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Abstract: The relations between the Faddeev functions and the functions of classical
scattering theory are found in the complex domain at fixed energy. For the three-
dimensional case (without assumption of “smallness” of the potential) it is proved
that the exponentially decreasing potential is uniquely determined by its scattering
amplitude at fixed energy.

Introduction

We consider the three-dimensional Schrodinger equation at fixed positive energy with
a real exponentially decreasing potential,

—AY+u(z)p=Eyp, z€R®, E>0. (0.1)
The potential v(x) is called exponentially decreasing if
v(z) € L°(R?) and Ja >0, 33>0 suchthat |v(z)| < Be @l (0.2)
We consider the Faddeev functions G(z, k), ¥(z, k), h(k, £),

_ z&zd€
G(x,k)—-< ) / €2 1 2ke” (0.3)
£€R3

vlak) =+ [ G-y ke Ry, (0.4)
yER3
3

h(k,ﬁ):(%) / et (2, Kyo(z)dx, (0.5)
zER3

where k, £ € C3, 12 =k? = E, Im/{ =Imk # 0.



570 R.G. Novikov

For the potential v(x) with the property (0.2) we weaken the condition Im ¢ =
Imk # 0 in the domain of definition of the function h(k,?) to |Im{ — Imk| < «,
Imk # 0.

We consider functions G+ (z,VE), ¢t (z, k), f(k,¢) from the classical scattering
theory

1 ei\/El:Bl
G+(:c,\/E):—Z;—II|—, VE>0, (0.6)
Wt (o, ) = e 4 / Gtz -y, VEWWt (0, Ry,  (0.7)
y€ER3
3
1,0 =(5) [ e ko, 0.)
z€R3

where k,/ € R3, 12 = k2 =E.

Letbe M, = {m | m € C*, m? = E, [Imm|? < g*}, ¢ > 0. For the potential
with the property (0.2) we weaken the conditions k € R3, £ € R3, /2 = k? = E in the
domains of definition of the functions 9" (z, k) and f(k,£) to k € M, 5, £ € M,, 5.
It is well known in this case that f(k, £) is a holomorphic function on M, ;5 X M, /5.

In this paper (Proposition 1) we have found the relation between the function
G(z,k) and the function G*(z,+/E) in the form of the concrete realization of
the fundamental Euler-Ehrenpreis principle and as a generalization of the Faddeev
representation (1.16). (We reproduce in the introduction Propositions 1, 2, 3 and
Theorem 1 in the variant B.)

Proposition 1B.

Gl k) = ~ & ( !

3
e %) / s(k,m)(Im]) "™ (dm),  (0.9)

meR(k)

where
keC?® kK*=E>0, Imk#0; R(k)=R,(k)UR,(k),
Ri(k)={m|meC® m?>=E, Imm=0, mImk > 0},
Rz(k)z{mlme(C?’,mQ:E,0<|Imm|§|1mk|,
Imm  Imk |
[Imm| |Imk| [’
s(k,m) =ni for m e Ry(k),
s(k,m) =m for m € Ry(k);

a(dm) is a surface element on R(k).

Further, using (0.9) we have found the relation between functions 1, b and ™, f
as a generalization of the Faddeev equations (1.17), (1.18).
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Proposition 2B. Suppose that the potential v(x) has the property (0.2). Then

(e, K) = o+ (2, k) + / Bk, m)s(k,m)(jml)~ 9 (e, m)o(dm),  (0.10)

meR(k)
where k> = E >0, 0 < |Imk| < a/2.

Theorem 1B. Suppose that the potential v(x) has the property (0.2). Then the
following equation is valid:

Bk, 0) = f(k,0) + / h(k, m)s(k, m)(im)) =L f(m, Oo(dm),  (0.11)

meR(k)
where k> = E > 0,0 < |Imk| < /2, £ € R(k).

Further, we have found the relation between the modified Fredholm determinants
A(k), AT (VE) of Egs. (0.4), (0.7) and the Fredholm determinant A(k) of Eq. (0.11)
as a generalization of the Faddeev equation (1.21).

Proposition 3B. Suppose that the potential v(x) has the property (0.2). Then

A(k) = AT (VE)A(k) exp {@(0) / sthym)(jm) " Lo(dm)|,  (0.12)
meR(k)

where k> = E > 0,0 < |Imk| < /2,

@@):(%)3 / €Ty (7)dx

z€R3

Theorem 1 and Propositions 1-4 are given in Sect. 2.

The results mentioned above were obtained for the purpose of their further
application to solving the inverse scattering problem at fixed energy. The statement
of this problem consists of the following.

Suppose that the potential v(x) is not known, but we know corresponding to
this potential the scattering amplitude f(k,¢) at fixed energy E > 0, i.e. under the
condition k,¢ € R3, k2 = (> = E > 0. The determination of the potential v(z)
through the function f(k,¢) at fixed energy is called the inverse scattering problem
at fixed energy.

Theorem 2 (announced in [16]). Let a real-valued potential v(x) have the property
(0.2). Then the scattering amplitude f for Eq. (0.1) at fixed positive energy E uniquely
determines ©(p) for any p € R3. (There is no assumption about smallness of norm of
the potential v(z) in Theorem 2.)

Remarks. 1. It is shown in [14] (Novikov, 1986) that an exponentially decreasing
potential for the two-dimensional Schrodinger equation is uniquely reconstructed
(under the assumption of smallness of norm of the potential) by scattering amplitude
at fixed energy (see, in addition, [17]). A similar result was obtained for the three-
dimensional case in [15a], (G.M. Henkin and R.G. Novikov, 1986) (see, in addition,
[15b]). The corresponding reconstruction procedures from [14, 15, 17] include an
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analytical extension of a real analytical function. (This real analytical function admits
certain estimates in the complex domain.)

In [16] for the potential with support in the fixed bounded domain D C R"

the reconstruction procedures from (14] and [15] were fundamentally changed. In
particular, for the three-dimensional case the uniqueness of the reconstruction of such
a potential by the scattering amplitude at fixed energy was proved without assumptions
about smallness of norm of the potential. In addition, the reconstruction procedures
both for the two-dimensional and for the three-dimensional case are reduced to solving
linear integral equations of the different types.
II. The basic results of [16] were presented in the survey [15b] (see in [15b], Sect. 5.2
and Note at the Proofreading) which had appeared in the May-June (1987) number
of Uspekhi Mat. Nauk. The basis of our paper [16] (submitted June 10, 1987) is
a constructive solution of the problem of the determination of the potential for the
multidimensional Schrodinger equation through the Wigner operator (see [7]) at fixed
energy. Actually, the same constructive solution to this problem was given later by
A.IL. Nachmann in [12], (submitted November 2, 1987).

