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Abstract. We consider a random walk representation of non-abelian statistical
models, and apply it to represent the free energy in terms of the correlation functions
of random walks. This enables us to find an analytic region of the free energy with
respect to the inverse temperature. This method can be applied to the block spin
transformations.

1. Introduction

Quark confinements and non-existence of phase transitions in two dimensional non-
Abelian statistical models have been long standing problems in modern physics.
The author recently considered non-Abelian models by means of the renormalization
group method, and investigated a cluster expansion which uses the random walk
representations [4, 7].

We start with the expression of the model, say v dimensional Heisenberg model
with O(N) symmetry (IN-vector model):

_ 1 J 2
<.):—Z—m/(~)exp[—5 > (¢<x>—¢<y>)]1‘[d¢<az>, M)

[z—yl=1

where ¢(z) € SN~! for all lattice points z € A(C Z"), J > 0 is the coupling constant
(=inverse temperature) and the integration d¢(x) is over the N — 1 dimensional sphere
SN=1 Finally Z ,(J) is the normalization constant chosen so that (1) = 1. There are
several studies on the thermodynamic properties of this system. Among them is

Theorem (Brydge-Froehlich-Spencer-Sokal [4], see also Simon-Lieb [9]). If J <
N/2uv, there exist strictly positive constants m and C such that

(90 ¢(z)) < Cexp[—m|z(].
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It is a long standing problem whether or not this holds for any (real) J if N > 2
and v = 2. We want to represent the free energy lim|A|~'log(Z,) = a(J) as a
function of J and obtain the region of J in which « is analytic. Our main results are
summarized in the following theorems:

Theorem A. (1) The free energy o(J) is represented in terms of the truncated
correlation (Ursell) functions of random walks.
(2) The free energy a(J) is analytic in J in the region

2(N,v) = {J;IJ] <J,=d —6)%},

where v stands for the dimensions of the lattice space and lim ¢ = 0.
V—0o0

Theorem B. The correlation functions decay exponentially fast for J € (2.

For smaller v(v = 2,3), we have numerical bounds on J, which are less than
N/2v but are close to N/2v. In the final section of this paper, we discuss how we
can apply the present method to the block spin transformation.

Remark 1. A similar investigation was done by Kupiainen [8] by using another type
of random walk representation. But for v = 2, his result is J, < const log V.

2. Random Walk Representation of the Free Enery

Introducing the Fourier-Laplace transformation and integrating over the spin variables
[4] which is now standard, we start with the following random walk representation
of the partition function:

Z,(J) = / exp [ - g > (@) - qs(y))ﬂ [T de

oo
1 (N\" le o dy
n=0 Wy -y Wn
(except for a constant coefficient) where w = {{by, ..., by };b; = (z;,2,,),2; €
Z¥,|z; — x| = Lzpy, = xy} are closed loops made by nearest neighbor bonds

in Z¢ and |w,] is the length of the loop w, which equals Zv (z) = |v;|, the sum of
the visiting numbers. Moreover

T, =1I%, (3a)
beEw
N/2-1]!
expl-V(wy, ..., w)l = [] INj2 — 11 (3b)

[v(m) +N/2 -1t

rzelUw

where

v(z) = Z v,(2) (3¢)
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with v,(z) € {0, 1, ...} being the visiting number of w, at x € Z*. Then the standard
Mayer expansion method implies that
o J) = lim |A| " log Z ,(J)
oo n
1 /N | Y SR T
= ZO — (;) > X 2o e PV @ w Ul @)
n= Wy ey Wy

where 0 € X = Usuppw, and [.. .J¥ means the truncated correlation functions of
random walks:

[exp[—V(wy, ..., wn)]]T = [exp[-V(w;, ..., w,)] — Z exp[—V(t) — V()]

t Uty=t
+2 > expl—= ) V() - ... (5)
t Uty Utz =t
k
Here ¢t = {1, ..., n} and ¢t = |J¢, means the partitions of ¢ into non-overlapping
1
subsets ¢, and for t, = {ay, ..., a,},
exp[-V ()] = exp[—V(wal, e Wa])]-
In order to represent the truncated correlation functions of the random walks, we
introduce truncated potentials V7' (wy, ..., w,) defined by the following formulas:
Vw) =V,
Viw,w)= > V'),
tC{1,2} (62)
Vw, ...,w)= Y VI
tc{l,...,n}

