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Abstract: We consider a general finitely ramified fractal set called a nested fractal
which is determined by N number of similitudes. Basic properties of the integrated
density of states 4"(x) for the discrete Laplacian on the associated nested pre-
fractal are investigated. In particular d.4#" is shown to be purely discontinuous if
M < N, where M is the number of branches of the inverse of the rational function
involved in the spectral decimation method due to Rammal-Toulouse. Sierpinski
gaskets and the modified Koch curve are special examples.

1. Introduction

The integrated density of states (IDS in abbreviation) is defined as the limit of the
normalized distribution function of the eigenvalues of —A when the size of the
underlying space is made to expand to infinity. If the underlying space is a domain
of the Euclidean space R? or a finite subset of the lattice Z% then the IDS is known
to be absolutely continuous and behave like Cx¥? as x | 0. The present paper will
concern the cases where the underlying spaces are in a general class of finitely
ramified fractal sets called nested fractals by Lindstrem [7]. The discrete Laplacian
(a certain difference operator) on the nested pre-fractal and the Laplacian 4 on the
nested fractal are now well defined objects [2, 6, 7].

The Sierpinski gasket is a typical example of the nested fractal. Rammal [10]
considered the discrete Laplacian on the Sierpinski pre-gasket located in R?, d>2,
and discovered that its IDS is purely discontinuous. Fukshima—Shima [4] proved
the same property of IDS of the Laplacian on the Sierpinski gasket in R, d>2. In
both cases, the IDS can be described explicitly owing to the spectral decimation
method due to Rammal-Toulouse [11], which relates eigenvalues of the succes-
sive pre-gaskets by the inverse function of a certain quadratic function. Recently
Malozemov [8, 9] found that the modified Koch curve also admits the spectral
decimation with respect to a certain rational function and that the IDS for the
corresponding discrete Laplacian is purely discontinuous.

In this paper we consider a general nested fractal and study the IDS 4"(x) of
the discrete Laplacian on the corresponding nested pre-fractal (rather than the



462 M. Fukushima, T. Shima

Laplacian on the nested fractal itself). Let the nested fractal be decided by
N number of a-similitudes (« > 1). We first clarify under what circumstances d 4"
becomes discontinuous. To this end, we assume that the nested fractal admits the
spectral decimation with respect to a rational function @(x). Let M be the number
of branches of the inverse function of @. In the next section, we show that M < N in
general. We further prove the following:

1. If M <N, then d.A" is purely discontinuous.

2. If M=N and @ is a polynomial, then d./" is the Brolin measure [1], namely,
the logarithmic equilibrium measure of the Julia set of the transformation
@ on the complex plane.

The Sierpinski gasket on R? with d>2 and the modified Koch curve studied by
Malozemov are certainly examples of case 1. The one-dimensional interval can be
viewed as a Sierpinski gasket and the corresponding (infinite) pre-gasket is identi-
fied with Z*. This turns out to be an example of case 2. The corresponding Julia set
is a real interval on the complex plane and we recover the well known absolutely
continuous IDS of the discrete Laplacian on Z! as the logarithmic equilibrium
measure for this Julia set.

In Sect. 3, we shall prove that the IDS .4"(x) behaves like Cx“/? as x | 0, where
d, is the spectral dimension. This has been shown in Fukushima [2] for the IDS
for the nested fractal, which was easier to handle than the present pre-fractal
case because a simpler scaling property of the Dirichlet norm was available. See
Malozemov [9] for a finer tail behaviour of IDS for the discrete Laplacian in case
of the modified Koch graph.

2. Discontinuity of IDS for the Nested Pre-fractal

Let @ be a rational function with real coefficients and M be the number of branches
of the inverse @~ !. For x, yeR, x is called an n'™ predecessor of y if y=®"(x). We
denote by P{" the set of all n'® predecessors of y. We let P\”={y}. We say that yeR
is proper for ® if $ PP =M" n=1,2,. ...