The problem of the determination of the potential for the multidimensional
Schrodinger equation by the Wigner operator at fixed energy can be called the Gel’fand
problem at fixed energy or the Calderén problem for the Schrédinger equation or an
inverse boundary value problem and so on.

In the class of piecewise real analytical functions the uniqueness theorem in such
a problem was first given in [22].

In the three-dimensional case in the class of infinitely differentiable functions the
global theorem of uniqueness in such a problem was first given in [20].

In the three-dimensional case in the class of bounded measurable functions such
a result was given almost simultaneously in [16] and [10].

A suitable historical survey and the survey of results on this problem is given in

[16, 21].
III. The inverse scattering problem at fixed energy is well investigated for the three-
dimensional Schrodinger equation with a spherically symmetric potential (see [2, 13]).
But we have not discovered, however, the “spherically symmetric” particular case of
Theorem 2 in the papers of this series.

Theorem 1, Propositions 3, 4, results of Sect. 3 and results of [15] give, in
particular, more constructive proofs of Theorem 2 than the one sketched in [16].

For proving Theorem 2 we use in Sect. 3 the secondary extensions of the scattering
data to the complex domain. Earlier the idea of the secondary extension of scattering
data to the complex domain was used in [14-17].

The main new ideas of the present paper appeared for the first time in the recent
Note of the author [18].

1. Initial Results

We consider the three-dimensional Schrodinger equation with an exponentially

decreasing potential
A+ u(z)p = Ey, zeR3. (1.1)

The real-valued function v(z) is called exponentially decreasing potential if v(z) €
L*(R?) and Ja > 0, 33 > 0 such that

v(z)| < Be~el!. (1.2)
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We consider the Faddeev functions G(z,k), ¥(z,k), h(k,£) A(k), G, (z,k),

¥, (2, k), h,(k,0), A, (k) A:Y(k). These functions are defined by formulas and Egs.
(1.3)=(1.5), (1.8), (1.9), (1.20)

zfxd
G(z, k) = glz, k)e*®,  g(z, k) (27r> / £2+2i£ (1.3)

£€R3
bla.k) = e + / Gz — y, ko(y)b(y, k)dy, (1.4)
y€ER3
where z € R%, k € C3, Imk # 0,
3
Bk, £) = (517;) / 4%z, ko (z)d , (1.5)

z€R3

where k,2 € C3, Imk = Im ¥ # 0, k? = 2. Under the condition (1.2) the restriction
Imk =Im# # 0 in the domain of the definition of the function h admits weakening
to |[Imk — Im¥| < o, Imk # 0. Here G(z, k) is the Green function of the operator
A + k2, 9(z,k) is a solution of Eq. (1.1) with E = k2, h(k,{) is a generalized
scattering amplitude.

It is convenient to transform Eq. (1.4) to the form (1.6) and further to the form
(1.7,

pz, k) =1+ / 9(z =y, k)v(y)u(y, k)dy , (1.6)
yeR3
where ¢(z, k) = p(z, k)e*®, Imk # 0;
(I = B(k))y(z, k) = V]v(z)], (1.7)

where I is the identity operator, B(k) is an integral operator with the kernel

Bz, y; k) = V/u(x)lg(z =y, k)o(y) (ju(y)) 72,
Lemma 1 (see [6, 1, 15]). |z|g(z, k) is a bounded continuous function on (R3\ 0) x
(C3\R3).

Under the condition (1.2) due to Lemma 1 the following statement is valid: (1.6) is
the linear integral Fredholm equation of the second type with respect to 1 in L>°(R3);

B(z,y; k) € L2(R3 x R?), [v(z)| € L*(R?)

and (1.7) is the linear integral Fredholm equation of the second type with respect to
¢ in L2(R3). (It holds under conditions much weaker than (1.2) but we do not want
to be distracted from the case of exponentially decreasing potential in this article).

Remark 1. As |z| — oo the functions G(z, k) and 9(x, k) increase exponentially in
the direction forming acute angle with the vector —Im & (and decrease exponentially
in the direction forming acute angle with the vector Im k). In the paper [4] ¥(z, k)
were called the exponentially increasing solutions of the Schrédinger equation.
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The modified Fredholm determinant A(k) of the operator I — B(k), Imk # 0 is
defined by the formula

In A(k) = Tr(In(I — B(k)) + B(k)) (1.8)

(see [8] for an informal sense of such a definition).
There exist the following limits:

G, (z,k) = G(z,k +1i07), ¥, (z,k) = ¥(z, k +107), Lo
h.(k,€) = h(k + i0v,£ +i0v), A (k) = A(k +140v), (1.9)
where k, £, y € R3, k? = 12, 4% = 1.
In addition
z&xd€
Gy (@, k) (27T> / k2 — €2 +i0(k — )y (1.10)
b (3, k) = e + / G (& — y, K)o (u)b, (v, K)dy, (1.11)
y€R3
1\? .
h(k,0) = (57?) / ey (z, k)v(z)dz, (1.12)
z€R3

A, (k) is the modified Fredholm determinant of the operator I — B, (k), where B, (k)
is an integral operator with the kernel

(z,y:k) = VIv(2)|G,( Jo(y)(lv(y))) 2.
Besides,
G (z, k) = Gk/m(x’ k), YT (z, k) = Py (2, k),
[k, €) = hy (K, €) A% (k) = Ay (k)

where k,/ € R3,
Here f(k,£) (k* = ¢? = E) is a scattering amplitude of the Schrodinger equation

(1.1,

(1.13)

f(k,@):(%)g / e=it5 g+ (3, kYo(z)dz, (1.14)

z€R3

¥ (z, k) is a solution of the equation

(o k) = €% 4 / G (z — 3, K)o(y)d™ (v, k)dy
veRr? (1.15)

‘ VE =Vk2 >0,

G+(.’II,]€) = —EW s
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At (k) is the modified Fredholm determinant of Eq. (1.15). The following equations
[5] (Faddeev, 1966) are valid:

G (x, k) = G*(z,k) + (2”)3 / eCTO[(€ — k)y)6(£2 — k?)de, (1.16)
£ER3
¥ (2, k) = (2, k) + 2mi / hy (k, €)6(6 — k)Y)6(E* — k)t (z,€)de,  (1.17)
E€R3
h(k,£) = f(k,£) + 2mi / hy (K, £)6[(6 — k)Y)6(€* — k) f (€, £)dE (1.18)
£ER3
where
| etmpstm? ~ k2yim = o | emotam).
meR3 |m|=|k|

0[t] is the Heaviside function.
It is supposed in Egs. (1.17) and (1.18) that k and -y are fixed and A, (k) # 0.
We consider (1.18) as an equation for definition of the function A, through the
function f. We can rewrite this equation in the form

