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Abstract. The combinatorial state sum of Turaev and Viro for a compact 3-manifold
in terms of quantum 6j-symbols is generalized by introducing observables in the
form of coloured graphs. They satisfy braiding relations and allow for surgeries and
a discussion of cobordism theory. Application of these techniques give the dimension
and an explicit basis for the vector space of the topological quantum field theory
associated to any Riemann surface with arbitrary coloured punctures.

1. Introduction

Since the early days of topological quantum field theories there was the question
whether such field theories have a lattice formulation analogous to lattice gauge
theory. The reason is that one would like to work in a context with mathematically well
defined quantities instead of more or less formal functional integrals. This question has
been answered affirmatively in part by the work of Turaev and Viro [TV]. Invoking
the 6j-symbols for the quantum group U, (sl(2, C) with ¢ being a 27 primitive root
of unity they constructed invariants Z(M) of closed, compact 3-manifolds M. In
[KMS] this construction was extended to compact 3-manifolds with boundary. For
orientable 3-manifolds, the case we shall exclusively be dealing with in this article,
these invariants, called state sums or partition functions, in the case OM = () satisfy
the relation ‘

Z(M) = r(M)yr(M*) = [r(M)[?, (1.1)

where 7(M) is the partition function for the SU(2)-Chern Simons topological quantum
field theory at level k = r —2 [T1]. Originally 7(M) was introduced and discussed on
a formal level based on functional integration methods [Wi2]. However, introducing
the theory of coloured ribbon graphs, Reshetikhin and Turaev [RT] have provided
a mathematical construction of 7(A) having all the desired properties. Now the

* Supported by DFG, SFB 288 “Differentialgeometrie und Quantenphysik”



356 M. Karowski and R. Schrader

Turaev-Viro construction starts with a finite triangulation X of M and associates
to X a partition function Z(X). The main result of [TV] is that Z(X) does not
change under (a sufficiently large class of local) subdivisions and hence defines
an invariant Z(M) of M. This is a particular attractive feature from the point of
view of topological quantum field theories initiated by Witten [Wil] and axiomatized
by Atiyah in [Atl] (for a review see also [At2]). Indeed, since such theories have
trivial dynamics, a triangulation, which corresponds to the introduction of a high
energy cut-off, should have no influence. In other words, the renormalization group
transformation (i.e. a block spin transformation) defined by a subdivision should be
trivial. Mathematically there is another motivation for a combinatorial approach. In
analogy to algebraic topology but in contrast to quantum field theories with nontrivial
dynamics, topological quantum field theories are supposed to give rise to finite
dimensional vector spaces V¥ with certain structures which provide information on
those 3-dim. compact manifolds which are bounded by a fixed closed 2-manifold X.
Hence a finite set of data should suffice. Yet another nice feature of this approach is
that configurations are labelled by representations (customarily called colours) living
on the 1-simplexes instead of by group elements as is the case in lattice gauge theories.

Basically the Turaev-Viro construction goes as follows. Using g-dimensions of
colours on 1-simplexes and g — 6j-symbols on 3-simplexes to define local weights,
their product essentially defines the Gibbs weight W (j)(X), where j labels the
configuration. The partition function, also called state sum, is then given in the usual
way as the sum over all configurations

Z(X) =Y WEHX). (1.2)
J

The reason Eq. (1.2) is well defined for U, p (s1(2,C)) (g a 2r™ primitive root of unity)

1
LR g — 17 of colours is finite making the sum in
(1.2) finite. Cobordism theory was introduced in [TV] by freezing the configuration

J on the boundary X to define

is that there the set . = {0,

1
ZX@) =5 Y WEHE) (1.3)

2 jlox=a

with a certain weight factor W,. In view of relation (1.2) this gives in particular

Z(X) =) W,Z(X;,0)Z(X,,0) (1.4)

whenever X may be cut along a 2-dimensional simplicial complex X, = X, into
two disjoint parts X, and X, [see Egs. (2.14)—(2.16) below for explicit definitions].
Arguments like these we will call surgery techniques. Relation (1.4) is the manifold
analogue of transfer matrix (i.e. semigroup) multiplication techniques in statistical
physics. Consider in particular the case where M = X x I (X a compact closed two
manifold I, the unit interval). Let X be a triangulation of M inducing a triangulation
0X of the boundary OM = X x {0,1}. If ¢; and @, denote the colourings on the
two connected components 0X; and 90X, of 0X, then one has the result that the
matrix Z(X,q;,a,) indexed by ¢, and q, acts as a projection operator, provided
the triangulations 0.X; of X' x {0} and 80X, of X x {1} agree. Its trace, which is
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equal to Z(X x S') therefore gives the dimension of the vector space V¥ for the
underlying topological quantum field theory associated to X. This property, namely
that the transfer matrix is just a projection operator, is again a reflection of the fact
that topological quantum field theories have trivial dynamics. The drawback of this
discussion based on definition (1.3) is that it is triangulation dependent.

The aim of this article is to establish surgery relations which are manifestly
independent of the triangulation and which in particular allow for calculations of
explicit examples such as Z(X x S!). In fact, we expect that the surgery methods
presented in this article should also allow the calculation of the state sum Z(M) for
other 3-manifolds like compact hyperbolic spaces (for examples see e.g. [Vin]). By
relation (1.1) the calculation of Z(M) for all large r could give some information
on the Ray-Singer torsions for the flat connections involved (see e.g. [FG, Wi3]).
The idea we use and which will be worked out in this article is to construct
observables in the form of coloured graphs, i.e. certain embedded 1-dimensional
simplicial complexes, whose 1-simplexes carry colour. These coloured graphs live
on OM or on the boundary of tubular neighborhoods of embedded 1-dim. simplicial
complexes in int M. The resulting state sums will be homotopy invariants of the
embedding and will in addition satisfy braiding relations giving rise to knot invariants -
(see also [T2]). Responsible for these braiding relations is an addtional property of
abstract 6j-symbols called the Racah relation, which we postulate and which holds
for Uq(sl(2, C)). As is well known this Racah relation combined with the Biedenharn-
Elliot relation ensures the existence of an R-matrix with the ensuing Yang-Baxter and
fusion equation (see e.g. [KR]).

