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Abstract. Apart from the case of the KP hierarchy, all known Miura maps between
integrable Hamiltonian systems had been proven to be canonical. The remaining KP
case is settled below. As a corollary, it is shown that the KP hierarchy is a factor
— hierarchy of the mKP one, with the kemnel consisting of a single scalar field. A
discrete mKP hierarchy and the associated Miura map are constructed, and the latter
is shown to be canonical as well. As in the continuous case, this implies that one
can extend the discrete KP hierarchy by a single new field into an extended discrete
KP hierarchy in such a way that the extended discrete Miura map mKP — eKP is
a canonical isomorphism.

1. Introduction

As a rule, modern theories of integrable dynamical systems, whether finite-
dimensional, infinite-dimensional, continuous, discrete, etc. have two invariably
present central ingredients: 1) The dynamical systems under consideration always
turn out to be Hamiltonian systems, and 2) The morphisms in these theories, tradi-
tionally called the Miura maps (when they are not invertible), turn out to be Hamil-
tonian maps (also called canonical maps). The presence of these two ingredients,
nowadays taken for granted as a sort of a metaphysical principle, has been by now
established in a great variety of very general circumstances, including: scalar [1]
and matrix [2] Lax equations and Kac—Moody-Lie-algebras-related equations [3-5]
for continuous systems; and scalar Lax equations for discrete systems [6].

These two ingredients have highly unequal weights: while the Hamiltonian struc-
ture of the evolution equations can be established in a more-or-less routine fashion
by employing the powerful Residue calculus (and its various generalizations) in
modules of differential forms over rings of pseudo-differential operators [7], the
problems of existence, the canonical property, and the interpretation of the Miura
maps in contemporary theories are still a subject of mystery and speculation [8].

In the most important situation of the universal scalar differential Lax equations
[9] which have become known as the KP hierarchy, the theory has a troubling
defect in that it is still not known whether the associated Miura map is canonical
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(as conjectured in [10]) or not. One of the main results of this paper is a proof
that the Miura map for the KP hierarchy is indeed canonical . This allows one to
extend the KP hierarchy by a single field in such a way that the extended (= eKP)
hierarchy is isomorphic to the mKP one, and this isomorphism is also canonical.
Thus, KP is the factor-system of mKP, with the Kernel consisting of precisely one
scalar field. The second group of results concerns discrete equations: I construct the
modified KP (mKP) hierarchy and associated Miura map into the KP hierarchy,
and then prove that this Miura map is also Hamiltonian. Again, this allows one to
extend the KP hierarchy by a single field in such a way that the extended eKP
hierarchy is canonically isomorphic to the mKP one.

The paper is organized as follows. In the next section we recall the Hamiltonian
formalism for the mKP and KP hierarchies and write down an infinite system of
differential identities whose validity, to be verified, is equivalent to the property of
the Miura map being canonical . The checking of these identities is divided between
Sects. 3 and 4. Section 5 is devoted to the construction of the eKP hierarchy and
a proof of the isomorphism eKP ~ mKP. In Sect. 6 the discrete mKP hierarchy
is constructed and its Hamiltonian form is derived. Section 7 is devoted to a con-
struction of the Miura map and to showing that it is a canonical map. In the last
Sect. 8, the discrete eKP hierarchy is constructed and is shown to be canonically
isomorphic to the mKP one.

2. Hamiltonian Formalism for the KP and MKP Hierarchies

In this section we summarize, following [10] but in notation adjusted to our pur-
poses, the constructions of the mKP and KP hierarchies, of their Hamiltonian forms,
and of the Miura map which maps the mKP hierarchy into the KP one.

Let

o] .
L=¢+ 3480, (2.1
i=0
be the Lax operator of the KP hierarchy whose n'" flow has the form

Ly =[(L")z0L] = [L, (L") <o] - (22)

Here ¢ is the algebraic version of d = 0/dx, and all the pseudodifferential notations
are the usual ones (see [7, 11]). Let

L=+ S 23)

i=0

be the Lax operator of the mKP hierarchy whose n" flow has the form

Zu= (@ M=2)' 2] = [2.((2Ms0)'] | 24)

where “{” stands for the “adjoint”.
For a pseudodifferential operator

0= Zesés 5

set
RCS(O) = 9~1 .
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The residue formula [7]
d[Res(0")] ~ nRes(0"~'d0) ~ nRes(d - "7 1), (2.5)

where d is the differential and “~” stands for the equality modulo Imd, can be
applied to the operators L (2.1) and & (2.3) in the following way. Set

