Commun. Math. Phys. 153, 229-244 (1993) Communications in
Mathematical

© Springer-Verlag 1993

On Concentration of Positive Bound States
of Nonlinear Schrodinger Equations

Xuefeng Wang*
Department of Mathematics, Tulane University, New Orleans, LA 70118, USA

Received April 8, 1992; in revised form August 31, 1992

Abstract. We study the concentration behavior of positive bound states of the
nonlinear Schrédinger equation

0 — h?
o _

ih S = A+ V(W =17y

Under certain condition on V, we show that positive ground state solutions must
concentrate at global minimum points of ¥ as h — 0*; moreover, a point at which
a sequence of positive bound states concentrates must be a critical point of V. In
case that V is radial, we prove that the positive radial solutions with least energy
among all nontrivial radial solutions must concentrate at the origin as h—»0*.

Section 1. Introduction and Description of Main Results

Of concern are standing wave solutions of the following nonlinear Schrodinger
equations:

ih%_ —h? Ay + V(xX)y —ylY|P~ Y  with xeR" (1.1)
ot 2m ’ ’ |

i.e., solutions of the form
Y (x, t) = exp(iEt/h)u(x) , (1.2)

where h, m, y and p are positive constants, p > 1, E€R, V is real and belongs to
C'(IR")and uis real. In [FW], Floer and Weinstein proved for small k > 0 (and for
p = 3, n = 1) the existence of standing wave solutions concentrating at each given
nondegenerate critical point of the potential ¥, under the condition that V is
bounded. In [O,, O3], Oh generalized this result and obtained for small 4 > 0 the
existence of multi-lump standing wave solutions with u in (1.2) being positive and
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concentrating at any given finite collection of nondegenerate critical points of V,
n+2
(n—2)"

=00 when n=1,2 |, and Ve(V), (namely, either V' =a or V(x)>a

under the condition n=>1, 1<p< <we use the convention:

n+2
(n—2)"*
and (¥ —a)~'?eLip(R")). The arguments in these papers are based on the
Lyapunov-Schmidt reduction.
Substituting (1.2) into (1.1) and assuming without loss of generality, 2m = 1 and
y = 1, one has

h?>Au— (V(x) — E)u+ |ul?”"'u=0, xeR".

. 2 .
Throughout this paper, we shall assume 1 < p < (Tn_+—2)¢ and V'is bounded below.

A suitable choice of E makes V' — E bounded below from zero. Thus, without loss
of generality, we shall assume throughout this paper that E = 0 and V is bounded
below by a positive constant. Now the equation for u can be rewritten as

h2Au— V(x)u+ |ul? " 'u=0, xeR", 1.3)
or
Av — V(hx)v + [v|?>" v =0, xeR", (1.4)

where v(x) = u(hx) and inf ¥ > 0. The existence of solutions of (1.3) (or (1.4)) and
its various generalizations has long been studied extensively (mostly by variational
methods). The interested readers may consult, in addition to the papers mentioned
below, the survey articles [L, ] and [ N] and references listed therein. Most of the
results provide existence of solutions for arbitrary h > 0. Several papers deal with
existence of ground states, i.e., in case of (1.3), solutions with least “energy”

1 2 2 2 1 +1
— ‘7 V d _ p .
j" (h | ul + Vu ) X 1 j‘,, |u| dx (1 5)

among all nontrivial H!(IR") solutions of (1.3). Here we mention two papers that
can be directly applied to (1.3). In [DN], Ding and Ni proved among other things,
that if V is, roughly speaking, ultimately increasing along n independent directions
and “almost symmetric”, then for A > 0, (1.3) (or (1.4)) has a positive ground state
(it was not stated in [DN] that the solution is a ground state, yet it is possible to
check the solution is one). Another general result of [DN] implies that if n = 2 and
V is radial, then for every h > 0, (1.3) (or (1.4)) has a radial positive solution with
least energy among all nontrivial H!(IR") radial solutions. (We shall call them
radial ground states.) Recently, Rabinowitz [R] showed that (1.3) (or (1.4)) has
a positive ground state for every h > 0 if liminf, , , V(x) = sup ¥ or for small
h > 0ifliminf,_, ,, V(x) > inf V. In both [DN] and [R], more general nonlinearity
was treated, and the Mountain-Pass arguments were used.