For a>1, a mapping ¥ from R? to R? is said to be an o«-similitude if
Yx=o"'Ux+p, xeR’ for some unitary map U and feR? Given a collection
Y={¥, ¥s..., Py} of a-similitudes, we let

N
P(4)=) Pi(4), A<R®.
i=1
There exists then a unique compact set E = R such that ¥ (E)=E. The pair (¥, E)
is called a self similar fractal.
For AcR‘ and integer n>1, we let
A' i"=lIlil'" lI’,'"(14), 1§i1,...,in§N,

iy

A(")= T(”)(A)z U Ail"‘in’ A(O)=A .

1<iy,..., inSN

We denote by F the set of all essential fixed points of ¥([7]). #F<N.
Lindstrem [7] calls a self similar fractal (¥, E) a nested fractal if three axioms
(axioms of connectivity, symmetry and nesting) and the open set condition are
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fulfilled and #F>2. We refer the readers to [7] for details but we note that the
nesting axiom requires

E ~i,,mEj,~~-j,,=Fi1~~~i,,ij,"'j,,(il" ..,in)#:(jl,. . .,j,,).

which expresses the finite ramifiedness.

For a nested fractal (¥, E) as above, we assume without loss of generality that
OcF and ¥;=o 'x,xeR% E equals the closure in R? of the countable set
F =| ) F®.In this paper however, we identify the finite set F® with its similar
one F®=o*F®_Thus, rather than the bounded set F(®), we are thinking of the
unbounded set

i

= Fo, (1)
k=0

which will be called the nested pre-fractal associated with the nested fractal E.
Denote by N, the cardinality of the set F®\F. It is known that

Ny
0<c1<N Sy <

for some constants ¢y, ¢,. _

Let P® be the transition probability of Lindstrem random walk on F ®(~ F®)
absorbed at the boundary F (~a*F), cf. [7]. Its generator H, (which we may call the
discrete Laplacian) is defined by

Hyu(d)= Z Pé’i,’(u(ﬂ)—u(é)), EeFO\F @

neF®
with the boundary condition

u=0on F .
Denote by

&fk={)’1,)’2,~ .. aVN,,}

the collection of eigenvalues of — H, with the same value being repeated according
to its multiplicity and let
1M
V= Nk z 5y,,, V—-glglo Vk - (3

The limiting probability measure v exists as we shall see in the next section. The
non-decreasing function A" (x)=v([0, x]), xeR is called the integrated density of
states (IDS) for the nested pre-practical F (=),

Let (¥, E) and @ be a nested fractal and a rational function as above. We say
that (¥, E) admits a spectral decimation with respect to @ if the counting measures
v of o4, k=1,2,..., can be described as

ZZ Y Oxs )

kp 1i=1  yept-»

under the assumption of the existence of the f0115w1ng three objects:

non-negative numbers A4, 4,,...,4,,
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which are distinct and proper for @,
non-negative integers rjl, rjz,. .. ,rf,j: 1,2,...,
and
a subset ng of PY), 1<p</,
such that the cardinality M, ; of f’fﬁ ) satisfies
esMISM, <M/, 1<p</, j=1,2,...,

for some constant ¢;>0.

We call the members of the set P“ ) in the above the allowed J™ predecessors of
Ap. The expressmn (4) means that, for each p, 1 Sp</, 4, 1is a distinguished value
appearing in the set .«/; in each step j but with mult1phc1ty , whose allowed j'tt
predecessors keep appearing in the successive sets ;4 j,j —1 2,...,with the
same multiplicity 77, and that the eigenvalues are exhausted in this way. At the end
of this section, we shall give three examples in which this spectral decimation
works.

It is convenient to rewrite the measure v, as follows:

Z Z pMpk JA;k ” (5)

kp 1j=1

where

Y 0.

p g xeP“’

the normalized counting measure of the set P(” of the allowed j™ predecessors
of 4,.

Theorem 1. Assume that (¥, E) admits a spectral decimation with respect to .