H, =n"'Res(L"), #,=n"'Res(<L"), (2.6a)
L= ;éfps(n), L= zs,“é‘ns(n) : (2.6b)
Then
d(Hp41) ~ Res(dL - L") = Res (3dA4;E718 py(n)) = Sd4; pi(n)

whence

pi(n) = 521; : 2.7)
Similarly,
d(H41) ~ Res(d & - L") =Res (Y da;E~ Eny(n))
=) daimi_(n),
so that s
mimi(n) = =50 (28)
Substituting (2.7) into (2.2) we obtain
Ay = ;B};P(aHn-H/éAj) ,
where
B = £ [ (1) 0ivyee = (§) vt (9)

is the (first) Hamiltonian structure of the KP hierarchy. (Formula (2.9) was derived
by Watanabe [14].) Similarly, substituting (2.8) into (2.4) we get

Qjr = ZB;?KP(é.}ﬁ,_{,;/éaj) 5

J

where
ap ar wj
mgp _ 0| O
B = 4 5 0 o s Wk = Gt
W 0 B}j
By =2 [V ) v = (M5 Ymt-or] @10)

is the (first) Hamiltonian structure of the mKP hierarchy. The Miura map between
the two hierarchies, in the language of functions, is:
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L =i+ ai - L=elogeTw = Lesi—a,
=&+ Yam(¢ —ag)™D by (2.12) below]
i=0

=&+ ain (ﬁia_ 1)

or, in the dual algebraic language,

Ou(—ap)E™i717% = & 34,677 (2.11")

rz0

BL)=0l+ AT ) =E+ el =2,
whence
D(4,)= > a1 (_ia— 1) Ou(—ap) [by (2.14) below]
i+a=r
= > a1 (i—;a) (=1)*Qu(—a0) = 3 <;) (=1)*ai+10u(—a0)
i+a=r i+a=r
=§r;0 (;) (=1)*Qu(—a0)ar+1-a = (—1) Or(—ao)a; (2.11a)
r—1
+ 20 (;) (=1)*Qu(—a0)ars1—a (2.11b)
where we used the formulae [10]

@rur = (1) ewen = mez,

Ou(u) = (0 +u)*(1),

and the binomial relation

(‘i;1> =(—1)“(i+°‘) , LoueZ,.

(2.12)
o€ Z+ s (213)

o (2.14)
The Q,’s are the classical Faa di Bruno polynomials; many formulae involving these
polynomials can be found in [2].

Transforming the expression (2.11b) by changing « into » — 1 — o we get
o ) G0 (—a0)a
= F—1—u« r—1—ua 0 )42

— (OC _T_ 1 ) (*l)rhl—aQa(_aO)aaﬁz

so that formula (2.11) becomes

&(4;) = (—1)0i(—ao)ar + l§ (ocj— 1> (=10, _o(—ao)Wy -

a=0

(2.15)
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This is the Miura map. The claim is that this map is canonical between the Hamilto-
nian matrices BX? (2.9) and B™XP (2.10). Thus, the canonical property is equivalent
to the equality [1]

JB™KP ST — p(BKPY (2.16)

where J is the Fréchet Jacobian of the homomorphism @ (dual to the Miura
map @*):

DP(4;)
Jy = — 2.
7 Daj ( 17)
Here £ is the usual Fréchet derivative:
D(-) _ )
e = s;) 2% 0 (2.18)
and a®) = &(a).
The next two sections are devoted to the proof of the identity (2.16).
Remark. 2.19. Fix a positive integer N = 2. Then the constraints
IM-=0 (2.20a)
and ;
21(£") = ((£L)z1) =0 (2.20b)

are preserved by the flows (2.2) and (2.4), respectively. The Miura map &* (2.11)
preserves these constraints and thus provides a Miura map into the scalar Lax
hierarchy based on the Lax operator

P éN +N2—:2 i
N = wé . (221)
i=0

For N =2 one gets the usual KdV and mKdV hierarchies, as proved in [10].
However, for N > 2, the hierarchy (2.20b) is clearly not isomorphic to the modified
Lax hierarchy constructed in [1]. It is not even clear whether it’s isomorphic to the
degenerate modified Lax hierarchy constructed in [15].

