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Abstract: We study a topological Yang-Mills theory with N = 2 fermionic symme-
try. Our formalism is a field theoretical interpretation of the Donaldson polynomial
invariants on compact Kiahler surfaces. We also study an analogous theory on compact
oriented Riemann surfaces and briefly discuss a possible application of Witten’s non-
Abelian localization formula to the problems in the case of compact Kihler surfaces.

1. Introduction

Several years ago, Witten introduced the topological Yang-Mills theory (TYMT) [1]
on general 4-manifolds to provide a quantum field theoretical interpretation of the
Donaldson polynomial invariants [2]. The basic property of the TYMT is that there is
a fermionic symmetry which localizes the path integral to an integral over the moduli
space .7 of anti-self-dual (ASD) connections. Geometrically, the fermionic operator
6W acts on .7 as the exterior derivative. The action functional of the TYMT can be
written as an 6W -exact form,

Sw =96,V 1.1

In the TYMT, correlation functions of physical observables correspond to the
Donaldson polynomial invariants.

The moduli space .#Z of ASD connections on a compact Kiahler surface has natural
complex and Kéhler structures [3], which implies that the TYMT has actually N = 2
fermionic symmetry generated by the holomorphic and the anti-holomorphic parts of
(5W, ie. 6W = s + §. Geometrically, we can interpret § as the Dolbeault cohomology

operator on .Z. Then, the N = 2 version of the topological action may be written as
S =s5By . (1.2)

In the first part of this paper, we study TYMT on compact Kihler surfaces with
N = 2 fermionic symmetry. In Sect. 2, we briefly sketch Donaldson theory and the
TYMT of Witten in order to make this paper reasonably self-contained and to set
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up notations for the later sections. In Sect. 3, we construct the N = 2 TYMT on
compact Kihler surfaces. After a short discussion on the anti-self-duality relative
to Kéhler form, we show that the theory has N = 2 fermionic symmetry thereby
deriving the corresponding algebra. We construct topological actions and study zero-
modes of fermionic fields which naturally represent the cohomology structures of
. In Sect. 4, we study topological observables and their correlation functions which
can be interpreted as the Donaldson invariants on compact K#hler surfaces. As an
example, we show that one of the correlation functions can be identified with the
symplectic volume of the moduli space under some favorable conditions. This may
be compared with the differential geometrical approach of Donaldson (sketched in
p- 294-295 of [2]). Note that the main application of Donaldson’s original work [2]
was to the differential topology of complex algebraic surfaces. This is because, over
compact Kdhler surfaces, one can use algebro-geometric techniques which enhance
the computability of the invariants. Although it is not clear that our treatment will
lead to some explicit expressions for the invariants, we may hope to illuminate our
understanding of Donaldson theory in the field theoretical interpretation.

Recently, Witten obtained a general expression for the two-dimensional analogue
of the Donaldson invariants [4, 5]. In the second part of this paper, we discuss some
analogies between the N = 2 TYMT on compact Kéhler surfaces and the TYMT on
compact Riemann surfaces (Sect. 3 of [5]). In Sect. 5.1, we study an N = 2 version
of the TYMT on compact oriented Riemann surface as a straightforward application
of the techniques developed in the first part of this paper. In Sect. 5.2, we give a
basic description of Donaldson’s algebro-geometrical approach to his invariants [2].
In Sect. 5.3, we suggest that the non-Abelian localization formula of Witten [5] can
be applied to Donaldson theory on compact Kéhler surfaces.

‘We understand that Galperin and Ogievetsky studied a TYMT on compact Kihler
surfaces, as well as the hyperKahler case, with extended fermionic symmetry [6].
Their construction is based on the twisting of the N = 2 super-Yang-Mills theory [1].

2. Preliminary

In this section, we will briefly sketch the Donaldson invariants [2] and the TYMT
of Witten [1]. A comprehensive exposition of Donaldson theory can be found in [7].
It will be also useful to consult with [8]. A detailed introduction of topological field
theories in general can be found in [9].

2.1 Sketch of the Donaldson Invariants

Let M be a smooth oriented compact Riemann four-manifold and let E be a vector
bundle over M with a reduction of the structure group to SU(2). Let Ad(E) be the
Lie algebra bundle associated to E by the adjoint representation. The bundle E is
classified by the instanton number k = (c,(E), [M]). Throughout this paper, we will
assume that k is strictly positive. Let .4 be the space of all connections on E and
& be the group of gauge transformations. Since any two connections differ by an
element of Ad(F)-valued one form, . is an affine space and its tangent space T4
consists of Ad(F)-valued one form on M. We define a quotient space % = .4/%,
the set of gauge equivalence classes of connections. We also introduce .#* = 4*/ %,
where _4* denotes the space of irreducible connections. Due to Atiyah and Singer
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[10], there exists an universal bundle E over the product space M x .%* as an adjoint
bundle. Let A™™(M x .%*) denote the space of Ad(E)-valued m-forms on M and
n-forms on .%* respectively. Let .# be the total curvature two-form, which can be
decomposed into components

FO=dA+ANA,
Fhl=6 A, (2.1)
02 __
Fm==Gylé, A, 6, Al
where G, = (dy xd,)~" and § ;A Tepresents tangent vectors on .Z*, i.e. §, A is the
horizontal projection of the Ad(E)-valued one-form 6§ A (d*AéHA =0).

One can interpret the operator 6H as the exterior covariant derivative (the horizontal
part of exterior derivative § on %) on .%Z* [11],

dy: ANM X L) — ATENM X B

. 2.2)
6H  A™MM x B — A™TNM x B .
Then, one can find that
s A=F s T = —d, 7, 5.7 =0. (2.3)

Note that 6, is nilpotent up to a gauge transformation generated by .7 %2, i.e.
63114 = —d 47 %%, Provided that 6 ,, acts on gauge invariant functionals, 6, can be
interpreted as the de Rham cohomology operator on .%*. That is, 6H is an operator of
the equivariant cohomology. The de Rham cohomology classes on .%* can be easily

1
constructed from the characteristic class ¢,(E) = @Tr? 2 which is a closed form
of degree 2 on M x .5,

(d+ 6@#"&%2 =0. (2.4)

We expand c,(E) as follows;
4
T2 ="+ where T € APYT(M x B, (2.5)

and define W, = f W4~ NO,_, for a harmonic 4—7 form O,_,. on M. Equation
2.4) shows that W, 4 " is an element of de Rham cohomology classes on .5*,

s WAT=0, W eHY(%), (2.6)
which depends only on the cohomology class of O, _, € H*~"(M). In the Poincaré

dual picture, one can define W, 4" = i %f4“r in terms of a r-dimensional homology

Y
cycle Y, which is Poincaré dual to O,_,.

Let . be the moduli space of ASD connections — the set of gauge equivalence
classes of ASD connections. For a given ASD connection A, a neighborhood of the
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point [A] in the moduli space . of ASD connections should satisfy the following
equations;
FY(A+6A)=d A+ (FANSAY =0,

. Q.7
A(SA = 0 y

where F'* denotes the self-dual part of the curvature and x is the Hodge star operator.
The second equation in (2.7) restricts the infinitesimal variation § A to the direction
orthogonal to the pure gauge variation. The linearisation of Eq.(2.7) gives rise to
an elliptic operator § , = d @ d* which leads to the instanton complex of Atiyah-
Hitchin-Singer [12];

0 — A%Ad(E)) 24 A'Ad(E)) 4, AZ(Ad(B)) — 0. (2.8)

The cohomology groups of this elliptic complex are
HY=Ker A", A=did,,
HY =Ker A',  A'=d,dy +di*d}, (2.9)
Hi=Ker A*, NA’=did}",

where b’y = dim H®, denotes the i-th Betti number. The zeroth cohomology is trivial
when A is irreducible and the first cohomology group can be identified with the
tangent space at [A] on .Z. The singularities in . arise if h% # 0 or k% # 0. The
formal dimension of .Z, for a simply connected M, is given by the index of the
instanton complex,

ind(6,4) = by — Y — 1% = 8k — 3(1 + bH(M)) , (2.10)

where b (M) is the dimension of the self-dual harmonic two-forms on M.