Therefore we conversely have

Vi, )= Y (=D v, (6b)
tc{1,...,k}
where t runs over all possible subsets of {1,2, ..., k}. Given a subset ¢, we define

the composite random walk denoted by wp,; or simply by [¢]. This is the random walk
that is equal to |J w, together with the visiting numbers. We similarly define many

it
body potentials VT([tl], ..., [t,]) for composite random walks:
VI = VLD,
VTt [tD) = VIt ), 8D — VA D = VLD,
and etc. Using Eq. (6b), we easily find that
VIt - iD= D VI, ), ()

s th,

where ¢ are subsets of ¢, different from () and the truncated functions on the right-hand
side are the truncated functions with respect to all walks contained in Ut
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The Ursell functions have complicated expressions when we have manybody
interaction terms in the potentials. We first explain our notation following [2]
and [3].

Fort={1,2,..., n}, lett; = {1},and let {2,3, ..., n} = U t, be any partition

of {2, ..., n}. Given k, let n,, be amap {1,2, ..., —1}—»{1 2 k —1} such
that 7, (1) < i. Moreover let X, =t, = {1}, X; = X,_,Ut,, i = 2 k. Then for
any subset b C ¢, define functions s, so that

Sz(b):{sz iinQbyé(D, and XS Nb#0D ®
1 otherwise.
Namely s,(b) = 1 whenever b C X, or b C X{ and s,(b) = s, otherwise. Let
Wt s =) si®). 5,V
bCt
= > s TGN+ VALY, O
1<u<j<k
where
71
7G5 = VL H + V7T ([z‘], [ U tk} : [j]) , (9b)
i+l

and this form follows by the definition of the many body potential (6a) and we
identified the subscript ¢ with the set of loops t,. (Note that V([t]) = V(t) =
V(w,, ..., w,).) This is a convex linear combmauon of VI(t;t, -+, t), 1 <
1 <5< k and thus satisfies the bound (in fact we show %" > 0, see Lemma 2)

expl—W({t;}§; {s,}} D1 < expl= > _ V(£

5]
T I a0
i wejgt wj [? + ;vj(x) - l}!
where jg. v;(z) is the sum of the visiting numbers of {w,;j € ¢;} at z.
For a function 7,,, we have the tree graph 7' = T'(n,,) over ¢ regarding (¢ + 1, 7,,(¢))
as the bond connecting two vertices 7 + 1 and n,(i) € {1,2, ..., i}. Set (1) = j

for simplicity. We define the reduced two-body potential 7°(j,% + 1), (j < i) by

7Git =Y Y Y VI, Lty (11)

tCty ) Cljpy i Cty
where t’_,, ..., t; may be empty but ¢} is not empty. If some t;, ..., ¢’_, are empty,
we just neglect those in V7. Thus we have
7Gyi+ D) =VILi+ D+ VI i+ 1), (12)

where [t] means the composite random walk made by single random walks in ¢,,
(tl=j+1,...,0.
Then we have the following theorem whose proof is essentially in [3]:
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Theorem 1.
1

[exp[—V(wy, ..., w)llp —E Z Z /ds1 /ds,C Sy 8)

k=2 ty,...,t "Mk

< [T7° 0+ Dexpl-W({t,}: {s, D1, (13)

where t, = 1 and t, U ... Ut changes over all partitions of {2, ..., n} into k — 1
subsets, and

f(y,8) = ]j[sile Sy - (14)

3. Truncated Correlation Functions

We here estimate 7°(z, j 4+ 1) and Z7°(¢, 7 + 1) which are expressed in terms of VT,

To do so, we start with the estimate of more general V7 (t) = VT(wl, oo wy). Let
x € Z% be a point in Msuppw,. Then if n > 1,
Vi) = fn@), (152)
N
(@) = Z( 1"~ log [( +ot) - ) ] , (15b)
vt = @), (15¢)
et’

where ¢’ C t including the case of ¢ = (). For example, we have

[% + v (z) — 1}!
fN(JS)-——IOg l:N ] ]

— -1
2

for n = 1, and for n = 2 we have

{% + v(z) + vy(T) — 1}! [g — IJ!

fn(@) = log v .
[? + v (z) — 1]! [E + vy(z) — 1]!