The technique we use is the following. In addition to the configurations j of Turaev
and Viro in [KMS] we introduced configurations J on X called vertex colourings.
They allowed to associate a certain additional weight factor to 0X leading to a
partition functor Z(X) which was independent of the particular triangulation of X
thus leading to a state sum Z (M) for manifolds with boundary. We will generalize
the definition of J. This will allow us to associate weight factors to coloured graphs
|G|, on OM leading to state sums Z(M, |G|,). These state sums will be homotopy
invariants of the embedding. This notation will be generalized to coloured graphs ¥,
in M, which in addition will satisfy braiding relations. Techniques which in spirit
are similar to ours have been used by Turaev [T2]. As a result we obtain the surgery
formula when M is cut along X into M, and M,,

ZM) =Y WEZOM|GIZ)Z(M,, |GID), (1.5)

which is a triangulation independent form of relation (1.4). Here X' is supposed to be
oriented and X* is the same space with opposite orientation such that M, = X*
and OM, = X. |G|£2 is a canonical graph (to be defined in Sect. 6) with colours

z on X. W7 is a certain weight depending on z only. In addition we construct

an explicit basis of the vector space V% of the underlying topological quantum field
theory associated to X. Here X’ may be a surface with coloured punctures. In addition
these coloured punctures may each be given an orientation. This additional structure
is again a reflection of relation (1.1).

In Sect.2 we recall and extend the basic data needed in the construction of
Turaev and Viro and its generalizations to be presented in this article. In Sect.3 we
introduce coloured graphs |G|, on the boundary of 3-manifolds and construct state
sums involving such coloured graphs. The notion of a reduced graph by which planar
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parts of a coloured graph |G|, are collapsed is introduced in Sect. 4. In Sect. 5 we
establish elementary cutting rules for state sums with coloured graphs and introduce
what will turn out to be the central concept of a meridian. The notion of coloured
graphs in the interior of a 3-manifold is introduced in Sect. 6 leading to braiding
relations and knot invariants on the level of the associated state sums. Section 7
contains the main results of this article where we establish surgery formulas along
Riemann surfaces (with oriented coloured punctures). We elaborate on these state
sums in relation to topological quantum field theory. We have attempted to make the
reader familiar with the concepts introduced here by calculating explicit examples.

2. Basic Definitions

In this section we collect and extend the basic notions and definitions of the Turaev-
Viro state sum for 3-manifolds with boundary [TV, KMS].

Let K be a commutative ring with unit, denoted by 1. By K* we denote the
set of invertible elements in K. Let . be a finite set with a distinguished element
0. The elements in & will be called colours. Let i — w, be a map from  into
K* such that > w? is equal to the square of an element w € K™ and such that

=
wy = 1. We assume there is given a nonempty set of unordered triples (z,5,k) €
called admissible. For any unordered triple (i, j, k) € . we set 6ij r = 1if (4,7,k) is
admissible and zero otherwise.

We assume
S0 = 051, @2.1)
Now the relation
Z wf&ijk = w?w,zc (2.2)
i

is supposed to hold for all j, k € .7. This implies that

w =wi? Y wiwis, 2.3)
z?j

holds for all £ € .. The ordered 6-tuple (i, 7, k,l,m,n) is called admissible, if all
the 4 triples (3,7, k), (k,l,m), (i,m,n), and (j,l,n) are admissible. To each such
admissible 6-tuple we assume there is associated an element of K, the abstract 67-
symbol, describing a 3-vertex, denoted by

o N i

U I 2 n b

I m n ‘ = Tn\/l 5 where m
k

(here the elements 4,5,k € .7 are associated to the lines and [,m,n € 9 to the

plaquettes or sectors between the lines). The 6j-symbols are supposed to satisfy the
following symmetry relations:

n = 6;mn (24)

T m n
I j k

i ik
m |l n

ik
Il m n

i ko j|
I n m|

, 2.5)
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as well as o 1
t g
= by bijnbj —— 2.6
I m 0 imYijkY;l w,w, (2.6)
and the following orthogonality relations
i klli § K B
Z wi I m n||l m n = 5ijk61mkwk zékk/ . 2.7)

ney

The summation is such that all 6;-symbols involved are defined (a convention which
we shall employ throughout this article whenever we write out relations involving
6j-symbols), i.e. both 6-symbols (i, j, k,l,m,n) and (3,3, k’,1,m,n) are supposed
to be admissible. We give these relations the following two alternative graphical
interpretations:

l

J
n > m

1

and m Q.7)
Swk DG =witw TR ™.
J

These 6j-symbols are also supposed to satisfy the abstract Biedenharn-Elliot relations
in the form

Z w2 i 7 k||t m nl||lj | n
— "Il m n||D A C||D C B
i k||E I m
" |B A C||D A B] 28)

We give this relation the following graphical interpretation (called a Fierz transfor-
mation by physicists)

i o J
A @8
Il m n
n m D l

Finally we assume there are elements ¢; € K* (i € .7) with gy = 1 such that the
R-matrix

c /i
qaqB |A ¢ D
A = . (2.9)
X gcap |B 7 C {
7 D .
1 J
satisfies the abstract Racah relation
2 qaqs |A 1 Dl k’ G |t T k‘
w . = — . (2.10)
quCqDBjC B A D 9;|A B C
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We depict this graphically as

> wh = B - (2.10")

All these conditions are met in the case of the quantum group Uq(sl(2, C)) with

g = exp(iws/r) (r and s € Z relatively prime) where we have K = C,
1 r
9—{0,5,1,..., 5_1 s
2i+1 —2i—1
2 _ 2 4 —q m
wi —(_1)z 1 —(2'L+1)_q,
w? = —2r
(g—q~ 1’ 2.11)

g, = (—1)Hgii+D
1 ifk<i+j,j<i+ki<k+jr—-2>i+j+kel,
otherwise
and where the ¢ — 6j-symbols are given in [KR, K, TV].