In this paper, motivated by a question in [R], we study the concentration
behavior of positive bound states (i.e., solutions with finite energy) of (1.3) as
h—0*. Concerning positive ground states, we obtain what can be roughly de-
scribed as follows. Iflim inf, _, , V(x) > inf V, any sequence of positive ground states
of (1.3) contains a subsequence concentrating at a global minimum point of V as
h—0*. (In particular, if the global minimum point of V is unique, then all positive
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ground states concentrate at that point as h—07".) On the other hand, if we only
know a sequence of ground states uy, exists and there is a sequence of local maximum
points moving toward a certain point xq as h, — 07, then x, is a global minimum point
of V and {u,} concentrates at x, as by > 0. (Thus if V has no global minimum, the
positive ground states, if any, do not concentrate.) As for radial positive ground
states of (1.3), we prove that if n = 2, all of them concentrate at the originash —0%.
For general positive bound states, we show that under the condition |V V(x)|
= 0(e“*) near x = oo for some a > 0, a point at which a sequence of positive bound
states of (1.3) concentrates must be a critical point of V (this result is converse to
those of Floer, Weinstein and Oh). For the precise statements of our results, see
Theorem 2.1, Theorem 2.3, Theorem 2.5 and Theorem 3.1.

We should mention a recent work of Ni and Takagi [NT] concerning the
asymptotic behavior of least energy solutions of the Neumann problem for (1.3)
(with ' =1 but more general nonlinear term) on a bounded domain Q. They
proved in [NT] that positive least energy solutions must exhibit “point-condensa-
tion” character on the boundary 0Q2. More recently, they announced that they have
proved that these solutions concentrate at a point on 02 where the maximum mean
curvature of 0€2 is achieved. Some of our arguments in Sect. 2 are inspired by [NT].

Finally, we wish to take this opportunity to point out that the main results in
[FW] and [O,, O3] are still true as long as V is bounded — we do not need Ve Kato
class (V), in this case. (So V can be highly oscillatory at oo as in the case of
V(x) = sin|x|? or sine!*) The reason is that Ve(V), is only needed in these
papers to show

[(— 4+ V(hx) — E)ul|L:@rn 2 Allu 52wy (1.6)

where A > 0 is independent of h > 0, V(hx) — E = 6 > 0in R" (see (2.9) in [FW],
(21) in [O4 ] and the inequality following (38) in [O3]). (We shall present the short
proof of (1.6) in the Appendix.) This answers a question raised by Oh [O, ] after he
found a technical error in an argument of Floer and Weinstein concerning (2.9) in
[FW] (which is the reason that he required V'e(V'), even when V is bounded).

Recently, Gui [G] pointed out that the nondegeneracy condition on critical
points of ¥ in [FW, O,, O;] can be weakened.

Section 2. Positive Ground States

To study (1.3) and (1.4), following common practice, we define E, to be the Hilbert
subspace of H!(IR") consisting of real-valued functions v such that

loll, = [ (IVv]? + Vyo?)dx < + 0,
R

where V,(x) = V(hx). Since inf V' > 0 (as we always assume), E, is imbedded
continuously into H!(IR"). We also define the energy functional associated with
(1.4),

Liv)y== [ (IVv]* + V,,vz)dx—L | lv|P*tdx . 2.1
R p+1ge

N =
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Then it is well-known (see, e.g. [DN]) that I, is well-defined on E,,
I,e C'(E,, R), and any critical point of I, gives a classical solution of (1.4). To
study critical points of I,, we further introduce

M, = {veEh\{O}l [ (Vo|? + Vw?)dx = | lvll’”dx}
R" R"

(M, is called the solution manifold because all H!(IR") solutions of (1.4) must
belong to M,),

