this point we are in a situation similar to that in [ GK ], and we perform
similar manipulations. Actually the analysis here is easier because we are not
concerned with a delicate approach to the fixed point, as they were. Some differ-
ences arise because the framework we use to keep track of the analytic properties of
the remainder is not the same as theirs.

First, write

1
I =—[dgdiexp{ — (yw,)~" (5% + 7*) — ga(0 + 5)?

—[AM(A+0+6) + 7% — A%)? — g,(06 + 6)*]} F(o + 6,7)

and then shift
g2

6§ >0 ———"—0
(owa) ™' + 9,
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to find

2 ﬂ ) 3 g2 ] 4 1 ~ ~ — ~ ~
I = e_gzﬁa' —4(La)' —7q 13 (%o) Nfdadnexp{ _ (yWA) 1(0_2 + 7'[2)

—M(A + G + 72 — A% —v(L0,5,%)} F(L0 + 6,7) ,

3
%&2 + %ﬁz + %5(&2 + 1%2)}

392, , 39> . gz .
+(QO’)2|:—A—O'+WO'2+—“7IZ

+(L0)® [ﬂ&] ,

v(¥o,0,7) = (Qa)[

where we have set
2=(1+gyw,) L.

Now define
1 if |6, |7] £ 47

5.23
0 otherwise (5.23)

x(6,7) = {
with ¢ > ¢, and insert 1 = y + »° inside the integral. We name the resulting terms
P = P§ + Py + P} + P%

and estimate the P, terms first. We use
2
[v(L0,6,%)| < g [620(hA8‘1) + 720(hA*™ ) + O(h3 A%~ 1) + Z‘;&(&Z + ﬁz)]

along with

¢
923 5(3 + 7) S I0(hA" ) (A + 6 + 7 — AP + 0,5°0(h4™)

to get
Re[A((A + 6)* + &% — A*)* + v(L0,6,7)]
2 %((A + G)* + 72 — A%)? — O(g,h*A* 1)

— 6%0(g,hA*™ ") — B2 0(g,hA* 1),

where we have used the fact that h4°~! < 1 for ¢ small enough. Hence

oo 1 . 1 o .
|I6] < e 9:¥Reo Nfd&dnx‘exp{ - z(yw,l) Y62 + 7?)

1
—FU(A+6) + 7 — A — O(gzhA“‘l)}lF(Qo' +5,7)|.
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Now, for P, we have F = 1, and for Pr we have the estimate

1 ~2 4 ~2
,F(BO-_I"&»&)IéEQZVWAl:O(hAe_I)‘I'&O(A_I)+a + ]

so in both cases we obtain the bound
1 - N .
;,ce——z(yw/x)"(az+n2) , FI < e-O(A“) .

The final observation for the P° terms is that

j‘doﬁdﬁe—%l((A+&)z+kz—Az)z < 0(/1—1/2)
which is dominated by the exp( — O(A4%%)). So we have shown that
(15199 401 o 52
|Pr(o@ + 1)) —

for ¢ in the small-field region.
We look at the Q terms next. First, we examine

Qo = [ Ay, ((Yr((A + 0 + 6)* + %) (5.25)

which we write as
1 ~ g~ = (ywa) 62+ 7Y — g, (0 +6)? L5g,(0 +6)? ~\2 ~2
Qo = yJdgdre ™ BT PLOTN (A4 + 0 + 6)* + 72,

where the choice of & will be made below. Next perform a shift
~ ~ ag>
G—>0————F
(ywa)™ " + 89,
which result in
Qo = e—igzﬁazjdotdﬁeﬂ(ywﬁ)"+igz)62—(va)"ﬁ’ eigz(§a+&)2r((A + 80 + 6)* + 72),
(5.26)

where € = (1 + yw,&g,) " '. An analogous expression holds for Q. We then insert
1 =y + x° into this expression. We investigate the Q* terms below, and just get
crude bounds on the Q¢ terms now. For this it is convenient to shift back again and
observe that we still have at least one of |G|, || > O(A4*) since the shift is smaller
than O(A°) for all small-field values of ¢ and values that g, can take on, and we
have chosen ¢ > ¢. So we can use the bounds on r from Corollary 4.7 again, and
find

105,105 < eX-0u™) (5.27)

We now consider the P*, Q* terms where g/A, 6/A4, and 7i/A are small. First
handle Py, defining

1

<. >t = degdﬁx((;, ﬁ)( ,)e(vwﬁ)"(&’+7z’)—/1((A +6) + 72— A% —tv(L0,5,7)
LT — (W) +92)5 = (yw) ')
=deodnx(o,n)(-)e ywa) "t g s

g g -
X o A+~ 712+ ~1v(20,5,7) , (5.28)
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and performing a perturbation expansion:

P _e p(cr)<1>t 1>
i . 1’
A= 3 B (= Vo + 2fantt — 02 (= v,
i=ol: 2%

= {1)o(1 +(L0)a; + (Lo)*a, + as(0)) . (5.29)

Here a; = 0(g,/A) and a, = O(g,/A?) are constants, and a;(¢) is a function
satlsfylng aP|,=o = 0for 0 < n < 3, analytic for ¢ in the region |g| < 2hA*, and in
this region satlsfying las(a)] < O(A*~2). Also, we have set

92 92
Pexp(o-) _K+gzg(7 + A(ﬂ )3+m(80')4.

We do a similar calculation for P}, finding
P);‘ = e*P“"(")<l>0(k0 + (ﬁa)kl + (Qa)2k2 + k3(0’)) 5 (530)

where ko = 0(g,/A?), k; = O(g,/A), k, = O(g,/A*) are constants, and k;(o) is
a function satisfying k$’|,—o =0 for 0 < n < 3, analytic for ¢ in the region
|o| < 2hA%, and in this region satisfying |ks(o)| < O(A33/h).

We next focus on the Q terms. We need only a very crude bound for Qf, which
we obtain from Corollary 4.7. We must first verify that the definition of ¢ and the
complex shift of ¢ has not taken us out of the region of valldlty of the Corollary.
Recall from (5.26) that in Q% we are evaluating ¥’ at (4 + Lo + 6)* + 7% = |§|* + T,
where we have defined

|6 = (A + Relo +6) + 72,
T=2i(Im%)(A4 + ReLo + &) — (Im¥0)? .