The state sum of Turaev and Viro for a compact 3-manifold M with boundary
OM is defined via a triangulation X of M (inducing a triangulation 0X of OM) as
follows [TV, KMS].

Let j ;0! € X = j(o') € .7 be any map from the (nonoriented) 1-simplexes of
X into 7 and J:0° € 0X — J(0°) € F any map from the vertices of X into 7.
Any such pair (j,J) of maps will be called a configuration. For any (nonoriented)
3-simplex o3 in X set
CHRNICOMFICE)
b j(o3) jog)
where o} and o}, 5 (i = 1,2,3) are the pairwise opposite 1-simplexes in do*. For any
(nonoriented) 2-simplex o2 in 0X set

(65) (0”) = , (2.12)

jlo) o) @)
J(@)) J(@ J(@)
where the vertices 0¥ in Oo? are opposite to the 1-simplexes o} in do? (i = 1,2,3).
By (2.5) both definitions (2.12) and (2.13) make sense. The Gibbs weight factor of a
given configuration is defined to be

Wi, DX =[] v [I @, II 6@

(64,J) (0% = , (2.13)

alex olex olex

2 . 2
x I wieo, I] ®4, D@
o0edx o2€dX

= W@ XOW(, ) (0X). (2.14)
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Also W, in Eq. (1.3) is given as

wo= [[ - (2.15)
oledx
For given triangulation the state sum is now defined to be given by
Z(X)=Y_ W(G,D(X). (2.16)
g

The basic result in [TV] for the case OM = ¢ and in [KMS] for the general case
is that Z(X) is independent of the particular choice of the triangulation and hence
defines an invariant of M.

Examples 2.1. In [KMS] we calculated the following state sums
Z(D3 =1, Z(handlebody) = 1 (2.17)

(the second equation follows from the first one since the cutting of handles does not
change the state sum),

Z(M\D?) = w?Z(M), (2.18)
Z8H =w?, Z($*xSH)=1. (2.19)

Also for a connected sum the relation
Z(M#M,) = w*Z(M,)Z(M,) (2.20)

is valid.

3. State Sums of Coloured Graphs on 0M

In what follows G will denote a finite 1-dimensional simplicial complex without
boundary and |G| the associated normal Hausdorff space (see e.g. [Sp]). In this section
we will in addition make the restriction that every vertex ¢ € G is contained in the
boundary of n = n(c”) 1-simplexes with 2 < n < 4. According to the value of n(c?)
we will speak of an n-vertex. Note that the notion of being an n-vertex with n > 3
is independent of the particular triangulation G of |G|. We will call the set of stars
st(c”) in G the elementary stars in G. Also we will introduce the following additional
structure at a 4-vertex o’ € G by paring the 4 1-simplexes meeting at ¢° into two
unordered paris. The 1-simplexes in one pair are called opposite to each other. In
addition one of the pairs is given the name “above” and the other pair is given the
name “below.” We depict this structure geometrically in Fig. 1. By the above remark
this additional structure is again independent of the particular triangulation G of |G|.
By abuse of notation we view |G| as the associated space equipped with this additional
structure.

Fig. 1. A 4-vertex
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Let z:0' — z(c!) be a map from the set of nonoriented 1-simplexes in G into .7

with the following properties:

1) If two 1-simplexes o] and o} join at a 2-vertex, then z(0}) = z(03}).

2) If two 1-simplexes o} and o} are opposite to each other at a 4-vertex then
z(a}) = 2(o}) (compare Fig. 1).

If sdG is a subdivision of G, then such a map z induces a map sdz on
sd G with similar properties by setting sdz(c!') = z(c') whenever |o!'| C |o!]
(6" €sdG, o' € G). We say that z on G and z’ on G’ with |G| = |G| are equivalent,
if they induce the same maps on a common subdivision. An equivalence class is called
a coloured graph and is denoted by |G|,,. Any set # in |G| homeomorphic to an interval
will be called a line. Given |G|, obviously to each line / we may associate a colour
x = (/). By definition a coloured graph on a 2-manifold X is a pair (|G|, ¢) where
¢ is a homeomorphism of |G| into X' with the following additional property. Near
the image ((c°) of a 4-vertex ¢°, the images of the two open opposite 1-simplexes
in one pair are separated by the image of the closed 1-simplexes in the other pair
(as pictured in Fig. 1). Two coloured graphs (|G|, ¢) and (|G|, ¢’) on X are called
homotopic if there is a homotopy ¢, (0 < t < 1) of the maps ¢ and ¢’ such that
(IG|,, ¢,) are coloured graphs on X' for all 0 < ¢ < 1.

The aim of these section is to define a state sum Z(M,|G|,, ), which is a
homotopy invariant of the coloured graph (|G|, ¢) on OM. In analogy to the strategy
reviewed in Sect. 2 this will be achieved by a construction starting with a triangulation
X of M. We say that the triangulation G of the coloured graph (|G|,, v) is adapted
to X if the image under ¢ of the k™ skeleton of G is contained in the k™ skeleton
of 0X (k = 0,1). X obviously induces a triangulation of |G| which is a subdivision
of G and which will be denoted by G(0X, ). Also to every coloured graph (|G|, ¢)
on M with a triangulation G there is a triangulation X of M such that G is adapted
to 0X. We will generalize the definition of a vertex colouring J on 0.X as explained
in Sect. 2 to what we will call a sector colouring J on dX. Away from o(|G|), J
and J will agree. This will enable us to define weight factors in the form