(i) MEN.
(ii) Suppose M <N, then for any non-negative Borel function f on R,
d © (M .
o frs2 DY (N) GPfY (6)

Cip=1 j=0

where
Ll
lim — (£1),1Lp?.
=y, (Sh1ses

In particular, ocp> 0 for some p, 1 £p <¢, and the measure v is concentrated on the
countable set Up Uiy P‘” Furthermore, if the limits

N, 4
lim —kzco, lim i:a,lgpgf
N* P
k

k— o k= o

exist, then

8

My, .
Y N @)

¢
=) o,
p=1
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(ili) Suppose M =N, @ is a polynomial and P“ '= P, Vp,Vj,then v equals the Brolin
measure for .

Proof. First note that (5) implies the identity

k 4 k
L eMp= XY 1M ®

p=1j=1

nMx\

holding for all k.
(i) Suppose M > N. We see from N, =ZZ= "9 M,, , that at least one of r{’s, say r] is
positive and

k—1
Nk>r1M1’k_.1>rIC3M
NE= =
NF=TtONE Nt

which tends to infinity as k— o0, a contradiction.
(i) Suppose M < N. For any &¢>0, there then exists L, such that for any k and
L with k>L>L,,

M, ;< 9
Nk,, 1; My <e ©)
In fact, the left side of (9) equals

¢ k—L N ¢ k—L M i

TM —ji= rpM s -.____p_’kl

§=:1 le p.k—j N Nk LPZI le jpk—j-L Mp,k i-L

<2LL iML=_€2__ M - ,
ClN C3 C1C3 N

which can be made arbitrarily small for large L.
For any continuous function f on R such that 0= f <1, we get from (5) and (9),

<Vkaf><j_v—' Z i rk—jMp,j<‘7,{paf>+8
1j=0

kp=

éi%i’j_lrf ( )(vl,f>+a

Itis enough to let k— 0o, L— 0, ¢ |0 in this order to get the inequality (6). The latter
assertion of (ii) can be proved similarly.
(iii) Under the stated assumption, M, ;= N’ and v“ )= v“ ) the normalized countlng
measure of the j™ predecessors of 4,. Note that the set P‘” exhausts all j'®
(complex) predecessors of 4, with respect to the N* order polynomlal ® considered
as a transformation on the extended complex plane. Hence the Julia set J(< C) of
@ in the sense of Brolin coincides with the set of all accumulation points of
Uw P“ ) for each p (see Theorem 2.5 of [1]; 4,’s are different from the exceptlonal
vafues in'the statement of Theorem 2.5 of [1] because otherwise, # P“ )=1 in view
of the proof of Lemma 2.2 of [1]). In particular, J must be a subset of the real llne
Denote by v* the logarithmic equilibrium measure for the Julia set J. We call v*
the Brolin measure for @. On account of Theorem 16.1 of [1], the measure
v, converges as j—oo to v* for each p.
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Let us put rj=Z;= 17 We have from (8) the bound
Nk kor
2= %

j=1

o i .
and the infinite sum of ﬁjf is covergent. In particular

(10)

For any continuous function on R with || f|, =<1, we let a’—(v‘” f> and

a*={v* . For any ¢>0, there exists L such that, for any j=L, |a’

then have by (5),
(o> —a| S 5T Myl
kp=1j=0
1 ¢ L-1

S2— ) X M, e
Nk p=1j=0
25t gl

<= L te

Tey S NV

(10) then implies [<v,f ) —a*| <e.

a*|<s. We

Example 1 (Sierpinski gasket). Let (¥, E) be the Sierpinski gasket in RN~ (N = 3).

¥ consists of N-number of 2-similitudes. N k=§ (N*—1). H, is given by

1
Hku(f)=m ”;;“(u(ﬂ)%u(f)), CeF\F,

where F}, . denotes the 2(N — 1) neighbours of £. As was proven by Shima [12], the

spectral decimation works with the quadratic function

B(x)=x(N+2—2(N—1)x) .