It is not hard to see that, for ¢ in the small-field region, |T| < 20w,k |$|/L, and
since h' < h we can safely apply Corollary 4.7 to find

|RE (|G + T)] < |00 (]2 +T)|

é 0()”1/2) |r|K,agz,A,h eK

if & < o/2. From this we immediately have
|QL] < O(2)e ke, (5.31)
In order to deal with Qf we define
H(Jul?) = [h73(lu| — A)? X720 RE D o and ™ r(lul?),
u=1¢l a=1¢l+119l,
lu| = (ua)'’* . (5.32)
Lemma 5.9.
|H(Jul*| = 0(1) (5.33)
for u, it as in (5.32) and ¢ in the small-field region.
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Proof. We use two estimates of 7(Ju|?). The first follows from (5.9) by bounding r”’
with Corollary 4.7 and using |(|u]®> — A%)] < O(A4)|(Ju| — A)] to find

[r(|ul?)l < O(h™2) X |rliag, an | (lul — A)°[, (5.34)

where O( - ) does not depend on L. Also, a direct application of Corollary 4.7 reveals

F(|uf?)] < O(1) [Flxng,un e 2R+ (5.35)

These two facts together yield

(1)) S O(h™) Pliagyan @28 7 (fu] — 4P| (5.36)

since, for [ReLo + &| < h the right-hand side of (5.36) is larger than that of (5.34),
while for |[RefQo + 6| > h it is larger than that of (5.35). The result (5.33) follows
immediately. B

We can now write

0% = h‘3IrIK‘agz,A,,,e"‘&gzg"z%fd&dﬁxe_“m’_l+”""2’51‘(’W“1’-’2H(Iulz)(lul — A)®.
(5.37)
Now, it is not hard to see that
(Iz21 = AP = (8o + 5)* + O(W° A% ?),

and so

A

~ 3 .
06 = {1017k g, n eK_&””"2< bi(o)(Zo) + be(0)> (5.38)
=0

with

1 a2 -
1 =—\dédn e—((va) tag,)6% —(ywy) T ,
(1o Nj X
and the b; are functions of ¢ satisfying

1bi(@)] < O(h™3)((yw) ™" +3g2) =,
1bo(0)] < O(h2A% ~2)

with O(-) not depending on L. The b; and b, are analyticin ¢ for |Ima| < £~ ' h/4,
[Re g| < 2hA°. Since we are interested in o satisfying |Im o| < 12w, h’/L, we can use
Cauchy’s estimate to bound derivatives of the b’s:

J

0 ~ _ . =3

——bi(0) | S c (DR ((ywa) ™" + dg2) 2,

do’

& e

—b(0)| S c(j)¥n> I A% 2, (5.39)
da’

We can now assemble the expressions (5.24), (5.27), (5.29), (5.30), (5.31), and
(5.38), for the P and Q terms with ¢ in the low-mass region, into a form that allows
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us to find K, 7, and 4 and to complete the proof that R satisfies 7 estimates. We first
recall our current status:

Riurw,*(So + Sy) = PX + LIPY'-1Q + 7
= ek—1(¢z—22)2 + R ,
P = P§ + Pi + P§ + P§,
Q=00+0Qr+ 05+ 0f . (5:40)

We are applying Corollary 4.5 to R, and we have already shown the necessary
analyticity as well as the upper bounds in the large-¢ region. So all that remains is
to show upper bounds in the small-¢ region and to check the derivative conditions
(where we evaluate derivatives at || = 4"). From the work we have done it is clear
that, if we expand the powers of P in (5.40), most of the terms already satisfy the
requisite bounds: namely, any term containing at least one P° or Q° term, any term
containing more than one P%. The delicate choice of K, 4, 4 is then made to
compensate for the remaining terms, which are

e P @ CE (1 4 (La)ay + (20)a + as(0))”
+ L4echp<1>61 P; + L4 er,(o) <1>O—1 Q)é] ;

i.e. the difference of these with exp(K — Z(|@|*> — A%)?) will satisfy 7 estimates,
where any term 7 that satisfies

|7 <L~ cﬁe’( gy lgl =4

(7)) rm g < O(1) K172
is said to satisfy 7 estimates, or to be an # term. We Taylor expand
(1 + (f0)a, + (L0)?a, + as(0))X =1 + d,0 + d,0° + ds(o) ,
ms(c) = L*e ") (155 Pt = My + M0 + M,6* + M;(a),
ny(o) = L*e"{1)5'Qf = Ny + Nyo + N,6? + N3(0),

where

}(1 —t)*my (to)a? ,
25

1
j(1-t2 v(to)a?
0

and we will argue that e P~ (155 [ds(0) + Ms(0) + N5(o)] satisfies 7
estimates.
We use

Lemma 5.10.

for k =0(1), |Ima| < 12w, W' /L, |[Rea| < 2hA®.

Ie—ch“gzﬁzrz Jml < c(m)
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Note that the exponential in the Lemma is the leading behavior of e ~*P=+®_ This
tells us essentially that, in estimating the Taylor remainders, each ¢ gives us a factor
of O(L=2LY2)h. Also, from (5.39) we see that each d/do acting on a b; yields
a factor of O(&/h). Using these facts it is not hard to see that, for g, < 1,

T4 4 — 4 4 _14 7e02<1>
|70 (S Na(0)] £ O(L7 ) 1) e 310 o g
0
while for g, near the fixed point value of O(L?),
e . _ o pg-Lreg oreor K1
|70 (S Na(0)] £ O(L7) (LG e 210 8 g
0

(for intermediate values of g, the bound interpolates between these two). We have
used half the decay from eX*P=(*) in applying Lemma 5.10, and the half that is left is
more than enough to cancel the weight function. Now, {(14/<{1)¢ = O(1), so we
see we have the first of the 7 estimates if we make the choice

K' = L*K + L*In{15 + O(1) .

The second 7 condition is obvious, using |4’ — LA/w,| < O(A~!). Similar analyses
of the M3, d; terms show that they are also 7. We have hence reduced to

Rpirw,*(So + S1) = e FPo@OE (1 + My + N,
+(dy + My + Ny)o + (@, + My + Na)o?) +7 + 7.