WG, DX, Gl =W@,HX) [[ We Do
o0€GBX,p)

x [ wasideh (€B))

oleGOX,p)

whenever G is adapted to 0X. Ths will give us a state sum

Z(X, |Gl 0) =Y WG, DX, |Gy, 9)- (32)
grd

The main result to be proven in this section is that for given (|G|, ) this state
sum is independent of the particular choice of the triangulation X of M. Thus we
obtain a quantity Z(M, |G|, ¢) which we simultaneously will prove to be a homotopy
invariant of ¢. The technique we use is to define configurations in addition to the
1-simplex colouring j on X of Turaev and Viro and the vertex colouring J on 90X
introduced in [KMS]. These additional configurations live near the support of the
coloured graphs and intuitively serve as “ski wax” to allow “gliding,” i.e. homotopy
invariance and braiding of the state sums for these coloured graphs. It remains to
define all quantities on the right-hand side of (3.1) and we start with introducing .J.
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For the purpose of easier notation we will identify G(0X, ) with its image in
O0X under ¢. For given orientation of OM and ¢° € G(X, ) consider the set of
n(c®) 1-simplexes {u}(0%),i = 0, ..., n(e%) — 1} in G(OX, p) having ¢° in their
boundary and enumerated with respect to their counterclockwise ordering in the
open star st(c®) C G(OX,¢) of o° (see also Fig. 3 below for the three possible
cases of n(c®) = 2,3,4). A sector colouring J on 0X is by definition a map
(0%%) — J0%i) € 7 (0 < i < n(o® — 1), where ¢° is a vertex in X and
where n(c?) is set equal to 1 if o© is not a vertex in G(0X, ). With j being an edge
colouring of X as discussed in Sect. 2 we set -

W, HX) = [ w? [[ v, [ 6@

oleX olex oeXx
x I wheow II @4 (3.3)
oleax o2edX

0<i<n(@®—1

to be the modification of W(j,J) (X) as defined in Sect. 2. Here (64, J) (0?) is the
following modification of (65, J) (c2). If ¢° is a vertex in o not in G(8X, ), then

J(c®) is replaced J(c°,0). If on the other hand ¢ is a vertex in G(0X, ¢) then J(c°)
is replaced by J(c¥,7) where i is chosen such that the sector at ¢° defined by the

1-simplexes p;(0?), u! L(mod n(UO))(UO) intersects o2,

#%+1(0?) #%'—1(‘7(2))

A
\ a i) B/
p o? ol a3 3
A T = I(‘71) B

,uli_,(af) l‘%%l(”g)

Fig. 2. An elementary line (colour x) of a graph associated to a 1-simplex (colour a)

Furthermore we define a weight for o! € G(0X, ¢),

A a B
B z A
with @ = j(o!), z = z(c'). Also A,A’,B,B’ € .7 are given in terms of J as
follows. For given o' = [0¥,09] let i and i’ be such that 0! = pl(0?) = pl(09).
Then (compare Fig. 2)

Wz, j,J)(c") = ‘ (3.9

A=J©0)i), A =J0)i—1(modn(a)))),

- . 3.5)
B = J(09,i' — 1(modn(0))), B’ = J(03,9).

It remains to define the weights for the vertices o° in G(0X,, ). For the three possible

forms of the open star at 0°, we have the situation depicted in Fig. 3. Here A, B, C, D

denote the relevant sector and z,y, z the relevant line colourings respectively. The



364 M. Karowski and R. Schrader

weights will depend on the orientation of M which induces an orientation of M. If
this orientation is counterclockwise on O M, we asociate weights

w(vy) =b,45,

Ty 2
w(”3)‘lA B C| (3.6)
duadp |A = Dl
w,) = .
Y T qap|B y C

If the orientation is clockwise, we associate weights denoted by w(v;"). They are

1
obtained from the weights w(v;) replacing all ¢; by q_ This means that the weights

J

w(v) are equal to w(v;) if i = 1 or 3. If ¢ = 4 we replace 9498 by its inverse. The
dcldp

vertices v;* have the same geometry as the v, in Fig. 3. In the following we write all

relations for counterclockwise oriented boundaries of 3-manifolds. The transition to

the opposite orientation will become relevant in Sect. 7. This concludes the definition

of the right-hand side of Eq. (3.1),

/A-/ * Y A\\/B
Uz = v3 = B A Vg = .
x B z r /D Y

Fig. 3. The elementary vertices

Theorem 3.1. For sufficiently fine triangulations X of M the state sum (3.2) for a
coloured graph (|G|, p) on OM is invariant under isotopies on the 1-skeleton of
0X of the coloured graph (|G|,, ) and invariant under local subdivisions (such as
Alexander moves [Al]) of X. Thus the state sums Z(X,|G|,, ) for all such X are
equal and hence define a state sum Z(M,|G|,, ) which is a homotopy invariant
w.I.t. .

Remark 3.2. Having established this fact, in order to abbreviate notation we shall
also write Z(M, |G|, ) simply as Z(M, |G|,) with the understanding that now |G|
itself is viewed as a coloured graph on dM. Also we will write G(0X) instead of
G(0X, @), etc.

To prove this theorem, we note that the first part is a direct consequence of

Lemma 3.3. For a fixed sufficiently fine triangulation X of M the state sum (3.2)
is invariant under the following 3 elementary isotopies of (|G|,, @) on the 1-skeleton
of 0X. a

a) A line with colour x passing a 2-simplex 0* € 80X along two 1-simplexes in its
boundary may be shifted to the other 1-simplex in its boundary as depicted in Fig. 4a.
b) An elementary v; graph at a vertex 0% € 00! may be shifted to the other vertex
0¥ € 80! as in Fig. 4b.

c) An elementary v, graph at a vertex c® € do' may be shifted to the other vertex
oY €dolasinF ig. 4c (depicted for the case that the colour x is below the colour y).
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Fig. 4. Elementary deformations of graph

Proof. The proof of a) follows directly from the Biederharn-Elliot relations in the

form
ZwZabcaC’BbAC
=~ |4 B Clle B Clz O A
a b c|lc A B
4 B cllz B A"' @-72)
The claim b) means that
» la b clla A7 Bllb A Cllz y =z
ZwA” c' B A" y B Allz ¢ A"||A” A A
AII
_ , |la b ¢|la A Blle C" Bllz vy =z
=2 ko poalle » all: B cllp B om| O™

