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Abstract. Starting from a general Hamiltonian system with superstable pairwise
potential, we construct a stochastic dynamics by adding a noise term which exchanges
the momenta of nearby particles. We prove that, in the scaling limit, the time conserved
quantities, energy, momenta and density, satisfy the Euler equation of conservation
laws up to a fixed time ¢ provided that the Euler equation has a smooth solution with
a given initial data up to time ¢. The strength of the noise term is chosen to be very
small (but nonvanishing) so that it disappears in the scaling limit.

1. Introduction

Let us begin by considering N particles on R, evolving according to a system of
Hamiltonian equations. If (z,,,p,), @ = 1,2,..., N are respectively the positions and
momenta of the N indivdual particles with components {z? , p&}}, i =1,2,3 then the
Hamiltonian equations of motion in the phase space (R® x R*)" are given by

dz;, OH

. ops (1.1)
dp;, _8%

dt Ozt

Here .%(x, p) is the Hamiltonian

3
Hap =5 3 Y0+ g Y Vi, ).
a  i=] a#f
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Here V(z) is a radial function defining the pair interaction which is assumed to be
short range, i.e. V(z) has compact support on R>. In addition to the total number
of particles which is clearly conserved there are four additional conserved quantities
of interest. They are the three components of the total momenta and the total energy
given by the Hamiltonian itself. We have of course assumed tacitly the masses are all
equal to unity.

Let € > 0 be a small scale parameter. It enters in several places. The interaction
V(z) is assumed to have an effective range of order ¢, so that V(x) is taken to be
of the form V(z/e). The number of particles N is assumed to be of order €3 so
that even as € — 0 each particle typically interacts with a finite number of particles.
We consider the following signed measures representing the spatial distribution of the
conserved quantities, as a function of time:

(dx, t) = % > 8@ -z, (t)de,

€zt = 3 6~ Pl 0, i=1,23

(1.2)
e (dx, t) = — % Z 8z — x,(t)Dh,(B)dz

ho(t) = 5 Z(p Pots 5 2 Vi@~

2 e

Note that fg has a negative sign and is the negative of energy instead of energy.
We choose this convention for notational convenience later. We shall disregard this
negative sign and use energy to refer to &* freely without further comment. As ¢ — 0,
&H(dz,t) is expected to have limits {#(x,t)dz and these spatial densities of mass,
momenta and energy in the limit are expected to satisfy the system of Euler equations
for our model,

d
‘;(””) + Z f L@y, ()] =
0
4 e @) + 3 - @ @@ + 6,P1 = 0 (13)
J_l ‘TJ

(Q(x)e(:v)) + Z = [Q(x)e(a:)ﬂ’ (z) — T (z)P] =

Here g is the density; 7w(x) is the velocity per particle; e(z) is the energy per particle.
P(z) is the pressure which is a function of g, 7 and e. This is a symmetric hyperbolic
system of conservation laws.

Although one expects such a result on physical grounds there is very little in the
way of rigorous proof that is available (cf. [DeM, Sp, Si]). For the special case of
one dimensional hard rods with elastic collision the result is known [BDS]. This case
is however unusual because there are infinitely many conserved quantities.

To get back to our general 3-dimensional model we have to modify the Hamiltonian
in three ways before we can establish a result of the type described earlier.

The first modification is technical in nature and we replace the physical space R
by a finite cube with periodic boundaries i.e. the 3-torus 7 (with unit volume). The
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phase space then becomes 7° x R? for each particle. Since V(z/¢) has very small
support it is easily extended as a periodic function on 7?3 for all sufficiently small
€ >0.

The second modification is needed because we cannot handle the large velocities
that might arise in our problem. We do not have effective truncation techniques. This
forces us to modify the kinetic energy part % 3" (p*)? to a function ¢(p) which has a
bounded gradient, thereby making the velocities uniformly bounded. A good example
to keep in mind is the relativistic kinetic energy

3 1/2
o) = <c2 + Z(pif) -,
i=1

In the classical limit as ¢ — oo, ¢(p) becomes the classical kinetic energy.

The final modification is intrinsically more serious. This is the addition of a small
amount of noise to the Hamiltonian system. This is needed because the Hamiltonian
system in infinite volume has very poor ergodicity properties. One can write a
family of spatially homogeneous invariant Gibbs measures on the infinite volume
configuration space of positions and momenta. These are indexed by five parameters
that correspond to density, the three components of average momenta and the average
energy or temperature. Excluding complications of phase transition one would like to
know that any spatially homogeneous invariant probability measure for the infinite
volume evolution satisfying some mild regularity conditions is a superposition of
these Gibbs distributions. This fact is essentially a form of a strong ergodic theorem.
Since such a result is needed, but is unavailable, we modify the dynamics with noise
so that the ergodic theorem we seek is available in part due to the noise. The noise
itself is added only to the velocities when two particles are close, i.e. within a distance
of order €. They exchange velocities randomly and continuously but in such a way as
to conserve the combined momenta and energy of the pair of particles. The strength
of this noisy exchange is carefully regulated. It must be strong enough to provide us
with the ergodicity that we need but at the same time should be weak enough that it
does not alter the final Euler equations that one wants to derive. A precise formulation
of the model and a statement of the results can be found in the next section.

There is a further restriction in our derivation: even if the initial data for the Euler
equations are smooth and in the one-phase region, the solution will develop shocks
or may enter in the region of phase coexistence. Our derivation is valid only in the
smooth regime of the Euler equations.

Our approach in this paper is based on the relative entropy method used in [Y]
for diffusion scaling limits (which simplifies the previous approach of [GPV] in that
context).

2. Summary
2.1. The Model

)N. The Hamiltonian is

The phase space in our model is (7° x R?

P 5 _ 1 Ty — mﬁ
H(@,p) = T, n(x,p) = Z $@a) + 5 Z ; v(—) 2.1)
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In this paper, we shall assume that N = ¢~3 for simplicity of notation. Since V'(-)
has compact support we can assume that for all sufficiently small e, F#_(x, p) is well
defined on our phase space. Of the functions ¢(p) on R? defining kmetlc energy and
V(x) on R® defining the potential energy we assume the following:
(i) V € CY(R?) is radial with compact support.
(ii) V can be written as V(z) = Vj(x) + V|(x) where V; > 0, V,(0) > 0 and V| is
positive definite.
(iii) ¢ € C*(R?), strictly convex and

2
|a¢ ! l 9 <’ Vp. (2.2)

ap? op'op7
The assumption that the potential V" is radial is not essential, but simplifies notations.

The Hamiltonian defines a vector field on the phase space which is the Liouville
operator

(2.3)

I — Z 0%, 0 _ 07, 0 ‘

oy, o, oz, op,
If it were classical evolution then we will have just L,. Our perturbation of L, is by
a second order operator involving second derivatives in 6/6pa The pre01se form is

not important. Let us just consider two sets of momenta (pl, pl, pl) and (pz, pz, pz)
constituting B> x R* = R®. The four laws of conservation are

pi+pi=c, i=12.3,
@) + d(py) = c4 -

For each ¢;,c,,c5,¢, in a certain open set we have a hypersurface I, in R® of
dimension 2. Observe that the assumption (iii) implies that almost all points in R®
are smooth points of the foliation I,.

Let y(c) be a strictly positive function of ¢y, ¢y, C3, ¢4 that decays fast enough at
infinity (for example exponentially). Let us consider the operator

(2.4)

Liy=—370A0,, (2.5)

where A, , is the Laplace-Beltrami operator on the hypersurface I',. This is just to
make a canonical choice of the noise we introduced in the dynamics. We can choose

in fact a more general operator ZA/LZ, as long as it is elliptic of second order acting
only on tangential directions of I',. We note that the operator f/1,2 is clearly selfadjoint
with respect to Lebesgue measure on R°. The subscript 1,2 in fq,z refers to the fact
that we have used particle labels 1,2 for our momenta p? and p}. Clearly there are

similar operators L p for every pair «, 3 and these can all be viewed as acting on
functions defined on our phase space. Our noisy generator then is of the form

L.=L_+1_,
Lo=0©Y W, zy —29)ln g, (2.6)
a#B

where (g, z, — xg) provides control of the intensity of the noise and spatial cutoff
for the exchange of velocities by limiting it to particles that are close in position
space. The choice of the function (e, x) is made as follows. We pick a function
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w(z) which is smooth, strictly positive for all z in R and decays rapidly at co. Then

define
w@a»=§:w(x;”). @.7)

The summation is over all the lattice points in R?® so that 1)(e, ) is a function on T°>.
This essentially turns the interaction on at all distances in the scale € but with the
intensity decaying very rapidly with the distance. Finally 6(¢) controls the intensity
as a function of . It will go to infinity as € — 0 but such that 6(¢) — 0.