We can easily see that the |N;| < O(AY2h~3), that |My|, |M,| < O(A), |M,|
< 0(g2/A), and |d,| £ 0(g2/A), |a;| £ 0(g,/A?), where O(-) can depend on L.
We write O; = d; + N; + M;, and

2

C
1+0v+&0+0w2=0+0&o+%k+"5f>ﬂ+Dﬁ)+Q
with

T140,]

p_ 02 1[0, ¥
140, 2\140,/)°

1
0, = —(14—00)<CD034-§C?D04>.

|C| £0(g,/A), |D| £ 0(g3/A), so clearly O, is ¥. We can then write
Rprw, = (So + S1) = € 7@ (O (1 + 00) (¢7 = &§7) (7 — e87) + 7 + 7

and, expanding the product, easily see that any term containing an e; is ¥ (e; was
defined in (5.6)). So we have further reduced to

Rhrw,(So + 1) = e EP (I (14 00) €07 4 F 4

= K- lor-2% | |



Broken Supersymmetry Phase of Self-Avoiding Random Walk 301

We next write
R = el?—f(|¢|2+1—;12)2 [e—L‘P..xp(a)<1>16‘(1 + 00)6C0+Daze»)’(+2(lwl“rl~21’)2 —1]
+ 7+ 7

and choose K, 1, and 4 so that the ¢°, ', and o2 terms in the exponential inside the
brackets cancel, and when we subtract 1 we are left with a ¢3 term that we show is
7. A calculation shows

C D
1= iw“(ﬂ + L“‘(—— -—>> s
. 29,4 9>

w A\ — AC C D\ !
A (2 > = <L+53+ ——) ,
<L g2 29,4 g,

R = L*K + L*In{1) + In(1 + 0,)
+ /T<£>4 <A2 - <—‘%>2>2 . (5.41)
Wy L

R — ek—f(|¢|1+1—742)2 [eEgo"‘+E,,,a“ o 1]

We are left with

with
4 ’T 3

Wa

4Q
LR ey 092),
A A

4
E,=7 <£> — L4Q*)

Wy

_74 _ Q3 92
=L lﬁ(l 2 +0<A>>.

Because 1 — 2™ = O(g,) for g, small, we can apply Lemma 5.10 to conclude that

le” K +aalol=47 R(| |2 + I)] < O(L™2)A12 .

The derivative conditions are easily checked, so we have shown that if we choose c,
large enough then

(Rutrw,*g") (W, @) = K772 4 7,

with the clloi~ce§ (5.41)of K, 1, A. All that remains is to absorb the 7 into a true r via
shifts in K, 4, 4 - K’, ', A’, which we accomplish by writing

e(K—Z(<1>2~A2)2 +F= eIZ—)T@I—,ZZ)?(l +f(‘152))

and proceeding as we did following (5.3). The proof of Proposition 5.7 is complete.
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6. Green’s Functions

In order to calculate the expectation of the density, we must compute some Green’s
functions of the A®* theory, namely { o@ » and { P2 . As long as 0 and z are
in different blocks, the RGT’s of the two blocks do not see each other. When
|z — 0] = L there will be a single RGT that must incorporate both @@, and @2,
and from then on the only distinguished point will be 0.

Since we are interested only in the limit as A4, z — oo, we choose A and z large
enough (depending on f,) so that the induction will have reached the large-mass
region before 0 and z merge. So in the small and intermediate mass regimes we need
only consider the recursion relations for the functions that, before the first RGT,
look like @@go(®?) and P?go(P?).

Actually the situation is even simpler than this due to the fact that we have
chosen our walks to begin and end at the origin. To see why, we have

Lemma 6.1. If F is a function of a single variable with exponential decay at oo, then

(¥
te* (@@F(9?)) = F1(9?) + 9pF»(9?),

pe* (YYF(D%) = — F () + YF,(9?),
fic* (PPF(9%)) = O°F,(9?),
where the functions F, F, are the same functions in the three equations.
(i)
fe* (P*F(D?)) = &% F5(?),
where ®* = @, @, Y, or Y, and F5 is independent of #.

Proof. Both parts follow almost immediately from the proof of [BEI]
Theorem 4.2. []

Part (i) of this lemma tells us that we do not need to consider the @ and &>
blocks separately, but that we can do them both at once since the convolution
will produce the same function F, multiplying the @ or @? in the two cases.
It will be more convenient for us to handle the ¢* case to get control of
F,. Meanwhile, there will be contributions to F; in the @@ case that do not
occur in the ®* case. We will not need to keep any control of these until after 0
and z merge, because in the single RGT when this occurs the F; term will
be multiplied by a function of the form ®*>G(®?), and hence will remain of the
form @2G(®?) under all subsequent RGTs. We will see in Sect. 7 that the
contribution of such a function in the calculation of the density vanishes identi-
cally. After the RGT in which 0 and z merge there will be new contributions to F,
that we will need to keep some control of, but we postpone discussion of this point
until Sect. 6.4.

6.1. Low Mass Flow. The upshot of the above discussion is that, for the
small-mass region, we need only keep track of functions that can be represented
as
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Inductive Assumption 3 (e*** g, d,,d,, M). The functionj = j(®) of a field at a single
site satisfies

i P 1(P)
P (D) g(P) = ew{ or }(dz + dy (D —2G(0))) g(P) + 11(P) + { or } ,

@? 0
27
ty =9 or ptg(P?),
452

=0for0Za<6,
t=0

d o
<E> t1(t®)

l(pztRl\/;,,, = C3dz\/Z ’

dy = c3idy

t, = F(®?) and has exponential decay at oo.
Here G = Gy + ay.

We are expanding out to fourth order in @ so as to keep careful track of the
evolution of d,, which will be important for determining the power of the logarith-
mic corrections to scaling. The reason for the factor @* — 2G(0) multiplying d, is
that we have chosen to keep track of the non-remainder part in terms of Wick-
ordered monomials and: @®?:= @@ (P* — 2G(0)) up to a function of $2, which is
in t,, while: ¢*:= ®?(d? — 2G(0)).

We write the RGT acting on j as S(j), defined by

L
S(HIT (P g) = eT=P2 Rppy, * (hg” ) (W D) .

Proposition 6.2. Choose L large enough and 7 small enough, and suppose e** g(®)
satisfies TA1(B, 2, M) and j(®) satisfies 1A3(e*? g,d,,d,, M). Then S(h) satisfies
TA3(T (e g), dy, dyy, M — 1) with

dy = L™2d,(1 — y44) + O(d24B) ,
a=L"%ds + 0(d24),
where y, = 4y(1 — 3).

Proof. We will work with the @2 case only, since in light of Lemma 6.1 the only
additional result we need for the @@ case is the exponential decay of the ¢, term,
which is obvious. The method established in [BEI] works here as well, so we will
not give details but just indicate the origin of the leading contributions. The only
differences between our situation and that of [ BEI] are that, as mentioned before,
our fluctuation covariance I'W is nonsingular and that, due to the presence of W,
Wick-ordered monomials are no longer exact eigenfunctions of the operator
Rurw«. The second one causes some change in the recursion relations which are
minor since we stop using this method before ff becomes large. A calculation of the
type (5.1), when applied to the d, term, gives rise to part of the O(Afd,) corrections
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to d,. The rest of the O(ABd,) corrections to d, come from a contraction of d,®3
with the A: @*: in the exponent. This term also gives rise to the leading correction to
d4, which is O(d,A). The leading contribution to the remainder comes from d,®3
contracting with two copies of i: @*: with two internal legs, yielding a term that is
0(d,42)®°, which is O(,/2d,) in norm.