B//
This follows by applying the Biedenharn-Elliot relations twice in the form

a b cl||lb A C
C/ B AII z C/ A//
_szabccC’BaAB”
- B"lc B” Al|lz B" C||z B A"

B!
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366
and
S|z v z[s A Blja 4 b
Al A" A" A Allz B A" y B A
r y z|la A B”
B B” B'||lz B A
The claim c) for the case of Fig. 4c) is that
Z Wy w2 b A C"||le C” Dlle B ¢"
o o T e oA y D' Clly ¢ B
x dordcr ¢’ =z Cm ella b ¢
qclcm c’ D C” Alle" B A
2 b A/" d A D a A" B
Z wA”wAm C’ " / "
Al AN A y D' A y B A
qgaqar A =z e a b c
qardam A" y AIII D/ C A"l B A"|” (370)

To prove (3.7c) we first use the Biedenharn-Elliot relations in the form

a b clle B o™
c" B Ally ¢ B
— c b b A" C"|la A" B
; il g o y ¢ A'|ly B A
Then the Yang-Baxter equations in the form
ylell'lell w2 c” oz c” A C’” A o
e dcdcm ¢y C |z C” o A
qadar w2 b C” Al|lb A" A z A
o damdar A" y A" Cllz A” A"y A

and finally again the Biedenharn-Elliot relations in the form

E wZC'”

C//

e
D ¢Cc" A

d A D e
= y D' A”||D Cc A"

e C” D||b C" A
yD'C’yA’”C

prove the claim (3.7c). The case where the line with colour x lies above the line with
colour y is treated analogously. This concludes the proof of Lemma 3.3.

To conclude the proof of Theorem 3.1 we adapt the strategy used in [KMS].
Consider a local subdivision in Y C X. By the first part of the theorem before
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C

A c B
Fig. 5. A triangulation of the coloured graph |G/, = S}

performing the subdivision if necessary we may move the graph (|G|,,¢) away
from Y without changing (3.2). Then we may perform the subdivision which by the
arguments in [KMS] again does not change the state sum (3.2) proving the theorem.

The present restriction to the case of the elementary vertices of Fig. 3 with
n(ao) < 4 will be removed in the next section when we discuss what we will call
reductions of coloured graphs (|G|, ¥).

Example 34. Let the graph |G|, = S! be contractible in M and triangulated as
in Fig. 5. Using Egs. (2.8), (2.7), and (2.2) one finds for the contribution from the
2-simplex (ABC) of Fig. 5 to the state sum the expression

2 2 a2 la b c¢lla C Bllb A Clle A B
>, Wb | 0 poolle B oo|le ¢ alle B A
A'B'C!
_la b ¢ » »|l¢c A Blle A B
“l4 B ZwA’“’B’ ¢ B Allz B A
Al B
ala b ¢

The 6j-symbol is just the contribution of the 2-simplex (ABC) to the state sum Z(M)
without the graph |G|, & S} so this means

Z(M, 8Ly = Z(Myw? . (3.9)

In Sect. 4 we derive a generalization of this formula to an arbitrary, what we will call
planar graph.
4. Reduced Graphs

With the techniques to be developed in this chapter, we shall establish the following
results.

Theorem 4.1. The state sum Z(M,|G|§) is invariant under the following local
changes of |G|, on M as depicted in Fig. 6,

Fig. 6. Local changes of graphs

b
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Any closed subset V' of |G| is called planar, if it is equal to the intersection of |G|
with a closed set in M homeomorphic to a disc.

Theorem 4.2. For a planar coloured graph |G|, on OM the state sum factorizes
Z(M,|G|,) = Z(M)Z(G|,) , 4.1

where (Z(|G |£), called the invariant of the planar graph, is independent of M. For a
coloured circle S},

Z(8) = Z(O") = w?. (4.2)

This theorem states that as observables, planar coloured graphs on M are uninter-
esting for probing OM. Only nonplanar graphs give rise to interesting information.
Note that for the case that M is the disjoint union of spheres S? every connected
component of a coloured graph is planar. Relation (4.1) then reflects the fact that the

vector space V5® of the associated topological quantum field theory is one dimen-
sional as has been proved for the present context in [KMS]. The following remark
deals with the general case.

Remark 4.3. Theorem 4.2 will be generalized as follows. To each oriented 2-manifold
X there is a canonical coloured graph |G]| f on X and for any M with OM = X one

can write the state sum Z(M, |G|,) as a linear combination of the form

201Gl = 3" WE (G, 16177 20, 1G 1) “3)

for a certain weight factor W and with coefficients (G|, |G’|2 ) which are
independent of M. In the language of topological quantum field theory we will
see that the graphs IGlf define a complete set (although in general not linearly

independent) of vectors v(z) in the finite dimensional vector space V> associated to
. In Sect. 7 we will construct these canonical graphs explicitly and write the above
coefficients as state sums of coloured graphs on X' x I.

The notion of reduced graphs to be developed now also will serve to eliminate
the topologically nonrelevant parts of any coloured graph. For a given triangulation
G of |G|, C OM let {V,}, .5 be a finite family of pairwise disjoint planar subsets
of |G|, with the following properties:

a) every vertex in G is contained in some V, and conversely each V, contains at
least a vertex of G.

b) The intersection of any closed 1-simplex ! in G with any V., is either empty or
a closed interval with nonempty interior in ' containing at least one vertex in the
boundary of o'.