3. The a; — Part

In the Hamiltoniar matrix B™KP (2.10), the variable a; is separated from the w’s.
In this section we prove that part of the equality (2.16) which involves a;. The
next section addresses the contribution of the w’s.

Let us introduce the new variables

/Ii = (—l)iAiy ai = (—1)i+lai B (31)
so that .
W = (1) w; . (32)

(In other words, we work with L' and %' instead of L and £.) In the new
variables, the negative of the Hamiltonian matrices BX? (2.9) and B™? (2.10) take
the form
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=g [(Jar - (eoran] . an
52
ap a Wy
0 0
_B™KP _ ap o 0 s

ai .
1 1
Wi §>: [<l+ )w,-ﬂ-“_sas- (jJsr >(—0)SWz+j+1-s]

(3.4)

where the bars have been dropped off the variables A;’s, a;’s, w;’s; and the Miura
homomorphism (2.15) takes the form

(D(A ) - Ql(ao)al + Z (a + 1) Qt 1- a(aO)Wa . (35)

The next step in proving the identity (2.16) is to prepare formulae for the Fréchet
Jacobian J. From formula (3.5) we have, with Q, standing for Qy(ao):

s =@+ £ (£ ) D00, (3.60)
where b
D(,) = 22,
Jin = 0Ok s (3.6b)
Jiow, = Dj;(vjk) = (Hli 1) Ok—1-i - (3.6¢)

Hence, for the matrix J(—B™%P) we obtain

ag ai Wi

(Qkal aD(Q)?+ 5 (a v l)waD(Qk DY (, L 1) Q1 (BT )

Similarly, for the matrix JT we get

a(45)
a (DQar+3 (3 1) D(Q1-p)wp
= 4 , (3.8)
o
Wj

(j41) @
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so that, finally

[J(—B™ )T s

=0xd [D(Qs)* at ( P 1) D(Qs_l_ﬁ)*wﬂ} (3.92)

+ oo+ 2 (L4 ) wbtoi-n| o (39b)
o[

(741 <~a)”wi+j+1_ﬂ} Oy (390)

For the right-hand-side of formula (2.16) we obtain

P(-B') =2 [(’j) O(Aps—v)0 — (i) (—a)“cb(Am_v)}

v=0

::; { (i) [Qk-i-s—val + Z (k ;}Fi—l- V) Qk+s—v—1—vw}'j| & (3.10a)

Y

- (f,) (=o) |iQk+s—val + ; (k jj_? v) Qk+s—v-l'—‘yw.y} }

(3.10b)

For each fixed pair of indices (k,s), we have to verify the equality {(3.9) = (3.10)}.
Each of these expressions is a differential operator linearly dependent upon a; and
the w’s. Thus, the desired equality breaks into separate subequalities for a; and
each of the w’s. The a;-terms, entering at the beginning of the expression (3.9a, b)
and (3.10a, b), combine into the following identity to be verified:

0k0D(Q5) ay + a1D(Qx )00; (3.111)

= Z [(ﬁ) Qk+s—valav - (i) ('6)va+s—va1:| . (3111')

Using formulae ((4.20) and (4.18) in [10])

D(Qs)0 = (0 +u) — Oy, (3.12)

g ( >Qm+r «0* =0+ u)y"Qr, (3.13)
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we can transform the expression (3.111) as follows:
— [ ()" + a1D(Q)0Q,  [by (3.12)]
=ai[(0 + u)* — Q1Qs — {m[(0 + u)’ — 010}

=a;(0+u)Qs — [a1(0 +uyQ]"  [by (3.13)]
—a 2 (5) Grematt - £ () 070,

which is (3.11r).

Thus, the a;-terms are taken care of. Now Fix y € Z,. For w = w,, the w-terms
in the expressions (3.9), (3.10) contribute the following identity to be verified in
order for the canonical property of the Miura map to be proven:

Ok0 (y-f- 1)D(Qs—1_y)’fw +w <y-}i€- l)D(Qk_l_y)éQs
k s i+1
B () (e (31 e
)

() (o (Yo ]

(3.14)

Os_1-

The next section is devoted to a proof of this identity.