We next briefly indicate the origin of the O(Ad,) corrections to d,. We do this
by setting up the tools developed in [BEI], and isolating those terms that contri-
bute to the leading correction to d,. The terms we will ignore here contribute to
either the corrections to d, or the remainder; we do not go into details involving
these last two because the arguments proceed exactly as in [BEI].

We will denote by s; any term that does not contribute to the coefficient of [ |?
out to O(d,4). Begin by writing

S()T(e"”g) = e‘ ﬂy "RE(d, Pogy) (WD) + 51,
where

1
E=1+Arw+§A%W,

Z (2A g)’

j=0
Here = denotes equality mod (sixth-order 0/0® derivatives), and the subscripts
p and g indicate on which terms the two derivatives in the Laplacians are acting;
either p = d, |¢[§ or g™, respectively. Notice that E,p = p + s; since the constant

term is 5;. So we must consider the effects of the three terms involving 4,, raised to
the powers 0, 1, and 2, and evaluate the results at W . The leading term is

L w? .
€= " A(pEyg*) (W) = d, <Z> lpol> T(e" g) + s -
The 4, term yields
LB
€=M R(24,,p(E,g°)) (W D)
w 4 w 2 2
=ds|pol*(— 4/1VW)<<~L-> 26(0) — <Z> (G(0) - VW)> T(e"g) + 51
with G = Gy + ay. The 47, term yields
LB

44 4 ,
T ® %(T”p(Eggg‘O(Wdﬁ) = —2dziy2%zl<poizT(e’”’ g) +sr.

Summing these terms gives the result in the statement of the proposition. In

particular, we find
Y
=4y(1-=).
Ya Y ( 2)

We have used the fact that G(0) = 1 + O(L~*M), and M can be taken as large as we
like since we are interested in the infinite-volume limit and we apply this proposi-
tion in the small-mass region. W
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6.2. Switch of Representations. The new representation in the intermediate and
large mass regions is

Inductive Assumption 4 (e**g,d,).

;5"(P)
P joew(P) Gnew(®) = Gnew(P) + 117V(P) + or
0
with
new { }tnew ¢2

[t1lo=4 =0,
|¢2tneW|K,agl.A,h = C4ﬁA2d2 >
B(P) = F(9?),
(5 g0 < d, X7 04)  after z — 0 only
and has exponential decay at co.

Proposition 6.3. There exists a number d5 = d,(1 + O f )) and functions t1°%,
13 such that if e"® g,., satisfies 1A2(B4, K, 2, A,0) then ooy =d5™ {@¢ or
(Dz}qnew + 19V 4 15V satisfies IA4(eP? Grew, d5Y).

Proof. First, write 3% = ¢# A %"t, We do not bound #3¥(0) because by assump-
tion 0, z are still distinct points at the time of the switch (see comments below
Lemma 6.1).

We will prove the @ case first. Then the @@ case follows immediately. Let

d, =d, — 2G(0)d,. Then

2, 2 |~ d 1 _

Define f( @) by calling the term in the brackets 1 + f. Write f=f(A4) + f» ;. Then
eﬂ(b ( )g((p = eﬁ"tpz{[dz(l +f(A))¢Zgnew —+ dz(ngnewf> 1] + tnew}

We claim the second term is t}°¥. By its definition it vanishes at ® = A. That its

norm is small enough is easily seen by notlng that | f(A4)| = 0(\/_ and by
applying |+ |k ug,,4.0 < O(1)]- |7 to the various terms one finds in
A

,‘72 dszgnewfg 1 'K,agz,A.h § 'JZ ¢2gnewflK,agz,A.h + IJZ (ngnewf(A)IK,agz,A,h .

For example,

— 2 — 2
Aol @4 Gl S OO _Z 1P| L2 gl 5000

S 0(4)d,0(2™")

< c\//—lA2
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for ¢ = ¢(L) chosen large enough. We have used the fact that 4 = O(1~'/4) at the
time of the switch. 5
We read off d5°" = d,(1 + f(A4)), and we are done. H

6.3. Intermediate Mass Flow. From now on we will drop the sub/superscript
“new.” Within the new representation, we renormalize using the hybrid method of
Sect. 5.3 until the radial mass g, becomes larger than A'/#**, The RGT for the new
representation is

2 —LzﬂA 2 . 4
ST (P g) = eT=5® Rprw,* (jg* ) (WaP) - (6.1)

Proposition 6.4. Let g, € [L™21Y2/5 214+ of® g satisfying IA2(B4, K, 2, A, ™)
and j satisfying 1A4(e*® g,d,). Then S(j) satisfies IA4(T (e"**g),d5) with

/ wa\? 11/2+2v
dy =d, T (I+0(4 ’)) -

Here n is the number of times this Proposition has been applied since the switch of
representations, and o™ was defined in (4.2).

Proof. Again we prove the ®? case first, the ¢@ case following immediately. We
define an approximate remainder term 7, for this representation by f; = ®3F(®?)
satisfying

1Tk argnarw = O(L_4)C4ﬁ A%d, ,
1
[Tilo=ar S O(A2F2) A% d, .

Later we will show that, with a small shift in d,, f; returns to the inductive form of
t.

We begin by writing yrws =1+ 4 + [dt(1 — t)prw,* 4%, and show that the
Taylor remainder term satisfies £; bounds:

| R turw, A*(jg% — 1) (W, Vg argy,anw

= prw * 4*(jg% — 02)IK gy woa’ wiw
L’ 2wy’ L - L

<OMI47(jg")] . wi

5292, 4,7

S 0(h™ (9" kg4

< O™ *)(|d2 D891 k.sgstn + |11 |kag ) |91K 250 a0

S O(h™*)(da2| P3lo.a-wgnain |91 k.agrat) + 111K g, ) 191K mg

<c(L)d,A*h™*

< e(L)dy 3 AP X2 (6.2)
where we have defined

_ {oc’+%(oc—oc’) if g, <1
o =

2o if g, 21"
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We use part of the A>* to dominate the ¢(L), and we have the norm condition for
f,. The second f; condition follows immediately by bounding the function by its
norm.

We have reduced to

LB,
S()T (" g) = eT=B7” [R(1 + Arw)(d2 P3g” + 119" O)(W D) + F; +1,] .