Iy = {neC([0, 11, E4)|n(0) = 0, n(1) # 0, I(n(1)) < 0}
and the mountain pass minimax value

¢, = inf max I,(n(t)).
nel, te[0,1]

Then for any ve E,\ {0}, there exists a unique 6 > 0 such that

I,(0v) = max I,(tv), OveM,; 2.2)
t20
furthermore,
0<c¢,= inf I(v)= inf max I,(tv) (2.3)
veM, veE,\{0} t=0

(see, e.g., [NT] for the case of Neumann problem).
As mentioned in the Introduction, under the condition

liminf V(x) > V°=inf V> 0. (2.4)
Rabinowitz [R] proved for small 4 the existence of a classical solution v, of (1.4)
with I,(v,) = ¢;. In view of (2.3), vy, is @ minimizer of I, on M,,. We remark that each
minimizer v, of I, on M, is of one sign. Indeed, by (2.2), there exists an 8 > 0 such
that 6|v,| e M}, and

1 1

I =] = - - _—— p+1 p+1

Itn;a())( n(t|vn]) = In(6]vyl) (2 p+1)8 I[{"“)hl dx
= 9”“[;,(0,,) = 9”+1c,, .

This and (2.3) imply 6 = 1. But since

[ (IVIval1? + Vioi)dx £ [ (1Vo]? + VioR)dx = | Joa|?™
R” R” R"
and 6v,e M,, we have 08 £ 1. Thus 6 = 1 and |v,| € M,. Hence |v,| is also a mini-
mizer of I, on M,,. A routine argument implies |v,| is a classical solution of (1.4).
Now by the strong maximum principle, |v,| never vanish and hence v, is of one sign.
Throughout this section, we shall always assume v, is chosen to be positive
(note I, is an even functional). Let

un(x) = v, < %) : 2.5)
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Then u,, is a positive ground state of (1.3). Conversely, such a ground state u;, of (1.3)
corresponds to a counterpart of (1.4). In this section, if not stated otherwise, u,
always stands for an arbitrary positive ground state of (1.3), u, and v, are always
related by (2.5).

Theorem 2.1. Suppose (2.4) holds. For each sequence hj, — 0, there exists a subsequ-
ence {hy} such that w, = uy, concentrates at a global minimum point of xo of V in the
Jollowing sense: For each large k > 0, u; has only one local (hence global) maximum
POInt Xy, X = Xo as k — oo, and for any 6 > 0 and large k,

hy

1
max  u(x)> (V°)r-1, (2.6)
|x —xo| 9
1-n
x—x |7 .
wy(x) = Cl—— exp(—/V°lx — x| /) for [x —xol 26, (2.7)

where C is independent of k, 6, u, and V (but dependent of V'°).

Remark 1. If the global minimum point of ¥ is unique, then all ground states u,
concentrate at that point as h — 0", In general, V(x,) > V°=infV as h—»0",
where x, is the local maximum point of u;, whose uniqueness for small & is assured
by this theorem.

Remark 2. By the proof of this theorem presented below,
u(h* + x,) = up(+) in CZ,(R"), L°(IR") and H*(R"), ash—-0",
where u, is the unique solution of (2.8) below. In particular,
I tnll Lo(rm) = lltdo || Lo(rm) = 4p(0) as h—>07 .

The proof of Theorem 2.1 will be lengthy, but the basic idea is to compare v, to
the positive solution ug, of

Au—VOu+u?=0, u>0, u(o)=0, u(0)=maxu. (2.8)

By [GNN], u, is radial, ug(r) < 0 for » + 0 and

(n—1)

Uo(r), [up(r)| £ Cr= 7 e ~Vyor, 2.9)

By [K], u is unique. Define E°, 1°(v) and M ° by replacing ¥, by the constant V'°
in the definitions of E,, I,(v) and M. Define I'® and ¢° by modifying the definitions
of I, and ¢, in the obvious way. Then (2.2) and (2.3) with the corresponding
modifications hold true. Moreover, 0 < ¢® = I%uy), and u, and its translations are
the only positive critical points of the functional I° (by [GNN] and [K]).