4. The w — Part

We consider firstly the case when s = 0. The identity (3.14) reduces in this case
to the identity

()o@ £ (1) (s o

v>0

For the left-hand-side of (4.1) we have:

w ( o 1)D(Qk_1_y)a [by (3.12)]

- (v f— 1) [0+ w7~ Q1] [by (2.12)]

=W<yf1> 2 (k_l—y)Qk_l_y_vc?”, (4.2)

v>0
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which is the same as the right-hand-side of (4.1) provided we use the identity

i) Cr)=Gan ) (43)

Thus, (3.14) is true for s = 0. Similarly, it is true for £ = 0, which amounts to the
adjoint of {formula (4.1) with s replacing k}. From now on, we consider the case

k>0, s>0 44)

of the identity (3.14) to be verified. The first two terms on the left-hand-side of
(3.14) we transform as follows:

t
i (')’i 1) D(Qx-1-y)0Qs — [w (yj_ 1) D(Qs—l—y)anjl [by(3.12)]

=W <y.]+€_ 1) [0+ u)irt — Ok—y—1) O

—{W(V-H) [(0+uy ™! = Oyymi] Qk} [by(3.13)]

(B oo
— ('))j_ [) [z‘; (S _'}‘)}— 1) (—a)"Qs—y—l——H—k - Qs—y—lejl w [by (43)]
:E [()’ + 1) (k) WQk+S—1—y—vaV._ <; -_l_ ‘1)) (i) (—5)va+S—l—y——vW] (453,)

tw [(Vi 1) Ok Os—y—1 — <v+ l) OsO—y—1 :| . (4.5b)

We now transform the remaining third summand in the left-hand-side of (3.14):

k i+ 1 v j+1 v
i+j=§y;v-1 (’ + 1) <J-T- 1) Ok—1-i [(1 v )w@ - < >( =) ] Os—1-j
- 2 () Gen[()e (oo
o,f>0
= X ( ) ( >Qk ~ K )wav - (f) (—G)VW] Os—p  (4.6a)
oa+f=y+v+1

S
p
_Z<'y+v+l)Qk [wé“ <'})+V+1>( a)v }Qs-—y—v—l (46b)

1 v
—Z(V+v+l Qk—y—v~ ‘[<y+1\))+ wav‘“’éo] O (4.6¢)
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The first term in (4.6b) and the second term in (4.6¢) together cancel out the
expression (4.5b). By using the identity

k +v+1 k k—y—1
(y+v+1)(”§ >=<y+1)< 3 ) (4.7

the remaining first term in (4.6¢) can be transformed as

- (yi 1) WL <k o 1) Ok—y-1-0"Qs  [by (2.12), (3.13)]

=" (yf— 1) v (k S 1) Otramy-140"  [by (4.3)]

= EV: (],;_T_ r) <I‘f) ka+s—y—l—vav > (4.82)

while the remaining second term in (4.6b) is minus adjoint of {(4.8a) with the
indices k£ and s interchanged}:

2 ( i I Y) <“:) (=0) Ckts—y—1-w . (4.8b)

v

But (4.8a, b) cancel out (4.5a). Thus, only the expression (4.6a) is left from the
left-hand-side of the sought after identity (3.14), which now simplifies to

= ()G e-[()we (D) cer] e

(1) [ (Y]

Recall that k,s,y are fixed. The identity (4.9) follows from the following slightly
more general identity:

. <§) (73) Qe—e Kf) wo' — (’j ) (—6)VW] 0y

() (e (Jiror] o

which, in turn, results when the identity

k s LAY
a+ﬁ§v+y (“) <ﬁ> e (") Q- @11

=E("““”> (’;‘)Qkﬂ_y-vav (411r)

v Y

is subtracted from {its adjoint, with the indices k and s interchanged }. We transform
(4.111) as follows:
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«+/?£v+y (l‘;) (2) (iC) De—a0 Qs
= iy (5) <}§) (kI“) 0,00

- k v+ p— ;
—;2(;) (v+v+ﬁ—s) (y 5 S>Q"+S-V-v—ﬁani [by (4.7)]

N % (;3) (y+];—s) ; (k“Cﬂ_y) Ok+s—p—y—v0"Qp  [by (3.13)]

<;) (V+]/§—S);<k+S;ﬁ—y>Qk+s_y_vav

=300 (5) (5 -s) (FF53777)

and comparing this expression to the expression (4.11r) we see that we are left
with checking the combinatorial identity

(502G G ) () e
()= () 0). -

the right-hand-side of (4.12) becomes

260 ()

so that the identity (4.12) finally reduces to the identity

(k+;—v)=§(z) (yfgis) ; (4.14)

which in turn, results upon picking out the '-coefficients in the equality
T+ =1 +0)Q+ ). (4.15)

The canonical property of the Miura map is proven.