We claim the term containing ¢, is f;. When the 4 acts on it, the extra h~ 2 it yields
in the norm estimates give us the necessary bounds exactly as above. For the
Rt g? % term, we appeal to Lemma 5.6 to get the norm condition. The second
condition follows by writing

d P—-A)+A)(P—- A4
({thlaqjatl(t( )+ A) (@~ 4)

and using Lemma 4.1 to bound |d,t, |, along with the fact [A" — LA/w,| £ 0(A™1).
To handle the leading term, we write

1+ A4=(1 +24,,)E,E,

where = denotes equality up to fourth-order derivatives in @ (which are 7, terms),
and the subscripts p, g indicate whether the derivatives in the Laplacian act on @3
or g”, respectively. Now, we can replace E, @3 by &3, and E,g” by urw,* g”* up to
f; terms. So the leading term (without the 4,,) yields

2
d, (%) DIT (e g) .

For the other term (with the 4,,) we calculate

E,——g” = E,®,(—20) (92 — A*)g” + 1, .

645
The derivatives in E, can both act on the polynomial, or both on g“, or one on
each. In the last case, we get an extra power of 1 from the exponent, and the result is
a f; term. When they both act on the polynomial, we get &(®> — 42) + &, and the
last term (@) is £, When they both act on ¢g** we get u* g“. So the result of the 4,
term is

2 2 52
2d,(— 22)L* <1”Lﬁ> o3 (Wz‘f - A2> T(e"g) .

Finally, using |A'? — L? A*>/w3| £ O(1), we can put most of this term in ¢, at the
cost of an O(/) shift in d,. We have found

. 2 : A
ST (" g) =d, <%> (1 +O0(A) DT (M g) + eT=0" [T, + t5] .

The final step is to change the ; into a true remainder ¢, via a small shift in d,.
To accomplish this we add and subtract on the RHS the term

DT (PP g)E (P? = A?)A' "2 K | (6.3)
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and claim that the difference of #; and this term becomes the new remainder t,. It
vanishes at the minimum of the potential by its definition. That its norm is small
enough is easy to see, since the norm of (6.3) is smaller than ¢(L)A%Ad,, and, due to
the L~ 2 contraction we required to be in f;, we have plenty of room to add this

1
small correction. The shift in d, is 0(A2%2d,). A

6.4. Large Mass Flow. To handle the induction in the large-mass region, we will
need more precise measure of the function F, in Lemma 6.1. This is contained in

Lemma 6.5.
Uc * (P2 F(D?)) = @?uc +(F + 2CF') + C?uc + (P*F") + 20C*puc % (PF”) .

Proof. This follows from standard manipulations of Gaussian integrals; see e.g.
[BET] for a review of Gaussian integrals involving Grassman variables. We have
used part (ii) of Lemma 6.1 to obtain the last term on the right-hand side. B

Proposition  6.6. Let g, > A'*"",  and suppose exp(B,P?)g satisfies
IA2(B4, K, A, A,a™), and | satisfies IA4(e**g,d,). Then S(j) satisfies

TA4(T (" g),dy) with
N LAY 92
a-a(2) (1+0(%)).

£5(0) = 15(0) + dp e~ .

Proof. As before, the @@ case follows from the &2 case, with an additional
argument to control the ¢,(0) condition after z — 0. We will comment on this after
we have established the Proposition for the ®? case.

In light of Lemma 6.5, the single integral involving fields at the origin becomes

252

wi®
Rty P*(drg + 1r) (W1 P) = =1 5= Aty H(wy®)
+ (W) Rt (dag” + 1) (1))
\ —
+ 20w T ORpty, % B(dag” + 17) ()

H(®) = dy(1 — 4yw AX)eX ™ 1 dy(r + 2(yw)r) + tg + 2(ywy)tk

where we have written X = &> — 4.
Our strategy will be to find d, such that

> - . L
S()T (" g) = d, DFT (" g) + eT-Br® (£, + 15) , (6.4)
where we define the approximate remainders by f; = ¢*F(®?) satisfying
[ lkagrarm S O(L_4)C4ﬁA'2d2
[Filo-a S O()A%e"d, .

f, will eventually be absorbed into a small shift in d, plus a true remainder term by
the same procedure as before.
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G

Our first observation is that if we expand the product (go + )\, the terms
with more than one r are f;, as is easily shown using arguments like (6.2). It is
convenient to put most of these terms in #; now so that the factor multiplying (6.4)
has good decay properties (we only know that r by itself decays as fast as the norm,
while g, decays a good deal faster, a fact that will prove useful in the sequel). So we
define

g= ), gt (6.5)
Xe%,,X+0
1X|=0,1
We next argue that the terms containing g” or ty are f;. That they are of the form
@? F(®?) follows from Lemma 6.1, and we establish the norm condition, which will
imply the second condition, as follows. For e.g. the second (and more complicated)
term, we set F = d,g + tg, and apply Lemma 4.3:

f'%q%ﬂrWA * (29_(7"4’/1)2 d_SOF”)( W,- )IK/,a’g’Z,A’,h’

A ) Ao, —
S O() | RPoprw, (€2 P Ge 2@ AV B F ) () [k ags wad’ wik'
L*L*w® L ' L

A
<c(L)|® , *e—j((Pﬁ—Az)zd_s F” . W
<c(L)| Olo’_(a_a,)LZ;%“+M),A,hl.uywA 0 [Kv,;g;z(l‘f“)vf"WAT
_4 D2~ A% 7 "
Sc(L)A|e 24 g F"| o
K,ag,,A, L
<c(L)d, 1A% .

We have taken x € 4, to be a point where g does not contain a remainder, and
defined

_ fo+3e—o) if gy =1
o if g, > 1.
In the last line we bounded F” using Corollary 4.7 and estimated the norm using

Corollary 4.5. Now combine (6.4), (6.4), and (6.5); we see that we must show that
there is a d, such that

wi

12 DGRty * H’)(WA¢)] (6.6)

('@#rWA*g)(WAQD)[

satisfies 7; bounds, where
H'(®)=H — L*d,g/w?3
2 L?
= (qo + q:1 X)X + <d2 - Fd2>" + 2d, (ywy)r’
A
+ tr + 2(yWy)tR ,

2
‘Io=d2——2‘d2 >
Wi

g1 = —4w,id, .
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We now show that, for an appropriate choice of d,, (6.6) is f;. We assume, to be
justified later, that |d, — L?d,/w3| £ O(d,g,/A). We will now proceed as we did in
Sect. 5.4, that is, we appeal to general arguments (as was done under (5.14)) to show
that (6.6) is analytic in R, , and so our problem is reduced to bounding (6.6) when
evaluated at ¢ = |¢’|> + I, for ¢ € € and [ e C,,(¢’). We again split into two
regions of |¢'|?, the large- and small-field regions, and remark that the large-field
estimates go largely as in Sect. 5.4, so we do not repeat those arguments here. In the
small-field region, we use the same definitions (5.20), (5.21), and again split into the
small- and large-(5 regions with (5.23). The large-{® region goes as before, so we will
concentrate on the small-field, small-(? region.