Now we see

N
Inv = fN_Z( n"- \tllog( +U(t)>

1 1

=/,..0/dsl...dsn<H8%i> log (%-I—Zvlsl)

0

=<—1>"—‘(n—1>'/ /Hds [—————

+3 ]n
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This recursion formula is easily solved and yields the following representation for
fn(@):

1

00 1
fv@ =3 D" - 1)!/dsl.../dsn [Tv,

N n
k=0 0 0 ['2‘ +2.0,8 + k]
o 2v; /N 2un /N
1
=) (-D"(n-1)! / dy, ... / dy,, = . (16a)
Z_ 2k
k=0 0 0 [1 +2uit N]

The series converges absolutely for n > 1 and is equal to

D (1 o <%>)

2vy /N 2un /N

1

0 0

(=D"(n - D!

where O(n/N) < 2(n — 1)/N is the correction term caused by replacing the
summation with the integral. See Remark 2 below. We let ¢t = |J¢, and let [¢]
2

stand for the composite random walk made by single random walks contained in t.
Assume x € t; NtNt;, ;, and assume that ¢, visits x v, times, ¢ visits z v, times and
t;+1 Visits z vy times, and finally each loop wy, ..., w,, in ¢, visits v} times. Then
vy = »_ v, and the following two lemmas and a corollary are immediate:

Lemma 2. 7°(1,i+ 1) =Y 7'(1,i + 1) (), where

2’[/1/N o0

7(1,i+1)(x) = Z(—l)"+l (n+ 1)! / dy, / dy,
k=0 0 20y/N
w{/N  20,/N

1
X / / 11 zkr“' (17)

0 0 [1+y1+y2+2y2+ﬁ

Corollary 3. Let n; > 1 be the number of loops contained in the composite loop Wit
and let v;(x) € N be the visiting number of the loop w, at x. Then

: 2\™ e/
177G, ) @) < (1 +0 (%)) <N) (n, = D0y @ [, @.  (8)
s=1

Lemma 4. 77°(1,i + 1) = >. %7'(1,i + 1) (x), where

0o 2U]/N002’U3/N
%/<1,i+1)<x>:22/ / / 12y, 5 19

3
k=09 24N 0 [1+y1+y2+y3+—ﬁJ
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Remark 2. 1t is easy to see that the correction term O(n/N) is bounded by
2(n — 1)/N. This may be large, but on the other hand, we have the factor
Q2/Ny(1 —{—2/N)‘1 ...(1+2(n—1)/N)~! which comes from the n-ple self-crossing
points in wy,. Therefore these correction terms are cancelled by these factors in
exp[—V(w[t])].

4. Convergence of the Mayer Expansion

Lett = {1,2,...,n}and let t = t; U...Ut, be partitions of ¢ into sets of loops
(t;, =1). Let 0 € X = Usuppw,. The n-loop contribution K, to « is given by

NTL
1
(H/ds ) U(s)e™ 7 )=Vt (20)

=1 0

where we set

k k—1
2z =[vw, 7= sWi+D
1=2 1=1

together with the following notation:

U@ =70,2),
UB)=7'2,3)+5,7(Q1,3),

Ulk) = 7k — 1), k) + 8, , 7k —2,k) + ...+ 8,5, ..., ,7(1, k),
W@ =70,2)),
W3) =7°2,3)+ s, 7°(1,3),

WEY=T'(k —1,k)+ s, 2V (k—2,k)+ ...+ 8,8, ...8, , 7 (1,k).
Here sgn(U(i)) = (—1)™ and then
sgn(K,) = (=)™ . (1)