=[]

Since

5. The Extended KP Hierarchy

In this section we use the canonical property of the mKP — KP Miura map to
construct the eKP hierarchy, and to show that it is a Hamiltonian system isomorphic
to the mKP hierarchy.

The n™ flow of the eKP hierarchy consists of the n™ flow (2.2) of the KP
hierarchy and an evolution equation for one extra variable u:
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ur = ol (LY e TH(1) . (5.1)

We first transform (5.1) into a more manageable form. By formulae (2.6), (2.7),

(@10 = X p)(-17¢ = T(- l)séH"“é ,
and since
elvase=Tu(1) = 0)(~u), (52)
(5.1) becomes
SH,
U =20 (Z(-U@(—Wﬁ) : (5.3)

We see that the eKP hierarchy can be written in the form

U = ZBuAs(5H/5As) ;

(54)
Ay = ZB,?(&H/&A ),
with H = H,y, for the flow #n.
Theorem 5.5. (i)The matrix B*® entering the system (5.4):
u Ay
BKP — u ( 0 6(—1)’Qs(—u)) , (5.6)
(—1) Or(—u)d BEF
is Hamiltonian; (i1) The Miura map
() = ap , (57 a)

o)) = (~ a1 Qi(~ ao)+z (“H)( D 0,011 _u(—~a0) , (57 b)

is canonical between the Hamiltonian structures B™® (2.10) and B*X? (5.6); (iii)
The Miura map (5.7) is invertible; (iv) Under the invertible Miura map (5.7), the
n™ flow of the eKP hierarchy transforms into the "™ flow of the mKP hierarchy.

Proof. (iii) We have, from (5.7a) and (5.7b) with i = 0:

¢(u) = Qy, (D(A()) =4a . (58)

For i > 1, the remaining system (5.7b), considered as a system of equations on the
ws, is lower-triangular with the 1’s on the diagonal. Hence, the Miura @ map is
1nvert1ble In fact, we can write down an explicit formula for the inverse map ®~'.
Indeed, recalling that the formula (5.7b) was obtained in Sect. 2 as formula (2. 11)
we can reverse the map @ as follows:

g =Uu,
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and then
L=¢+ A o & =efnreln = 1) .,

=¢+u+ ZA;(& +u)7 1 [by(2.12)]

= é-{- u —I— ZA, (_IOC_ 1) Qm(u)é-—i_l—a = é"' Zaff—, k)

jz0
so that
o Nap)=u,
_ —i—1
(] 1(aj+l) =% ( loc )A,-Qa(u); (5.9)
i+a=j
(ii) Since
Dd(u)
D 9 (5.10)

in checking the canonical property of the Miura map in terms of the identity to be
verified:
O(BKP) = JpmKP T | (5.11)

we have to check only the equality of the entries in the u-row of the matrix in the
left-hand-side of (5.11): the u-column will follow from that by taking the adjoint,
and the remaining submatrix BXP of the matrix B°KP has been checked before (the
check being equivalent to the canonical property of the mKP — KP Miura map).
Now, from (5.10) and (2.10) we obtain:

ap ap w;
(JB™®), .y =u(0] 2 0), (5.12)
while, by (5.7b),
u Ay
; 0 /1 *
CADES ) (5.13)
@10 (=1Y0d(—a)
Wi \o *

where the entries marked by “x” are inconsequential. Multiplying (5.12) and (5.13)
we get

u As
(JBmKPJT)u( oy = u(0 a(—l)st(—ao)) >

which is precisely the u-row of the matrix BXF (5.6) when aq is identified with
D(u);

(i) Since the matrix B®XP (5.6) is connected with the Hamiltonian matrix B™K?
(2.10) by an invertible canonical map, the matrix B%? is also Hamiltonian; (iv) The
n™ eKP flow is generated by the Hamiltonian matrix B°K? (5.6) and the Hamiltonian
(2.6a)

H,y1 = Res(L")/(n+1). (5.14a)
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The n'™ mKP flow is generated by the Hamiltonian matrix B™%? (2.10) and the
Hamiltonian (2.6a)
Hyp1 = Res(L" ) (n+1) . (5.14b)

By (ii), the Hamiltonian matrices are connected by the Miura homomorphism @
(5.7). But the Hamiltonians H,, and 4,4, are also @-related:

(n+ D®(Hyi1) = B[ResL" )] = Res[(L")]

= Res[(e~/®Lel®y 1] = Res(L"") = (n + 1) Hppr .