Using Corollary 4.5 along with Corollary 4.7 we can relegate most of (6.6) to ;.
For example, for the term containing tz, we get a factor of ﬂA‘z 111K g, a.n €F
from Corollary 4.7 and a factor of O(A4?) from the &2 in front, with more than
enough decay coming from the at least (L* — 2) factors of g, in g. Hence we find

w33 _,
12 Rurw, * (2ywagtr)(Wy-) = O(ﬁ) [tk 0g,am -

K',a'gh, A" b’

Similar arguments can be applied to the terms containing ' and (d, — L*d,/
w3)r, so we are left with

H'(®) = (qo + q: X)X + 15

up to f; terms.

Since we know that (6.6) satisfies the analyticity conditions that Corollary 4.5
require, we can split it into a sum of pieces that individually need not satisfy these
conditions and just bound each piece separately. We will call a term 7 if it can be
written as f; = @*F(®?) and satisfies

(91> + DF(1¢'12 + 1) [(W(@') ™1 S O(L™*)can/7 A%d;
for p’eCand [, I' € Cyp (@)
[Eilo=a = O(AI)AlzdzeK, .

We next argue that the tx term is ;. We accomplish this by doing the
Fermionic integral and observing that the tz term is clearly #;. We name the
remaining term

2)

We follow the same procedure as below (5.25) and find the only term not manifestly
fiis

WaP | B
L+C

TO = jdﬂywA(CB)tR<

[t1 1K 00,40 K —3g.50°
T({:_’—gv_el‘ ag, %o

A%h
1 “14 50 V52 ~1z2
xﬁfd&dﬁxe"”w” T =) TE T (1y|2) (Ju] — A), 6.7)

where we have retained the definition (5.32) of u, #, and defined

J(ul?) = [h™ A7 (Jul — A)eX T ® R 1y | g, an] ™ tr(Jul) -
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|J| £ O(1) by an argument exactly analogous to Lemma 5.9. Notice that (6.7) is
analogous to (5.37), and we proceed in same manner:

T¢ = A7 2|ty |k ag,an €727 (130 (50(0) + 51(0)(80) + sc(0))

O(h™ 1)
‘leé 1—: >

((yw) ™' + Ggy) 2
sl < O(R?A72).
Here s;, s. are analytic for ¢ in the region |Ima| < h(4%)~ !, |[Rea| < 2hA*. The
term containing the s, is clearly 7;. We also write so(0) + s;(a) = s0(0) + s.(0),

and an application of Lemma 5.10 shows that s, is also ;. So the only piece not
shown to be f; is the constant term which satisfies the bound

_ (1ygcad g
A7 1l an <D0l S (s 355 577 0<7j-> : (6.8)

We next consider the contribution to (6.6) from the term containing g, + ¢, X.
We integrated out the fermions in the fluctuation convolution and obtain
Rty * (do + 1 X) X4 ly=g=0= fd,uywA(CB)eK_uz(eo +eY)+1;,
eo=d, — L’w;?d, ,
ey = — dyw id, + 24w, (d, — L*wi2d,) ,

where on the RHS we have set Y = |¢/L + (5|> — 4% We deal with this as we did
in Sect. 5.4, by performing a perturbation expansion. Here we only need carry it out
to zeroth order, the first correction being 7] already. So, recalling the definition
(5.28), we write

§ it (LF) X" (eo + €, Y) = 7% (CDo + 1,
C=eo+e((A+ L +5)>+7— A4%).

Of the term containing C, the pieces containing ¢ and ¢ are clearly 7}, assuming
we choose ¢, large enough. Also, since {6 ), = O(g,/A), all terms containing an e,
are 1 as well. So we are left with

wi

(6.6) = (Zprw,* §)(W,9) 5 95

o i o L2 _ ~
><<e 9.2 50(0) 1A ™2 [k agytn + € (dz‘w2d2><1> °>+t"
A

(6.9)
We now make the choice
L?_ 130 5
_ g - _ 1
d, W/zldz 50(0)<1>0A 1211k ag,a.n (6.10)

and then (6.9) becomes 77, as is easy to see by expanding the difference in
exponentials in a Taylor series to zeroth order and applying Lemma 5.10 to the
remainder.
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Since we know that the sum of the ) terms satisfy the necessary analyticity
conditions to apply Corollary 4.5, we see that their sum is actually ;. All that
remains is to change the f; into a true remainder ¢, via small shift in d,. This is
accomplished by the procedure described at the end of Sect. 6.3, and incurs a shift
of O(1)d,, which is smaller than the leading term from (6.10) and (6.8).

The only part of Proposition 6.6 we have not yet proven is the statement
involving the t, terms, which occur in the @@ case. t5, has contributions from the
image of t, under the RG map and also from contractions of ¢ with ¢. Since we are
only interested in t, evaluated at zero, we can write

15(0) = Rprw, * (d20000g + t1 +13)(0)

because, referring to Lemma 6.1, the F, terms are multiplied by zero. From [BEI]
Theorem 4.2 we see that

Rprw,* 1,979 (0) = 1,(0) .

We then apply Corollary 4.7 to t;, and, using estimates similar to (5.17), we see the
corrections to t,(0) are smaller than d,exp(K — O(A4?)). Finally, notice that
K, — O(A?), where n is the induction step, is roughly exponentially increasing in n.
Hence, if |1,(0)] < d,exp(K — O(A?)) at any given step, it will satisfy the same
bound for all remaining steps, which is the fact we need to satisfy I44. In fact,
immediately after 0 and z merge, t,(0) = 0, so this estimate will hold. W

At some point there will be a unique step in which 0, z are in the same block. We
have assumed that z is large enough (depending on the initial §) that this occurs
while we are in the large-mass regime. This one step requires special treatment, but
since the proof is so similar to that of Proposition 6.6 we will state without proof.

Proposition 6.7. Suppose 0, z are distinct points in %,. Let g, > AY** ¥ and suppose
exp(B,D?)g satisfies IA2(f4, K, A, A,a™), and j,, j, satisfy IA4(e”A"Z2g, d,), with the
choice of @opg in jo and ®2 in j,. Then S(joj,) satisfies IA4(T (e** g),d,) with the

choice of @opy, and
2
p=d2A? (24 (14 0L
2 2 ( L + 0 A s

£,(0)=0.