2.2. The Formal Derivation of the Euler Equation

Let us pretend for the purpose of our derivation that no noise term is present. We
will associate with each configuration (z,,p,),...,(zy,py) @ group of five signed
measures £4(dz), u = 0,1,2,3,4 on T3:

1
€8(dz) = za: 8z — z)CE dx, (2.9)
where ¢) . =1, ¢}, . =pl,1=1,2,3 and

4 _ 1 Ta— s
e = {¢(pa)+2ZV< . )} (2.10)

B

‘We shall adopt the convention of using x, v for the indices for conserved quantities;
i for the three dimensions in R? and c, 3 for the particles from 1 to N = 3. For
any test function J(z) on T° clearly

8=y T I

Because of the evolution, (z,,,p,) are functions {z (), p,(t)} of t, and this makes
&H(dx) depend on ¢ as well. We denote these by £#(dx, t). We can use the Hamiltonian
equations to compute d(J,£#(¢)) and write it in the following form:

3
A(TEE W) =Y (T, nl®)dt + 24(). @.11)

=1

Here

1
Tie®) = % > @ -z, )0, () (2.12)
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with 6, _ given by
zas(t)_ ¢) (p (t)),
0] (D) = PLOG;(p, (1))

1 , .
DI N ACNORENGI D
B

(2.13)
0} o o(t) = {c“ ;D) + Z e~ (@L (1) — z(t)
ﬂ#a
’ 1
x { PR ACEROEEN) 3 8;@a ) + @(p;;(t»” :
j=1
We have used the notation ¢; = d¢/dp’ and V; = 0V/0z;.
The Qg‘ terms are error terms and they are explicitly given by
20 =
i 52
%=-= 2 lJ(az ) — J(@4() — 2;(9: ") — zhM), (@ (t))]
1
v (— (z,(t) — ch(t))) ;
€ (2.14)

2 3
2= % > {J(xa(t)) — J@s®) — > _(@h(t) — x;;(t))JT(:ca(t»}
a#B

3
1 5o () + 9, (1)
X [E ‘é(;(wa@)—wﬁ(t»)MP ())2¢(pﬁ }
s=1

We will show that as € — 0 the 2* terms become negligible.

In order to close the equations specified by (2.11) we need to express the quantities
7]55 as € — 0 back in terms of £¥. This is done using Gibbs distributions (cf. Sect. 5).
Given the parameters of density, the three components of momenta and average energy
one expects to have a Gibbs distribution uniquely specified by these parameters. The
Gibbs distribution describes the statistics of local configurations as functions of these
five parameters. If one takes averages with respect to the Gibbs distribution then nl’f -
can be replaced by A!(g) as &~ gets replaced by ¢* in the weak limit as ¢ — 0. The
Euler equations then take the form

r=1

o Z[A“(q)] =0, u=01234. @.15)

The matrix A can be computed explicitly. If ¢(p) = p?, then by comparing with
(1.3) A is given by
Al =¢,

Al =6,,P+q;4;/4 (2.16)
A} =4’ (q,— P)/q,-
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Note that in order to establish a connection with the Euler equation in (1.3), ¢* is
related to density, momenta and energy by

=0, d¢=0or ¢"=oe, (2.17)

in other words ¢', ¢2, ¢°, and ¢* are momenta and energy per volume instead of per
particle as in the usual Euler equation (1.3). In the general case A is still explicitly
computable, as seen in the next section.

2.3. A Precise Statement of the Results

We start with our Hamiltonian in the microscopic scale on configurations of N points
in the phase space (A x R*)" where A is some domain in the physical space R>. If
we denote the configuration by (z,,p,) then the Hamiltonian is

oy (p, ) = Z dDy) + = ZV(x (2.18)
a#ﬁ

Taking A to be a bounded cube we can define a partition function

ZaA% A NN = Z N1 / / exp[ ZA“C“]

(Ax]R3)N a=1 pu=0
xdx,...dzydp,...dpy, (2.19)

. 1
and the pressure [ note the definition of pressure where the prefactor 7' = I has

been omitted)
A0, AH = lim 1 logZ,. (2.20)
T a3 |4 A
Here (¥ = ¢/ a.c=1 With C“ defined in (2.10). See Sect. 5 or [R] for the existence of
the limit (2.20).

The Gibbs measure corresponding to A% Al A%, A3, A\* is a point process on
R?® x R? which is invariant under space translations and has the DLR property,
namely the conditional distribution of the possible configurations in a box A, given
the configuration outside has density proportional to

3 n
exp | — N, + > > Al (2.21)

i=1 a=I

0
e)\n

on J(A x R3)™, where %, is the Hamiltonian of the n-point configuration we

n
introduced above to which has been added the interaction energy due to the
configuration outside the box. This is the term

SN Vi, -w),
a oy

where «a runs over the particles inside A and y runs over the locations of all particles
outside A. The general theory of equilibrium statistical mechanics provides with a set
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W of possible values of A = (A% A1, A2, A3, \*) in R such that W is an open set in
R’ and for each ) in W we have a unique Gibbs measure and the Gibbs measure is
ergodic (with respect to space translations). The five quantities which are averages of
density, momenta and energy are given as functions of A and they can be computed
from the free energy. As ) varies over W, these averages ¢ = (¢°, ..., q*) vary over
a set U and the correspondence between A and g is one to one and smooth as long as
A and q are restricted respectively to W and U. To make the correspondence between
A and g transparent, let us define the thermodynamic entropy function

3(q) = sup {Zq*‘ M- ww} (2.22)

=0
Then A and q are related by the formulae
M =08/0¢", ¢ =0yP/ON. (2.23)

Let us denote the Gibbs measure with chemical potentials A by du,, or duq if one
specifies the parameter q. The matrix A can now be computed explicitly by

Af(g) = lim k)~ / z 0" In(z)dp, - (2.24)
Here 04, = 6%, __, and I, is the indicator function of Dy = {z € R*||z,| <k,
i=1, 2 3} Explicitly, A is given by
A) = —i—i 7,
Al = —Aj\ffj - ; s (2.25)
At = )\j q + — o P.

J 4

Here A = 08/0q (2.23) and P is the pressure as a function of ¢. By the virial theorem
for dilations we have a diect relation between P and the interaction V (cf. [V]):

. | P
3 EHa Z Vi, — (Eﬁ)X(ﬂTa) (x, — xﬂ)JJ = 5i,j <F - q4), (2.26)

a#p

where x is a non-negative function with compact support and total integral 1.
In order to see where (2.25) come from, let us compute the expectation of p’ ¢,(p)
with respect to the density dw, = exp[A\*®(p) + A - p]/Normalization,
. DY
[Ps.donw =0 35 - 54,

The second term in the above expression is the contribution of ideal gas to the pressure
tensor. This phenomena occurs also in computing A% and Aj.

If we give C'™ initial data to our hyperbolic system, up to a finite positive time,
there exists a C'* solution. Then we can assume that we are given a C'° solution
of our hyperbolic system of conservation laws in some time interval 0 < ¢ < T,
such that q(t,z) for t € [0,7,] and x € T° lies in a compact set U; C U with
dist(U;, R3\U) > 26,, for some constant &;. Then the corresponding X is a C'>
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function A(t, z) that lies in a compact set W, C W with dist(W,,R> — W) > 26, for
some constant &,. :
Let us consider the following time dependent density function §,,(¢) on the phase
space of N particles in (T3 x R3)Y,
1 N 4
GN(E @1y STy PN) = X SN Mtz xp) |, (2:27)
N a=1 p=0

where cp () is the normalizing constant.

We can take §n(0,%;,...,TxN,P),---,Py) as the initial value at ¢ = O of the
Kolmogorov or Fokker-Planck equation
09 _ #x A
na_t—=Leg) g|t=0=g|t=0
and the solution gy (t,z,,...,Tx,P,-..,Py) is the actual distribution at time ¢ of

our noisy evolution.
Our main theorem is the following:

Theorem 2.1. Under the hypotheses listed above, for any t € [0,T}],

. 1 g
I&Enwﬁ/ / gNlogﬁda:l...da:Ndpl...de:0.
(T3>< R3)N
Remark. The above theorem implies hydrodynamic behavior. For instance it is
1
elementary to check that under §,-probability N > J(z,) is nearly equal to
[J (x)¢°(t, z)dx and in fact by the theory of large deviation the probability that

1
~ >~ J(z,,) deviates significantly from f J(x)q°(t, x)dz is exponentially small under

g (Corollary 5.8). By entropy estimates (2.29) the probability is small under g,; and
this establishes the correct hydrodynamic behavior.

More precisely, for any two probability measures « and 3 the well known entropy
inequality (in fact, a special case of Jensen’s inequality) states that for any measurable
function F,

E°[F] < log E°lexp F1+ H(ca/3). (2.28)

Here H(a/3) denotes the relative entropy of o with respect to 3 [indeed H is defined
to be the smallest constant for which (2.28) holds]. A special case of (2.28) gives
log2 + H(a/B)
og(1+1/EP(A))’
Hence if N~'H(a/B) — 0 as N — oo then any set A which has exponentially small

probability with respect to § will have small probability with respect to a. In our
case (3 is local Gibbs state g, and A is the set

As = {[(J:€8) = (J,¢")| > 6}.