To prove Theorem 2.1, we shall need

Lemma 22. lim ¢, =c°.
h—=0+

Remark. What we only need in proving this lemma is ¥° > 0 — no requirement on
liminf, ., , V.
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Proof of Lemma 2.2. For any R > 0, take a pge C§(IR") such that pg =1 on
Br(0) = {|x| £ R}, g = 0in B%+1(0), 0 £ @r £ 1, | V| = c(n). Let vg = @guo.

Take a sequence y, such that V(y,)— V°. Let w(x) = vg| x —% . Then there

exists a unique 6 > 0 such that Owe M,, i.e.,

0% [ (IVw|? + V(hx)w?)dx = 7% [ wrtldx,
R" R

,IL (1Vor|® + V(hx + yi)ok)dx = 077" n{” vh*ldx .

Whence,
gr-1 = [re|Vorl® + VO0k  Jgpo (V(hx + yi) — VO)oR
j‘]R" U§+1 ,‘.]R" U§+1 .
= Il + 12 .

Since u, is a solution of (2.8), it is easy to see I; - 1 as R — o0. Also, for a fixed R, if
we take a large k so that V(y,) is close to V° and fix such a k, then I, is small as
h—0*. Thus when R and k are taken large and fixed, 6 is close to 1 as h—>0*.
Observe

Cp = ianh(U) b Ih(GW)

M;.

2_ 1—6r"" +1
=0 I;,(W) + ﬁ I wPTldx
]Rn

2r 0 1 0y, 2 -t p+1
=0 LI (W)+§]i£”(V(hX)—V)W dX+—"H_—1]R§nW dx
[ gr-!

Io(vR)'i‘l j (V(hx+yk)—— Vo)vlztdx_pl—— j' U§+ldx .
2 e p+1 go

Obviously 1°(vg) = I°(ug) = ¢® and R — co. This and the property of 8 discussed
above imply that the last quantity in the above inequalities is close to ¢ if R and
k are taken large and fixed, and then we let h — 0 *. Thus limsup, .. ¢+ ¢4 < ¢®. On
the other hand, since I,(v) = I°(v) for ve E,, we have c, = c°. Now the desired
conclusion follows. #

Proof of Theorem 2.1. First, we observe that since

1 1
(§—Im> [ 4 Vu? + Vi(x)v?)dx = Li(vy) = ¢~ c°
]R'l

as h— 07", |lvsll g1 (r is bounded as h > 0*.
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Claim 1. There exists a sequence {y,} and positive constants R and f such that

liminf | vF(x)dx=p>0. (2.10)

h—0* Bgr(ys)

For otherwise, for any R > 0, there exists a sequence v, = v, such that

lim sup | vE(x)dx=0.
k— oo yeR" Bg(y)

By Lemma I.1 in [L,] or Lemma 2.18 in [CR], v,—>0 in LYR") for any
2n

2<g< TN This is impossible because
L fvﬁ+1dx=ch—>c° ash—0.
2 p+1)ge

Claim 1 is proved.
Now let wy(x) = vu(x + yi) = up(hx + hy;). Then by (2.10),

liminf | wi(x)dx2=p>0. (2.11)
h—0* Bx(0)
Furthermore,
Aw, — V(hx + hy,)w, + wi =0, w,>01in R", (2.12)

1
&= (‘ - _1_> [ (1Vwhl? + Vhx + hy,)w?) dx

2 p+1)Rs
_ 1 1 p+1
_<2—p+1>g"wh dx . (2.13)

Claim 2. hy, is bounded for small h > 0. Otherewise, there exists a sequence

hy, — 07 such that h,y, — co. By (2.13) and Lemma 2.2, w,, = w,,, is bounded in

H'(RR"). Hence by passing to a subsequence if necessary, w,, > wo = 0 weakly in
2

H(R"), strongly in L% (R") <2 <q <(—#> and a.e. in R". By (2.11),

wo # 0. So there exists a > 0 such that Bwoe M°. On the other hand, since

lim inf, _ , V(x) > V°, it is easy to see from (2.12) that there exists ¢ > 0 such that