7. Calculation of Critical Exponents

In this section we piece together the recursion relations we have determined
for the various mass regimes into a calculation of E; y(t,). We take the infinite
volume limit, followed by the limit of z — oo, and find the critical exponent for the
density.

We choose some § > 0. We will do RGTs using the different methods to keep
track of the integrands as f§ grows and the volume shrinks. For convenience assume
B < O(2?); this ensures that we start by using the version of the RGT correspond-
ing to very small mass (we can clearly construct the model for other § but we are
interested just in the asymptotic behavior as f — 0). Next choose some A and
z large enough (depending on f) to ensure that we can do enough RGTs to get to
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the large-mass region before the points 0 and z collapse to the same point. Again
this restriction is not necessary but it simplifies the arguments and there is no
reason to handle a more general situation since we are only interested in the limit as
A and z tend to oo.

Recall that we are calculating

S((DZe—j%dxu(@_\.))
= lim lim E 7,) = lim lim —*—————~
Pa,x 2o Nos oo a,i,N( z) 2w No oo S(e-j%dxv(@bx)) >

where
S(+) = [dug (D) (+) oo -

The integrands at every point other than 0 and z can be represented in the form
of 141 while those at the points 0 and z can be represented in the form of 143, with
dz = 1, d4 = O

Throughout this section we will denote by U a constant independent of
induction step, though it may depend on L and 1,. By C, we denote a constant that
may depend on the induction step as well as L and 4y, but is bounded by some U,
uniformly in n. Either of these symbols can take on different values from formula to
formula, or even when they appear twice in the same formula.

At the end of the induction we will see that the final §, will be chosen close to
one. Since f4 increases exponentially throughout the induction, this means that
w, 1s always close to one. If we choose the volume large enough we see that, in all
but the final stage of the induction (after 0, z merge), the corrections due to w, are
smaller than the error terms we already have. At this point the corrections to the
leading terms in the numerator and denominator are the same, so they will cancel.
Hence we can ignore the factors of w, here as well.

We proceed in several stages, switching methods as f3, and later g,, grow. Let
n be the iteration step. The first stage involves applying Propositions 5.2 and 6.2
repeatedly, stopping at the step n; before B, becomes larger than A2. We find, for
Osn=ny,

Jn= (4o ' + Pan + O(logn))™ ",

n—1 n—1
Bn= ﬁoLGeXP< -5 ) /1:‘) [T+ Ciz)

i=0 i=0

- BOULZnn—‘//I/ﬂz <1 + C,,l—of—n> ,

n—1 n—1
d(zil) - d(ZO)L_Z"exp< — Y4 Z /11> H (1 + Cz;tlZ)

i=0 i=0
— d(zo)UL—znn—y.,/ﬂz<1 + Cn]_Ogn> ,
n

where we obtain the second form of the expressions for §, and d” by inserting the
result of the flow of 4,,.

The second stage involves A2 < f, < \//1',,/4, for n; <n < n,. Again we apply
Proposition 5.2 and 6.2, but now, because the O(f,4,) terms start interfering with
the O(A2) terms, we do not keep as close track of the subleading terms. Because the
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B, are basically increasing exponentially in this regime, the last O(f,4,) term gives
the dominant correction:

Ay = Dy + O(232)

To estimate the evolution of 8, and d$” we use

ny, —1

[T 1 +0(,)=1+C,A,log4,
because, due to the exponential rate of increase of 8, and the fact that 1, is changing
very slowly, n, — n; = O(log4,,). So

B, = L") B, (1 + Cp 2, log y,)

1
— BOULannl'Yﬁ/ﬂz<1 + an Ognl)

ny

dy? = L™2mm) go(1 + C, A, log,,)

— d(ZO)UL—ZHZni‘)’d/ﬂz (1 + an lofrh) ,

1

where we have used that 4, = O(ni').
We now switch representations by applying Propositions 5.3 and 6.3, resulting
in (primes indicate the new representation)

Ay = A, (1 + O(4,]%))

C
=, (1 2,
(145)

1
A7, = 57— (B + p, = 2(G"(0) + a™)2,,) + O(1)

C,
— ﬁOULGzni"Vﬂ/ﬁz<1 + 1/22> ,
ny

).

Now drop the primes. At this point we start to use g, to parametrize the recursion.
We apply Propositions 5.5 and 6.4 up through the last step n; before ¢’ becomes
greater than A;/**%. Again this involves O(log4,,) steps. So

, C
d(2"z) = [ 2%m d(ZO)Un;n/ﬂz<1 +

n,
e

logn,
=411 —
}"‘3 "z< + C”3 n%/Z > >

ny—1
A31 — Lz(nq_”z)A'%z H (1 + O(Ai_z))

i=n,

- C,,
= LZ(M3 ny) Ai <1 + #) ,

(n,)’ —2m, JO) 77, — Cn,
dz‘ =L "‘dz U}’ll ValB2 <1 + ;11-/—2> .
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At this point we start applying Propositions 5.7 and 6.6, which will apply until the
volume shrinks to a point in the denominator, and until the points 0 and z are
about to merge in the numerator. Denote the former step by ns, and the later by ny.
We see that g approaches a fixed point of O(L?) exponentially quickly, and that

. Co,
Ari = [20 Z)Ai(l +W> , (7.1)
1
(ny) - - (n )n4—1 g(zn)
=2ns JO) [y valB Cu,
= L2 4©) Un; vib: 1+n1/2 . (7.2)
1

For the denominator, replace ny by ns. The term g%/ A, in the first expression for

d, first rises exponentially until g, = O(L?) and then drops exponentially there-
after. Hence the error term can be estimated by 1 + O(g%’/A,.), where = is the step
at which g, first approaches close to the fixed point. Because the fixed point is
O(L?), we see that this error is much smaller than ny '/?, which explains the last
equality.

All that remains to do for the denominator is to calculate the final one-
dimensional integral. We will do this below after we have finished the induction for
the numerator. At this point in the numerator we have 0 and z in the same block
%,. We apply Proposition 6.7 to find

Now e, evolves according to Proposition 6.6 again, with the result

) . (7.3)
Az is given by (7.1) with n, replaced by ns.
We have reduced the calculation of E; y(t,) to the ratio of one-dimensional
integrals

- 0 - Cn,+1
Crr1= L 2(n4+1)(d(2 ))ZﬁoUn% m+2yd)/ﬂz<1 + ;«1/2
1

- _ C
e, = L 2"5(d(20))2 ﬁO Un% (vp+ 272182 <1 + nln/SZ
1

fdllco+ao(‘po)eﬁ%sw(@ns(ﬂo@og( Do) + 1"(Do) + 15" (Do)
§duG, +a,(Po) € (d% o@og(Po) + 157" (Do) + 157" (Do)

E;n(t,) =

(7.4)
Now, since
Aug, +a,(Po) = ddge Gota %

we see that the expedient choice of ) is
B4 =(Go +ag)™' =1+ 0(L™?).