(I — P (k) (k,0) = f(k,0), (1.19)

where P, (k) is a linear integral operator with the kernel

T olm — Kyl f(ma ), |m] = 6] = |k,

P (¢,m;k) = ]

acting in the space of functions on the sphere of the radius |k|. The Fredholm
determinant A, (k) of the operator I — P, (k) is defined by the formula

InA (k) = Trin(I — P,(k)). (1.20)
The determinants A, (k) and A,Y(k) are connected by the equation ([6])
A (k) = A+(k)A~,y(k) exp [0(0)271'2' / O[(m — k)y)6(k? —m?)dm|, (1.21)

meR3
where
133
@(p)=<57;> / ePy(z)dr, peR?. (1.22)
z€eR3

In view of unique solvability of the integral Lippman-Swinger equation for the
real-valued potential, A+ (k) # 0, for k? > 0. Thus [6]

A (k)=0 iff A (k)=0, where|k|>0. (1.23)



576 R.G. Novikov

In the complex domain the functions G(z, k), u(z, k), h(k,£), A(k) satisfy O-
equations (1.24)—(1.27) and have the properties (1.28)—(1.31) (see [15]).

iG( k et ETS(E2 + 2kE)de (1.24)
a7 Clanb) = [ gemae + mepae, .
§e]R3
0 w(z, k) = —2m / &H (K, —8)e " u(z, k + €)6(&% + 2k€)dg,  (1.25)
8k ’
£ER3
%H(k p) = —2m / &H(k,—&)H (k +&,p+£)5(E + 2k€)de, (1.26)
£cR3

OA(k) »
ok, 2mA(k) / &;(H (k,0) — 8(0))6(&* + 2k€)dg , (1.27)

£ER3

where H(k,p) = h(k,k — p), p € R3, p? = 2kp, Imk # 0,

/ F(E)5(E2 + 2k€)de

£eR3

/ F©)(4](&, + Reky) Tmk, — (& + Reky) Im k)~ |d&,] .
£242kE=0

Equations (1.25), (1 26) are considered outside the set of zeros of the determinant
A(k),

G(z,k+&) =G(z,k), where £€R3, € +2k6=0, Imk#0. (1.28)

Letbe V = {k | k € C* k* = E}, then for any fixed z,p € R? the following
formulas are valid:
w(z, k) — 1 for keV, |k — oo; (1.29)
H(k,p) — o(p) for keV,, [kl— oo, (1.30)

where ©(p) is defined by (1.22), V,, = {k | k € V, p* = 2kp};
Alk) =1 for keV, [kl —oo. (1.31)

Historical Remarks. “The part” of 9-equations (1.24)—(1.27) (together with bounded-
ness conditions at the infinity) was first discovered by L.D. Faddeev as the following
properties of functions g, u, h, A, Gv’ ¢v’ h A

D) Let fixed z,7v,k,,£, € R3 be such that 42 =1, vk, =+, =0, k2 = (2. Then
with respect to s for s € C, Ims > 0, g(z,sy + k), u(z,sy+k )A(s'y + k),

h(sy + k,,sy + £,)A(sy + k) are holomorphic functions bounded at infinity;
A(sy+ k) is a holomorphic function tending to 1 at infinity.

ID Letbe y €R?, |y =L,neR3, |n| =179y =0;

Zn”(f)'y])
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Let be w, , (k,&) = 2min(§ — k)6(6? — k*)6((€ — k)7). Then

(19,06, @ F) = gz [ (b e, (132
£er3
(090, @) = [, (5, €0, (o, ), (1.33)
£ER3
(9,0 (6,0 = [ (6, O (k)R (€ O, (1.34)
£E€R3
(19,)4, (k) = — A, (k) / (h. (6,€) — 8(0))w, , (k,E)de . (1.35)
£E€R3

Equations (1.33), (1.34) are considered outside the set of zeros of the determinant
Aw(k).

_ O-equations (1.24), (1.25), (1.26) were first obtained in [1]. The multidimensional
0O-equations of the type (1.24)-(1.26) were first discovered in [11] and [1]. (In [15a]
O-equations (1.24)—(1.26) were obtained under influence of [11] but independently of
(11).

O-equation (1.27) was first obtained in [15] (and no 0-equation of that type was
known before).

The formula (1.29) (for £ = 0) was first noted and used in [1].

The formula (1.30) was first found in [15a]. It is important in particular, in this
formula that Vp € R3 V,, is not empty and is unbounded. (For the two-dimensional
case only V; has such a property.) First, the formula of the type (1.30) was given
(formally) in [11] for the equation

(o% —l—A——v(t,a:))d) =0.

The proof of the formulas (1.29), (1.30) and of the formula of the type (1.31) for
v(z) € CSY(R3) is given in [15].

The formulas (1.29)—(1.31) are also valid for the case v(x)(1+]|z])3+¢ € L>°(R3),
where € > 0 is fixed. It had been already paid attention to this fact (see [16]). These
formulas are the consequences of the uniform estimates for the Green function g(z, k)
(see Sect. 8).

2. The Extension of the Faddeev Equations (1.16), (1.17), (1.18), (1.21)
to the Complex Domain A

Consider the two-dimensional complex manifold
- 3.2 _ 2 _ 2
M,={m|meC’, m*=E, |[Imm|* <o}, E>0,0>0. (2.1)
Lemma 2. OM, ~ SO(3) and diffeomorphism is given by the formula
[(E+0)""2Rem, o' Tmm, 0" H(E+0°) " Y?Rem x Imm] = g,

where m € OM,, g € SO(3), Rem x Imm is a vector product.
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Proposition 1A.

ei\/E|:c| 1 imx
+ P / x(k,m)e™ a(dm) (2.2)
medMy,

Gz, k)= ———
kéOMQ) 4r|z|

(here 0 < o, 0 < r, G(z,k) is defined by (1.3), oc(dm) is an element of volume on
OM,.), where

a) if o < r then x(k,m) is a continuously differentiable function on (the direct product)
OM, x OM,..
b) if o = r then x(k,m) is a continuously differentiable function on (0M,x OM,)\S,,
where

S, ={(k,m) | (k,m) € OM, x OM,, Imk =Imm}
and at fixed k x(k,m) € L*(0M,).
C) if 0 > r then for fixed k the second term in the right-hand side of (2.2) has the
sense of the expression (21) 73X, (€"™), where €™ is a function on OM,.. x,, is a

linear bounded functional on the space O(M g)l am, (holomorphic functions in M,
restricted to OM,.) such that

() = / x(km)g,,(Fo(dm), whete @, (f) = f(m).

meOM,

For ¢ < r the function x(k,m) is defined up to a function x'(k,m) (with the
properties a, b) such that

/ X' (k,m)f(m)o(dm) =0, kedM,

meoOM,

for any function f(m) admitting an extension to the holomorphic function in M.
x~x+x.