Awg — (VO + e)wg + wh =0 in the H ™ *(IR") sense .
In particular

J (Vwol? + Vowd)dx < [ wh™ldx.
R" R"
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Thus 0 < 6 < 1. Now, we have

c® =inf I°(v) £ I%(Ow,)
MO
1 1
- <__—~> [ (Bwo)P* dx
]R’l

1 1 p+1
S d
<(2 p+l)n'£..w0 x

1 1
< liminf ( —-— ———) [} wZ*ldx  (Fatou’s Lemma)
2 p R

= lim I, (W.)=c¢°  ((2.13) and Lemma 2.2) .

This is impossible and hence Claim 2 is proved.

Now for any sequence hj — 0, there exists a subsequence h; such that
X = M yn, = Xo, Wi = Wy, = Wwo = 0, # 0, weakly in H*(R") and a.e. in R".

Claim 3. x, is a global minimum point of V.

By applying the elliptic regularity theory to (2.12), we have w;, — wy in C2.(IR") and
Awy — V(xo)wo + wh =0, xeR". (2.14)

So

[ (1Vwol? + VOwd)dx < [ (IVwol? + V(xo)wd)dx = [ wh™ dx.
R" R" R"
Therefore, there exists a 0 < 6 < 1 such that Ow,e M°. Now

. . 1 1 +1
c® = lim ¢, = lim <————> wy dx
o " kew\2 PHI nif" ‘

1 1
D . w”‘” X
(2 p+1>1gn o d

1 1
> - - pt1
=<2 p+1>n£n(0W°) ax

=1%0wy) = infI%(v) = c°.
MO

Thus 6 = 1 and hence V(x°) = V°(= inf V). The proof of Claim 3 is complete.
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Now observe

[ 1Vwol? + V(xo)wddx < liminf [ (| Vwy|? + V(xo)w?)dx
R" k- R"

<limsup [ (IVwe]* + V(xo)wi)dx
k-0 R"

<limsup [ (|Vwel® + V(lx + X )wi)dx
k=0 R”

(by Claim 3)

0
. Ch Cc
lim k

Thew(l_ L\ (11
2 p+1 2 p+1

= Ilin(l Vwo|? + V(xo)w3)dx .

Thus  [g. | Vwel? + V(xo)wi dx “’,f111"|\7w0|2 + V(xo)w3 and hence w;— wq
strongly in H'(IR"). In particular,

f w#*dx—>0as R— oo uniformly w.rt. k, (2.15)
x|z R

where 2* = if n = 3, and an arbitrary large number if n = 1, 2. Note w; is

a subsolution of du + c(x)u = 0 with ¢(x) = w} -t By the one-sided Harnack
inequality (see [T]), we have

7%
maxwk§c< | w,%*dx) ,
B1(Q) B,(Q)

where Q is an arbitrary point in R”, ¢ is a constant depending only on n and the
bound of || w |l z2#(B,())- Thus by (2.15),

wi(x) >0 as|x|— oo uniformly w.r.t. k .

X — )Ek
hy
fixed neighborhood of x, as k — c0. Let x; be a loczil maximum point of u,. By (1.3)

Hence u,(x) = uy, (x) = wy ( > decays to zero uniformly for x outside any

and the strong maximum principle, u;(x;) > (¥ °)?=1. Therefore x, — x, as k — 0.
It remains to show the uniqueness of x;, and (2.7). Let wi(x) = up(hex + Xi).
Then

AW (x) — V(hex + x )W + WL =0, w,>0 in R", (2.16)

1
O is a critical point of w, and W;(0) > (¥ °)»=1. The arguments similar to those
concerning w, presented above show that after passing to a subsequence of {w,},
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W = wo in CZ.(R"), H!(IR") and L®(IR") where w, # 0 satisfies (2.14); further-
more, W, — 0 as x —» oo uniformly w.r.t. k. Since O is a critical point of W, it is also
a critical point of wy. By [GNN], wy is spherically symmetric about some point P,
and wy(s) < 0for 0 & s = |x — P|. Thus P = the origin, i.e., w, is radial. Since w,
decays to zero in x uniformly w.r.t. k, so does wy. Now Kwong’s result [K] says
Wo = Uy (See (2.8)).