For later purposes, we define the following quantities:

vl = lvgl = thm(x) = Z Zvj(x), (22)

JjEt; T
1 g1
k= / / H ds; v (vl + sy lvp D - (vl 4 s 2 lvpe_a|
0 0o !
ot 828k S8 vl - (23)

(The integrand does not depend on s;_,;, but so does Z(s).) We will need the
following lemma which goes back to [1-3].
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n
Lemma 5. Let M =} |v,|. Then M > 2n and
T

Proof. We set
Vs, i = 1) = |vy_yyl +8; oo gl + -0 48,05, 3. 58 ]yl -
Multiplying exp[av(s,k — 1)s,_,] > 1 with a > 0, we have the estimate

1

/dsk_lv(s,k — Dexplav(s,k — 1)s;,_]
0
= a_l(exp[a|v[k~1]l +av(s,k—2)s,_,]1—1)
<a™! explajvy,_p[lexplav(s, k — 2)s;_,].

k—1
Repeating these, we have I, < (@) *exp [ > a|v[i]|} which holds for any o > 0.
1
Then we set o« = k/ ) |v,| to get the result.  Q.E.D.

Suppose loops {w,, ..., w, } and partitions t; = {1}, ¢,, ..., ¢, of {1,2, ..., n}
1 (N\"
are given. Let n be tree graphs over ¢, ..., t;, C,, = - (—2——) and consider
n!
51 B o) Y D IO
x H PAUGRES) R , 24)

where ) means the sum over all possible translations of w,, 7 > 1. For the above
transl.
quantity to be different from zero, all loops w;, contained in Wy, must Cross each other

at a same point, and all composite loops w, must cross each other. From Eq. (18) in
Corollary 3, we have

N | 5 n, 5
S i< (1+0(%)) (5) vl
s=1

transl.

where we considered the translations of w; , j, € ¢; only. Thus we finally have

J,
a2 < 3 [[on, - {H S lvAexp[—V(w»]}Ik

S Y@
<5 ,H{(n “”, [v;] expl— m)]} =) €L @)

where we used Lemma 5 and we omitted for simplicity the correction term O(n/N)
cancelled by the marginal term in exp[—V (w)], see Remark 2. Suppose n,, ..., n,
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k
with n, > 1 and > n, = n — 1 are given. Then the number of the partitions of
2
{2, ..., n} into these groups is

(n —1)!
nyl.oon !’

k
and the number of the solutions of the equation  n,=n—1 with n, > 1 is
2

<Z ;) Therefore |K, | is bounded by

0cw,

N 1 Ju;lvilexpl=Vw)] [ & v,
<> —1I 2] {g >( k >ek , (26h)

0€w,

Z N H Jo v, expl=V (w))] { Hk(
n 2“’-’1‘
-2
-2

where H), is defined by

1 n—2

ny+...+ng=n—1

Moreover setting M = ) |v,|(> 2n), we have

> (o) ()

— {Xn: (n—Z) (_n )n_k <E>k}exp [nlog—EM]
= k-2 eM k n
- <”"2> (l>n_k<9>k<(1+0)" (28a)
=~ \k-2) \eM k)~ v

exp [n log %} < exp[C, Z [v,11, (28b)

Here

with ) < 1/2, C; — 0 as M/n — oo, and C, < 1/e, C'y — 0 as M /n — oo, since
M = 3" |v,| > 2n. In order to improve C, numerically, we may take the maximum
of the left-hand side of Eq.(28a) with respect to k. Then we see that the maximum
is attained by k = (V3 = 1)n + O(1), which implies that (1 4- C|)™ can be replaced
by constn®*(1 + C))"*, C, < 0.4274. To be more accurate, we may refine the bound
(27) for H,. Let m € {k — 1, ..., 1,0} be the number of 7 such that n, = 1. Then

we have
- = — k-1 1
B S k m—2 ) 2k=1-m"

m=0
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We again use the Stirling formula and take the maximum to find that

n n n—k n k
R i < Q] n
ZHk(eM) <k> < Cn®(1 — O,
k=2
where C; < 0.2581, and C' and « are some positive constants.