Let M be a simply connected, oriented 4-manifold. Then, the essential cohomo-
logical data are contained in H2(M). Thus, we have a de Rham cohomology on
B,

1
W2 = — /Tr (370’2&72’0 + izt /\?“) NO,, @.11)
472 2
M

which depends only on the cohomology class of O, € H*(M) or on the homology
class of X' € H,(M) which is Poincaré dual to O,. Equivalently, W,* defines the
Donaldson p-map, p(X). The basic idea of Donaldson is to use the moduli space
A of irreducible ASD connections as a fundamental homology cycle in order to
evaluate a cup product of the cohomology classes p(X;) for X, € H,(M),

(UZ) U U (), L) (2.12)

In order to have a differential topological interpretation of the above pairings, further
specifications are required. That is, the moduli space .Z* should be a smooth oriented
2d-dimensional manifold and should carry fundamental homology classes. According
to a theorem of Freed and Uhlenbeck [13], the moduli space .Z* of irreducible
connections is a smooth manifold with the actual dimension being equal to the formal
dimension for a generic choice of Riemann metric on M. It is also known that there
is no reducible instanton for b*(M) > 1 [2]. For an odd b*(M) = 1 + 2a, the
dimension of the moduli space is even, dim.Z* = 2d = 4k — 3(1 + a). Donaldson
also proved the orientability of the moduli space [14]. The next and the most important
condition is to understand the compactness properties of .Z* so that one may define
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the fundamental homology classes. In practice, the moduli space is rarely compact
and this is the main subtlety in defining the Donaldson invariants. However, there

is a natural compactification T of M [15, 16]. One may extend the cohomology

classes u(X,) to the compactified space and try to evaluate their cup products on .Z .
For a large enough & (or for the stable range 4k > 3b* (M )+3), the compactified space
carries a fundamental homology class. In this way, we have a well defined pairing. It
is more convenient to work in the Poincaré dual picture of (2.12). Donaldson showed
that one can arrange codimension 2 cycles VEz — which represent the cohomology

classes pu(X;), on .Z* so that the intersection
MOV, NNV, (2.13)

is compact in the stable range. The Donaldson invariant is defined by the intersection
number of (2.13);

Qs (005 5,) =827 0O Vg, N NV ), (2.14)

which is an invariant of the oriented diffeomorphism type of M.

2.2 Witten’s Interpretation and Generalization

The TYMT in a special limit can be viewed as an integral representation of the
Donaldson invariants. If we denote /I/I\/f ~7 to be the restriction of W,*~" on .Z* to
#*, the Donaldson invariants can be represented by an integral of wedge products
of the cohomology classes WT““” € H* " (#*) over %,

[ W, A AW, T (2.15)
A*

k
which vanishes unless > (4 — r,) = dim(.Z*). Of course, we should have some
i=1
concrete procedure to obtain W,*~" from W,*~.
The basic idea of the TYMT is to introduce a fermionic symmetry 6W and basic
multiplet (A, ¥, ®) with the transformation law analogous to (2.3),

§,A=W, § W=-d®, §P=0. 2.16)

Geometrically, Witten’s fermionic operator 6W corresponds to 6H. One can construct
a 6W -invariant action after introducing additional fields such that the fixed point locus

of the fermionic symmetry (6W -invariant configuration) is the moduli space of ASD
connections. An appropriate action may be written as

Sy =6 <%/Tr [-%/\(H+F+)+q§(d“w+a;&n> , 2.17)
M

where the self-dual two-forms (2", H) (as well as the zero-forms (&, ) are
analogous to the antighost multiplet for the anti-self-duality constraint, F'* = 0,
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(and those for the Coulomb gauge condition d , * ¥ = 0 respectively) in the usual

BRST quantization,
5W45=g, 6WQ=[45,45],

(2.18)
§,%=H, §H=I[%2].

This transformation law can be deduced from the property that 6W is nilpotent up

to a gauge transformation generated by & in the basic multiplet, i.e. 62, A = —d 4.
These properties allow one to interpret the TYMT as a BRST quantized version of
an underlying theory with topological symmetry [17-21]. We introduce a quantum
number U, analogous to the ghost number of BRST quantization, which assigns the
value 1 to 6W and (0,1,2,-1,0,-2,-1) to (A,¥,$,.%", H,®, %). Note that the U
numbers of the basic multiplet (A, ¥, ®) can be interpreted as the form degrees on
%* in the universal bundle formalism.
For o = 0, we find

Sy =ﬁli /Tr [—H AH + F) = 2 AN(d0) + 218,27
M

+ Ydy*xW —D(dy xdy D+ [V, xP])] . (2.19)
We can integrate H out by the Gaussian integral or by setting H = —%F+. The
resulting action is §  -invariant if the £ transformation is modified to 6.%" = —%F+.

In Witten’s interpretation, the instanton cohomology groups are realized by the zero-
modes of the fermionic variables (%, ¥, %),

d, 7 =0, W =div=0, d*% =0. (2.20)
For an example, the .4 and &/ equations of motion
(d, )t =0, dyx¥ =0, (2.21)

show that a zero-mode of ¥ represents a tangent vector on the smooth part of instanton
moduli space. The number of the non-trivial solutions of (2.20) for (/,V¥,.%") are
equal to (h%,hY,h%). Note that the U numbers of %, ¥ and .%" are —1, 1 and
—1 respectively. Thus, the formal dimension of .Z is just the number of fermionic
zero-modes carrying U = 1 minus the number of fermionic zero-modes carrying
U = —1. If there are no % and %" zero-modes, ./ is a smooth manifold with the
actual dimension being equal to the number of ¥ zero-modes. The & integral leads
to a delta function constraint,

B = —G L[, *¥], (2.22)

which coincides with the universal bundle formalism (2.1).

Geometrically, observables of the TYMT correspond to the de Rham cohomology
classes Wr“_r on .%* [11]. Correlation functions of observables can be formally
written as

<WT]4—T1 .. .er“—rk)
1
vol(¥%)

/ (D X)exp(—=Sy)W, * - W, 4T (2.23)
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Due to the fermionic symmetry, the path integral of the TYMT is localized to an
integral over the fixed point locus,

6,% =0, 6,¥=0, (2.24)
which is the instanton moduli space and the space of ¢ zero-modes, modulo gauge
symmetry. The localization of the path integral to an integral over the fixed point
locus is a general property of any cohomological field theory [22]. Equivalently, the
semiclassical limit, which can be shown to be exact, of the path integral coincides with
the above localization. If there are no reducible connections, the path integral reduces
to an integral over the moduli space .Z* of irreducible ASD connections. Provided
that there are no %/ and %" zero-modes (that is, h and h2 ‘4 vanish everywhere), the
path integral (after integrating out non-zero modes) reduces to an integral of wedge
products of closed differential forms on .Z*,

<Wr14_rl T er4_rk> = / /WT14_T1 ARRRRA er‘*—’"k ’ (225

.//é*

This is the integral representation (2.15) of the Donaldson invariants !. The cohomol-

ogy classes W 4=Ti on ./* can be obtained from W, 4" after replacing F by its
instanton value v by its zero-modes and & by the zero- “mode parts of its expectation
value,

(@) = — / G 4, x0] . (2.26)

M

Clearly, the integral (2.25) will vanish unless the integrand is a top form on .Z*,

k

34 — r,) = dim(.#"). Or, because the path integral measure has ghost number
i=1

anomaly due to the ¥ zero-modes, Eq. (2.25) will vanish unless we insert an
appropriate set of observables with net ghost number being equal to the number
of ¥ zero-modes.