For arbitrary 6 > 0, EQ[A(S] < exp[—const(6)N] for some const(6) > 0 by large
deviation theory in the appendix (see Corollary 5.8). Hence we conclude the following

E¥(A) < 0 (2.29)

Corollary 2.2. Under the assumption of Theorem 2.1,
lim E9%¥[A;]1=0.
e—0

This corollary establishes the hydrodynamical limit under the usual definition.
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3. An Outline of the Proof

On the phase space (T3 x R3)"V we have two time dependent families of probability
densities defined for 0 < ¢ < T,. One of them g (¢, x,p) is a family of local Gibbs
measures constructed from a smooth solution of the Euler equations, i.e.

N 4
logdny = > > M(t,z,)Ch  —logey(t), (3.1)

a=1 p=0

where ¢ was defined by (2.10) and cp(?) is the normalization constant

en)= [ antt.x,prixdp. (3.2)

The other family g, (¢, X, p) is the actual probability density of the noisy dynamics
assuming that at time ¢ = O the initial distribution is the same as g, (¢,x,p) at ¢ = 0.
In other words g, is the solution of the Fokker-Planck or Kolmogorov equation

99y
ot

Our goal is to show that g, is close to g, for 0 <t < T, by establishing

=L¥gn,  9nlemo = N0, X,p). (3.3)

hm N/logA -gndxdp =0.

Let us define
Hy@) = /log gydxdp . (3.4)

We know by construction that N~'Hy(0) = 0. The first step is to establish a
differential inequality for H ().

Lemma 3.1. Let f(t, x) be a solution of the forward equation of a Markov process with
generator L, being represented as densities relative to some fixed reference measure (.
Let u(t, z) be any arbitrary family of densities relative to .. We shall assume enough
smoothness to make our computations valid. Then for every t > 0,

- ft, ) * Ou
8t/1 u(t )f(t x)dp </<L U — 6t) —fdp,(x)

- f(t,x)dp with respect to t. An elementary

Proof. Let us differentiate [ log £
calculation yields

f(a) 8u *
Bt/lo o, )f(t x)du - fdu -I—/L flog = d,u+/atdu

u(t z)

The third term | 8_{ dy integrates to zero because [ f du = 1 forall ¢ > 0. Integrating
by parts,

/L*flog dp = /leog du </fL(f/“)

=/u<La>du=/(L*U);d#=/<L2u>f'du-
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The inequality L logu < Lu/u for any nonegative u is a consequence of the maximum
principle for L that dictates that for any convex function ¢,

Lo(u) > ¢'(w)Lu. O

Remark. For the case we are interested in with L given by (2.6) the error term in
Lemma 3.1 can be computed explicitly,

N —1f ou
= log 2N - =
at/gN og == dx dp /u Liu m gnaxdp

48 [ 3 wierz, - 27
a#f

X |V eashy *hy ut, z)dx dp

where h = g /u. The last term is traditionally called the Dirichlet form. In particular
if we let u = g, , with A constant, then the first term on the right side vanishes. Let
- TO
h = TO_] J h(t)dt be the time average and integrate from O to T,

0

< HN(O)'

T, 3.5)

EINN [Z Y, z, — xﬁ)’y(C) Ivc;a,ﬁhNPhX/l
a#f

Here we have used the convexity of the Dirichlet form with respect to h. For a
more detailed explanation of this, see [GPV].

Lemma 3.1 was first proved in [Y] for the special case of the Ginzburg-Landau
model. Our proof here generalizes it to include all stochastic processes.

Returning to our problem at hand let us write

loggN(t7 X, P) = uN(tv X, p) (36)
We want to calculate the function
Y g

Lemma 3.2. Recall that L_ = L_ + L_, where L_ is the contribution from the noise
terms and L is the pure Hamiltonian term or the Liouville operator. Then

~gndxdp=0.

1 . 1
limsup sup N/(LegNyg
N

N—oo 0<t<Ty
Proof. Let us note that L_ has the form
L.=0©)) vez, —zpl, 4

and that L, 5 acts only on the momentum variables. It is easy to estimate, using the
conservation properties of ﬁa 8

IN'Logy < Ceb@) Y Yie,z, — zp).
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We therefore have only to prove

lim sup — /Z Yz, — 25)g,dn < C

N—o0

in order to establish the lemma, because we have assumed that €6(¢) — 0. This is a
consequence of the fast decay of 1) and Lemma 5.9. [J

- 0
We can now concentrate on the Liouville term (L;_.k i

Lemma 3.3. We can write

0
(L: 6t>U’N —ILZJ(I)(t mvp)+€N(t)x’p)’

where
4 3

POtz p) == DD Nz )0, + an(t)

p=0 j=0 o
and

1
limsup sup —/5N(t,ac,p)gNd,u=0.
Nooo 0<t<Ty NV

Here ‘9”.1 o J =1,2,3 was defined in (2.13), 90 ae = Ch ¢ (see (2.10)), A = O\ /o,
ON! [0z ; and ay is given by

ay(t) = — — [logey(®)] = / Z Z)\”(t 2, )Ch (X, P (¢, X, p)dx dp .

p=0 a=1

Proof. Proof is just by direct computation (see computation in Sect. 2.2). The error
term arises because of terms of the form [cf. (2.14)]

E_IZVz(w )AZ(H,-) Zza (t )(xg—xg,)K(xa;xﬁ).
o8

a,B j=I1
Since V; is antisymmetric, we can rewrite it as

V(, —z5)/e).

ey [/\’(t ,) — N(t, zp) — Za (e ) @l — %)
o

By Taylor’s theorem, it is bounded by

Qe)' ) |Viw, — zp)/e)] - OED) .
a,p

By (3.5) and Lemma 5.9, Eg[

> Vil(z, — xﬁ)/s)u < const N. Thus we have
proved Lemma 3.3. O o,

Another easy consequence of Lemma 5.9 is
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Lemma 3.4. For some constant C < oo,

[ Whdowazdp<en, [ 00 ladsap < ON.

For any configuration (z,p,) on (T? x R*)" and for any = € T we shall expand

|
a neighborhood of z by 1/¢ and let y, = — (z, — «). The resulting configuration
€

can be thought of as a configuration in R> although it is a little fuzzy at the edges.
However the configuration {y,} is well-defined on compact domains in R> provided
€ is sufficiently small. Of course € has to be smaller if the compact domain is larger.
The configuration so obtained will be denoted by w, ,. If Fi(w) is a functional on
configuration space in R’ that depends only on particles in a compact domain, then
F(w, ) is well defined if € is small enough. Moreover we can attach the momenta
p,, to each z, so the functional F'(w) can be a functional of configurations in the
phase space.

Recall ¢, defined in (2.13). We shall denote 6;', __, by 6. Let x(z) be a
positive smooth function on R? with compact support and total integral 1. Define the
local functional on the configurations of phase space by

Ol w) =) x(x,)0! (). 3.7)

a

Let I, (x) be the indicator function of D, = {z € R’||z,| < k} and let x, =
(2k)™’x * I,. For any local functional F', define F}, to be its average over D,

F,(w) = (2k)~? / L) F(tvw)dy . (3.8)

Here 7Y is the space translation by y. With these conventions, 6/, = (6"), is well
defined. ’

Lemma 3.5. For any smooth function J and = 0,...,4,j =1,2,3,

> S ) = [ I@0 . e

k—oo N—oo

lim Iim EY [N“l

} =0. (3.9

Remark. Similarly we can define ¢ = (¢*), with (¥ = C’:’E:l defined in (2.10).
A parallel identity holds for ¢. Intuitively, (C*);(w, ,) is the local empirical density,
momenta and energy.

Proof. By definition

/ J(@)0l! (W, dz = / dz J(@)x, (e (@ + z, )00, .

T; ¢ T
1
= N Z Jk,s(‘ra)oﬁa,s .
Here J . is defined by

Jp(2) = /J(:C)ka(e‘l(x + 2))dzx .

T
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We can bound the expectation in (3.9) by
ES [Z | = el @) 16 €<w>|] <7 = Tl B [D }

By Lemma 3.4, N~ E9 [Z 6% . 6|] is bounded. Lemma 3.5 thus follows from the
smoothness assumption of J. U
Combining Lemma 3.1-3.5 we have

Lemma 3.6. Assume that \* is smooth up to time T'. Then

- H

lim Iim sup N7! d dHy(®

k—oo N—oo 0<t<T dt
/ Z Z)\“(t )0 k(wz Jdz| + Nlay(t) <0.
T3 pn=0 j=0

Furthermore, we can compute ay; as

4
. —1 _ W w
Jim N”lay () / PIPHERVICRITES

p=0

Proof. The only thing that needs to be proved is the formula for a,. But it is a
consequence of Lemma 3.3 and large deviations in Sect. 5 [cf. (5.20), (5.21)]. O

We now introduce some cutoffs. There are two sources of unboundedness. The first
kind appears due to the unboundedness of ¢(p,) and pfl. Let us introduce a cutoff [
and replace ¢(p,) by min{¢(p,),!} (similarly for p). Let us denote the resulting 0
with these replacements by 6“ e l,6 k1> etc. The next lemma shows that the error
we made is negligible. Its proof is again an easy application of the entropy inequality
(2.28).