This substantiates our claim that w, stays close to one throughout the induction.
We next apply the following
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Lemma 7.1. If F(x)e C*(R ) and has exponential decay at oo, then
fdoF(9%) = F(0),

[dPppF(®*) = QfdxF(x) .

Proof. Write F(®?) = F(¢¢) + F'(¢p@)yy and trace through the definitions of
Grassman integration, e.g. Eq. (3.1) in [BEI]. MW

Applying this to the ¢, terms shows us that these do not contribute in the
infinite-volume limit. We apply this to the other remainder term, writing
t1(D?) = p@ptr(P?), and apply Corollary 4.7 to bound tg, obtaining

1 2
[tr(1@]*)] < O(A7?)[t1 |k ug, ape® 220200707

Also, clearly
|r(| @ |2)| é | rlK,agz,A,h eK—agz(I(pI 4y .

A simple calculation shows that the contributions to the numerator from the » and
" terms are both O(\/4.,An,)e,. The contribution from the leading term

en,eXp( — An(x — A%)?) is (\/_1%/2)6,,5;1.,,_5 12 Replace e,, by d,, for the denominator
in both of these results. Since 4, shrinks by a factor of approximately L~ in every
step after g, approaches near to the fixed point, while A, increases only by a factor
of L, we see that the r and t; terms also do not contribute in the infinite volume
limit. So, for A large enough, these remainders are smaller than the ones we already
have, and, by inserting (7.3) and (7.2) into (7.4), we see

C,,
1/2> . (7.5)

ni

E;n(t.) = BoUny @7 7/P <1 +

We now take the limits as N, and then z, tend to oo, which clearly exist. In order to
get the expression in the final form given in Theorem 1.1, we must relate n; to f,.
We do this by noting that, by definition, B, = O(47)= O(n;?). Hence

n, = — Ulog Py + O(loglog fiy), and inserting this into (7.5) yields the desired
result.
A. Appendix

Proof of Lemma 4.3. The only part that does not follow immediately from what we
have already done is part (v). For simplicity we handle only the most delicate case
of t = 1. Write g, = g%, g5 = g% "V, and let ¢ = |¢| — A. Define

I= %jdé/dze‘(vw)"Cze—agz(lfp"'ll—/i): (A1)

(this is a purely Bosonic integral). From Lemma 4.1, part (ii), we see that if we show

that
Iexp (1 +che? |Z0(1), (A.2)

L*w?
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then (4.3) will follow. We consider first the case of g, < A'/%. A calculation shows
that (shift { - { — @)

I 0(1)((VW)ll<pl+ocng>ex< — ag, GZ)
N \Low) T + 9,372 )P\ T+ agyw? )

Insert this in (A.2) and consider the coefficient of o2

lIA

g2 _ a'gs
1 +agyw  L?w?

D (1+ch)

If

oo — o +agayw(l — o) + cA(a + aa'gayw))
(1 + agyyw) (1 + g2yw)

+ (o//L*w?) O(g,/A) (1 + ch) .

We note that the ¢4 and O(g,/A4) terms will always be dominated by the first two,
and that in the region of small g, (which we are now considering), we have
o — o > ag,yw(l — o). We consider the two regions of small and large o2 separ-
ately.

In the region o2 > A%*/(g,(« — o)), with some &> 0 chosen small enough
below, the exp( — g,(a« — ')o*) dominates the powers in front and we have the
desired bound.

Now consider the small-field region of 6% < A%*/(g,(o — &’)). We define &, 7 by
{=6¢ + 7, and
1 if |6], |7] < A7
0 otherwise

$(6,7) = {

with ¢ > ¢ Insert y + ¢ inside the integral (A.1), writing I = I* + I°. We can
estimate I° simply by bounding the exponential inside by 1 and using [ du,,,x° <
exp( — 0(A%")). Also,

29> ; .\~ 0(/lo ]
exp <z2—w(1 + C/.)O'2> < exp(A 00Nl g2¢)

so by choosing L large enough we can get the requisite bound.
We are left with the I* term. For this we define

(lo +{l— AP = E(o + 6,7) + (0 + &)
or, in a more convenient form,
E(o+46,7)=([A+0+6) +7*]"? —~A+0+7)
x([A+0+6)P?+7]*—~A—0—0)
=E (06 + 6,7)E;(0 + 4,7T) .

We now perform a shift & — & — ag,yw&e, with £ = (1 + ag,yw)~*. Then

— ? 1 ~ —_ -1 2 122 P ~ ~
I=¢ a‘qzmzﬁfdadne ((yw) ™! +0g2)6% = (yw) "' ang(L’a+a,n)X(O- — 0g,ywLo, 7).
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Now, it is not hard to see that
|E1(20‘ + 5’, 7~Z)| é O(Aﬁ[gz(a _ a/)]_l/z) ,
|E,(80 + 6,7)| £ 0(4%).

where to get the bound on E, it is helpful to note that A4 + Lo =
A+ 0+ 0(g3)0 =|@| + O(g2)0, and |@| = 0. Putting these together,

921E(L0 + 6, 7)| < 0(g3/2 477 27 00/eD)

< /11/10
where we have chosen ¢, ¢ small enough, and L large enough. Finally,

I <0(1)e ™4
< e—z—z‘La;vglz(l +ci)a?
which completes the proof for g, < A4
Next consider the region A'/* < g, < 19°#L, We keep the same definition of the
large-field region of ¢%. The same arguments imply smallness of the large-o? region
as well as the I° term. For I* we use a new argument, namely we expand
E(L0 + 6,7) in a power series in (Lo + &)/ A4, T/A. In this region, we find

80 +& (8 + &) 7”:4)

Ing(536+&,ﬁ)|§gzO<n 1 2 4

<x

for some ¢” > 0, with ¢, ¢ small enough and L large enough. This, as before, gives us
the bound.

Finally let g, > 4%/""L. Here we redefine the large/small-c? boundary to be at
A*/g3, since now the decay comes from the ag3yw(1 — o) term. Simple arguments
like the ones above now yield the desired bounds.
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