One can see that the noncompactness of the moduli space may make the topological
interpretation of Eq. (2.25) problematic 2. It is also unclear how the compactification
procedure can be implanted in the field theoretical interpretation. However, we should
emphasis here that the viewpoint adopted in this subsection is just a recipe to evaluate
the correlation functions under favorable situations. It is important to note that the
energy-momentum tensor of the TYMT is § ,y “eXact,

T B = 6W>\O‘:B . (2'27)

It follows that the correlation functions of the TYMT give the Donaldson invariants,
which are valid regardless of whether the instanton moduli space exists and what
properties it has [1]. In order to appreciate the real virtues of the TYMT, however,
considerable progress in our understanding of quantum field theory may be required.

I See the four-steps (p. 381-383 in [1]) for the precise meanings
2 This is briefly discussed in [23]
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3. N = 2 Topological Yang-Mills Theory

Let M be an n complex dimensional compact Kihler manifold endowed with a Kihler
metric. Picking a complex structure on M together with the Kéhler metric, one can
determine the Kihler form w. Let £2 be the space of (real) two-forms on M. Using
the complex structure and the Kihler form on M, one can decompose 22 as

P=R o2, 3.1

where
Q_Z'_ — 02,0 + 00,2 + ‘in’l ,

0 — Qll t 3.2)
We denote Qi;l to be the space of (1,1)-forms which is parallel to w and Qil to

be the orthogonal complement of !23;1. For an example, an element o of .Q}r can be

written as @ = a29 4+ a®? 4+ ofw where a®? = o290 and o0 is a real zero-form. For

n = 2, the decompositions (3.1) and (3.2) are identical to the decompositions of the
space of two-forms into the spaces of self-dual and anti-self two-forms. Let F be
a vector bundle over M with reduction of the structure group to SU(2). Let .Z be
the space of all connections on F and & be the group of gauge transformations on
E. We can introduce a moduli space .Z as the subspace of .Z = .4/% cut by the
following equations;

F2%4)=0, FO2(4)=0, AFbY Ay =0, (3.3)
where A is the adjoint of the wedge multiplication by w
A P9 — gpbal (3.4

In particular, the action of A on a (1, 1)-form measures the component parallel to w.

Behind the simple equation (3.3), there is a beautiful theorem of Donaldson-
Uhlenbeck-Yau [24, 25], which generalize a theorem of Narasimhan-Seshadri [26]
(see also Atiyah-Bott [27]), on the stable bundles: An irreducible holomorphic bundle
& over a compact Kéhler manifold is stable if and only if there is an unique unitary
irreducible (Einstein-Hermitian) connection [28] on & with AFL! = ¢ x I «» Where ¢
is a topological invariant depending only on the cohomology classes of w and ¢,(&)
and I, is the identity endomorphism. Note that each solution of Eq. (3.3) lies in
the subspace AL consisting of connections whose curvatures are type (1, 1), of .Z.
Thus, one can associate a holomorphic vector bundle &, for each solution A. We can
introduce the moduli space of holomorphic vector bundles as a set of isomorphism
classes of holomorphic vector bundles. The moduli space can be identified with the
quotient space 21!/ %C, where & denotes the complexification of ¥. By the
theorem of Donaldson-Uhlenbeck-Yau, one can identify .Z* with the moduli space
My C AV T of stable holomorphic vector bundles 3. For instance, the moduli
space of irreducible ASD SU(2) connections is isomorphic to the moduli space of
stable SL(2, C) bundles. The moduli space of irreducible flat SU(2) connections over
a compact oriented Riemann surface X' is also isomorphic to the moduli space of
stable SL(2,C) bundles over X.

Though the material in Sect. 3.1 and in the later sections are generally valid (after
slight modifications) on an arbitrary dimensional compact Kéhler manifold, we restrict
our attention to n = 1,2 cases because we do not know the full details of the moduli
spaces otherwise.

3 See chapter 6 in ref. [7] for details
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3.1 N =2 Algebra

It is straightforward to obtain the /V = 2 algebra from the basic <5W algebra using the

natural complex structure on % induced from M. Picking a complex structure J on
M, one can introduce a complex structure J , on .7,

J,SA=J6A, SAeT. 4, (3.5)

by identifying T'°.% and T%! % in T.4 = T'_# & T%' # with the Ad(E) valued
(1,0)-forms and (0, 1)-forms on M respectively. One can also introduce a Kihler
structure & on % given by

o= 1 /Tr((SAA(SA)/\w"“I . (3.6)
82

M

Note that the complex structure J , can descend to 4/ % while the Kihler structure
@ does not in general.

Now we turn back to the universal bundle in Sect.2.1. Using the complex
structures J and J ,, we can decompose A™AM x FB*) into APOTS(M x B,
for m = p+ q, £ = r + s. In terms of the form degree, one can decompose .% L1 ag
FUl = F L0 4 gOLL0 4 ZLOL0 4 71001 The fact that # 1! = § A (2.1) and
the specific choice of the complex structure (3.5) lead to % 1! = #1010 4 g7 0.1,0,1,
To see this more explicitly, we introduce the following decompositions of the exterior
covariant derivatives d, and 6H;

where
Oyt APITS(M x B — Ap“*q’r’s(M X B,
5,4  APDTS(M x B — Ap’q“’r’s(M x B,
6}’{ C APITS(M X B*) — APDTYLS (M F*Y,

6;; D APDTS(M x BF) — APTTSTHM < B |

(3.8)

Let A= A’ + A” be the decomposition of A into the (1, 0) part A’ and the (0, 1) part
A", then we have §,_A = & A'+ 6" A”. The curvature two-form .7 0.2 on #* can be

decomposed into its (2,0), (1, 1), and (0, 2) components ¢, ¢ and @. According to our
choice of complex structure *, one can see that the only non-vanishing component is
®.

Now we can deduce the N = 2 algebra from the decompositions of the basic &
algebra, Eq. (2.3), according to the above structures. Introducing the decompositions

4 The Hodge star operator * maps a r-form on M into 2n — r-form
%1 QT(M) — 2PT(M)
and #* = 1. Note that * maps a (p, ¢)-form on M into (n — ¢,n — p) form
w1 QPAM) — QPTONTP(M) .
From the definition of . %2 in Eq. (2.1), it follows that .77 %2 is type (1, 1) on .5*.
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6, =s+8 ¥ =1+ and & = p, one can find that

sA' =1, sy =0,
§AI=0, §¢=—8 ) Sp=0,

, N 5 (3.9)
sA" =0, s =—0,0, sp=0.

sA" =1, 59 =0.
We introduce another quantum number R which assigns values 1 and —1 to s and to
§ respectively. Note that both s and § increase the U number by 1 since they are the
decompositions of §, . Geometrically, the fermionic operators s and § correspond to
6}’1 and &” respectively. Then, a (p, g, 7, s)-form on M x %* has the U number r + s
and the 1 number r — s.

One finds that s and § are nilpotent and anti-commutative with each other up to a
gauge transformation generated by ¢

=0, (S+85)A=—dup, §=0. (3.10)

Geometrically, the operators s and § can be interpreted as the Dolbeault cohomology
generators on %, provided that they act on a gauge invariant quantity. An arbitrary
gauge invariant quantity « in the form o = s§0 is invariant under the transformations
generated by both s and §. An s and §-closed form « is automatically 6W -closed;

sa=§a=0—>(s+§)a=6wa=0. 3.11)
On the other hand, the converse of the above relation,
§Wa=0—>soz:§a=0, or sa=0+—38a=0, (3.12)

is not generally valid, because the Kihler structure (3.6) on .Z does not descend to
4 in general. However, this is not a real problem because the configuration space
of the TYMT is, due to the localization of the path integral, the moduli space of the
ASD connection which has Kihler structure. Furthermore, the failure of Eq. (3.12)
simply means the failure of the Hodge decomposition theorem [29];

H' (B # Y HPUEB"). (3.13)
pt+q=r

Anyway, we can define the Dolbeault cohomology of .%Z* by the § operator, which
satisfies the Hodge decomposition after restriction to .Z*. In Sect. 4.1, we will see
that there is an important set of elements of the Dolbeault cohomology of .%Z* which
are both s and § closed.