To show the uniqueness of the local maximum point of u,, it suffices to do so

1

for w,. Observe at each local maximum point of W, w, > (¥ °)?—1. Since w, decays
to zero uniformly w.r.t. kK as x — oo, all the local maximum points of w, stay in
a finite ball in IR”. Since w;, — wo = uy in CZ.(IR") and O is the only critical point of
U, these points must approach the origin and hence stay in a small ball B,(0) as
k — o0. As can be easily seen, we can take ¢ so small that ug(r) <Ofor0<r=<e.
Now by Lemma 4.2 in [NT], for large k, w, has no critical points other than the
origin.

To show (2.7), we recall that w,(x) decays to zero at x = co uniformly w.r.t. k.
Applying the argument in the proof of Proposition 4.1 in [GNN] (see also Kato

[Ka]), we have

1-n
wi(x) = Clx| 2

exp(—+/V°x|) for|x| =1 and large k ,

where C is independent of k, w, and V (but dependent of V°). This implies
2.7). #

Our next result deals with the situation when we do not know if
liminf, . ,, ¥(x) > inf V. In this case, (1.3) may or may not have a ground state: in
the trivial case V' = constant > 0, (1.3) has infinitely many positive ground states,
while when for some direction, the directional derivative of ¥ is nonnegative but
not identically zero, then it is possible to prove by integration by parts that (1.3)
does not even possess an H!(IR") solution # 0 (see the proof of Theorem 3.1 in
Sect. 3). However, we have

Theorem 2.3. Suppose there exists a sequence h, — 0% such that (1.3) with h = hy has
a positive ground state w, and w, has a local maximum point x;, which converges to
some point xq as k — 00. Then x, must be a global minimum point of V, x, is the only
local (hence global) maximum point of w, for k large. Moreover, (2.6) and (2.7) hold
true.

Proof. Since the details of this proof are similar to those of the proof of Theorem
2.1, we shall only sketch the main steps. Let wy(x) = u (M x + xi).

Step 1. Show x, is a global minimum point of ¥ by arguing as in the proof of Claim
3 in the proof of Theorem 2.1.

Step 2. By using the conclusion in Step I, show w, — u, in H!(IR") as k - oo,
where u, satisfies (2.8).

Step 3. By using the conclusion in Step 2 and the one-sided Harnack inequality,
show w, decays to zero at x = co uniformly w.r.t. k. Then (2.7) follows.

Step 4. Show the uniqueness of x;. #
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In the remaining part of this section, we deal with the case when the potential
Vis radial and is bounded below from zero. Define E} and M}, to be the subset of E,
and M, consisting of radial functions. Define

cp=inf I,(v) .
M}

It is routine to see ¢, > 0. Then

Proposition 2.4. Assume n = 2. Then for each h > 0, c}, is assumed by a minimizer v,
of I, over M},

Remark. As we mentioned in Sect. 1, this follows essentially from a general result in
[DN]. However, in the present case, we can prove this result by showing that
a minimizing sequence converges to some v, € M}, by virtue of the standard fact that

2 .
» & L9 compactly with 2 < g < (7—712—)+ An alternative is to apply the Moun-

tain Pass type argument as in [R] and the well-known Radial Lemma of Strauss.

It is easy to see v, is also a (radial) solution of (1.4). As before, we can show that
vy, is of one sign and hence we shall always assume that v, > 0. Let u,,(r) = v, ( %
(r = |x|). Then u, is a positive radial solution of (1.3) with least energy (1.5) among
all nontrivial radial H ! (R") solutions. Conversely, each such radial ground state of
(1.3) corresponds to a v, in the statement of Proposition 2.4.