Lemma 6.

J, vl exp[—=V(w;)]
IK,| <CNn* ] [Z | ‘2&[ “ (1+Cl)exp[1+02|vi]]], (29)

0cw,

where C' = O(1), C; < 0.2581, C, < 1/e uniformly in n and o is a positive constant.
Moreover C| and C, converge to 0 as _ |v,|/n — oo.

Remark 3. There are several methods to improve these bounds [1, 2]. Since
exp[C,|v;|] = exp[C,|w; |1, the factor exp[C,|v,|] is absorbed by replacing J, with
exp[C,]J, = expll/e]J, = 1.4446J, (i.e. scaling) in the definition of Jwi.

5. Numerical Evaluation of the Convergent Radius

Before proving next theorem, we estimate the number of loop diagrams of length 2m.
Let p, and g, be the numbers of unit walks x — = + e, and x — e, — T respectively,
contained in w. The necessary and sufficient condition for a walk w of length 2m to
form a loop is that p; = g; = n; and ) n, = m. Then the number of loops of length
2m is given by

2m)! m

m > (n,!...n, )2 =0e™. (30)

ni+...+np=m

il

For small m, they are:

l, =2v,

l, =127 —6v,

I, = 1200° — 1800% + 80v,

l, = 1680v* — 50400° 4 67400° — 2326V,
and it is easy to see

LYo for m<me)
14

m

for some constant m(v) (m(v) — 00). By the Stirling formula, we have

| 2
L, =0m2>™ Y <—n'm'n ,>
1 vt

ni+...+ny=m e

and then O(1)2>™y™ < [ . One can also show that [, = O(m~%)(2v)*". The
number of random walks of length 2m which are not necessarily loops is

Z 2m)! _ (21/)2m )

lg.! g !
Pi+qi+.. Py +qu=2m Prdis-- Py
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By collecting terms satisfying p, + ¢, = 2n;, and noticing that

(TL!)2 22"(n!)2
2 iar = e Ve

p+g=2n

which can be easily proved by induction, we have

1
lm < Tm(ZV)2m, T = m .
Here we used the inequality [[(1 + ,/7,) > 1 + y/m. The main contribution comes
from a neighborhood of n; = ... = n, = m/v. Thus if v = 2 we can improve the
bound as follows (by an explicit calculation):
T, < ! (31)
™= 14+m/2°

Theorem 8. (1) Let Jb = explC,1J,. The Mayer expansion converges absolutely if

J, 1
OEZW S expl=V@llu| < FTETAL (32)

where w are random loops starting from the origin.
(2) The Mayer expansion converges absolutely in the complex region

N
9<N,v>z{J;|J|<(1—e>5}, (33)
where v stands for the dimension of the lattice space and lim € = 0.
V—00
(3) Let v = 2. Then the Mayer expansion converges absolutely in the complex region
2(N,2)={J;|J| <0.102N} . (34)

Proof. (1) This is immediate from Lemma 6.
(2) By Eq. (26b) and Eq. (28a), it is enough to argue the convergence of the following
series:

Z { Z { Z h(my)... h(mn)} exp [n log %} } , 35)

my+mo+...Amp=M

h(m) = I, v S EAR
(m) = Z —2|w—|exp[— (W] < 2ml,, N .

w:|w|=2m
Let 2m be the length of the random loop w. At each point, the walk w has the 2v
directions to go, and one of them is backward. If w visits z + ¢, from z and w goes
back, w visits x twice at least. Then

oo _ 2m—p P
h(m) < ZmZ (227’> (—(2JN1)J) (%) = 2mz™™,

p=0
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where £ = v —1)J/N + J/(N +2) < 2vJ/N. Thus the left-hand side of Eq. (32)
is bounded by