Lemma 3.7. For p=0,...,4,7=1,2,3,

/I ]gl(wa; 5) H;fk(em,e)ldx = O

lim lim E9N

l—00 N—oo

Here k is arbitrary positive and §; can either be gy (3.3) or Gy (3.1).

The next step we have to be concerned about is that some of the empirical quantities
¢} characterizing the local equilibrium states may not lie in the admissible region U
defined before (2.22). Let U, be a compact set satisfying [with 8, defined before
(2.22)]
dist(U,,R}\U,) > 6,,  dist(U,, R*\U) > 6, .

Define an indicator function o, by
op (W) = 1, {CE W)} (3.10)

The next lemma states that the error we made from introducing this cutoff is again
negligible. Its proof relies on large deviation and will be proved in Sect. 5 after (5.22).
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Lemma 3.8. There exist 6, > 0 such that for any local functional A of the type (5.18),

lim lim E9N
k—oo N—oo

/(1 - Ulc) (ws,z)A(ws,m)dw - 60_1N—1H(9N|QN) S 0.

T3

Now we state the local ergodic theorem to be proved in the next section.

Definition 3.9. For any local functional F'(w) define
F(q) = E*a[F].

Here (i, is the unique Gibbs measure with average density, momenta and energy
given by ¢. This is well defined if g € U.

The next theorem will be proved in Sect. 4.

Theorem 3.10 (Local ergodic theorem.) For any bounded local functional F we have

k—oo N—oo

0

T
fim fim /thgv

/'Fk(we,x) - F(Ck(wg)z))lo.k(eg’z)dx} =0.
T3

Let us pause to see what we have so far. By Lemma 3.6 and cutoffs in Lemmas
3.7 and 3.8 we have

- dH \(t
lim Iim I[im sup N7! diy
l—o00 k—oo N—oo 0<t<T dt

4

3
/ Z Z /\é‘(t,x)&ﬁk’l(wmys)ok(wz’e)dx]

T3 pn=0 5=0
+ N lapt) — 85 ' N Hy(t) < 0. (3.11)

+ ES

By Theorem 3.10 we can replace eg‘)k,l(wx,s) by @zl(ck(w57I)). By applying Lemma

3.7 to gy we can replace 9;‘) , by GA;‘ in the limit [ — oo and thus we can rewrite
(3.11) as

- dH \(t
lim Iim [im sup N~! dHn®
l—00 k—oo N—oo g<y<T dt

4 3
+ BN NN N 208 - 1) (Glw, ) | da
T3 pn=0 73=0
+ N7 lap@t) — 8 ' N Hy(t) < 0. (3.12)
The function 95 can be easily computed. By definition of  in Lemma 3.3, (2.24) and
(2.25),
0@ =Alg, =123, p=01234. (3.13)

Clearly, by definition 6 , = (4 and thus

@) = q*. (3.14)
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Observe that, since q(x) is smooth, integrating by parts we have by (2.25)

/ E Z Al'(q@)N (g(z)dz =

pn=0 j=1

Hence we can rewrite the expectation in (3.12) as

E9N /Q()\(t ), G (w, )dw}, (3.15)

T3

where

4 3 4

OO =1 D" S MIAQ - L@+ Y M - ¢, (3.16)
pu=0 y=I1 n=0

with ¢ = 0¢/0\ (2.23). By entropy bound (2.28) for any constant § > 0,

/de exp{—é-N/Qda:}

3 T3

EIN > —(6-N) !log EIN —67'Hy/N .

By the large deviation theory in Sect. 5 (5.21) the expectation with respect to §,; can
be computed explicitly as

= 21;; [— 0 / (M), ((z))dx — T (C(fc),A(a:))]. (3.17)

lim Iim N‘llogEé’N{exp[—é-N/de
k—oo N—oo
T3

Here the sup is over all integrable functions ((z) and
I(¢, ) = 3O + (\) — A¢

with § and 9 defined in (2.21) and (2.20). The function I({, A) is uniformly strictly
convex and vanishing at { = ¢ = 0v/O\. Also the function (2(),() vanishes if
¢ = q = 0¢Y/OA. If we have the first derivatives of (2 also vanish at { = g, then
since {2 is bounded (thanks to the cutoff [ U ) the sup is zero. To summarize, (3.17)
is zero provided

o2

oo

A direct computation shows that (3.18) is equivalent to

A“+Z /\] a - =0. (3.19)

=0, p=0,...4. (3.18)

By (2.15)
O 0AS 9P

8/\”8q ;
=2 o 2225@%—55—@-
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Hence (3.19) is satisfied provided the Euler equation (2.15) is satisfied and

oA OAT o 0AY ‘
Za:gq—aaqg _XV:WWa J=12,3. (3.20)
Since A = 98/9¢, we can write (3.20) as

2 A v
Z s 047 Z 0’8 6’43, j=1,2,3. (3.21)
9q*dq+ 3q5 99°dg” dg*

This means that the Euler equation is symmetric with symmetrizer §?3/9¢¢. One can
check by explicit computation that (3.21) holds and thus conclude our main Theo-
rem 2.1. In fact consider the rate of change of local entropy and using the Euler
equation we have [by (2.25)]

3 DAY 9P
g(q)daz:/zﬁ L (3.22)
73 ¢

8q® OqP Oz’

Since (3.22) is zero with respect to all choices of initial conditions, (3.22) is identical
to zero even if we take ¢“ as independent variables. Hence the compatibility conditions
require

) {ag 6A°‘}_ i) [ag oA}

5% 00" 397 | = 9% [0 e

50" Ba ] i=1,2,3. (3.23)

Doing the differentiation and using 95/0¢°0q® = 8%8/9q0q® we also conclude
(3.21).

4. Local Ergodic Theorem

The aim of this section is to prove Theorem 3.10. To achieve this we proceed in
several steps.

Let € > 0O be given. Then we defined earlier (paragraph after Lemma 3.4) a
local map w, , which maps a local configuration in the phase space around z to a

configuration in R3. As ¢ — 0 the resulting configurations are getting well defined in
larger and larger cubes around the origin in R3. Let us denote the measure obtained
from the density g(t,x, p) through the map by @, , .. We define

Ty
- 1
Qaz—/dt/det”. (4.1)
TO [
0 T3

“ 99

Roughly speaking, if we pick a random time *“¢” in [0, T}] and a random point
in 7% and blow up the space by a factor of ™!, the statistics of the configuration in
phase space in a large e-vicinity of this point is given by Q.. As € — 0, Q, gets to
be well defined as a point process on all of R?:

The following list contains the main steps in proving local ergodic theorem (3.10).
(A) The family {Q_} is compact. It also follows that any limiting point process has
finite entropy.
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(B) Conditioned on the positions x, the distribution of the momenta is a mixture of
product states [] exp{—a¢(p,) — bp, }/Normalization. This can be proven with the

help of the noise introduced in the dynamics.

(C) We shall define the energy, momenta and density associated with a configuration
and prove that they are constants of the motion determined by the generator L (in the
sense specified later).

(D) By conditioning on energy, momenta and density, any limiting process is invariant
under the Liouville operator L and hence is Gibbs with potential V.

(E) The local ergodic Theorem 3.10 is just the law of large numbers for Gibbs states.

Lemma 4.1. As ¢ — O the family {Q_} of point processes is compact and any limit
point is a stationary point process in R> with values in momentum space.

Proof. To prove compactness we have to prove that:

E9 [Z IA(:ca>J < 4], @.2)

Jim Tim sup £9° [Z 1,(z,) (1 — ll(pa))] =0 (3.3)

e—0

for any bounded set A in R3. Here 1,(p) is the characteristic function of the set
{p: llp|| < 1}. In (4.2) actually equality holds. In fact an elementary computation
yields:

Ty
5 1
EQe [Z IA(xa)] = _:Fo /dt/dxz lA(e‘l(xa —x))g(t, x, p)dx dp .
[o" 0 3 o

Since

/IA(E‘I(xa —z))dr = 63[/1| = N_1|/1| ,

T3

(4.2) follows.
17
Let us denote by gy (x,p) = T J g(t,x,p)dt. Then
00

EQe <Z 1(z,) (1 — ll(pa)))
-/ [ o3 146 @ = o (1 = 10 Dan P dp
T3 ¢

= IAI53/Z(1 - 1,(p, )N, p)dx dp.
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4
We can use as a reference measure a Gibbs measure g, y = exp{ Do D AHCh A+
cN)/\}. Then by the entropy bound (2.28): o=t n=0

A _ A 63 (1-1(pa)) _
%/Z[l = 1, )1gn (x, p)dx dp < }Sﬁ'{log/e A gA,N(x,p)dxdp}

A s
+ '6_]\lf Hy@GnlGan) -

Since Hn(9(0,x,p)|gA) < CN for some C' > 0, and decreases in time, by convexity
we have ON

Hy(Gnlr,) < T (4.4)
0

We let N — oo and | — oo. Note that {p,}2_, are independent under §, and the

a=1
first term can be calculated explicitly and goes to zero as [ — oo. Finally let 6 — oo

and (4.3) follows. [

Lemma 4.2 Let Q be any limit point of {Q_}. For any § > 0 let P; the Poisson
e—9¢®)

process on R x R3 with intensity dx x dp (cf. Sect. 5, cg is a normalization

s
constant). Then there exists a constant C' < oo independent of () such that the density

of relative entropy
hMQIPy) < C 4.5)

(h is defined by 5.1).