Theorem 2.5. Suppose n = 2 and V is radial. Let u,, be a positive radial ground state
of (1.3) (whose existence is assured by Proposition 2.4). Then u, concentrates at the
origin in the following sense: For small h > 0, u, has only one local (hence global)
maximum point x, x, — 0 as h — 0; moreover (2.6) and (2.7) with xg = x, =0, hy = h
and u, = uy, hold true.

Remark. If V(0) is not a global minimum of V, by combining Theorem 2.3 and
Theorem 2.5, we see that a ground state, i.e., least energy solution of (1.3), if any,
must not be radial for small & > 0.

Proof of Theorem 2.5. By the proof of Lemma 2.2, ¢}, is bounded for 1 = h > 0.
Thus ||vy || 1 () is also bounded for 1 = h > 0. Recall the Radial Lemma of Strauss

[ST:

1-n

lu(r)| < Cr 2 |lullgymrry forrz1,

where C depends on n. Using this, we have that v, decays at r = oo uniformly w.r.t.
small h > 0. Now applying the arguments in the proof of Proposition 4.1 in
[GNN] to (1.4), one has

1-n
vp(r) S Crz exp(—/V°) forrz1, (2.17)

from which (2.7) with the modification follows.
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If x, is a local maximum point of u,, then by the maximum principle,
1

up(x,) > (V°)p=1, This and (2.7) imply x, — 0 as h— 0. To show x, is unique,
observe that since ||v,||g:r») is bounded for small h and v, satisfies (1.4), each
sequence of {v,} contains a subsequence {v,} such that v, - some i, weakly in
H*'(R") and strongly in C2_(IR"), where ii, is a radial solution of

Au—VOu—u?=0, u>0, u(w)=0. (2.18)

By Kwong [K], @, is unique. Thus v, — iiy in CZ,(R") and L®(R") as h—0".
Now we can show the uniqueness of x, as in the proof of Theorem 2.1. #

Remark. By the proof above, ||uy || 1=(r") —> ||t || L= = it0(0), where i, is the unique
radial solution of (2.18).

Section 3. Positive Bound States

The purpose of this section is to show that a point at which a sequence of positive
bound states concentrates must be a critical point of V. Recall Floer, Weinstein and
Oh have obtained results converse to this. Recall also by a bound state, we mean an
H*(R") solution of (1.3) with finite energy (1.5). (It is well-known that a (positive)
bound state decays exponentially at oo, as may be proved by the one-sided
Harnack inequality and then using a result of [GNN].)

Theorem 3.1. Assume |VV(x)| = O(e¥*!) at x = oo for some a > 0. Let u, = uy, be
a sequence of positive bound states of (1.3) with h = h,. Suppose w, concentrates at
a point x, in the following sense: V¢ > 0, 3 constants R and K > 0 such that

u(x)<e fork=K and |x — xo| = lR . 3.1

Then VV(xe) = 0. Moreover, for large k, u, has only one local maximum point x,,
X3 — Xo as k — oo, and (2.6)—(2.7) with x; replaced by x, hold true.

Remark 1. It is possible to check the solutions obtained by Floer, Weinstein and
Oh [FW, O,] satisfy (3.1).

Remark 2. We suspect that the condition | V¥ (x)| = 0(e®*!) could be removed.

Proof of Theorem 3.1. We shall break up this proof into 3 steps; In Step 1, we show
|t | L= (w=) is bounded. In Step 2, we show the second part of this theorem; In Step
3, we prove VV(x,)=0.

Step 1. Suppose 3 a sequence h,, — 0 so that the L*(R") norm of u,,, = u,, tends to

oo as m— co. Let a,, = maxu,, and B, = «,, ?~ /2, Define

1
Um(X) = O(_ um(xm + hmﬁmx) s

m
where x,, is a global maximum point of u,,. Then

Avy, — BV (%m + hpBnX)0m + v =0, xeR”,



Concentration of Positive Bound States 241
and
im0 =1 0=<v,=1.
Therefore, by the elliptic regularity theory, we have
U = Vg 18 CE(IR") as m — o0 ,
where
Avg + v =0 inR", p,(0)=1.