The method of finding a concrete function x is given in Sect. 4.

It is possible to consider this method and Proposition 1 as a constructive version
of the Ehrenpreis fundamental principle [3] in the concrete situation.

Proposition 2A. Suppose, that the potential v(x) has the property (1.2) then

¥z, k) =t (z, k) + / h(k,m)x(k,m)y T (z,m)o(dm), (2.3)
keOM,
meOMy,
where 0 < p < /2,0 <1 < /2.

Theorem 1A. Suppose, that the potential v(x) has the property (1.2). Then the
following equation is valid:

Wk, 0) = £(k, ) + / Bk, m)x(k,m) f(m, Oo(dm),  (2.4)
LEOM
meOM,
where 0 < |Imk| < /2, 0 <r < /2.

In (2.3) and (2.4) the function ¢(z,k) is the exponentially increasing Fad-
deev solution of (1.1); the function 1™ (z,k) is the solution of (1.15) such that
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Viv@)t(z, k) € L*(R®); h(k,£) is defined on M, o x M, 5 by (15); x is a
function from Proposition 1A; f(k, ¢) is defined on M, 5 X M, /5 as the holomor-
phic extension from S? x S? of the scattering amplitude (here S2 = {m | m €
C®, m?=FE, Imm =0}).

It is supposed in Egs. (2.3) and (2.4) that k is fixed and A(k) # O [where A(k)
is defined by (1.8)].

We shall consider (2.4) as an equation for determining the function h through the
function f. This equation can be rewritten in the form

(I - P(k,r))h(k,8) = f(k,£), £€OM,, (2.5)

where 0 < |Imk| < a/2, 0 < r < a/2. P(k,r) is a linear integral operator with the
kernel
P, m;k,r) = x(k,m)f(m,£), {,medM,,

acting in the space of functions on dM,..
For |Imk| < r, P(¢,m;k,r) is a continuously differentiable function on
OM, x OM,, for |[Imk| =r P(k,r) is a linear compact operator in C(9M,.).
The Fredholm determinant A(k) of the operator I — P(k,r) is defined by the
formula _
In A(k) = Trin(I — P(k,r)), where 0<|Imk|<r. (2.6)

Lemma 3. A~(k) defined by (2.6) does not depend on r.
Proposition 3A. Suppose, that the potential v(x) has the property (1.2) then

Ak) = A (k) A(k) exp [@(0) x(k, m)a(dm)} , @2.7)

meEOMy

where 0 < |Imk| < r < a/2, At (k) depends only on E = k? (and it is the same as
in (1.21).

Proposition 4A. Let f be a scattering amplitude of the potential v(x) with the property
(1.2); 0 < |Im k| < r; k is fixed; A(k) is defined by the formula (1.8). Then Eq. (2.4) is
uniquely solvable with respect to h in C(OM,.) iff A(k) # 0. (For 0 < r < ¢ = |Imk]|
(2.4) is uniquely solvable in the space O(M o)lons, defined in Proposition 1A iff

A(k) # 0).

The Extension of the Faddeev Equations (1.16), (1 17), (1.18), (1.21)
to the Complex Domain B

Let k € C?, k* = E > 0, Imk # 0. Consider in C® the two-dimensional real
manifold R(k) depending on k:
R(k) = Ry (k) U Ry (), (2.8)
where
R(k)y={m|meC® m?>=E, Imm=0,mImk >0}, (2.9)

Rz(k)z{m}me(C3, m?>=F, 0<|Imm| < |Imk|,

Imm Imk } . (2.10)

[Tmm|  |Imk]|
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Let e, = Rek/|Rek|, e = Imk/|Imk|, e; = Rek x Imk/(|Rek||Imk|). Let D
be a disk of the radius v/E + | Im k| with the polar coordinates 7 and ¢.

Lemma 4. R(k) ~ D, and the homeomorphism is given by the formulas (2.11), (2.12)
Rem = \/E — (VE — )2 (cos e, + sin pey) + (VE — r)e,
Imm=0

for0 <r <VE,

(2.11)

Rem = \/E + (r — VE)2 (cos pe, + sinpe),
Imm = (r — VE)e,
for VE <r < \/E+|Imk|.
Let o(dm) be a surface element on R(k). Then
o(dm) = vVEdrde for me R,(k),

(2.12)

o(dm) =\/E+2(r —VE)2drdp for me R,(k).

In addition, |m| = VE for m € R,(k), |m| = y/E + 2(r — VE)? for m € R,(k).

Let s(k,m) = mi for m € Ry(k), s(k,m) = w for m € R, (k).

Proposition 1B.

_ei\/_E—lccl N 1
47| z| (2m)3

Gz, k) = [ stemymptemsaam),  (213)
meR(k)
where Im k # 0.

Proposition 2B. Suppose, that the potential v(x) has the property (1.2), then

V(@ k) =¢F (2, k) + / h(k,m)s(k,m)(Im|) "¢ (z,m)o(dm), (2.14)
meR(k)
where 0 < |Imk| < /2.

Theorem 1B. Suppose, that the potential v(x) has the property (1.2). Then the
following equation is valid

h(k,£) = f(k,0) + / h(k,m)s(k,m)(Im|)~* f(m, £)o (dm), (2.15)
meR(k)
where 0 < |Im k| < /2, £ € R(k).

The functions G, 1, ¥, h, f in (2.13), (2.14), (2.15) are the same as in (2.2),
(2.3), (2.4). It is supposed in Egs. (2.14) and (2.15) that k is fixed and A(k) # 0
(where A(k) is defined by (1.8)). We shall consider (2.15) as the equation for the
determination of the function A through the function f. This equation can be rewritten
in the following form:

(I —P(k))h(k,£) = f(k,¢), {LeR(k),
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where P(k) is a linear integral operator with the kernel
P(¢,m; k) = s(k,m)(jm|) ™ f(m,€), €,;m € R(k),

acting in the space of functions on R(k).
The Fredholm determinant A(k) of the operator I — P(k) is defined by the formula

In A(k) = Trin(I — P(k)), (2.16)
where Im k # 0.
Lemma 5. A(k) defined by (2.16) coincides with A(k) defined by (2.6).
Proposition 3B. Suppose, that the potential v(x) has the property (1.2), then

A(k) = AT (k) A(k) exp {f}(O) / s(k,m)(Jm|)"to(dm)|, (2.17)
meR(k)

where 0 < |Imk| < a/2; At (k) depends only on E = k? and it is the same as in
1.21).

Proposition 4B. Let f be a scattering amplitude of the real-valued potential v(z) with
the property (1.2); 0 < |Imk| < a/2; let A(k) be defined by the formula (1.8). Then
Eq. (2.15) is uniquely solvable with respect to h in C(R(k)) iff A(k) # 0.