To construct an action, we need to introduce more fields to impose the anti-self-
duality relative to the Kahler form,

F20—0, FO2 =0, AFM =0, (3.14)

From the relations (3.10), one can establish the following general transformation rules
for an anti-ghost 7 and its auxiliary fields %, %

s =%, sH =87 =0,
57 =%, SH =87 =0, (3.15)
(8 +385),7 =S +5% = [p, 7] .
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We introduce a self-dual two-form B with (U, R) = (—2,0) which is the anti-ghost for
the constraint (3.1). We also introduce the auxiliary fields —x and ) — self-dual two
forms carrying (U, R) = (—1,1) and (U, R) = (—1, —1) respectively. From (3.15),
we have
sB=—x, sx =0,
§B=x, sx=0, (3.16)
S)Z_EX = [@»B] .
Due to the redundancy in the last relation, we can introduce one more auxiliary field

which can not be uniquely determined. We choose H = sy — %[(p, B, a self-dual two
form with (U, R) = (0,0). Then, one can find that

sx = H + 3lp, Bl sH =3[, X1,

i : ] T (3.17)
sx =H — 3le,B], SH = 5[p, X1 -

If we interpret x and ¥ as the decompositions of .2~ according to the R number,
2 = (x + %)/2, our choice leads to

S+82 =H, (s+3H=I[p, 2], (3.18)

which coincides with the N = 1 algebra (2.18). But the anti-ghost B and the
commutator %[cp,B] in (3.17) have no counterparts in the N = 1 algebra. The U
and the R numbers of the all fields introduced in this subsection can be summarized
b
g Fields A" A" ¢ ¢ ¢ B x «x H
UNumber 0 O 1 1 2 -2 -1 -1 0. (3.19)
RNumber 0 0 1 -1 0 O 1 -1 0

3.2 N =2 Actions

Let M be a compact Kihler surface with Kéhler form w. The action for the N = 2
TYM on M can be written as
S =ssBy, (3.20)

which is a natural N = 2 version of Witten’s action (2.17). The unique choice of By
with (U, R) = (=2, 0), so that the action has (U, R) = (0,0), is

1 _
BT=/ﬁT=—ﬁ/TT[B/\*F+X/\*X]~ (3.21)
M M
Note that the self-dual two-forms B, x, X, H can be written as
B=B* 4 B 4 B, ¥ = x*° +x*% + x'w ,
2,0 0,2 0 20 4 <02 0 (3-22)
H=H"+H"+Hw, X=X"+X"+Xxw,

which give rise to

1
BT = — ﬁ /Tl' [32,0 A *F0’2 + B0,2 A *FZ,O + X2,0 A *5(0’2

02 A 20 4 <B°f+ Xoio)wz} , (3.23)
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1P = JAFY. From (3.9), (3.16), (3.17), (3.20) and (3.23), we find that

1 o
S == / Tr [—szo A (HO? + FO2) — HO? A s (H2O 4 F20) — x>0 A %8 ,9)

= X7 A x40 = [0, XV A X2 = [, XTI A #22° + 3L, BT A+ FO?

_ %[% BY? A «F20 4 %[30, BYY A x[p, BY?] — (HO (H*+ f)

+3%°40,0 + 1X° 40,49 + [0, X1X° + 3, BYVf — 310, B

— 1B (0,8, + [, @]))wz] : (3.24)

where we have used 0,0,¢ = [F®?,¢]. We can integrate out H>9, H*? and H°

from the action by setting H = ~%F+ or by the Gaussian integral, which leads to a
modified transformation law

00 = 1P 4 Lo, B2, 50 = 120 iy B2,
{07 = =3 F% 4 30, B, s = 30 —5lp, B¥],  (3.29)
SXO:—%f—]—-%[(p’BO]’ on_%f__zl'[SC%BO]

W

wi

One can see that the locus of s and § fixed points in the above transformations is
precisely the space of ASD connections. Due to the localization principle of the
cohomological field theories [22], the path integral reduces to the integral over the
locus of the s and § fixed points, sy = §x = 0, s¢» = §1 = 0, which is the instanton
moduli space with the space of ¢ zero-modes (d ,¢ = 0).

Note that the terms Tr (—%[ap, BIAxF + :Il[go,B] A *[cp,B]) in the action can

be dropped without changing the theory, since: i) they do not change the fixed
point locus; ii) the first term vanishes at the fixed point locus; iii) the B> and
B%?2 equations of motion are trivial algebraic ones; iv) they do not contribute to the
BY equation of motion, provided that the theory localizes to the fixed point locus.
The terms containing the commutator, [, B], are trivial because the commutator
is originated from the gauge degree of freedom in the anti-ghost multiplet, as
we can see from Eq.(3.16). However, another type of gauge degree of freedom
appearing in the basic transformation law (3.9) should be maintained since we are
dealing with the equivariant cohomology. In our action functional, it gives a very
important term, %Tr B°A (8 1040 + [w,d_}]) w?, which leads to the B° equation of
motion,

105040 + AlY, ] =0, (3.26)
where we have used the Kihler identities;

0% =i[A,8,], 0% =—ilA,8,]. (3.27)
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Now we can choose a simpler transformation law for the anti-ghost multiplet by
dropping the [¢, B] term in Eq. (3.16),

sB=—x, sy =0, sy=H , sH =0, (3.28)
§B =y, sy =0, sy =H, SH=0. )
The corresponding action is

1 2,0 0,2 0,2 0,2 2,0 0

Szﬁ/Tr[—H Asx (H? + FO?) — H%? A s (H?O 4 F20)
M

+ B2 A [ F20 o] — x*O A %0 40 — 2% A *0 9

- (HO (H®+ f) + 3804049 + 3x°A0 49

— %BOA (04040 + [¢,1Z])>w2] . (3.29)

One can easily check that this action is equivalent to the original one. We can also
consider the simplest possible action of the N = 2 TYMT by discarding the Tr x A*¥
term from Eq. (3.21) and using the transformation law (3.28),

1 - -
S:_f? /Tr [_HZ,OA*FO,Z _ HO,2 /\*F2’0+Bz’0/\*[F270,80] _ XZ,O/\*aA,d)

~ X A0 40 — (Hof + %XOASAQZ’ + %XOABA@Z’
— 3B A (8,00 + [zﬁ,zﬁ]))aﬂ] . (3.30)

The localization of this action to the moduli space of ASD connections is provided by
the delta function gauges instead of the fixed point argument. It is a typical property
of general cohomological field theory that there can be different realizations of the
same theory.

3.3 Fermionic Zero-Modes

Now we will discuss the geometrical meaning of the zero-modes of the various
fermionic fields (1, ¥, x*°, ¥>%, x, X)- Let &, be a holomorphic structure induced by
an ASD connection A. Let End’(%,) be the trace-free endomorphism bundle of &.