The sets V,, (v € %) will be called generalized vertices. More precisely, if we
identify points in |G|, which lie in the same V,, we obtain a 1-dimensional simplicial

complex G with vertices {02}, 5 (the images of V,, under this identification) and
1-simplexes which may be identified with those 1-simplexes in G not completely
contained in any V. Stated in a different way |G"| C OM is the deformation re-
tract of |G| in OM where each disc defining a V, is retracted to a point. With the
above identification of 1-simplexes in G” with certain 1-simplexes in G we obtain a
coloured graph |G"|_ from |G|, and in addition an induced colouring z,, of each V.
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There are of course incidence relations between z" and the z,.. Taking into account
of this it is easy to see that |G|, may be reconstructed up to homotopy from |G"| -
and the (V,), . To abbreviate notation we let |G"|,, denote the collection of the data
|G| and the (V,), and call it a reduction of |G|,. In analogy to the definition of
Z(X,|G|,) we will now define (Z(X,|G"|,) for any reduction. In fact the definition
is analogous to (3.1) and (3.2), now with the proviso that X is adapted to G” and J
is defined w.r.t. the induced subdivision G"(0X) of G". The only modification nec-
essary is a definition of w(z, J) (0°) for 0° € G"(0X). If 0° is not equal to any o
then necessarily n(c”) = 2 and its open star is of the form v, (see Fig. 3) and we give
it the corresponding weight. If ¢° is a ag then we define its weight in terms of the
associated coloured graph (V) . For this purpose we define a map A, :c — A,(c)
into .7 from the set of those connected components of M \|V, | which are discon-
nected from the complement of the closed disc in terms of which V,_ is defined. A,
may be called a plaquette (or cell) colouring of V. These data supplement the sector
colours J (02, ) (0<i< n(ag) — 1). Together with the colours z,, of V,_ they allow
us to define the weight of the vertex og as the product of the weights w(v) of the
open stars v of the form v,, v;, and v,, out of which V, is composed, multiplied by
I1 wZAK(C) and summed over all A, (c):

c

w(Vy) =wz, N = [[ i ][] v@. (4.4)

Agle) ¢ eV

If n = n(c?), we call V_ a generalized n-vertex which we picture as a disc in the
figures below. The definition (4.4) is motivated by and implies the following lemma.

Lemma 4.4. The local reductions depicted in Fig. 7 do not change the corresponding
state sums. In Fig. 7d the weights w(V,)) and w(V,,_,) are related by

w(V,_) Ay oy A3 Y)

= Z winéxAlAnw(Vn) (A, AL 5, AL AL T, Y) 4.5)
An

SJorn > 2 and
w(Vy) = w> (4.6)

for n =2 and V, = v, the elementary 2-vertex defined by (3.6). This last case reflects
the appearance of a “Markov trace” for closed loops. In relations (4.5) and (4.6) we
have only listed the dependence on the “exterior colours” of the generalized vertices
involved.

Proof. Parts a)—) of the lemma are analogous to those of Lemma 3.3 and have the
same proof. It only remains to prove part d). The claim is that

Z ’LU2 ’U_)2 wz,wz, a b C b Al C
A oo Apn VA, YB'YC An B/ C/ T C/ An
nyAn—1, 3
a C Blle B 4, .
X : B Cllz 4o B {w(Vn)(AI,...,An,x,g)
a b ¢
=l B ol Vad A A ). @7
1
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Fig. 7. The four elementary reductions of graphs

Now by the Biedenharn-Elliot relations and the orthogonality relations the sums over
B’ and C’ can be performed on the left-hand side of (4.7) (cf. example 3.4) and one

fi
nds e b e

Lhs.(4.7) = 4 B C

2 -2
Z wAn—IwAn—léAlAn—l
An—l

XY wh Ba WV (A Ay g AL Ay, (48)
An
proving the claim for n > 2. For the case n = 2 the sum over A,_, in Eq. (4.8)

does not exist and instead we have A; = A, _,. Therefore inserting (3.6) into (4.8)
we obtain the claim (4.6) due to (2.2). Notice that the other vertices in Fig. 7 are
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considered elementary vertices, i.e. of the type v,, v;, and v,. However, this lemma
may easily be generalized to include generalized vertices. Therefore we immediately

obtain

Lemma 4.5. For all reductions |G|, of |G|, such that G is adapted to 0X, the
partition functions Z(X,|G"|,) agree.

Proof of Theorem 4.1. The relations of Fig. 6 now follow by considering them inside

a generalized vertex. But there they follow easily from relations (2.7), (2.8), and
(2.10).

Proof of Theorem 4.2. By Lemma 4.4 we may find a suitable triangulation X and a
reduction of |G|, which has the form of Fig. 7d for the case n = 2. Equation (4.6)
can be generalized for the case of an arbitrary 2-vertex. From a Wigner-Eckart type
relation (see Appendix A) we conclude

z

= w(Vy; z, z’) = 6;2/6z44 f(2)- 4.9)
A A

:L',

This implies that for the general “O-vertex” Eq. (4.6) is replaced by
w(Vy) = w} f(x). (4.10)

Therefore in Eq. (4.1) the desired factor Z(|G|,) equals w? f(x) while the remaining
contributions to the state sum give Z(X) = Z(M). This proves the first part, while
the second part follows from the fact that f(z) =1 in case |G|, is a planar coloured
circle S. (see also Example 3.4).

For later convenience we write some additional formulas for changes of graphs.

Lemma 4.6. The following (additive) relations between state sums with the following
local form of the coloured graphs hold:

k k
i ;e S, > wh n e , (@.11)
kl
i J i\j
2t J K n
Sty Lor > e G , .12)
n m I /
m l
j

v : J '
? o G / , (4.13)
k

k
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(4.14)

O
&
S

N

Lo d (wlwy)—lét«t/&yy' (4.]5)

Yy
z z S
y y VR

These relations will become important in the next section when we establish cutting
rules. The two first relations (4.11) follow from the orthogonality relation (2.7), the
Biedenharn-Elliot relation (2.8) and the Racah identity (2.10) imply (4.12) and (4.13),
respectively. The equality (4.14) is derived in Appendix A and (4.15) follows from
Egs. (2.6), (3.6), and (4.4). Because of Egs. (2.9), (2.6), (3.6), and (4.4) this relation
remains true if there are additional elementary 4-vertices on the line with colour
z=0.

Remark 4.7. Note that if one 1-simplex at an elementary 3-vertex has vanishing
colour, then by (2.1) necessarily the colours of the two other 1-simplexes entering
this vertex are to be equal in order to have Z(M,|G|,) # 0. This “conservation law”
will always be taken into account in what follows.