Theorem 1 and Propositions 3, 4 bring to the following scheme of the reconstruc-
tion of the (three-dimensional) potential decreasing more rapidly than any exponent
through its scattering amplitude at fixed energy.

111
fk, ) ——— f(k,d)) —— h(k,l) — 0(p).
k,LcR3 analytical k,0eC3 (2.4) or (2.15) k,ecC3 (1.30) or
k2=¢2=F  extension k2=¢2=F k2=¢2=EF other methods
from [15]

3. The Double Extension to the Complex Domain
and the Global Uniqueness Theorem

Theorem 2. Let the real-valued potential v(xz) have the property (1.2). Then the
scattering amplitude [ for Eq. (1.1) at fixed positive energy F uniquely determines
d(p) for any p € R3.

(There is no assumption about smallness of norm of the potential v(z) in
Theorem 2.)

The result of Theorem 2 remains valid if we replace the condition for the potential
to be real-valued by the condition AT # 0 at fixed E. Here A™ is the Fredholm
modified determinant of Eq. (1.15).

It is sufficient to prove the result of Theorem 2 for all p such that p? < 4E. Besides,
it is sufficient to carry out the proof for the case p = (0,0,7), where 0 < 7 < 2V/E.

Consider a complex curve in C3, k? = E, p®> = 2kp, k € C>. Introduce on this
curve coordinate A,

I\VET 1 iV ET T
kl_(“X)T’ "fr(x”) 7 RT3

where B, = E — 7. (3.1)

~
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Let, further, |A\| > 1. Consider the functions g(z,\,\) = g(z,k(N)), A\, N) =
Alk,(N), A A) = h(k(N),L(N), where £(\) = k() — p and h(\,)) =
A(X\A) x k(X X). At fixed x the function g(z, ), ¢) is a single-valued holomorphic
function in the domain

Al=1, [¢]>1, Re(x¢)=0. (3.2)

Besides,
lg(z, A, ¢) — g(z, A, X)| < C|¢ — X exp(D[¢ = Al|z]) (3.3)

where C' and D are constants depending on E. As a consequence, for the potential
with the property (1.2), A()\, ¢) and h()\, {) are holomorphic functions in the domain

A >1, [¢[>1, Re(\) 20, [(-A< 5 2D (34)
On the other hand, A(\, ) — 1 for |A] — oo,
h(\,A) — d(p) for |A| — . (3.5)
If .
0§|A|—1<2\/——2_§_T (3.6)

then | Im k()| < a/2. Thus, under the condition (3.6) the equation (2.4) for k = k()
holds. If, in addition, A(\,\) # O then this equation is uniquely solvable and
the function h(k(A),£), |Im¥¢| = |Imk(N)| is uniquely defined by the scattering
amplitude at fixed energy.

Thus, the scattering amplitude at fixed energy determines uniquely the function
h(\,X) for all X in the ring (3.6), where A(), ) # 0.

Note, that a set of such A is open and everywhere dense in this ring.

In order to complete the proof of Theorem 2 it remains to note that the meromorphic
function h(\,\) is uniquely extended from such a set (and, in general, from the
neighborhood of any point A, (where A()\, /_\0) # 0) in this ring) to all domain
3.4. Taking into account (3.5) we obtain that the scattering amplitude at fixed energy
uniquely determines 9(p).

4. The Proof of Proposition 1

We shall use the following results:
1) The initial formula (1.16) will be necessary.
2) Let E be a fixed real number, then (see [15])

G(z,k) = G(z,k), k*=E, Imk#0; (4.1)
3
_ -1 _
oG = (z,k)dk , 4.2
W2 1672 Im k| ]_;Cj(aj ) 7 e (4.2)
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where
k
c(z, k) =I,(z, k) Rek + I(z, k)—Reﬁ—;lI:‘n— , (4.2a)
Nek) = [ (cos o = Dexplinh, p)a)de. (4.2b)
e, k) = [ (sinp)exp(in, p)a)de
nlk,p) = cos<pRele+singo&e%£—rlEE +ilmk; (4.2c)
= c(z, k)dk + c(z, k)dk
k2=E k2=E 72| Im k| k2=E
Imk #0. (4.3)

3) Let R(¢) be a real smooth function on C*; D = {{ | ( € C", R({) < 0} be a
convex domain; s(¢) be a holomorphic function on C™; V = {¢ | ¢ € C", s(¢) =
0, R(¢) < 0} be an intersection of the convex domain with the hypersurface; F'(¢) be
a holomorphic function on V. Then the following formula of the Cauchy-Fantappie-
Leray type is valid (see [9, 19]):

n—2

. (TL - 1)' det[P(Can)vQ(C) ECQ(C)? 75CQ(C)]
F) = g | FIC QOE—m) T

eV
K oV

A (ds(¢) 1dC)

(4.4)
where

s(n) —s(Q) =P(,m)(C—n), Q) =08R(()/5¢.

We shall use formula (4.4) for the case V = M. If M, is defined by (2.1) then
(4.4) takes the form

| r© detin +6,¢ = G dCl o g¢ 1ag, ndey ndey). (45)

1
A ="5m C=OC=nP

cedM,

The proof of Proposition 1A is based on the following scheme of calculation of
the function x(k’, ): Let &’ be a fixed point in M. Then

o
Gla k) = Gz, k(+0)) + / 4G, k(). (4.6)
+0
where
Rek' Imk'
= 2 L <r<op. .
k(r)=VE+r1 Rek] T Tk 0<7<p (4.7)



584 R.G. Novikov

The following formulas are valid:

G(z,k(+0)) = G/ (z, k(0))
_ e : n2g(ny\6(n? — E)d 4.8
-——+W/e (m")é(n" — E)dn,  (4.8)

dr|z| L
ne

where v/ = Im k' /| Im £'|;
/  c(w, k(r))dR(r) [ 1, (2, k(r))dr
dG(z, k(7)) = Re | QLTI _ e [ 202, TT))0T
/ / /

—872| Im k(7)| —8n2
+0

_ S%Re / / exp(in(k(7), ¢)z)dr dip

—m 0

) / / exp(in(k(r), p)z)dr dyp (4.9)

-7 0
where ¢* in (4.8), (4.9) admits such a representation

zﬂ:v _ _1_ / ezCz((zn(na C)U(dC) o<, (410)

2 _ _ )
vem 22 ) 5 (T O

o(d¢) is an element of the volume on M., m(n, () is a linear function of 7 such
that

idet[n + Re(,Im¢, dg] (<3d§1 A dGy + GdGy A ds + GdCs A dCl)’aMg
= Em(n,{)o(d() . (4.11)

Substituting (4.8), (4.9), (4.10) in (4.6) we obtain (2.2) together with the following
formula for x(k',¢):

/ = 27 ! 7n(ﬂ:C) 2 _
X0 =i [ 0/ R 80— By

neRr3

. (n(k(7).9),)
: // @ O~ ko 7

-7 0

where k' € OM,, ( € OM,, 0 < o < 75 n(k, ), k(T), m(n, () are defined by (4.2¢),
(4.7), (4.11). (((—¢)(¢—n))~? is a continuously differentiable function on dM, x M,
for o < r. It leads to the continuous differentiability of x(k,¢) on M, x M, for
o<r.