> 22
mZ::I h(m) < m

which however yields a poor bound. We use the fact that the number of loop diagrams
of length 2m is much less than (2v)*™ for large v:l,, = O(w™). We take v large
keeping = = 2vJ/N < 1 constant. Then the following inequalities hold:

k K 2(k+1)
3 1 _ 2k + Dz
2 h(m) < O(;) , m:EkH h(m) =0Q1) < =227 ) (36)

where k and k’ are some positive integers and & — 00, k' — oo as v — oo. Then
Y~ h(m) < const yields the bound x < 1 — ¢ for any const < 1 as v — o0, where
e — 0 as k — oo. Since we are interested in the upper bound, we can assume

ow™h for m < k
h — 2m
(m) 2m <%1\/[_J> for m >k,

Or for simplicity we can assume A(m) = QuJ/N y*™ for m > k with a small change
of J since m is sufficiently large. Thus using Ineq. (36), we have

L(n, M) = > h(m))...h(m,)

my+..Amn=M

2 (O, 2 T}

=0 s=l my+...+my=s;m, <k 1

s e}

Myt Amp=M—s;m; >k I+1

SEE()(T O

Applying the Stirling formula to the summand, we see that L(n, M) takes its maximum
at M = M, =1 - Ow~1))nk > n, and decreases exponentially in M — M, and
the contribution from M < M,/2 is exponentially small cmpared with the one from
M > M, /2. The factor exp[(n/2M)log(2M /n)] tends to 1 as M — oo and thus the
assertion holds.

(3) For v = 2 we estimate Eq. (32) explicitly up to |w| = 10(m = 5):

80’ + 144a* + 24000° + 3920002 + 634860a.'°

o0
1
2 4 2m <,
+§_:=6 mr,, (4a) FTEEN

where 1/e(1 + C,) > 0.2924 and o = J/N = exp[l/e]J/N. We can numerically
show that this is satisfied if o < 0.1483, using the bound (31) for 7,,. Therefore
J/N <0.102. Q.ED

(37
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Remark 4. We may be able to improve these bounds by using the fact that random
walks in two dimensions visit same points many times. See [5] for a work in this
direction. Self-crossing walks are, however, very weakly suppressed if [V is large.
Then it is open to what extent this property is responsible for the conjectured non-
existence of phase transitions in two dimensions.

6. Discussions

Theorem 8 is our main conclusion. Though this bound is slightly smaller than the
one obtained by Froehlich etal., singularities seem to exist in a neighborhoods of the
origin whose dimaeter is very close to N/2v (even if v < 2). In this sense, this result
is best possible.

We would like to show that this approach can be aplied to the block spin
transformations which consist of procedures to obtain effective interactions of block
spins (averaged spins) defined by (Co)(z) =Y ¢(Lz + () /L?, where x € Z? and
—-L/2< C# < L/2 (one may take L = 2). ¢

We fix (C'¢) () to be ¢'(z), and integrate over the remaining degrees of freedom.
We set \/jqb(:r) = ¢p(x) € VJISN=1 5o that Eq. (1) is replaced by

()= % / ()exp [— % S (@) - ¢(y>>2] [T o). (38)

The dominant configuration of the block spins is such that the orientations of them
change slowly as = € Z2 varies and |¢'(x)|*> € [J, — const N, J, + const N, where
J, =J —constN.

Then we may put

o(x) =" (p(@’) + s(z), u(@)) € R x RN 7!, (39)

where p(z') = |¢'(@")|, ¥’ = ([z,/L),[x,/L]) and the block averages of {s(z)}
and {u(x) € RN~'} vanish. Since ¢(z) stays on the sphere of the ball, |u(x)| ~
(J = *@' ).

We substitute Eq. (39) into Eq. (38) and obtain the effective interactions of the
block spins by integrating over {s(z),u(z)}. Our result implies that the effective
interaction obtained in this way is of short range if {J — *(z')} are small (but of
order O(N)).

It is a difficult problem to what extent we can continue these steps for v = 2,
because we have to show that non-local interactions not do increase (if NV is large)
for any numbers of the iterations. This problem remains and we will discuss this
problem in the near future [7].
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