The proof of Lemma 4.2 is a simple consequence of 4.4 and the results contained
in Sect. 5. We will postpone the proof to the end of Sect. 5.

Lemma 4.3. Let ) be any limit point. Then for any bounded function W with compact
support contained in D,. = {|z| < r} we have

EQ < Y W, - l“ﬁ)IDr(a:a)) < const 7. (4.6)
aAp
In particular, let N, = I, (x,). Then
«

E9(N?) < constr®. 4.7
Lemma 4.3 is the “local version” of Lemma 5.9 and can be proved in the same way.

Lemma 4.4. If Q is any limit point and we restrict Q to any region W then Q) is a

measure on the union of particle spaces §2,,. {2, consists of n copies of the phase-space

over W, i.e. (W x R*)". The restriction of Q of §2,, is invariant with respect to lﬂlay 3

(2.6) for every a, 3 € {1,2,...,n} provided n > 2.

Proof. We will use here the assumption made on the random interaction, i.e.
P, xz) > 6, if Ia_lx] <k.

Using again gyn as reference measure (for any \ € V'), we have from (3.5),

X V.0sdnl’
BN (600) Y (e, z, —:vgmc)'—“‘?ﬁgﬂ <cN.

a#p
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Since 6(e) — oo as € — 0 and 1 is uniformly positive in the sense described
above, the assertion follows by elementary considerations by taking the limit as
N —oco0. O

Lemma 4.5. Let Q be any limit point of {Q_}. Then Q, when restricted to (2, for
n > 2 and given the configuration of positions, is uniform on every energy-momentum
hypersurface

> ¢wa) = Cy,
a=1

n .
ZPZ =C;
a=1

(uniform in the sense of the restriction of the volume element dp).

Proof. This requires that > IA/a, s be elliptic on the above hypersurface and that the
a,B

hypersurface be connected. Our assumptions on ¢ ensure this except for special values

of ¢y, ¢, ¢y, c3 When the hypersurface collapses to a point. [J

Lemma 4.6. Given the configuration of positions then the configuration of momenta
is a mixture of product measures of the form

3
w(dpl\) =exp | Y > A'pl, — A ¢(p,)| /Normalization, (4.8)
=1 « «

where \' are constants restricted to the region where the exponent becomes negative
as |p,| — oo.

Proof. Lemma 4.6 is just a consequence of Lemma 4.5 and the equivalence of
ensembles theorem. [

In the following L will denote the Liouville operator defined on 2, the space of
configurations in the infinite volume.

Lemma 4.7. If Q is any limit point of {Q_} then
/ LF@)dQ(w) = 0 (4.9)

for all bounded smooth local functionals F'.

Proof. By definition we can choose a subsequence such that for any bounded smooth

local function F’ )
EC[LF] = lim E%=[LF].
E—>

It is therefore enough to prove that EQe [LF] — 0 as € — 0. Define G(w) by

3 3
G = LR =3 Y 6.0 5o~ X > Vi, —xﬂ)‘% |
& o il ¢

a  i=]

Define g, to be the average of g,

T
1
Inx,p) = T /gN(t, X, p)dt .
0
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‘Then we can express EQ= [G(w)] by

E9%[G(w)] = E? { / G(we,z)dx}.
T3

Define F. to be the space average of F(w, ,),

F.(x,p) = /F(wg,z)dx.
T3

Recall L_ (2.4) is the Liouville operator with scale . We can compute L_F as

L.F =& / Gw, p)dz . (4.10)
T3
Recall by Ito’s formula
T
E9N / 5EEFE(x(t),p(t))dt}
0
= eEIN[F_(x(T), p(T))] — e E9N [, (x(0), p(0))] . (4.11)

Since FE is bounded, the right side of (4.11) vanishes as € — 0. By definition of ﬂa
and (4.10) we have

lim EQ[G(w)] = lim E9N[el_F.(x,p)]. (4.12)
£— £—
By assumption that F' is bounded smooth function we can bound I:EFE by

|EIN[L_F.(x,p)]| < * const O(e) EIN [Z P(e,z, — xﬁ)] )
a#p

By Lemma 5.9 and the fast decay of v, e’ EIN [ 3 (e, x, — xﬁ)j] < const. Since
a8

efe) — 0, lim0 EQE[G(w)] = 0. This proves Lemma 4.7. [
E—

Lemma 4.8. For any configuration w = {(z,,p,)}, let z be the density, momenta
and kinetic energy associated with the configuration defined by

N
2w) = lim 24 sw) = lim 8 x(6x,)(hw),  p=0,1,23,
o=l (4.13)

N
4 _ @ — 1 3
w) = lim 2 5(w) = lim 6 ; X(62,)6(p,,) -

Here (!, was defined in (2.10) and x is a cutoff function of total integral one (cf. (3.7)).
For any limit point Q of {Q.}, 2#(w) exist almost everywhere and are independent of
the cutoff x. Furthermore, Z(w) are constants of the motion defined by L in the sense
that

/ h(z(w)) LF(w)dQ = 0 (4.14)
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for all local smooth functionals F' and all smooth functions h with compact support.

Proof. Because of the stationarity of {x_,} as a point process and the conditionals of p
being independent (4.8), these limits clearly exist if the moments are finite: essentially
one needs finiteness of the kinetic energy density or

/z4(w)dQ < 00.

This is implied by (4.5) and (2.28). It also follows from (4.7) that z is independent

of the cutoff y.
We now turn to the proof of (4.14). By (4.9),

0= / L(Fh(z! 5w))dQ

- / (LF)h(z s))dQ + / FLA(Z s()dQ.

The first term converges to f LFh(z;‘(w))dQ as 6 — 0. We only have to show that
the second term converges to zero as 6 — 0. Clearly, it suffices to show that as 6 — 0,

/|Lz§76|dQ—>O, w=0,...,4. (4.15)

By definition,
sz(ﬁ =683 in(&ca)pfl .

Hence [|Lz) 5|d@Q — 0 as § — 0. Similarly,
Lzl s =68 x;(6x,)p,(D,)

a,j

— 8 Xz Vilz, —zp),  i=1,273. (4.16)
a#B

The first term clearly goes to zero as § — 0. As for the second term we use the
antisymmetry of V; to write it as

28 Y Vil — 20 [X(62,) — x(62)]. (@.17)
a#p ‘
Since x is smooth with compact support
Ix(6z,) — x(624)| < const8[1(|z,| < §7'C) + 1(|lz4| < 6710,
for some constant C. So (4.19) is bounded by
consts - 8° Y Wz, — zp)l(|z,| < 67'0), (4.18)
a#p

where W is a smooth positive function with compact support. By (4.6) we can bound
the expectations of (4.18) by const§. Hence

gig(l)/wz;ﬁ]dcg:o, i=1,2,3.
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|
83N X(62,)6: P Vi@, — Tp)
a#fB 1

The first term on the right side of (4.19) is easy as before. The second term is trickier.
Let w,(z) and o,(t) denote the expectation and variance of ¢,(p,) with respect to ()
conditioned on z. Note that since the extremal measures of momenta distribution are
characterized by (4.8), w,; and o, depend on z only and are independent of the other
parameter or structure of (). We can now bound the second term of (4.19) by

@ [ 8 Y x(2,)¢,a)V, (s — T5) ]

T arB
} . (4.20)

Finally we have to bound [ |L2) s|dQ,

EQ[|L22,5|] = E< ”663 Z X;

i,

+EQ[

]. (4.19)

—EQ[ PN X062 [9,y) — i) Y Vi, — )
4 B#a

53 Z Z x(6zx YV (z, — zgw;
a#B i

The second term of (4.20) can be bounded as before. Using the Schwartz inequality
the first term can be bounded by

3
E? { > @6’ B [ > xtée,)’ < > Vi, - a:@)zlz} 1/2}
1=1 a
12
< const 6 EQ [Z 3 Xz, )2<Z Vi, xﬂ)> } . @2

B#a

where we use the boundedness of ¢,(z). To bound the second expectation, let us
divide the set {z||z| < 267!} into boxes of size 2R with R denoting the range of
V. Let o index the boxes and let N be the number of particles in the o box.