For the case ¢ = r x(K',{) is a continuously differentiable function on
(0M, x OM,)\ S,, where S, = {(K',¢) | (K',¢) € OM, x OM,, Imk" = Im (},
and at fixed &' x(k',¢) € L'(dM,).

The result of Proposition 1B follows from (4.6), (4.8), (4.9).
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5. The Proof of Proposition 2 and of Theorem 1

Suppose that Proposition 2A is proved. Then the proof of Theorem 1A consists of
the following. We multiply the right-hand side and the left-hand side of (2.3) by
(27)~3e~%#2y(z) and integrate it with respect to x. As a result we obtain (2.4).

The proof of Proposition 2A, using (2.2), is carried out according to the same
scheme that the proof of (1.18), using (1.16), in [5, 6].

We substitute in (1.4) instead of G its representation (2.2). Then (1.4) takes the
form

ikx 1 m(z—
bz, k) = * + g / / e x (k,m)
meoMr ycR3

ei\/—E]m—yl

X () (y, K)dyo(dm) + / ()b Ky, (5.1)

y€eR3

—4r|z —y|

where k2 = E, vVE > 0. In addition, the two first terms in the right-hand side of
(5.1) can be rewritten in the form

QT (k,m)e™®a(dm),

meOMy
where
Q+(k7m) = 6(k - m) + X(k,m)h(ka m) .
Thus,
A iVE|z—y|
veb= [ Qtmemotam)+ [ S v by (52)
meO My, y€ER3
Comparing Eq. (5.2) for 9 (z, k) and Eq. (1.15) for 1" (z, k) we obtain
vek) = [ QFkmpt @ moldn). (53)
meO My

The proof of Proposition 2B and of Theorem 1B is carried out in a similar way.
In proving Proposition 2B we use (2.13) instead of (2.2).

6. The Proof of Proposition 3.

Proof of Lemma 3. Let a be a fixed positive number such that 0 < [Imk| = ¢ < a.
Let f(m,£) be a holomorphic function on M, x M,. We shall prove that A(k)
defined by (2.6) does not depend on r, where ¢ < r < a. We shall use the following
equality

Xtk mFmoam) = [ x(bm)Fm)odm) (61

| Im m|=ry | Im m|=ry

for any F(m) from O(M ), where o < r{, 7, < a.
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If F(m) = "™ then (6.1) is a consequence of (2.2). In the general case 1_t is
necessary to take into account the additional fact that any function from O(M )
admits an approximation by a linear combination of e*™*, z € R3. ~

Let f(m, ) be a fixed holomorphic function on M, x M. Then A(k, \) defined
by (2.6) for f,(m,£) = Af(m,£) is a holomorphic function of A.

Using this property of A (and standard arguments) it is sufficient to carry out the
proof of Lemma 3 under the condition that || f{|c(oaz, xon,) 1 sufficiently small for

00 Pj
the convergence of the series — M to In(I — P(k,r)).
7j=1 J
Now it is sufficient to prove that tr P7(k,r) does not depend on 7

ter(k,r):/.../x(k,mj)f(mj,mj_l)...
X '-'X(k>m2)f(m2aml)X(kaml)f(mlvmj)
x o(dmy)...o(dm;). (6.2)

Applying (6.1) to (6.2) with respect to each m,, ¢ = 1,...,j we obtain that
tr P?(k,r) does not depend on r. Thus, Lemma 3 is proved.

Lemma 6. Let f(m,£) be a holomorphic function on M, x M, and A(k) be defined
by (2.6). Then

9, Ak)

=2 A(k) / (EdR)h(k + €, k + €)5(E% + 2k€)de| (6.3)
Mr £€R3 Mr

where h(k,£) is determined by (2.4) (where { € M,.).

It is sufficient to carry out the proof of Lemma 6 under the condition that A(k) # 0.
In this proof all (0, 1)-forms are considered to be restricted to M.
We shall use that

0, / x(k,m)F(m)a(dm) = —2m / (EdE)S(E2 + 2kE)F(k + €)dE  (6.4)

meIMy, £ER3

for any F(m) from O(M,).

If F(m) = €™ then (6.4) is a consequence of J-equation for G(z,k) and of
representation of (2.2). It is necessary, in the general case, to take into account an
additional fact that any function from O(M,.) admits an approximation by a linear
combination of ™%, z € R3.

From (2.6) we obtain

9, In A(k) = Te((I — P(k,7)) 10, P(k,r)), |Imk|l<r. (6.5)

Denote by 6(C—n)+R(C,n; k,r) the kernel of the integral operator (I—P(k, )"t
The function f(k,¢) is a holomorphic function on M, x M,. As a consequence,
R(¢,n; k,r) and h(k,£) are holomorphic functions on M, with respect to £. So, in



Inverse Scattering Problem 587

(6.6) we can use (6.4),
Tr((1 = P(k, )"0, P(k,T))
= / 0, x(k,m) f(m, m)o(dm)

meoMy

+ / R(m, s b, )3 x(k, m) £ (m, m)or (dn)o(dm)
meIM, nEOMy

€D _ o / (EAR)S(E2 + 2kE) f (K + €,k + €)de

€eRr3

+ [ [ 2RO €k, (ERIS(E +20) £k + & moldn)de. (60
£ER3 NEOMyr

Due to (1.28)

R(,m;k+&,7) = R(¢,m;k,r), where ¢ eR3, €242k =0. (6.7)
Due to (2.4) and (6.7),
fe+&0+ [ REmbnIk+Enold) =+ €0, (69
neEOMy

where £ € R3, €2 + 2k¢ = 0.
From (6.6) using (6.8) with £ = k + £ we obtain

Tr((I—P(k,r)) '8, P(k,r)) = 27 / (€dk)h(k+E, k+£)6(€2 +2k€)dE . (6.9)
£e€r3
From (6.5), (6.9) we obtain (6.3).

Proof of Proposition 3A. The Proof is based on the equalities (1.21), (1.27), Lemma
3 and Lemma 6. Let o be a fixed positive number. Let the norm of the potential v(x)
be an infimum of 3 such that (1.2) is held. Let  be an arbitrary fixed positive number
such that r < «/2. It is sufficient to prove the equality (2.7) for fixed « and r and
under the condition that the norm of the potential is sufficiently small in order that
the following inequalities would be valid:

|A(K) - 1] <1/2, |A(k)—1]<1/2 on M,\S?, (%)

where S%2 = {k |k € M, , Imk = 0}.