Thus, the KP hierarchy is a subhierarchy of the mKP hierarchy, with the com-
plement of the projection mKP — KP being the single scalar field ao. This is purely
infinite-component effect: in the familiar single-component mKdV — KdV situation,
the KdV equation is also a projection from the mKdV one [12], but the Kernel is
not another field.

6. Discrete MKP Hierarchy

Let 4 : K — K be an automorphism of a commutative ring K. (The latter may be
thought of as Fun(Z), with (41)(n) = f(n+ 1) for f € K.) Let C4 = K[4¥,i €
Z.,s € Z, be the free polynomical ring with the action of the automorphism 4
extended to C4 via the rule

1 1 ‘
Consider the ring C4 = C4(({™")), with the commutation relations
Pe=A40C), sel,

and let L € C,4 be the following Lax operator:
0 .
L=(+3> A0 (6.1)
i=0

The n flow in the discrete KP hierarchy has the form
Ly =[(L")z0,L1=[L, (L") <0] - (6.2)

So far everything is very similar to the continuous case. Define

Res (ZBSCX> =0y, (6.3)

(not 6_; !) and let us write ¢; ~c; when (¢; —c;) € Im(4 —1). The Residue
formula (2.5) is still valid [6]. Denote

L' =30 ps(n), (64)

and set
H, =Res(L")/n, ne N. (6.5)
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Then the Residue formula yields
d(Hyy1) ~ Res(dL - L") = Res (3 dA4;{~ ' py(n)) = Y- dA; pi(n),
whence

_5Hn+l
pi(n) = oA (6.6)

Substituting (6.6) into (6.2) we obtain the (first) Hamiltonian form of the discrete
KP hierarchy [13]:

Ai,t = ZB}?P(éH/éAjl H=H,,,
J
where . .
B;/('P =NAiy; —Aiyd™", LjEL,. 6.7)
We now describe the discrete mKP hierarchy, which is a discrete version of the
k =1 — nonstandard (continuous) integrable systems from [10]. Let Cp, = K 09,

al(s)], and pick the following Lax operator & € C’Q,a = Coa(({™1)):
S8 .
L=00+yal™. (6.8)
i=0

The discrete mKP hierarchy has the n™ flow
L =Lz, L] =[Z(F")<0] - (6.9)

From the second equality in (6.9) we see that the flows are well defined. Since the
flow is in the Lax form, it has an infinite number of integrals

H, =Res(¥")/n, neN. (6.10)

The commutativity of the discrete mKP flows doesn’t follow from the general the-
ory [13, 16], but follows instead from the Hamiltonian formalism derived below.
(Alternatively, one can modify the arguments in [6] to provide a purely algebraic
proof of commutativity, bypassing the Hamiltonian formalism.)

Set
" =3 "Cnyn). (6.11)
The Residue formula yields

d(#p1) ~Res(dZL - L") = Res [(dO + Yda, (") Y my(n))
=dQn_y(n) + ) dami(n),

so that
o, O,
moi(n) = =5 m(n) = =5 (6.12)
oA,
Tin(n) = —571—51—‘ ieZ,. (6.13)

Substituting formula (6.12) into the second equality in (6.9) we obtain
(Z)z0 = Ol +ao; = [Z,(£")=<0lz0

= [QC + ap + ...,ﬂo(n) -+ C_lﬂ_](n)'l‘ ]go = [QC, 7150(7!) + C_l‘lt_l(l’l)]

=[Q(4 = D)(mo(n))) + (1 = 4™H[Qn_i(n)],
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(Qt) _ < 0 Q(A-1)> (5H/5Q> | 61
a,)  \(1-4H0 0 6H]5,

with H = 5. The matrix entering the right-hand-side of (6.14) is Hamiltonian
since in the variables (¢ = In 0, ap) it becomes

0 4-1
1—47! 0 ’

which is skewsymmetric constant-coefficient. Similarly, the first equality in (6.9)
yields

(Z)<o = Zaiﬂ,tc_i_l =[(ZL)z1, €] <0

i20

so that

= [Z Cs+lns+l(n)’ QC + ) + kgoak_HC—k—I]

520

IA

-1

= {Zis“nm(n), Zak+2C_k—2}
sZ0 k=0 <

= XJC: ([7s1(M)ag42] S TDEF=1 — g o1 (n))S~F=DEE =41 <1
S,

and using formulae (6.13) we obtain

Airty = 2 (A M aipgi2 — Gigs2d7 ) (6H bagy) - (6.15)

s20
We see that the variables Q,aq split from the rest. Denoting
Wi = di+1, (6.16)
the form (6.15) becomes