The x>°, %2, x°, and ¥° equations of motion (up to gauge transformations) are

Db =0, O=0, Ad,p=0, A0 =0. (3.31)

Using the Kihler identities (3.27), one finds that a zero-mode of /) becomes an element
of the (0, 1)-th twisted Dolbeault cohomology group of End’(% A)»

H"' ={9,0=0 and J%¢ =0}. (3.32)
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The geometrical meaning of the zero-modes of v and 1), which are the non-trivial
solutions of Eq.(3.31), can be easily understood as follows ([3] and Chap. 7.2 of
[28]); for a given ASD connection A = A’ + A",

FX4h =0, F%24" =0, AFUYA Ay =0, (3.33)
an infinitely close instanton solution A 4+ § A (after linearizations) should satisfy
F0(A" + 64 ~ 0,64 =0,
FO2(A" + §A") ~ 564" =0, (3.34)
AFVYA 4 647 A" + 6A") ~ A(D,6A" +0,6A")=0.
In addition, we require §A to be orthogonal to the pure gauge variation,
WA=0, (3.35)

so that a §A satisfying (3.34) and (3.35) represents a tangent vector at A on .Z.
Using the Kéhler identities (3.6), one can rewrite (3.35) as

A0 46A" —8,6A"y=0. (3.36)

Combining (3.34) and (3.36), we can see that the zero-modes of v and 1) are
holomorphic and anti-holomorphic tangent vectors, respectively, on the smooth part
of _Z. Thus, we have .
HY ~HY! | Yy = 2n%' | (3.37)

where h? = dimH*(End*(&),)).
One can also find that the zero-modes of x>, x%2, x° and x° satisfy the following

equations (the v and 1) equations of motion);
a* 2,0 + Za 0 — O ,
jax Toax (338)
82)27 —Z@A)_( :0,

with obvious relations 8 ,x*° = 0,%¥%* = 0 coming from the dimensional reasoning.
Note that a self-dual two form « satisfies [3]

dya = 030*° + 840" 40,0 — 9,00 . (3.39)

If A is an ASD connection’, we have

ol = 03020 +|350%2 + |d 400 (3.40)
Thus, Eq. (3.38) reduces to
I =0,"=0, X" =0,x"=0. (3.41)

In particular, a zero-mode of ¥%? is an element of the (0,2)-th twisted Dolbeault
cohomology B B
H*? = {9,x** =0 and 93x"* =0}, (3.42)

and a zero-mode of X° is an element of HY.

An important point is that the zero-mode of the fermionic field ) and those of
x are always accompanied by their counterparts, i.e. the zero-modes of 7 and ¥
respectively. Thus, the net violation of the R number by the fermionic zero-modes is

5 Similar equation is also valid for an EH connection on a compact Kéhler manifold
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always zero, while the net violation of the U number by the fermionic zero-modes
is equal to 2(h*! — h% — h%?). That is, the half of the net U number violation is
identical to the number of 1) zero-modes minus the number of X° zero-modes minus
the number of ¥*2 zero-modes.

The various fermionic zero-modes of the N = 2 TYMT naturally realize
the cohomology group of the Atiyah-Hitchin-Singer and Itoh’s instanton complex
3, 1216,

+

0— AdE) 4 2YAdE) A 2@AdE) — 0

| | | (3.43)

0 — QOOEN(£,)) 24 00 End® (%) 2 292(End"(%,)) — 0.

The first elliptic complex is the original Atiyah-Hitchin-Singer instanton complex
(Eq. 2.8) and its cohomology H% (with h% = dimp H%)) was given by Eq. (2.9). The
second one is the twisted Dolbeault complex of End’(& ) and its cohomology group
was denoted by H*¢ (with h®? = dimH?)). Then (Theorem 7.2.21 and Eq. (7.2.29)
in [28]), we have

HY®C~H, hY =h"",
HY ~H" hly = 2n%! | (3.44)
Hi~H"” e HY , h% = 2n%2 + A, .
In particular,
dimg (%) = hYy — % — h% = 2(h®! — p% — h0?). (3.45)

Thus the formal (real) dimension of the moduli space is identical to the net violation
of the U number by the fermionic zero-modes, i.e. the U number anomaly. Note that
there are no zero-modes except ¢ and v pairs if and only if the cohomology group H 31
is trivial. Then, the moduli space is a smooth Kéhler manifold with complex dimension
being equal to the number of i) zero-modes. For example, if we consider a simply
connected compact Kiahler surface with a strictly positive geometric genus p (M) > 0.
From the the formula b (M) = 1+2p o (M), we have b+*(M) > 3 and, then, it is known
that there are no reducible instantons for a generic choice of metric. It is also known
that for a large enough integer k, the second cohomology group vanishes at least over
a dense subset of ./Z*, or for a dense set of stable bundles ¢, the cohomology group
H%? vanishes [2]. Then, the generic part in the instanton moduli space is a smooth
Kihler manifold with complex dimension, dimq (%) = 4k — 3(1 + pg(M ).

Finally, we note that the zero-modes of bosonic variables A, ¢, B® do not
contribute to the U number violation in the path integral measure. This is because
the numbers of  and B° zero-modes are the same, each arising from a reducible
connection, while they carry the same U numbers up to sign. Thus, the U number
anomaly is an obstruction to having a well defined path integral measure, which
should be absorbed by inserting appropriate observables [1].

6 The generalization to the moduli space of EH connections on a compact Kihler manifold was

studied by Kim [30]. See also Chap. 7 of [28].
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4, Observables and Correlation Functions
4.1 Observables

From an obvious s and § invariant % 02’2 = %Tr ©?, which are gauge invariant and
metric independent ’, one can find the following topological descent equations;

Wy Sy T O T+ O, T =0, 4.1

where we generally denote %, 587 % as an «a, B-form on M and (p, 6) form of .% and

all the indices are positive (that is, 7, ﬂ”’ with negative indices vanish in the above
equation), « + 8+ p+ 6 = 4 and «, /6, p,6 =0, 1,2. Explicitly,

W 2,2 = -Tr( 2) y 7,
0,0 7 Iy W O =Tr(pFY + ¢ A1),
PP = Tr () !
10 g ’ w 0,1 _ Tr(l; A F2,0) s
Dy 2 = Tr () !
01 " =1rwe), 2,0 = b
Wy, =Te(p NFDY)

20 1
T =W AY), Y, =Te@AFYY

Wy b = Tr(pF>% ,
2,0 (QO ) %2170 = Tr (’I/J A FO,Z) ,

Yy, 0.2 — lTr ) A ) )

%szl 1 2 (15;02711) %20,0 — Tr(F0’2 A 20 + %Fl’l /\Fl’l) ,

< k) — Tr((p 5 ) 3
0,2 ,

“4.2)

and all the other components vanish. Note that Egs. (4.1) and (4.2) can be combined
into a single identity,

O+d+s+ s)%Tr(F2’0 +F2 L FY oy p+ ) =0. (4.3)

Let
Wa,ﬂp 47‘(2 ‘/%ﬁp’ /\02 a2—f3 4.4)

where O, ,, 45 € H?~2=B()M) denotes a harmonic (2 — «,2 — [3)-form on M.
Equation (4.1) gives
Swp’qr,s + st,qr+l’3_1 =0 , (45)

where we have used the condition that M is a compact Kihler surface. Because .7,
in general, do not have Kihler structure, Eq. (4.5) does not imply that every W, 5* é
is both s and § closed. For an example,

1 = -
s, 0! = ~3 /Tr(@Ago ANF> +h NO4p) A Oy #0. (4.6)
M

If we restrict W, ,™* to .Z*, all of them are both s and § closed due to the Kahler
structure on .#*. In quantum field theory, however, it is unnatural to use a quantity
which is invariant only on-shell as an observable, though it is not entirely impossible.

7 Our particular choice is that our main interest in this paper is the SU(2) invariants [1]. We can
consider a general invariant polynomial in ¢ obeying all the criterions for a topological observable.
And, the basic results discussed below can be applied without modifications
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We can find a set of well defined topological observables,

1
VVO,O22 81 ) /Tr(‘P )Ozza
M

/TY(WP)/\Olz )

M

2,1 __
WI,O 4 A2

1
WO,ll,z o — /Tr (’(ﬁgo) A 021 s @.7

M

1
W= o /Tr(goFl "y ADAO
M
1
2,20,0 - Z/Tr(FOZAF20+ FII/\FII)
M
Using the Bianchi identity, d 4 /'y = 0, and integration by parts, one can see that they
are both s and § closed. Geometrically, an observable Wp qr $ is an element of the
(r, s)-th Dolbeault cohomology group on .%*, w,,”*€H" $(.%*), which depends
only on the cohomology class of O,_,, ,_, in M. Finally, we note interesting descent
equations among % ,>*, 7, " and %5 ,°7,

S8 Tr(pF"! + ¢ A ) = 00 Str(¢?)