#8255 x6aP( 3 Vi —a)) | " <emrpe [y ]
i a 8

+EQ[

g

By convexity and the inequality (Z N, 3)1/ < (Z Nﬁ)l/ ® we see that (4.21) is
bounded by g

const S E@ [(Z N§>3/4] <& {EQ [2 Ng] }3/4. (4.22)

By (4.7), EQ[S N2] is bounded by 63 and (4.22) is bounded by const 5%/, We
g
have thus concluded that (4.17) vanishes as § — 0 and thus Lemma 4.9. [

By Lemma 4.6 we can represent the limit point () as

Q= /ﬂ(dz)u(dx|z)7r(dp|z), (4.23)



546 S. Olla, S.R.S. Varadhan, and H. T. Yau

where 7 is defined in (4.3) with A chosen in such a way as to have average momenta
and kinetic energy given by z. Furthermore Lemmas 4.7 and 4.8 imply that

/ LF(w)v(dx|z)m(dplz) =0 (4.24)
for almost all z. From (4.24) and the translation invariance of ), v ® 7 is a Gibbs

state satisfying the DLR equation. We state this as the following.

Lemma 4.10. Any extremal limit point of the family {Q_} defined in (4.1) is a Gibbs
state. It is characterized by the five parameters z*, p =0,...,4.

Proof. By the translation invariance of v(dx|z) we can rewrite (4.24) as

/ [Z pr ) - w(z)) D D Vila, %)8%? v(dx|z)r(dp|z) =

To o fza 3

where w,(z) is the expectation of ¢,(p,) with respect to m(dp|z) (as in the proof of
Lemma 4.9). Then the proof follows easily along the line of the proof of Lemma 4.5
in [OV]. In fact the particular form of ¢ does not play any role here. U

Now the local ergodic Theorem 3.10 is just a simple corollary of Lemma 4.10. By
taking the limit e — O we only have to check that

kliTn sup EQ[|F,(w) — F(¢())|op(w)] =0, (4.25)

where A denotes the set of limit points of P.. The characteristic function o, reduces
the problem to verification of (4.25) with conserved quantities in the single phase
region of Gibbs states with potential V' and kinetic energy ¢(p). Combining with
Lemma 4.10 we only have to check (4.25) for Gibbs states in the single phase region.
This is simply the law of large numbers for Gibbs states.

5. Large Deviations for Gibbs Point Processes

We will develop here a large deviation theory for Gibbs point processes, needed for
the proof of Theorem 2.1 and Corollary 2.2. For Gibbs processes on a lattice this
theory has already been developed in [O] and [Re]. For an account of general theory
of large deviation, see [V1].

Initially we want to develop a large deviation theory for a Poisson point process P
on R? x R3. The intensity of the Poisson process will be the measure dx x f(p)dp. The
density f(p) will be nonnegative and | f(p)dp = 1. A point of R*> xR will be denoted

3

R
by (z,p) and the sample space {2 will consist of points w, denoting a configuration
{(z,,p,)}- Any bounded region B in R3 will have only a finite number of z, in it
and one can think of p, as tags and consider the corresponding finite conﬁguratlon
in B x R3. The configuration z_, alone will constitute a Poisson point process on
R3 with intensity given by the Lebesgue measure. The Poisson measure P on {2
is invariant with respect to the group of z-translation 7,. Suppose Q) is any other

T, -invariant point process measure on §2. Let D, be a cube of side [ in R3; we can
deﬁne the relative entropy H,(Q|P) of the restriction of @ to D, x R?, with respect to
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the same restriction of P. By restriction of course we mean restriction to the o-field
7 generated by configurations in that domain. We define then

H,(Q|P) = sup{ E?(F}) — log E¥ (e")}, (5.1
F

where the sup is taken over all the bounded continuous .%-measurable functions F)
on {2. Because of independence properties and stationarity of P, H; is superadditive
and one can define the entropy density as

1 1
MQ/P) = Jim 5 HiQIP) = sup 35 H(QIP). (5.2)

To any configuratioin w € §2, we can associate a o-finite measure on R? x R3 by
counting the number of points (z,,p,) in any given set. Then the space {2 can be
made into a topological space under vague convergence. That is to say that for any
test function ¢(z,p) which is continuous and has compact support in R* x R3, the

function on {2
> 6@, p,)
o

is continuous on (2. This in turn provides a weak convergence definition for the space
A of stochastic point processes on {2 and we shall limit ourselves mainly to the
T -invariant ones ..

Let Ngz(w) be the number of points of the configuration w in B X R3, where B is
a bounded set in R, For any stationary point process @, if for any bounded B C R?

E®[Ng] < +oo,

then there exists a positive o-finite measure g¢(dz,dp) on R x R? such that

E9[N,] = / a(dz, dp)
BxR3

By stationarity we have
q(dz,dp) = edz - m(dp),

where p is a constant density of the z-configurations and = is the distribution of the

13 ”»”

pa‘
Theorem 5.1. (i) h(Q|P) is lower semicontinuous.
(ii) for any finite number 1, the set {Q: h(Q|P) <} is compact.
(i) if Q, — Q with KQ,|P) < c for any n, then q,(dz,dp) = o,dz - 7, (dp)
converges to ¢(dz,dp) = pdx - w(dp) of the limiting Q.
Proof. (i): The lower semicontinuity of H; follows easily from this definition and, by
(5.1), h(Q) is also lower semicontinuous.
(ii) and (iii): By the entropy inequality it is easy to show that if () € M, and
MQ|P) < ¢, then for any bounded B C R3 there exists a constant ¢ B

Then (ii) and (iii) follow by standard arguments. []

The following Theorems 5.2 and 5.3 are the large deviation theory relative to a
Poisson point process. For the upper bound contained in Theorem 5.2 let us assume
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that F(w) is a local function measurable with respect to configurations on some B x R?
and satisfies a bound
Fw) < ¢, +¢,Ng (w)

for some constant ¢, c,.

Theorem 5.2. Under the above assumption

1
lim sup 7 log E¥

l—00 Qe

exp / F(Tzw)dcc} < sup [ES[F] - WQ|P)]
Dy

and the right-hand side is finite.

Proof. Let us first assume that F'(w) is bounded in absolute value. Then by the entropy

inequality we have
= sup EY
Q/

where the supremum is taken over all point processes Q' on D, +p X R?. Here we are
assuming that By C D; . We extend the measure Q" where the supremum is attained

log EF exp/F(Tzw)dw

Dy

/F(’Tﬂ,d)d(ﬁ:l -Hl+l0(Q/|P)}’

Dy

to a point process on R? x R? by taking independent copies on all disjoint translated
cubes of R? x R3. The measure Q" so obtained is not stationary but can be made
stationary by defining

A 1
Qi = A / 7,Q"dz .

Diyyy

By (5.2), convexity of H, and independence properties of the Poisson measure P we
have

h(QHzO |P) = n(l+lo)(Ql+l0 |P)

1
o (A + 1))
< lim !
= nseo (1 1) U+ 10)3

/ H, 1417, Q" |P)da
Dy
1
<
—(d+1 )3
_ 1
A+

Furthermore we have

EQU(F(w)) — lldEQ’ ( / F(Tzw)da:>

Dy

Hl+l0 (QHIP)

Hyyy(@IP).

< Flloo - o(D)

as [ — oo. This proves the upper bound for bounded F'.
Now assume F only bounded above and define F,, = max{F, —k}. Then we have

lim sup 113 log EF (exp/F(gw)dm) < sup {EQ[Fk(w)] - hQ|P)} =0y
l—o0 . QE.,/[O

D,
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We need only to establish lim o, < sup {ER(F) — MQ|P)} (the limit exists
k—oo QeM,

since o, is decreasing.) If klim o, = —oo there is nothing to prove. Let us assume
: oo

lim o, = 0 > —o0. Since F), is bounded above we can find @, such that h(Q.|P)

k—oo

is bounded and EQk[Fk] — hMQy|P) — o. The boundedness of h(Q,|P) means
that along some subsequence we will have a weak limit ) and moreover @, — @
strongly, i.e. for each Borel set in the o-field corresponding to every B x R%. In
particular

ECk(F) — EQ(F)
for every bounded measurable F'. Therefore

Jim EQk(F,) < E?(F).

The lower semicontinuity of h(Q|P) completes the argument.
For removing the upper bound on F' we replace F' by F,, = min(F, k) and we

will use the fact that EFe*"VBo < 400 for every A < +oo. By Holder’s inequality if

1 1
— + — =1 we can bound

P q
/ F(wa)dx] } < (EP { exp

EP{ exp
De

1/p
p/Fk(Tzw)dk] })

De

1/q
X (Ep{exp q/(F - F,) (Tzw)dx} })

De
=T, T,.

If we take log and divide by 1/13 we get for the first term

1

lim sup B

l—o0

1
long < — sup {EQ[pF] - h(QlP)}
p QEU//ZO

while the second term is estimated by
/q
T, < EP{ exp lq /[czNBo(me) +c; - k]ﬂix] } .
De
We can think of D, of disjoint union of translates of B, and if we denote by

2/

E@) =) [6Np, (Tppqw) — (k= e,
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then we can bound T, by (using Jensen’s inequality)

1/
e fonfo )

Dlo

1 P 3 Va
< <Z—3 [® {exp[qzom})
0

Dlo
= (Ef {exp(ql3[c,Np, (w)—k —¢ )]+))(l3/l(3))-(1/q)‘
0l Dy 1

We obtain then
. 1 1
lim sup I logT, < 7

l—o0 0

1
4 log B lexplalolep Np, (@) — (k —e)I)].