This is impossible according to [CL] or [CGS]. Step 1 is finished.
Step 2. Let wi(x) = wi(xo + Mxx). Then

Aw, — V(xo + hex)w, + wi =0, xelR”, (3.2)

and by (3.1), w, decays to zero uniformly w.r.t. k. Now, as before, by the arguments
in the proof of Proposition 4.1 in [GNN],

wk(x)§C|x|¥exp(—\/W|x|) for [x| = 1. (3.3)

This implies (2.7) with x, there replaced by x,. Observe by the conclusion in Step
1 and the elliptic regularity, for any subsequence of { w, }, there exists a subsequence
{wi} of the subsequence such that w; —» some wy in Cf.(R"), where w, satisfies

Awg — V(x0)wo + wh =0, xeR". (3.4)
1

By (3.3) and the fact that local maximum values of w, are larger than (V°)7r-1 we
see local maximum points of w, must stay in a fixed ball for all k. This and the fact
that wj — wo in C2.(IR") imply w, # 0 and hence positive by the strong maximum
principle. Now we can show the uniqueness of local maximum point of w; for
k large as in the proof of Theorem 2.1. From this the uniqueness of x, follows. By
(3.1), x; = xo. Equation (2.6) follows from the strong maximum principle. Now
Step 2 is complete.

Step 3. Without loss of any generality, assume w; — w, in C%.(IR"). Multiplying
(3.2) by Vw, and integrating on Bg(0), we have

1
0= I AWkVWk — 5 V( V(XO + hkx)W)%)
Bg

pt1

1
+ 5 h VY (%0 + hex)w? + ZW" dx ,

+1

h 1
2 WV (xo + hex)widx = [ | = V(xo + hx)wiv
2 3, 0B \ 2

1 p+1
o {4 :
. wy v)ds Bfk we Wwedx ,  (3.5)
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where v is the exterior normal field on dBg. We compute the second integral on the
right-hand side as follows (write w, as w):

ow . ow 0
éfRAwa dx =‘j;(d1v( Vw(3_xi>— Vw—a—xi Vw)dx

ow ow 2

Therefore (3.5) becomes

h 1 1
?kBjR VV(xo + hx)widx = 0£R<5 V(xo + hex)wiv “orl wh*t
awk 2
— P S Vw2 S = Tk (36)

Observe

[1rldR < [dR [ | Z(IVwl? + V(xo + mex))wi + witt)as
0 0 By \2 p+1

3
=3 F VWl + V(xo + hex)wd + wh ™ 1ydx
R"

< + oo for each k,

by the assumption that u;, is a bound state. Thus for each fixed k there exists
a sequence R, — o such that Iz, — 0 as m —» co. Now letting R = R,, » o0 in
(3.6), by virtue of (3.3), the growth condition on | VV| and the Dominated Conver-
gence Theorem, we have

| VV(xo+ hx)widx=0.

Re
Now letting h, — 0 and by the Dominated Convergence Theorem again, we have

[ VV(xo)wdx=0.
]R'l

Thus VV(x,)=0. #

Remark. Equation (3.6) may be deduced from the dilated Pohozaev identity which
appeared in, e.g., [H].

Appendix
We shall prove (1.6) when V is bounded. Let V(x) = V(hx) — E. For ue H?(R"),

let
f=—du+V(x)u. (A1)
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Multiplying (A.1) by u and integrating on R", we have

[ 1Vul? + V(x)u?dx = | fudx < | fll 2@nllull 2w -
R R

Recalling ¥ = 6 > 0, we then have
1
lull 2rry = 5 2 mey -

By this and (A.1), we obtain
I dull 2y = | f— Vull 2wy £ 1 f L z2wey + 1V 1| oy 41| 22wy
SA+ VI Lown/O IS 1 L2(me -

So
lull p2rey = llull L2(rey + || Aull L2(wr

S+ UVl zorn + D/ IS 2wy -
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Choosing /4 in the obvious way, we obtain (1.6). Note the dependence of 4 on
| V|| L=(r= does not change the validity of the arguments in [FW], [O;] and [O;].
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