- _ (4.8)
S8 Tr (FO2 A F20 4 SFV A FYY = —00 Tr(F" + v A ) .

4.2 Correlation Functions

In principle, we can give formulas for the Donaldson invariants on an arbitrary
compact Kéhler surface for an arbitrary compact group. Following the manipulations
developed by Witten, we can formally show that the correlation functions of the
N = 2 TYMT are topological invariants in general circumstances. It is crucial to
prove that the energy-momentum tensor 7,5 defined by the variation of the action

under an infinitesimal change of the Kdhler metric gaﬁ_ — go‘[’ + 6go‘5 s
1 _
8S = 3 / VI69*° T, 5, 4.9)
M

is a s and § exact form
T3 =58\, - (4.10)

The above relation is an immediate consequence of (3.20), if the variation operator

6/6g*F commutes to both s and § off shell. The only subtlety here is that the various
anti-ghost and auxiliary fields B, x, ¥, H are subject to the self-duality constraint
(3.22) which must be preserved after the deformation of the metric [1]. Clearly, the
variations of B, X, X, H come only from their (1, 1) components, which should remain
parallel to the new Kahler form associated with the deformed Kéhler metric [6]. Thus,

an arbitrary change 69“5 in the Kidhler metric must be accompanied by

g“P6H 5 = —H,369°" . @.11)
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We have the same relations for X,3, X, and B, ;. One can easily see that § / 69‘1[;

commutes to s and § off shell. Consequently, we have

3 2 6
af _ s\ - =

T =s8)\,5 Aaf = ﬁégaﬁﬁT . 4.12)
Now it is an easy exercise to show that the correlation functions of the observables
are topological invariants by following essentially the same manipulation as given in
Sect. 3 of [1]. Here, we will only note the ghost number anomaly. Recall that the
action (3.24) has two global symmetries generated by U and R charges at the classical
level. If the formal dimension of the moduli space is non-zero, we have an U number
anomaly because the net U ghost number violation AU coincides with the formal

dimension. Let { Wpi’qz’"i’si} be the general topological observables which can be

I . .
constructed from % ,**?* = STr?*. Then, a correlation function

¢ ¢
ST —-9). Ti,8i
<HWpi,qz >— ol D) / (ZX)exp(~5) il;[leuqi : (4.13)

i=1

¢
vanishes unless H W, o, 7% carries the U number AU and the R number zero.

Thus, we have the followmg superselectlon rule;

4
dimg () = AU = Z(ri +s), Y. (ri—s)=0, (4.14)

i=1

¢ ¢
which is equivalent to the condition dim(.Z) = Y r, = ) s;.
i= =

4.3 Differential Forms on Moduli Space

Throughout this sub-section, we assume that there are the zero-modes of (3/,1)
pairs only. In this case, the path integral localizes to the moduli space .Z* of
irreducible ASD connections which is a finite dimensional smooth Kahler manifold.
Let dimc(.#*) = d, the number of the (,1) zero-modes pairs. The basic result
of the N = 1 TYMT is that the expectation value of some products of observables
reduces to an integral of wedge products of the de Rham cohomology classes on .Z*
over ./* [1]. In the N = 2 TYMT theory, the path integral will reduce to an integral
of wedge products of the Dolbeault cohomology classes on .Z*.

We can obtain an element /V[7 g € H"*(#") of Dolbeault cohomology group
on * from W ™° after restnctmg to #*. Clearly, this restriction is provided

by the localization of the path integral. In the exact semiclassical limit, a correlation
function

0 74,8 1 - 74,84
<H Wouas™ 1> ~ vol(9) /(@X) exp(=5)- nguqi v (4.15)

i=1

reduces to an integral of wedge products of the elements of H"%(.4*),

n
73,84 71,8 Tn,Sn
<H PGy > / P1,91 PN an an ’ (4.16)

i=1
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after integrating all non-zero modes out. Clearly, the correlation function (4.16)
vanishes unless the integrand is a top form, a (d, d)-form, on .Z*,

n
> (rys) =(d,d). (4.17)
i=1
This condition coincides with the superselection rule due to the ghost number
anomalies

AR=) (r;+s)=2d, AU=) (r;—s)=0. (4.18)

i=1
Explicitly, /Wp, 4" can be obtained from W), ™ by replacing

e F' with its instanton value ,
o ¢ and 1) with their zero-modes , (4.19)
e ¢ with the zero-mode parts of < ¢ >= f dp s~ a* ~AlY, ¥,

where the last relation resulted from the B® equation of motion (3.26).

We note that the smooth part of the moduli space of ASD connections is a Kéhler
manifold. This was first proved by Itoh using a direct but difficult calculation [3].
His result is a generalization of a theorem of Atiyah and Bott on the Kéhler structure
of the moduli space of flat connections on Riemann surfaces [27]. It was futher
generalized to the moduli space of EH connections on an arbitrary dimensional
compact Kahler manifold by Kobayashi. Let M be an n complex dimensional compact
Kihler manifold. The Kéhler structure on the smooth part of the moduli space of EH
connections can be proved very compactly by the symplectic (Mardsen-Weinstein)
reduction (Chap. 7.6 in [28] and Chap. 6.5.1-3 in [7]). First, we restrict . to the
subspace %! C _# consisting of connections having curvature of type (1,1). The
subspace . #1! is preserved by the action of & (as well as by the action of <) and
its smooth part has the Kihler structure given by the restriction of (3.6). Let Lie(¥)
be the Lie algebra of &, which can be identified with the space of Ad(FE)-valued
zero-forms. Then, we have a moment map m : 40! — Q0(Ad(E))*

m(4) = _Z—IW_ZF‘;J Awr = ——fw™, 4.20)
where 2°(Ad(E))* = 2°"(Ad(E)) denotes the dual of 2°(Ad(E)). The reduced phase
space (or the symplectic quotient) m~!(0)/% can be identified with the moduli space
# of EH connections. Then the smooth part of the reduced phase space has Kahler
structure descended from _4"! by the reduction theorem of Mardsden and Weinstein.
We will also denote the Kihler structure on .2 by @. One can also consider the seml—
stable set #1:! C #"! and its ordinary (complex) quotient space ..}/ S =
which is isomorphic to the symplectic quotient m~1(0)/ ¥ = 4. Then the smooth
part of .37 (which is identical to the smooth part of ./5},) has the Kéhler structure.
Let M be a compact Kihler surface. The second cohomology H?(M) is always
non-trivial due to the cohomology class represented by the Kihler form w. Thus, we
have a non-trivial observable,

1
Wy, M= e /Tr(gaF”—Hﬁ/\zﬁ)/\w 4.21)
M
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One can see that /I/I?lyll’l is the Kiahler form @ on .Z* descended symplectically

from (3.6), since F'''' A w vanishes for an instanton and the 1 and v zero-modes
represent the holomorphic and the anti-holomorphic tangent vectors on .Z*. And,

Wl,ll’l defines Donaldson’s y-map,

ww) : HY (M) — HY (2% |

o 4.22)
pu(PDIw]) : H, ,(M) — HY'\(#7)

where PD[w] denotes the homology class which is Poincaré dual to w. Thus, we have

~d
<exp (%5 /Tr (@F" + 9 A) A w)> = % =vol(.Z*) >0, (4.23)
M ¥

provided that .Z* is a non-empty compact manifold. This argument is a field
theoretical interpretation of Donaldson’s differential geometric approach (Theorem
4.1 as explained in p. 294-295 of [2]). In practice, however, the moduli space is rarely
compact and it is hard to avoid the singularities. These facts are both physically and
mathematically the main obstacle to understanding Donaldson theory more fully [23].
For simply connected algebraic surfaces under some suitable conditions, Donaldson
proved the positivity of the above invariant (Theorem 4.1 in [2]) using the algebro-
geometrical approach. We will sketch his method in Sect. 5.2.