Let k — oo, then the right-hand side goes to zero. Now we let p — 1 and we get the
right bound. O

For the following lower bound we can assume F'(w) to be an arbitrary function
measurable with respect to the configurations on some D; X R3. Then we can prove

Theorem 5.3.

1
“{L‘{EV 7 log E¥ (exp

/ F(r,wydz| | > sup [E9(F) — MQ|P)],
b Qe

where the sup is taken over all Q) such that MQ|P) < +oco and E?(F~) < +o0.
Proof. We can take any permissible @) and since h(Q|P) < oo we know that

dQ
aP - = Yy
Dy, xR3
exists. Then by Jensen’s inequality
EFf | exp </F(me)dx> = E9| exp (/F(Tww)dx—logv,bl+lo>
Dl Dl
> exp EQ</F(TIw)dx) — Hl+l0(Q[P)
Dy

> exp[PEC(F) — (1 + 1)’ Q| P)].

Taking log, dividing by [*> and letting | — oo we obtain the lower bound. [J

Remark. The above proof can be easily modified to yield a lower bound for

1
liminv—logEP X €Xp
l—o00 l3

/ me)de > sup [EF) — h(Q|P)],
Q€EAe

D,
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where x; is defined by

X; = {w: DL /G('rmw)dx € (a,b)} for some —oco<a<b< oo
1
Dy

and

A, = {Q: /G(w)dQ € (a,b), Q ergodic} ,

and by arguments standard in large deviation theory we can replace A, by

A= {Q: /G(w)dQ € (a,b)}.

We now turn our attention to a similar problem for a Poisson point process P,
with intensity v dz x f(p)dp on T3 x R3 as v — oo. We will have a family F(z,w) of
functions depending on a fixed domain Dzo x R3 in R* x R? and depending in some

continuous manner on = € T7 as a parameter. We will think of v = e 3 ande — 0
as y — oo. If z is any point in T° we can define w, , a configuration in R? x R3 in
the same fashion as in Sect. 3. Then if ¢ is small enough F(z,w, ) is well defined.
We will be interested in the behavior of

%10gEP7 [exp {V/F(x,wz,s)dx”

T3
as 7 — 0o. Remember that y = 3.
Theorem 5.4. Assume that F(w) is a bounded function measurable on Dl0 x R3. Then

1
lim — log EP
Yoo Yy

exp {’y / F(wm,e)dxH = sup [E9[F] - h(Q|P)].
T3

QE.7y

Proof. 1t is no different from that of Theorems 5.2 and 5.3. If we ignore strips of size
e, adding up to a volume O(s~2) and expand the rest out to a cube of side nearly 1/
we are back to the earlier case. [

We now consider integrals of the form
Z(y) = EM{exp F, (W)}, (5.3)

where (673 =)
3

Fw) =Y e+ Y Y A = 5 3 At SV (Fe
- 2 & :

a  j=1 BHa
_ Z As(z)o(p,) + fy/G(x,wz,e)da:. (5.4)

We make the following assumptions:

1) AJ, j=0,...,5 are continuous functions of z € T°.

2) V(z) is a continuous function with compact support in R? such that V =V, + V,
with V|(z) > 0, V;(0) > 0, and V, being a positive definite potential.
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3
3) 3 A (x)pt < As(z)é(p) for all = and p.
i=1
4) Gz,w)=>_ 9,(x)G 4 (w), where g (z) are bounded measurable functions depend-
S

ing on configurations in some fixed domain D, x R3.
5) Ay(x) > ay > 0.

Theorem 5.5. Under the above assumptions

lim élogzw)= / sup [E9(F,(w) — MQ|P)ldz,
y—00

2 Qe
where
5
Fw) =Y A@Tw+ ) 9,@G,w)
=0 s
and

Tow) =Y u(@,),

[e3

Tyw) =Y ul@ph, i=1,2,3,

«

1
Y, (w) = ) Z wz )V (z, —xp),

[e3

Tsw) = — Y wz,)p(p,) -

o3

Here u is a positive function of compact support supported in D, o With J w@)dz = 1.
R3

Remark. The assumption that V' is bounded and is of finite range is not essential.
The proof we give in the following is taken from [CLY] where one needs to control
Coulomb potential. We prefer to keep our proof in a simple form.

Proof. The proof is just an easy step away from Theorems 2, 3, and 4. First let us
remark that we can find approximations for A,(z) and g,(z) that are constant on some
cubic partition of T3, both from above and below, and we can assume without loss
of generality that all these functions are piecewise constant.

The only restriction on the function u is that it has compact support, is non-
negative and is of total integral one. It is not hard to see that by the stationarity of )
the variational formula gives the same value independent of the choice of u (subjected
to the previous conditions, of course). In the following we prove Theorem 5.5 with
u being a characteristic function of a cube.

Divide T* into disjoint boxes B, of size el. We can translate the boxes by T with
0< 7 <eli=1,23. Let F,  (w) denote the contributions of F in the box
B, translated by 7. There are ambiguities in this definition which we shall clarify
as follows. First of all we can assume AJ is constant in the box « + 7 and replace

A,(z,) by A;(o + 7). Next V(z, — z5/e) is replaced by

V(xa - mﬁ/€)10+r(ma)la+'r(xﬂ) ’
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namely, we neglect the interactions between neighboring boxes. Certainly we made
certain errors. It’s not hard to see that there is a bounded function with compact
support W such that

Fw) < (El)_3/d7'z Fy @+ Y W, —z/e).
o a#pB

The last term is in general of order N2 but one can control it in the following way.
Let
FO=F+0) V@, —zs/e).
BF#a

Apply previous bound to F?,
F@ <@ [ar Y 0,0+ 2,

N = Z A+ oW, - z5/e) — OV (z, —x5/e).
a#B
By assumption V' = V| 4+ V, with V, positive definite and V|, nonnegative with
V1(0) > 0. By Lemma 5.7 below, for / large enough there exists a 6 > 0 such that:
N<ENTIN=0Y Vi@, —z5/e) < (617" + constO)N .
a#p

Hence
log Z(y) < (6717 + const )N

+ log EP [exp A, Z (F“”)MT(G)] )

By Jensen’s inequality the last expectation is bounded by

Av_log EP [exp ( Z (F(e))HT(w))} .

Note that for 7 fixed there is no interaction between neighboring boxes. So the last
expectation is nothing but

Av, > " EP1[exp(F?),, ()]

o+T1

We can now apply Theorem 5.2 and let | — oo and then § — 0 to conclude our
upper bound.

The lower bound is much easier. First let us divide 7° into disjoint cubes of size
el. Let A, denote such a typical cube and let B, C A, be defined by

B, = {z|dist(z, AS) > I} .

Since we need only lower bound, we can restrict to the set that no particle exists in
the corridors 773 \U B, The probability of such an event under P7 is exp[—C ()N,

«
where C(l) — 0 as [ — co. Moreover, the integrand factors into product over cubes
as no interaction presents in this event. We now use Theorem 5.3 for each cube
and sum them up to the right side of Theorem 5.3. Note that the errors caused by
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restricting to the specific event mentioned above is negligible in the limit v — oo
and [ — oco. [0

Consider now the canonical partition function with the number of particles fixed
at N that goes to 0o as €73:

Z§ = E™ {exp[F, ()]} , (5.5)

where P), is the measure on (73 x R*)" defined by

N
dPy =[] dzy x f@,)dp, -

a=1

Then the previously defined [see (5.3)] grand canonical partition function is related

to the canonical one by
oo

AN
J— - C
Z,y—e v E WZN (56)
N=0
Theorem 5.6. Suppose that Nlim Ny~! = 1. Then
—00

Nli_xpoo%log Z5 = {sup { / dz[E9= {F (w)} — h(Qm|P)]},
Qz}

J e(Qz)dz=1
T3

(here o(Q)) is the density of Q).

Proof. If we consider
N
e_’Y

a,b __ c
2y = Z N! 2N
ya<N<vyb

then the remark after Theorem 5.3 yields

y—oo 7y

lim inv — log Z2* > sup { / dz[E9={F (W)} — MQ,|P)];
T3
Qpa< /Q(Qm)dl' < b}.
T3

We note that
Z5 < (const)* Z§, .

To see this, let us integrate out one particle, say z,, in Z§;. For any distribution

of z,,...,x, we can always find a set A of measure at least o with o > 0 such that
N
sup Z [V(z — ;)| < const .
€A =2

for some constant independent of N. By restricting z, integration to A we get the
desired bound for £ = 1. The general case follows by induction.
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Now let us choose a = 1 —§ and b = 1 to have a lower bound for Z%?. We obtain
a lower bound for Z§; by using the upper bound on Z§;_,. Finally let 6 — O at the
end to conclude the lower bound of Theorem 5.6.