In fact, suppose that for this case the equality (2.7) is proved. Consider an arbitrary
real potential v(z) with the property (1.2). Consider functions in the right-hand side
and in the left-hand side of (2.7) for the family of the potentials \v(z), where

A € C. The functions A(k,\), At(k,)), exp [Ai}(o) / X(k,m)a(dm)} are

medMy
entire functions of A. The function A(k,)\) is an analytical function of A\ outside
the set of zeros of A*(k, \). For A suffciently small in modulus the norm of A\v(zx)
becomes sufficiently small in order that (2.7) would be held by the assumption. It
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follows from analyticity with respect to A of the functions in the right-hand side and
in the left-hand side of (2.7) that (2.7) is held for all A (where A*(k,\) # 0) and,
in particular, for the original potential v(z).

Now it is sufficient to prove the equality (2.7) under condition (*). Due to this
condition and due to Theorem 1A the function h determined according to (1.5), (1.4)
coincides with the function h determined according to (2.4).

Denote by A’(k) the right-hand side of (2.7). Using (1.27), (6.3), (6.4) (with
F(m) = 1) we obtain

By, = @Ay, 0=44, (6.10)

where AIMT is the same (0, 1)-form for A and A'.
Our following aim is to obtain (6.16). Let

C(r k,y) =1+ 12/Ek +iry, (6.11)
where 7 € R, k and -~y are arbitrary fixed vectors such that
kyeR, kK2=E, =1, ky=0. (6.12)

(It follows from (6.11), (6.12) that {(7, k,~) € M, for || < r). Due to (1.9) we have
the equality

A(C(+0,k,7)) = A, (k). (6.13)
In addition (see Lemma 3 and its proof) the following equality is valid:
A (k) = A((+0,k,7)), (6.14)

where Av and A are defined by (1.20), (2.6) respectively;

2mri / 0((m — k)y)8(k* — m?)dm = / x(C(+0,k,7v),m)a(dm). (6.15)

meR3 meEOM,
From (1.21), (6.13), (6.14), (6.15) we obtain
A(C(+0,k, 7)) = A'(C(+0,k,7)) - (6.16)

The final part of the proof of Proposition 3A consists of the following: Let &’ be a
fixed point in M., Imk’ # 0. Let be n = Re k' x Im k’. We consider one-dimensional
complex manifold

V={k|keM,  kn=0, det[Rek,Imk,n] > 0}.

(It is obvious that k' € V.) V is isomorphic to the ring in the complex plane
oV =5,US,, where S, € S?={k| ke M,, Imk = 0}.
In view of (6.16) we have

(A )]s, = (A EI)]s, (6.17)

Under restriction to V, A is (0, 1)-form with the continuous coefficient.
Due to (6.17) and in view of Eq. (6.10) restricted, in addition, to V, we obtain
k)|, = A'(k)|,, and, in particular, A(k’) = A'(K').
The proof of Proposition 3A is fulfilled.
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The proof of Lemma 5 is similar to the proof of Lemma 3. In this proof, instead
of (6.1) we use that

/ s(k,m)(Im|)" F(m)o(dm) = / x(k,m)F(m)o(dm) (6.18)

meR(k) medMr

for any F(m) from O(M,), where 0 < |Imk| < r < a. (In the left-hand side
of (6.18) o(dm) is a surface element, in the right-hand side of (6.18) o(dm) is an
element of the volume).

Proposition 3B is a consequence of Proposition 3A, Lemma 5 and the equality
(6.18) (for F(m) = 1).

Propositions 4A and 4B are consequences of Propositions 3A and 3B [and of
elementary properties of Egs. (2.4), (2.15)].

7. Appendix to the Proof of Theorem 2

The aim of this appendix is to prove the estimate (3.3).
Let k() be defined by (3.1), then the formulas (7.1)—(7.4) are valid:

=2 =2
_  VEN-1) - WEXN+1D) -
diy = VB U 5 g, - WEQ D 8 g0 ()
2 2
VE A+ +1 E (A=XNAX+1
Rek, = FA+A)( +), Rekzz\/ L .Z( +)7
.
Rek3——2—,
VE. A= -1 VE, A+ =1
Imk, = o Z( )7 Imky = SG )—( )’
4iAX —4AX
- (7.3)
Imk, =0; |Imk| VEM -1 Al >1
mky =0; me| = ———, lor 2 1.
’ 2V
(Rek xImk);  7(A+X) (RekxImk), (A=)
| Im | VSV | Im | 4VAN (14)
VEL(1+AX '
(Rek xImk); _ ( +_ )7 for A[>1.
| Im k| —2vVAX
Using the formula

and formulas (4.2), (7.1)—(7.4) we obtain

= < e"tRekz /1 /E(AN+1) -7\ <

>\
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where k(\) is defined by (3.1), || > 1,

I, = /(cos<p—— 1) exp (cosapRekw—!—simp

—T

Rek x Imk d
ITm k| “

™

I, = /(sincp) exp (coschekx-l—simp

-

Rek xImk
[Tm k| v

Replace ) in (7.2), (7.4) by an independent complex variable . Then (Re k) (A €),
(Rek x Imk);
| Im k|
domain the imaginary part of each of these functions admits the estimate
|Im F'(\,¢)| < const - [¢ — M. (7.7)

First of all, we shall prove (7.7) for F = (|Imk|"!(Rek x Imk)s). In this case
it is sufficient to prove (7.7) for F(\,¢) = (AO)F/2. Let A = rei®, ¢ = Re®s,
Y =a+p, A=rR, where inview of 3.2) r > 1, R> 1, —n/2 < a+ f§ < /2.
The needed estimate is a consequence of the following sequence of equalities and of
inequalities:

[Tm(A¢) 2| = |42 sin(4/2)] < [Im(AQ)Y/?| = |42 sin(4/2)]
< /24 —2Acost) < /R?2+712 —2Rrcosy) = |¢ — A|.

)(A,C) are holomorphic functions in the domain (3.2). In this

For F = (|JImk|~*(Rek x Imk),) (7.7) is a consequence of the formula
(A+c)l _ IIm (A+A)+(<—A)|

lIm

VA NS
o\ 12
sz(ﬁ) |sin(up/2)] + 'CV_‘<3|< 3.