Wig = 2o (VWi — Wi A7 )(0H/w)) (6.17)
/20

To show that (6.17) is a Hamiltonioan form, set, for any » € Z,
B, = A Wigjr — Wigprd ™7 (6.18)

For r = 1, the matrix B' enters formula (6.17); for » = 0, the matrix B® is the
Hamiltonian matrix BXP (6.7). Since the matrix B” is linear in its arguments w’s,
to show that it’s Hamiltonian we have to exhibit the corresponding Lie algebra [6].
So,

SXBY(Y)) = S XA Wirjar — Winpir A~ N(Y))
ij

~ Wiy (XY = Xed 7))
i



Canonical Property of Miura Maps Between the MKP and KP Hierarchies 367

Thus,
X, Y= > [G4790G) - X547 ()],
i+j=k—r
which is the commutator on the Lie algebra formed from the associative algebra
of discrete operators of the form {X =3, X{~"~"}. Thus, the discrete mKP
hierarchy is Hamiltonian, with the corresponding Hamiltonian matrix (6.14), (6.15):

0 ao aj>0
0 0 (4 —1) 0
B™KP — o (6.19)
o (1-47H0 0 0
ai>0 0 0 Aia,-+j b (ZH_,'A—-i

7. Discrete Miura Map

In this section we first construct a map from the discrete mKP hierarchy into the
discrete KP one. Then this map will be shown to be canonical .
Deriving formula (6.14) we saw that

O = O(4 = 1)(mo(n)) , (7.1)
which implies that
(In Q) = (4 — 1)(mo(n)) . (7.2)

Consider a ring C,,, and the homomorphism % : Cp,; — C,, 4, which is identical on
the a’s and acts on Q as

h(Q) = ed=Dw) = v ew(l)/ew ’ (13)

so that
h(In Q) = (4 - 1)(w). (74)
We can lift up the " mKP flow from the ring Cp, into the ring C,, by the rule
w; = h(mo(n)) . (7.5)

Formulae (7.2) and (7.4) then show that the w-version of the " mKP flow is
h-related to the n™ mKP flow itself. Now consider the map

O L =+l L=+ AT = P

=e"Qle™ + Y aie”{Tle™v . (7.6)
By formula (7.3),
e"Ple™ =, (7.7)
and ‘ ‘
(i = R, (7.8)

where Ry = 1 and, for i > 0,

() _ D DD =D

Ri=R(Q)=¢e""" "=e
— Q(_l)...Q(_i) ,
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so that, for all i, _
Ry =0 ™/Q . (7.9)
Thus, the Miura map (7.6) has the form

®(4;) = R(Q)a;, i€Zy. (7.10)

The argument involving w can be now erased, if desired, — the final product is the
Miura homomorphism Q : C4 — Cg, (7.10), free from w-attributes.

We are now going to show that this map is canonical between the Hamiltonian
structures BX? (6.7) and B™XP (6.19). For this, we have to verify the criterion of
canonicity

JB™KP St — p(BXKPY (7.11)

where the Fréchet Jacobian J is computed from the Miura map ¢ (7.10):

0 ap a;i>o
J = ®(4,)(anD(Ry)| Ru0d| Ry6%) (7.12)
D(Ay)
Jt= Q (DRn)ian (7.13)
ag Rpd% ' '
aj>0 Ry,

Multiplying through formulae (7.12), (6.19), and (7.13), for the left-hand-side of
the equality (7.11) we obtain:

Q ap aj>0

JB™F = @(4,) (83(1— 470 ay D(RYQ(A—=1)| Ry (N apyj—an;47"),n>0),

(JB™KP 1Y, = 8%(1 — A™HYODR) ay (7.14a)
+ 8% a,D(R,)Q(4 — 1)R,, (7.14b)
+ R, (A" ayym — apsmd™" )Ry (n,m > 0) (7.14¢)
This is to be compared with the right-hand-side of the criterion (7.11):

@(B’Il(nl;) = A" Rpimanim — Rusmanim4™" (7.15)

Let us compare the (n0)-entry in (7.14), which is (7.14b), with the (n0)-entry in
(7.15): we have to show that

a,D(R,)Q(4 — 1) =Rya,(1—47"), (7.16)
which is the same as

D(R)Q(4— 1) =R,(1-47"), (7.17)
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which is equivalent to