To obtain the upper bound we define

A — " AN ¢
Z5 = Z e 7 e Zy -
N=0
Our methods can evaluate
lim sup 1 log Z,’y\

o0
for any real A\. We then note that
1 e VNN
NN T

Therefore .
1
lim sup — log Z§, < limsup | — log Zn —)\}
Noos N BN Nﬁwp[zv -
1
< infli —log Zp —
_1r;fll;{nj;10p [Nlog N /\},

which yields the right-hand side of our theorem. [J

Lemma 5.7. Suppose W is a positive bounded function with compact support on R>.
Then there is a 6 > 0 such that

N N
8y Wy—z5) <> Viw, —zg)+N.
a#B a#f
Proof. Proof of Lemma 4.2 in [V] generalized to more dimensions. [

We will review now certain facts from thermodynamics of continuous systems,
based partly on the large deviation theory developed earlier.

Suppose we are given a kinetic energy function ¢(p) for p € R3, which is
continuous nonnegative, and growing at least linearly at co. We consider the set
L of (A}, A5, A3,A,) in R® x R, satisfying

/ exp

Let L be the interior of L. Suppose V is a pair potential of the class described
earlier, then for any configuration (z,,p,) in a bounded cube D the grand canonical
partition function is defined, for A = (Mg, A|,..., Ay, Ag € Rand (A},..., A\ € L,
by:

oo 3 N
ZpN =Y e Pl f—;\;—‘N/,,./exp [Z inp;—x4%,v] 1 dzadp,, 5.7
: a=1

N=0 (DxRHN a =1

3
> i - /\4¢(p)] dp < +o0.

i=1

where

Hy = % Y V@, -z + > ¢0,).
a#l @
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The pressure is defined by

1
D]
Although the existence of this limit can be proved in many ways we will use large
deviation theory to see it. We can pick & such that (A\;, Ay, A5, A\, — &) € L? and
normalize e~%¢® to be a probability density. We then see by large deviation theory

that ¥(A) exists (Theorems 5.2 and 5.3, observe that the integrand is bounded above)
and

P(A) = lim log Z,(N\). (5.8)
D /R3

PN = sup {E9(F) ) — h(Q|Py}, (5.9)
QE.7%y

where (recall u from Theorem 5.5)

3
Frs =203 ut@)+ 30 Y hata )t - % Y uw Ve, - 3,)
o =1« (a#B)

— =0 u@)dp,) + (logey) Y | ulz,,).

Here ¢; = [ e~ %*®dp and u > 0 is a compactly supported function with | u(z)dz =
R3 R3

1. P; is the Poisson process with intensity dz X exp(—d¢(p))dp/Normalization. It is

easy to check that

h(Q|Py) — 6E? [Z u(xa)qs(pa)] — (log cs)E9 ( 3 u(a:a)>

[e% [e%

is independent of ¢ and defines a functional s(Q)). Then

Y\ = sup [EC[F,] - s(q)]. (5.10)
QE.7y

Here

4 3
Fy = Z)‘iFl = )\02 u(z,) + Z)‘%Z u(z,,)pt,
i=1 «

1=0 a
1
- Z [¢(Pa) + 3 Z V(z, — xﬂ)} wz,,) -
a B#a

We can fix EQ(F") = g; for i =0,1,...,4 and define the thermodynamic entropy

function
3(g) = inf s(Q). 5.11)
Q:EQ[F,|=q;

Then 5(q) is a convex function of ¢ € R> and 1 and 5 are related by

4
> g, - §(q)J : (5.12)

=0

P(A) = sup
q

There is an open subset of U of L, x R and an open subset U of RS such that V¢
and V3§ map each onto the other in a smooth one-to-one manner (cf. [R]). Moreover
by restricting to a smaller nonempty subset we can assume that the variation in (5.10)



Hydrodynamical Limit for a Hamiltonian System with Weak Noise 557

is attained at a unique measure (), and @, is the “Gibbs” measure corresponding to
the activity A. From the uniqueness it follows that (), is ergodic as a stationary point
process.

Now we want to study local “Gibbs” families of measures. Let A(z) be a smooth
map of 7% x U. Let ¢(z) be the corresponding map into U. Assume f go(x)dzr = 1.
Let us define on (72 x R3)N T3

3

G@p) = M@+ > > N@Iph =Y M@ h,,  (5.13)

a i=1

where

_ 1 Ty — g
ha—qﬁ(pa)—i—z[%;‘/( - > (5.14)

and N — oo as € — 0 with N&3 — 1.
We define on (T° x R*)" a local Gibbs measure /iy = §ydzdp with density given

by

N 1
In(z,p) = 7 exp[G(z, p)] . (5.15)
N
Note that g, is the same function as defined in 2.27. According to Theorem 5.6
1
tim L 1og 25, = sup { [ astEeE e - 5@ Q) [ Qoo - 1}
T3

- s { / [Z /\Z(x)g(a;)—§(((a:))}dx}. (5.16)

¢ [ Col@ydz=1

Since the supremum is attained anyway at a (y(z) with [ (y(dz) = 1, we can drop
the restriction and

. 1 c
Jim - log Z§, \ = / YNT))dz . (5.17)
Let us take a function [k, defined in (5.14)]
3
Qz,p) = N—l{bo(x) +Y 0 b ph + Y b4(xa)ha}
1=l « [}

+a/K(x,w$’E)dac, (5.18)

where b;(x) are continuous, b, < A, and K(z,w) is bounded and local. Then if we
define the partition function

Zy = / exp[£2(z, p)ldily , (5.19)
then
1
lim logZy = sup / E(Q,)+ ) M@)(@) — s(@Q,)|dz
N—co N N {Qz}: /[ Co(@yda=1 { XZ:

- / PY(Mz))dz , (5.20)
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where (;(z) = E%=[F,]. Clearly one can move the sup inside and drop the constraint
f (o(x)dz = 1 to have an upper bound. Together with (5.11) we have

. -1 5
ngnooN log Z

< / sup {EQ(K@:, wa )+ 3 @), — TG, A(x»}dm. (5.21)
Q@ 1%

Here
I, A) = 80O + (N — AC.
These estimates provide an easy corollary.

Corollary 5.8. The measures [iy have a law of large numbers. If

m = / EM@ (0, (w))dz

where [i ., is the Gibbs point process corresponding to \(z) then

ﬂN{(LI_?)i ’%Q(E,@—m' 25} -0

N —oo
exponentially fast in N for each § > 0.

Let us map the configuration (z, p) into the set of maps from T? into the stationary

point processes on R? x R3, Let K be an arbitrary number. We map the configuration
in a box of size eK around z € T° to a configuration in a box of size K in R® by
Y, = (x, — x)e~'. Then {(y,,p,)} = wf is a configuration in B, x R?. We can
extend it periodically to a configuration &F in R® x R?, and averaging over translations
on B, we obtain a stationary random point process R, . , , defined by

1
EReckw[A(W)] = — AT, @0F).
[A(w)] B, /dy (7, @)
By

Let 7 be the measures induced by this map by djiy = §ydzdp on the space of
maps
reT’— R, €M,.

Our basic result can be thought of as a large deviation result for 7y ,. Then the
estimate (5.20) can be rewritten as (¢, (z) = EQﬁ(FM))

1 .
i im — TN,k Ra,w
kh_{l;o lleol NlogE (expN/de (.(Zx)>
T3

= sup /da: [EQz(Qx)-g- (@), ()
{Qz}: [o(@)dr=1 ; [z w

—s(Q,) - w(x))J . (5.22)
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Proof of Lemma 3.8. By entropy bound (2.28) the expectation with respect to g, is

bounded by
exp {(50N /(l - ak)Adx}

T3

N~'8; " log E9N +6'N"'H.

The first term can be bounded using (5.21) in the limit N — oo and k£ — oo by

5" / sup {60 3 b, @), @) (A~ 1, @) ~ I<<<x>,A(x>>}dx. (5.23)
n

¢(z)

Since I({(x), A(z)) > € > 0 in the region 1 — qu(((:n)) # 0 and [ is convex in ((z),
the sup in (5.23) is zero if , is small enough. We have thus proved Lemma 3.8. [

We can now prove Lemma 4.2.

Proof of Lemma 4.2. Let ) be any limit of Q.. By (5.9)

hQ|Ps) < E2F)y 5) — p(N).

By the entropy inequality and 4.4
1
E°(Fy 5 < Aim - log EFN (eNfFA,é(ws,z)dx) +C <y +C,

where the last inequality is due to 5.17. O
Finally we state:

Lemma 5.9. If gy (z,p) is a symmetric probability density on (T 3 x RYN such that
the relative entropy with respect to gy

H(gn|gn,\) < eN.

Then

1 Ty — Tg
IN [ < c
o (w () =

(a#B)

and therefore by Lemma 5.7

(s (7)) s

(a#PB)

for all W continuous and having compact support.

Proof. 1t is an easy consequence of the entropy inequality and the theory developed
above. [
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