Hence M =2(< N)and the IDS of the Sierpinski pre-gasket is purely discontinuous

in accordance with Theorem 1 (ii).
[12] provides us with more explicit data:

b, N+2 N
N—1" 7 2N-1 ™ N-1’

FO=PY, p=12, j=12,...,

11:-‘

but, as for the allowed predecessors of 13,

-~ N 1 N
= (1) (1)_ G- j=
Py, {2(N—1)}C{N—1’2(N—1)} P, PS Pm 1)’ L2,...

so that . .
Ml,szZ,j=2ja M3,j=2j—1 .
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Further
N N
rE=b1 i = (N 122N 24 D), rf =0 (NF=2N*1 1),
Therefore

oy =0, oy=—rs

bl

N-2
d3=*—}$—

and according to Theorem 1 (ii)

N—2&® (2V = N-2 © it
Y=TN? ,.;, <N> VTR {V(*g)“L j; N7 v—(m”_’l}

N—2® (2V . N—=2=/2V  N-2
5 (5 e B (R et e

j=0 j=0 2(N-1)

The above expression has appeared already in Fukushima—Shima [4, (6.1)].

Example 2 (modified Koch curve). In this case, N=5: ¥ consists of 5 number of
3-similitudes. N =7 (5% —1). By virtue of Molozemov [8], the spectral decimation
works with

2x(3x—4)(3x—35)(x—1)

¥ (x)= 3 ,

so that M =4(<5) and, according to Theorem 1 (ii), the IDS of the Laplacian on
pre-fractal associated with this modified Koch curve is purely discontinuous.
Moreover we know from [8] that

-1 4 13
/11=5 \/—g /12=", 13=¥,

6 3

1
ap=1_5) p=1>2:3>

and o
P%)=P£1i)’ Mp.j=4ja p=1,2,3, j=1’2"" :

This case is simpler than the preceding example in that no prohibited predecessor
of 1, exists. We get by Theorem 1 (ii) that

1 3 274V .
I — )
v 152 Z<5>vlp.

p=1j=0

Example 3 (a real interval as a gasket). The interval E=[0, 1] can be viewed as
a gasket for the 2-similitudes @ =({, ¥/,), where

X .

NS

1
(=3 % Ua)=5+
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Denote by a, b, ¢, d, e the values of a function u at the points 0, 1, 3, 4, 3, respective-
ly. The equation Au= — H,u now reads

2Ad=2d—a—c, 2le=2e—c—b, 2ic=2c—d—e.

Solving the first two equations in d and e and substituting them into the third
equation, we get

422—X)c=2c—a—>b,
from which we see that the spectral decimation works with
P(x)=2x(2—x) .
We easily see that
=1, ri=1, oy 1=A +P () (disjoint sum).

Therefore the conditions of Theorem 1 (iii) are fulfilled with N=M =2 and
v equals the Brolin measure for @. The Julia set of @ is

J=[0,2]

because @ is sent by the Mdbius transform x = —§+ 1 into the polynomial z% —z
which is known to possess the interval [ —2, 2] as its Julia set (Theorem 12.1 of
[11). Accordingly
11
dv(x):—Mﬂdx . (11)

T /x(2—x)

Indeed the logarithmic equilibrium measure of J is characterized as a unique
probability measure u concentrated on J such that

Un(x)=C qexeJ, Uu(x)<C VxeR?,

| oy .
for some constant C, where Up(x)=| Rzlogl———~I du(y) the logarithmic potential
X=y
of p. In this way, we recover the IDS

,/V(x)=% <arcsin(x— 1)+g>, 0<x<?2

for the discrete Laplacian Hu(k)=3u(k—1)+3u(k+1)—u(k) on Z.

3. Tail Behaviours of IDS for the Nested Pre-fractal

We denote by Hj the generator of Lindstrem random walk on F® (~ F®) reflected
at the boundary F(~o*F). That is

Hyu(@)= ). p&uim—u@), CeF®. (12)

neF®

Define v; in the same way as v,. For v, and v, let A% (x)=v([0, x]), and
N ()= ([0, x]).
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Using the min-max principle in the same way as [3], we can easily get the
following inequalities: Let N, be the cardinality of the set F®,

0 NN 3(X) = Ny N (x) = N (13)
NNy N -1 (X) SN N (X)) (14)
NN 1 Ng—1(x) 2 Ny N3 (X) (15)
By iterating (14) and (15), we are then led to,
N Ny Ny N;
ﬁ‘/V’(x)éﬁ Nlx )—N" JVk(x)_N; Ni(x), k>1.