Moreover for the |G/, to be considered in the following it turns out that Z(M, |G|,)
is nonvanishing only if one or several lines of the graph have vanishing colour. This
motivates the following discussion as a generalization of Eq. (4.15).

Lemma 4.8. Let |G| be a graph with only elementary vertices vy and v,. For a given
fixed colouring x of |G| consider the subset £, of lines / in |G| with x(/) = 0.
Let G be the 1-dimensional simplicial complex obtained by deleting all the o' which
belong to these lines / € £,. It is esy to see that |G| depends on |G|, only and that
|G| inherits a colouring % leading to a coloured graph |G|;. Now inspection of (3.4)
combined with (2.6) easily leads us to conclude that

Z(M,|Gl,) = f(IGl,, £ Z(M,|G|5), with f(G|,, 20 =[] ws! “.16)

V3,4

holds. The product is over all 3-vertices with vy ;N £y # 0 and x, is the colour of the

two other lines entering vy ;.

Lemma 4.9. For the fundamental representation of U (sl(2,C))611 = b, + 6,
227

holds. Therefore when the local colours are %, one finds by means of Egs. (4.1), (2.10),

and (2.11) the “skein” relations

X ) w3 e

Examples 4.10. i) Let |G|, be a planar circle with a twist. Its invariant defined by
Theorem 4.2 is obtained by the Racah relation (2.10) (for i = j = a and k£ = 0) and

Example 3.4, a
Z(|Gla) = Z (N ) = qawg. 4.18)
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ii) Using the orthogonality relation (2.7) or (4.11) we find

a b
Z(|Glabe) = Z @ = babe 4.19)

if the graph |G|, is planar.
iii) Relations (4.11) and (4.12) imply that the 6j-symbol is represented by the

following graph invariant:
n

Z(|Glijkimn) = Z m = '; it 'l:l (4.20)
m l

iv) Let |G|,, be planar and consist of two circles with linking number one. Its
invariant is obtained by Eqgs. (2.7), (2.10), and ii)

Z(IGlap) = 2 ( a[ij ) = Xc:wfz >

aVvp

_ wng _ 2a+2b
= Y Gt = ()P @)y @2D)
c alb

The last equality holds in the context of U, (sl(2, C)) for the data given by Eq. (2.11).
In Appendix A we will discuss the modular properties of the matrices T,, o
6,,2(G|,) and S, = wZ(|G|,,) with the graph invariants of Eqs. (4.18) and (4.21).

5. Cutting Rules

In this section we will introduce some techniques which allow to extend the surgery
methods employed in [KMS], where we were able to cut M along a manifold X'
diffeomorphic to S2, to any X. This will in particular enable us to calculate Z(M)
for several examples. The main calculations are collected in Lemmas 5.1 and 5.2
below. They make it possible to cut out (solid) cylinders and to introduce (empty)
tubes. The following discussion will always make tacit use of the homotopy invariance
of Z(M,|G|,) with respect to the embedding of |G|, in OM.

Let C = D? x I (D? = closed unit disc C R? with boundary S' and I = [0, 1]
the unit interval) be the cylinder with boundary (S' x I )Sl Lfo }(D2 x {0, 1}). For

x{0,1

)

simplicity we will also denote any subset of M homeomorphic to this set by C.
Consider now one of the following two situations for C C M,

a) S'xTcoM, (intD?* x{0,1} c M\OM,

(5.1)
b) D> x {0,1} cOM, S'x(0,1)C M\OM .

Intuitively case a) describes a cylinder in M and case b) means that C is a cylinder
in M with “top” and “bottom” in OM.
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In the casea) we consider the cylinder C' “cut out” of M giving M with

M=M U Cand OM = (OM\S" x [0,1]) U (D? x {0,1})). Assume now
D2x{0,1}

that |G|, C OM is such that only one line / of |G|, with colour z = z(/) passes
through the handle C in the form that # N C = {P} x I with P € S!. With these
notations we have the following

Lemma 5.1. The following relation is valid for an arbitrary colouring z of |G|,
Z(M,|G|,) = 6,0f (|Gl NZD,|G,). (5.2)

Here |G |, is obtained from |G|, by deleting the line / and f(|G|,, ”) is obtained from
Eq. (4.16). In particular |G |, is a coloured graph on M making the right-hand side
of (5.2) well defined (compare Lemma 4.8).

Proof. Consider the handle C = D? x [0, 1] triangulated as in Fig. 8. The contribution
to the state sum Z(M, |G|,) from this piece is

= 2,222, 2 2
= E W, W Wy W s Wy, Wy,
a,c,d, f,m,n

ol b cllc d e||lf e mi|la k f
I f k|llm f l|lp n ol|E B A
o f n ol|lln p m|lm d I
F B E||D E F||C E D
« d ¢ el|l|lb a c||le A B
B D C||B C Al||lz B A
E n F
ST T T
/ o /
, Joem )\ P
ko l RN or
/ ~ /
C \\f .. \
Ly gD Se B D
AI ) c el *,\1/ e

Fig. 8. A triangulated handle with a line of colour z

We use the Biedenharn Elliot relations (2.8) three times in the form

szfemfnonpm_fmeope
n"pnoFB’EDEF_DB’EDB’F’
szcdefmemdl_flcedc
mmmleB’ECED—CB'ECB’D’
szabcakfflc_abcklb
fflkaB’A’C’B’E_C’B’A'CA’E’
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then twice the orthogonality relations (2.7)

2 e d c||ld ¢ e
wB’;wd c B pllp p c|=%E
a b cl||b a ¢
Wi o g oallp o a] =t
c
and finally
,la A B
Zwax B A‘ouszo,

where Egs. (2.6) and (2.7) have been used. Thus in particular Z(M, |G|,) vanishes
unless £ = 0. By (4.16) we therefore have B

Z(M,|G|,) = 8, [(|Gly HZ(M,|G],). (5.3)
On the other hand, by the arguments of [KMS] when the cylinder C'is cut the relation
Z(M,|G|,) = Z(M,|G],) (5.4)

is valid. Indeed, this follows by calculating the local factor for D? x [0, 1] [now with
the line # with colour x(#) delected] using the triangulation of Fig. 8. This concludes
the proof of Lemma 5.1.