D(R,) = R,(1 = 47" 4-1)"107". (7.18)
Lemma 7.19.
1—47"1
D(R,) = R,,—ﬁé . (7.20)

Proof. For n =0, Ry = 1 by (7.9), so both sides of (7.20) vanish. Let now n > 0.
Then, by (7.9),

D(R,) = D(Q™Y...07") = R gt DQ™)
noo ]

=R

s=1 Q(—s)

Thus, the 4o-columns in both sides of the criterion (7.11) coincide. Since both sides
of (7.11) are skew-symmetric matrices, the 4y-rows coincide too. Thus, it remains
to show that the expression (7.14c) (for n,m > 0) is the same as (7.15), which
amounts to the identity

I R IS L ol S s |
A7 =RYAT G =RAT S5 =R

m _ Am
RyA"apymBm = A" Rym@nim »

which is equivalent to
Ry ARy = A" Ry » (7.21)

which is equivalent to
RC™Ry = Ryvm » (7.22)

which can be seen as follows: by (7.9),
RC™R,, = Ry d™™(QD .. 00M)
— Q(—l) L Q(—m)[Q(—m—l)] . Q(-—m-n)] - Q(—l) L Q(—m~n) = Ryim -

Thus, the Miura map is canonical .

8. The Discrete eKP Hierarchy

In this section we derive a decomposition which is similar to the continuous case:
mKP ~ KP + {u}.
The extended discrete KP hierarchy has, as its n® flow, Eq. (6.2) and the
equation
u, = u(d — 1Res(L") . (8.1)

By formula (6.6), this can be rewritten as
i =u(4 — 1)(6H,41/040) , (8.2)

so that the whole discrete eKP hierarchy is governed by the (suspected to be Hamil-
tonian) matrix
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u Amp
BKP — u 0 w4 —1)5¢ (83)
An \ %1 =AY A" Ay — Ay d™"
Similar to the continuous Theorem 5.5, we have

Theorem 8.4. (i) The matrix BXF (8.3) is Hamiltonian; (ii) The Miura map
D Cu,A — Cw,a,

Pu) =0, D(4;)=aR(Q), (8.5)
is canonical between the Hamiltonian structures BX? (8.3) and B™® (6.19); (iii)

The Miura map (8.5) is invertible; (iv) Under this invertible Miura map the n™
flow of the eKP hierarchy transforms into the n'™ flow of the mKP hierarchy.

Proof. (iii) Formulae (8.5) are easily inverted:

>N Q) =u, @7 '(a;)=A4i/R(u); (8.6)
(ii) We have to verify the criterion of canonicity
JB"E T = o(BKT), (8.7)

where J is the Fréchet Jacobian of the map @ (8.5). Since the discrete Miura map
mKP — KP has been proven to be canonical in the previous section, we need to
examine only the u-row in the matrix ®(B%KP), which is, by formula (8.3):
D(u)  P(An)
d(u) (0] Q(4-1)d,) . (8.8)

On the other hand, the u-row of the left-hand-side of the relation (8.7) comes out
of multiplying the matrices

O ay aj>o

(B™ )y oy = (0] Q-1 0)

and
D(u) P(Ao) P(Am>o0)
Y 1 0 *
Jh = ,
ao 0 1 0
aj>0 \ 0 0 *
so that

(15(1,[) @(AO) ¢(Am>0)
(B™P ), ., =(0 | 94-1) | 0 ), (8.9)

which is the same as (8.8); (i) Therefore, the matrix B? (8.3) is Hamiltonian,
representing the same Hamiltonian structure as the Hamiltonian matrix B™K? (6.19)
but in different coordinates; (iv) The Hamiltonian structures of the flows #n in the
mKP and eKP hierarchies respectively are related by the Homomorphism @ (8.5).
But their Hamiltonians are also ®-related:
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(n+ D)®(Hy41) = P[Res(L"*1)] = Res[D(L)"*']  [by(7.6)]
= Res[(e”" Ze™")"!] = Res(e” " e™)
=Res(L""Y =+ 1)Hpy .

Remark. 8.10. The basic variables in this paper have been considered as scalar
fields, all mutually commuting. Most of the results can be extended into the vastly
more general noncommutative case when the basic variables do not commute (e.g.,
being matrices). This is explained in [16].
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