5. Other Approaches

We have studied a natural field theoretical interpretation of the Donaldson invariants
on a compact Kihler surface. However, it is not clear whether our field theoretical
method in general may give any new insight in calculating the invariants explicitly.
We have seen that our formalism reduces to the differential-geometrical approach
of Donaldson. On the other hand, Donaldson obtained his positivity theorem by
an independent algebro-geometrical approach which is more suitable in the realistic
problems [2]. His method is closely related to certain properties of the moduli space
M3, of stable bundles over a compact Riemann surface Y. In the language of
stable bundles, it is very natural to consider an N = 2 TYMT on X which leads
to a field theoretical interpretation of the intersection pairings on .Z3,. Moreover,
Witten obtained explicit expressions®, which is general enough to include an arbitrary
compact group and the reducible connections, of the general intersection pairings
on the moduli space of flat connections on a Riemann surface [4, 5]. It should be
emphasized that his solutions are based on field theoretical methods. On the other
hand, the original field theoretical interpretation of the Donaldson’s invariants has
not produced any concrete result. The main purpose of this final section is to learn
something useful to enhance the computability of the Donaldson invariants from
Witten’s solutions in two dimensions. Although the TYMT in two dimensions was
completely solved by Witten, I will construct an N = 2 version of the theory to
suggest a method, analogous to Witten’s solutions in two dimensions, which may be
useful in the calculation of the Donaldson invariants on compact Kéhler surfaces.

8 Some similar results were obtained by various mathematicians with different methods [31]
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5.1 N =2 TYMT on Compact Riemann Surfaces

It is straightforward to obtain a two dimensional version of the N =2 TYMT or an
N = 2 version of Witten’s TYMT on Riemann surfaces (Sect.3 of [5]). Let X be
a compact oriented Riemann surface. Picking a complex structure J on X with an
arbitrary metric, which is always a Kahler metric, we can determine a Kéhler form
w. By the dimensional reasoning, every curvature two-form is type (1, 1) and parallel
to w,

F=fuw. (5.1

Thus, the constraint (3.3) is satisfied if F' is flat. In this sense a flat connection on
Riemann surface can be regarded as the two dimensional analogue of the anti-self
duality relative to Kéhler form in compact Kéahler surfaces. Similarly, the self-dual
two-forms B, x, X, H reduce to

B =B, x =x'w, X =x'w, H=Hu. 5.2)
The action of the two dimensional version of the N =2 TYMT
S =s8By, (5.3)

can be obtained from the same form of By given by Eq. (3.21)

B, = —-hl—z Tr [(Bof + Xoxoﬂw : (5.4)
)

The action is

1
S=—o5 | Tr [HO(HO+f)+ [0, X1%° + X°A8 4 + x° A0 %
)

— B4 (8,840 + ¥, P1) + 5Lp, B°lf — 1lp, B'lle, BOD]w . (59

We can integrate H° out from the action by setting H® = —% f or by the Gaussian
integral, which leads to the modified transformation
st =—3f+10p, B,  sx"=-1f—3lp,B". (5.6)

Thus, the fixed point locus of s and § is the moduli space flat connections with the
space of ¢ zero-modes, modulo gauge symmetry. The x° and ¥° equations of motion,

Ad,p =0, Adh =0, B.7

together with the Kihler identities, show that the zero-modes of i and P are
holomorphic and anti-holomorphic tangent vectors on the moduli space .Z ¢ of flat
connections on Y. If there is no reducible connection, the moduli space is a smooth
Kihler manifold with complex dimension being equal to the number of the 1) zero-
modes. And the path integral reduces an integral over the moduli space /éf of
irreducible flat connections.

It is also straightforward to construct observables. Starting from %0 = —Tr<,9 s
we can obtain essentially the same relations as in Sect. 4. The differences are that
% g " s restricted to p,¢ = 0,1, r,s = 0,1,2, and F should be replaced by zero
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in the reduction of W, ,/™° to W q - Note that the Hodge numbers on a compact
oriented Riemann surfgce with genus g are given by
WO=pb=1, AO=n"=g. (5.8)

In particular, the second cohomology group of X' is represented by the Kahler form
w. Then, the complete set of relevant observables is

1
WO,OZ’2 o) / Tr(cpz)w

P
1
W = o [ Trwenog),
. o (5.9)
Wi = o [Te@o 0,
Py
1
W= o [ TP D).
X
The observable .
5.10
52 | T(@F+9Ad) (5.10)

z

reduces to the Kéhler form &y, on moduli space of flat connections [27], after replacing
F by zero and 1,1 by their zero-modes. And, it gives the two-dimensional version
of Donaldson’s map

(1) s HO(Z) — HY (47)

T (5.11)
w®PD(1]) : H ((X) — H (A7) ,

Thus, Donaldson’s map actually induces the Kéhler structure &5, on the moduli space
. Consequently, the correlation function,

1 _ ~d
<exp (W /Tr ((pF+¢/\¢)>> = Z—' = vol(.£}) , (5.12)
%*
f

x

reduces to the symplectic volume of %;, provided that the moduli space is compact.
This is analogous to Eq. (4.23).

The intersection pairing corresponding to (5.12) was explicitly calculated by Witten
[4] by adopting various methods: i) zero coupling limit of physical Yang-Mills
theory; ii) Verlinde formula originated from the conformal field theory; iii) relating
combinatorial treatment of physical Yang-Mills theory to the theory of Reidemeister-
Ray-Singer torsion. Note that the first and third methods of Witten are related to
physical Yang-Mills theory in two dimensions, which also leads to a complete
formalism® for the general intersection pairings [S]. On the other hand, Verlinde’s
formula is an algebro-geometrical formalism although it has a physical origin [32].

9 Witten obtained a truly general expression which is valid regardless of what properties the moduli
has, for an arbitrary Riemann surface
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5.2 Algebro-Geometrical Approach

We have seen that the correlation functions (4.23) and (5.12) can be identified with
the volumes of the moduli spaces .Z* and .2} respectively, provided that the
moduli spaces are compact. In this subsection, we will sketch an independent algebro-
geometrical method of Donaldson on the intersection pairings [2], which is more
suitable to deal with the non-compactness of the moduli spaces.

Due to Donaldson, a canonical identification of the correlation function can be
obtained by a theorem of Gieseker [33] (and Proposition (5.4) in [2]). Let £ — X
be a complex vector bundle with reduction of structure group SU(2) over X. From

a fundamental result of Quillen [34], we have a determinant line bundle £y, — %5,
over the space of all connections on E. We also have a ¥ invariant connection

(Quillen metric) on £y, with curvature two form given by —2ms times the Kahler
structure @y, (Eq.(3.6) for n = 1) on #5. Then, we can obtain a holomorphic
line bundle #’;; over the moduli space ./} (or over the moduli space .Z3; of stable
bundles on X') with curvature given by —2mi@,. Thus, we have another representative
of Donaldson’s map u(PD[1]) by the first Chern class, ¢,(#£.), of £x,. We can also
construct a line bundle £&™. The theorem of Gieseker says that a section j of
some power %™ embeds ./, as a quasi-projective variety in CPV. The degree
of a quasi-projective variety Y can be defined by the degree of the closure Y in
the projective space. The degree deg(j(.#3,)) of the d-dimensional projective variety
J(#3%;) is defined by the number of points of intersections of j(.Z3,) with a generic
(N — d) dimensional hyperplane CPY~¢ c CPV. Equivalently

deg (%)) = <cl (zgm)?, j(%g)> . (5.13)

Thus we can identify the intersection pairing represented by the correlation function
in (5.12) with deg(j(.%%))/(d! m?).