The case of F = (|Imk|~!(Rek x Imk),) is similar to the previous case.
For F = (Rek,) (7.7) is a consequence of the formula

A+ +1) AX+(C=N)
l % | lI (”“(C N+ =3¢ )l
<1c- 3+ Zsingl+ A <5,

The case F' = (Rek,) is similar to the previous case.
For the case F' = (Re k;) the estimate (7.7) is obvious.
In the domain (3.2) the function g(z, A, ¢) is defined by the formula

a0, ) = gz, A %) + / g, M 7). (78)

Using (7.8), (7.6) and the estimates given above we obtain (3.3).
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8. The Uniform Estimate of the Green Function g(x, k)
at Fixed k? = E for |k| — oo

Let E € R be fixed. Let 1) and «y be fixed such that v,n € R3, v2 = 0% =1, yn = 0.
Let

D(v,e)={z|z€R®, [a7| 2 ¢, [o - (@) Z e} for e>0.  (81)
Consider a real curve
T>0 for E>0
=nVFE 244 - 8.2
W ET O, {T> “F  for E<O0. (82)

We have k(1) C M = {k | k€ C?, k? = E}.
Lemma 7. Foranye > 0,

k 0 for .
Iengs)g(fc (7)) =0 for 7— o0

Let be v(x)(1 + |z|)3*® € L>°(R?), then from Lemma 1 and Lemma 7 it follows
that

max/ lg(z —y, k)v(y)|dy — 0 for k®=F, |k|] — oo, (%)
z€R3
yER3

|'B(z>y;k)”L2(R3XR3) —0 for K*=E, [k — oo, (%)

where B(z,y; k) is a kernel of the integral operator B(k) from (1.7). The formulas
(1.29), (1.30) follow from (*). The formula (1.31) follows from (xx).

We shall give a proof of Lemma 7 at £ > 0. It is sufficient to carry out the proof
of Lemma 7 for

= (0,1,0). (8.3)
We shall carry out some calculations:
z{zd €x
—(21)g(z, k) = / e / il S
€2 42k (§+Rek)?2 — (Rek)? +2iImk¢g
£€ER3 £€R3

(¢ —Re k)xdfl
”5 /3 (€)2 = (Rek)? + 2iIm k(¢ — Rek)
'eR:
erede

__ —iRekx
~° / €2~ (Rok)? — 2ilmkRok + 21 Im ke
£€R3

— " Rekx / Zgzdé
€2 + 2iIm k€ — k2 — (Im k)2
£€ERS

= e iRekT J(g k). (8.4)
Due to (8.2), (8.3) we have further

Iz, k) = / / SO [(¢) € v B 7)dE, dEy (8.5)
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where .
e2r2q¢ 5

I“PQJWE”*:/£§+m§T+&+f§—h2+EY (8.6)
€= (6,6,63) €R®.

The equation
& + 26T+ 6+ — (TP + E) =0

has the following roots with respect to &, € C:

&=—ir+\[E-&-4.

The following proof of Lemma 7 [under the condition (8.3)] splits into two cases:
Zy >0 and z, < 0.
A) Let z, > 0, then
1(61,53,5B2,E,T) = 0
for &+ <E+77,
. _ . + . / 2 + 2 _ E x
I(&l’£3a$27E’7-) = 27Tiexp [z( ZT ; 612 63 ) 2]
22\/ §1 + §3 — E

for E+72<§f+§§.

Thus

J = me™*2 // ei(£1w1+§3z3)eXP [- \/é_%—+_§_§——Ex2]
G+&-F
+o0o

™
= reT%2 /eirgcoscp / exp [_ Vr? — E',I’l2]
r?—F
- \ E+72

ki +oo

= e *2 /e""c‘“w / exp [ — V2 — Exz] dv/r2 — Edyp

d&; d&s
E+T2<§% +§§

rdrdp

ki +oo
= e’ ™2 /exp [iv/s2 + Egcos ) / e **2ds dp
-7 T

+oo T
= meT®2 / e~ 5T2 /exp [72\/ s%2 4+ Epcos go] dpds.
T -

From here we obtain
+oo

1| < &7 o572 const const

dSS )
V1+oVs?+E zoV/ 14+ oVT2 + E

(8.7)

where o = \/z% + 2.
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B) Let be z, < 0, then

| exp [ = 7lzy| —i/E — €7 — €3 |z, ]]
1(51,53,172,E,7‘)-————2m[ 22\/ET_£§ 3 1Tg

_exp[-TIwglJrix/E—S%—é%lwzl]}

E—-¢& -6
_T[m2|51n(vE 51 53]332‘)
VE-§ -6

for §%+§§<E,

— Tlaa| + VE + & — Bz,
2/ +& - F
exp[ =iyl - VBTG Blay]

2\ +& - E

for E<§f+§§<E+72>
exp [ — 7lay| — VE + & — E|x,]

1(51,53,[E2,E,7’):7T \Z/E%T‘—M 2

for E+7° <& 462

I(£17£37x27E,7—) = —27ri|iexp [

thus
J=J+Jy+ J5, (8.8)
where
: / P) 2
Jy = —2e T2l // ei(€1w1+€313)81n( E—&—& ‘372') de, dé,,
VE-& -6
£2482<E
vE

rdr

JE 12

o // €171 +E325) EXP [VE +& — Elas|]
VE+E-F

|J,] < const e~ 772l / = const VE e I72l (8.9)

J2 = —Te

d€, d&s
E<€2+¢2<E+72
T v E+72

_ —7l|zg]| zrgcosap exp VT l 2”
= —me "2 rdrdp
Vr2—E

-1 \/E

= —qeTlz2l /exp[ iV 82 +Egcosap]/ e’l®2lds dop

—T

= —qeTI72l /esix?l /exp [ivs2 + E pcos | dpds;
0 -
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T

_ const
|, <e Tlxo| [ gslwal

1+oVs2+E

v .
1<7 7l (/esk”?' const ds + /esml const ds)
/1+Q\/_E‘ \/1+Q\/T+E

0 v

—Tlza| Tlza|
< const (eﬁl”l + _e___)

|, V1+ o7+ FE

1 1
= COnStE <exp [(\/; - 7')[%2” + \/—1:'Q——T—TE'> ) (8.10)

where o = \/z% + 23, 7 > 1;

Vo 2
Jy = e~ Tle2l // el(§1I1+§3ﬂv3)eXp [ _ 51 +§3 — B |m2|] d§; d&s
51 + 53 -FE
E<e?+€2
T +o0
2 _
el /emcow / exp [\/r2 E |z,|] rdr dp
2 _
“r VE
T +oo
— 2ol /ei\/sz-i-Egcoscp / e_s|“°2|ds,
e 0
—7|z2|
|J3] < const £ . (8.11)
|z,

Thus, under our assumption (8.3) the result of Lemma 7 follows from (8.4), (8.7) for
z4 > 0 and from (8.4), (8.8), (8.9), (8.10), (8.11) for z, < 0.
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