N N; .
Thus {]—\’—: N k(x)} (resp. {ﬁi N ,Q(x)}> increases (resp. decreases) as k7. Noting
that Nk=(N"—1)N1/(N—1), Ni=N,+ Ny,

1N, . N—1N,;
N Nl ’(k)éklirﬂ‘/‘/"( )<]1mJVk(x)<N Nl

Furthermore by (13),

Ni(x) -

/

N;
0 '/Vl ( ) ( )_. Nl 5
and the above limits must coincide. The right continuous modification of the

limiting function is the IDS A4"(x). Indeed, at any continuous point,

—1N;
N Hist -1 -y,

1_ 1
N; N

Ny
from which follows lim,_, , A" (x)=1. We summarize those facts as follows:

Lemma 1. v, and v, converge as k— co to a same probability measure v. Furthermore,
we have for A (x)=v([0, x]),

N—1N N—1Nj
N, N X)= A ) =—5—=

N1(x) (16)

for all 1.

Let ¢ be the probability for the Lindstrem random walk on F%) of starting at
a boundary point and returning to it before reaching other boundary points, and
let p; be the discrete measure on F® such as

W) =4#{Gy, .. ., i); Fi...09%, 10y, ... ix<N} .
Clearly p(F®)=N{,N* We then define the constant C as follows:
C=inf{(1—¢)"*(—Hif,f/ ) f is any real valued function on F®
such as max {| f(x)—f(y)|%; x, yeFP}=1,k=1,2,. .. .},

where (-, ), stands for the inner product weighted by . It was shown in [6] that
C is finite and strictly positive.
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Lemma 2. Let 1; be the first eigenvalue of —H, and i the second eigenvalue of

—H;,. Then,
C [1—c)¥
A= — | —— 17
"—N5< N > ’ (17)

and there exist ky and a constant C' >0 such that

1—c}
ws( =) € for all kzks (18)

Proof. Let L, be the orthogonal complement to the eigenspace of the first eigen-
value of — H;. It is then easy to see that L, is the totality of the real valued function
on F® such that [« fdw=0. For any feL,, it hence holds that

(S = I {N, ~ ) I (f(X)—f(y))ﬂk(dy)} 1ix(dx)

SNN* max {1709~/ }

In view of the definition of C,

c NoN* inf{(_H”‘ﬂf)";feLk} ,

IIA

(1-of (S ke

from which (17) follows. N
Consider the nested fractal E corresponding to the nested pre-fractal F*. Let
1 be the log N/log a-dimensional normalized Hausdorff measured on E. We denote
by (&, 2(&)) the Dirichlet form on L? (E; du) defined in [6], where it was shown that
2(&) is a subspace of the space of continuous functions on E, and that
{(1—¢)" (—Hif g, f |pw)} increases as k1 oo to &(f,f) for all feZ(&). We thus
get that, for a fixed fe % (&) vanishing at the boundary and not identically zero,

(—Hi flrw, flrok _ ( 1—c )k (1— c)—k( —Hy flpw, flpo)
N N75(flpo, flpok

<< 1 —c)" £(41)

T\ N J N (Sflew, flewk

Since p/NoN*— p, N 7%( flgw, f|po) > co >0 for any k greater than some ko and we
arrive at (18).

L=<
= (flrw, flro

Theorem 2.

N (x) N (x)
a2 <lim e sup D <.

0<lim inf ——-
x10

1—c\ e
Proof. For any xe(O, <__N_c> C’>, let k> k, be the positive integer such as

1—c)* 1—c\ !
- /< — !
(= emelize) e
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We then have 4/ (x)=1/N, by (18). By virtue of the inequality (16), we get that

N lNk W) 2 N-11
= N, N* ="N, N*
Since the spectral dimension dg of the nested fractal E is equal to 2logN/
(log N—log(1—c)) (see [2, 7]), we are led to
N > C/ dg/2 d/2
W25

Similarly we get the following upper estimate from (17): that is, for xe

C (1—c
("’m(T))’
JV(X)<(N N (NO>—as/2 s

Ny
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