Furthermore, Donaldson obtained his positivity theorem by constructing a quasi-
projective embedding J of the moduli space of stable bundles on a simply connected
algebraic surface using Gieseker’s projective embedding and a theorem of Mehta
and Ramanathan [35]. We will roughly describe Donaldson’s proof. Let M be a
simply connected algebraic surface with p_ (M) > 0 so that there is a Hodge metric
compatible with a projective embedding. Then, the cohomology class of Kihler form
w is Poincaré dual to the hyperplane section class H. Let 2’ be a Riemann surface
representing H. Now consider a moduli space .Z3, of stable bundles over X. Using
the theorem of Mehta and Ramanathan, Donaldson showed there is a restriction map
ol %fg — %SE, which is an embedding (for the precise statement, the reader
should refer to Sect. 5 in [2]). Over .Z3. we have a holomorphic line bundle %, as
mentioned before. Then the Donaldson ©(X) map is the pull-back by r of the first
Chern class of .Z,. Now for large m we have a quasi-projective embedding j(.Z3,).
Thus the composition J = j o r gives a quasi-projective embedding of ./3,. Then,
for large k, Donaldson showed that his invariant qx,m(H, ..., H) is proportional to

the deg(J(;3,)). Since the degree of a non-empty variety is always positive, the
positivity theorem is followed.

We will end this subsection by observing a relation between the Donaldson u-
maps, (4.22) and (5.11). Let M be a projective algebraic surface Kahler form w and
X represent the hyperplane section. Assume that we study the N =2 TYMT’s on M
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and Y. The Donaldson p-maps on M and on X are represented by the topological
observables,

1 _
Q=R/Tr(<pF+w/\¢)/\w,

M (5.14)

1 n
szm/Tr(chﬂbwy
X

The Poincaré duality of w to X' means that we have the following identity for every
(1,1) form n on M (p. 230 in [28]);

i i
%/(logh)aan:/n—/n/\w, (5.15)
M

z M
where h is a globally defined smooth function on M which vanish exactly at X. If

1 _
we choose n = mTr (pF + 9 A1), we have

22— 025 =s§ /(log h)c,(E), (5.16)
M

where we have used Eq. (4.8) '°. This is an interesting but not an accidental relation
as explained in Sect. 6.5.4 in [7]. We want to construct a holomorphic line bundle .4
over .Z3, with curvature —27i times the Kahler form @ = 2 on /3 , so that the
first Chern class ¢,(%) of £ represents the Donaldson p-map (4.22). The desired
line bundle £ can be obtained via pull back of the determinant line bundle Z,
by the restriction map r : .#;, — .%5. Then, we get an induced connection on

Z with curvature form —2mi0y, = —2mif25,. Equation (5.16) implies that we can
modify the pull back connection by the zero-form [ (log h)c,(E) on .7 to get a new
M

connection which gives the desired curvature —27i0 = 1. Since J (og h)c,(E) is
M

gauge invariant, we have the desired result.

5.3 Non-Abelian Localization

One of great challenges of the TYMT is to overcome its formality and to provide
some concrete computational methods. In this view, Witten’s beautiful results on two
dimensions are very encouraging [S]. The purpose of this subsection is to suggest
that Witten’s formalism can be applied to calculating the Donaldson invariants on a
compact Kéhler surface.

To begin with, we briefly summarize Witten’s arguments !!. Let X be a compact
oriented Riemann surface with Kéhler form w. The partition function of Yang-Mills

. . L. 1
19 Equation (4.8) also give a similar relation if choose n = —zTr (@H)w
Us

11 Note that the original arguments of Witten are slightly different to what follows, since the Kéhler
structure on a Riemann surface is not essential in his arguments. However, the Kahler structure is
essential to deal with the higher dimensional case
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theory on X can be written as

1 - 1 7
s, z
+§%/wn¢2} | (5.17)
z

The decoupled fields 1, 9 are introduced to give the correct path integral measure (the
symplectic measure in the Kéhler polarization). Witten’s fundamental result is that the
partition function Z(e) of the two dimensional Yang-Mills theory can be expressed
as a sum of contributions of critical points S

Z(e) = Z,(). (5.18)

a€esS

In the limit € = 0, the only contribution of the critical points is the absolute minimum
of the action and the partition function becomes an integral over the moduli space of
flat connections. For ¢ # 0, the higher critical points will contribute, however, their
contributions are exponentially small. More concretely,

<exp (4—;_2 /Tr (pF + 4 /\1/3)-1—# /wTr<p2>> = Z(e)+0(exp(—c) , (5.19)

z z

1
where c is the smallest value of the Yang-Mills action, = J wTr f2, for the higher
T M

critical points. Using the correspondence (5.19), Witten obtained general expressions
for the intersection pairings on moduli space of flat connections.

The above example should be viewed as an application of Witten’s non-Abelian
localization formula, which is a non-Abelian generalization of the Duistermaat-
Heckmann (DH) integral formula [36], that a partition function of a quantum field
theory with an action functional given by the norm squared of a moment map can
be expressed as a sum of contributions of critical points [5]. Now, we want to find a
natural higher dimensional analogue of the Witten’s solution in two dimensions. We
can start this by observing some special properties of physical Yang-Mills theory in
two dimensions: i) every oriented compact Riemann surface is a Kihler manifold;
ii) every connection is of type (1, 1) which defines a holomorphic structure; iii) the
action functional in the first order formalism, Eq. (5.17), has the N = 2 fermionic
symmetry with the transformation law Eq. (3.9), or the action functional consists of
the topological observables of the N = 2 TYMT,; iv) the Yang-Mills action is given
by the norm squared of the moment map. Then, our strategy is to design a variant
of physical Yang-Mills theory on a compact Kéhler surface M, which has all the
properties (i)—(iv). An obvious candidate motivated from Eq. (5.17) is

472

1 . 1 _
Z(E)ZW / GADY DY Do exp {—/Tr(goF+w/\'¢J)/\w
M

AR

2

e [w 5

+§3/5wa} ; (5.20)
M
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where we have restricted .4 to .4"!. We further assume that 1) and 1 are tangent to
A, 1e. D, = 0,49 = 0. Similarly to its two-dimensional ancestor, the decoupled
fields 1,7 are introduced to give the symplectic measure and to ensure the N = 2
fermionic symmetry of the theory. The above partition function is identical to that of
physical Yang-Mills theory on M restricted to 4", which can be called holomorphic
Yang-Mills theory (HYMT), up to a topological term after integrating ¢, %, 1) out. And
the action functional of the HYMT is the norm squared of the moment map (4.20).
Then, by the non-Abelian version of the DH integration formula of Witten, it is
obvious that the four-dimensional counterpart of the mapping (5.19) exists between
the intersection pairings on the moduli space of ASD connections and the partition
function (5.20). The only technical difficulty is to define the restriction of % to
#5! in a correct quantum theoretical way. This can be easily achieved because the
constraints F5° = F3* = 9,4 = 8,43 = 0, which define the HYMT, are related by
the N = 2 fermionic symmetry. It will be more suitable to define the HYMT as a
deformation of the N = 2 TYMT, analogous to the simple mapping from the TYMT
to physical Yang-Mills theory in two dimensions [S]. The details will be discussed
elsewhere [37].

Acknowledgement. 1 am grateful to B.S. Han, Dr. S. Hyun, G.H. Lee and Dr. H.J. Lee for
discussions. Special thanks to Prof. Q-Han Park for discussions and reading on this manuscript.

Note added in proof. After submitting the first version of this paper, the author received a lecture
notes by G. Thompson (Topological gauge theory and Yang-Mills theory, Lecture notes in Trieste
Summer School, June 1992). In the final section of the notes, he considered the symplectic volume
of the moduli space of ASD connections and a version of HYMT, both in terms of N = 1 TYMT
on Kihler surfaces.
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