In the case (5.1b) we consider the manifold M = (M int C) 1 L{J }Sl x I such
S1x{0,1

that M = M U C. In particular OM is obtained by removing D? x {0, 1} and gluing
SixI

the tube T = S! x [0, 1] along S* x {0, 1}. We will call the operation M — M the
removal of the cylinder C' and the introduction of the tube 7. We may assume that
the coloured graph |G|, on M satisfies the condition |G|, N (D? x {0,1}) = 0, if
necessary by modifying the graph |G|, by a homotopy. Thus we may view |G|, as
a coloured graph on M. With these conventions we make the

Definition 5.2. We consider a coloured circle m,, on the tube T C OM of the form
(S'x {P}), (P € (0,1)). Combining |G |, and m,, to a coloured disconnected graph,
denoted by |G Um|, , for short, we define

2
ZOI(T,,), |Gl = Y =2 20, |G U, ), (5.5)

x

and say that the tube T is equipped with a meridian m. The following lemma states
what happens to the state sum Z(M, |G|,) if a cylinder C' is removed and the tube
T is introduced.

Lemma 5.3. The following relation is valid:

- 1
Z((T,,), Gl,) = = Z(M,[G],). (5.6)
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Fig. 9. A triangulated tube with a meridian of colour z

Proof. Let T = S' x [0,1] C OM be triangulated as in Fig. 9 with the meridian m
running along the edges with colours ¢, f, and [. The contribution to the state sum
on the right-hand side of (5.5) from this piece is then given as

! /
WX w3 whabab|] g oy o oblls o p
z B!,C',E
‘| kK fllf n olln p m
E B A||F B FE||D E F
o |m d lk d ¢ ellb a ¢
C¢'" E D||B D C'||B C A
=i a b clle d el|lf e m||lk | bllo p e 5.7)
w2|l f k|lm f Il|lp n o||C A E||D B F| )

This follows again from the Biedenharn Elliot relations and the orthogonality relations
in the form

f n o

f e m !

npm_z:2 f m €llo p e
F B E||D B F|I-<"|p n o||[D B E||D B F|
€
fme’mdl_zwzc’de’flc’e’dc’
D B E||C" B D| &~ “m f l||C" B E||C” B D’
, | f t Z||f B E||l E C|_|f I d||d ¢ B
;wE'C’BE’xE’BxC’E’—C’B’E:rBC”
) ,|lc C B'||d C B _
Ye2 Y, B oclla B o]0
d ¢ elled d ¢
2 2 —
we’C,wC’BDC’ o B D| %
Zzakfbacflc_abcklb
Y|\ B AllB c Allc B E|” |l f kl|lC A Bf

Now the right-hand side of (5.7) is just the local contribution to the state sum
Z(M,|G|,,) for this triangulation concluding the proof of Lemma 5.3.

There are some additional useful formulas for tubes with meridians. In the
following we rename M to be M (case 5.1b).
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a a a a
Fig. 10. A nontrivial change of a line in presence of a meridian

m
E I %
m

Fig. 11. The projection property of meridians

‘ ‘ m
TTL, mll
m ; ; m ; ;
Fig. 12. Shifting meridians at branch points of tubes

Lemma 5.4. If OM contains a tube T with meridian m, then a line | of the coloured
graph |G|, may be changed nontrivially if UINT = 0 is of the form depicted in Fig. 10
to give .

Z(M(T,),1G|,) = Z(M(T,,), |G|,) - (5.8)

Here |G’|x is obtained by replacing a piece of [ with colour a, contained in some
S! x {Q}, by its complement in S! x {Q}. The proof of this lemma is also depicted
in Fig. 10, making use of Eq. (2.7) and Theorem 4.1 and where summation over x
and y with weight factors w2 and w? is understood.

Obviously we may generalize Eq. (5.5) by introducing several coloured merid-

ians m,m’,... on T (summing over the associated colours z,z’,... with weights
wﬁ, wi,, ...). By the previous lemma, however, the additional meridians act trivially

in the sense of

Corollary 5.5. Meridians on the same tube act as projections (see Fig. 11), i.e.

Z(M(T

m,m/,.

LGl = Z(M(T,,), |G],) .- (5.9)

Corollary 5.6. If there is a branching of tubes as depicted in Fig. 12 meridians may
be shifted as follows:

Z(M(T,,, Ti), |Gly) = Z(M(T,, T, |Gl - (5.10)
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Remark 5.7. So far we have assumed that |G|, had support away from the meridians
m,m/,.... However, in Lemma 5.4, Corollaries 5.5 and 5.6, |G|, may contain line
4 (i =1,...,N) where the crossings of each line with the meridians m,m’,... are
all of the same type (“above” or “below” in the sense of the R-matrix (2.9) or the
vertex v, in Fig. 3).

Examples 5.8. i) Let M = S' x D? be a solid torus (OM = S' x S') and S. a not
self crossing circle not contractible in @M but contractible in M. By handle cutting
(away from S!) due to Lemma 5.1 (M — D?) we arrive at Example 3.4 and find

Z(s? xpz,sg)=z<®) = wl. (5.11)

ii) Let M = S' x D? be a solid torus (OM = S! x S') and S! not contractible in
M. By handle cutting due to Lemma 5.1 we now also cut S! and find with the help

of Eq. (5.2),
Z(S* xD?,s,}):z(@) = bao. (5.12)

iii) For a later application we consider the more complicated graph on a solid torus
depicted in Fig. 13. Let S} U .S} U S! U S} be four circles without any crossings not
contractible in M and let S} be a not self crossing circle not contractible in M
but contractible in M “undercrossing” S! U S} and “overcrossing” S! U S} in the
sense of the R-matrix (2.9) or the elementary vertex v, of Fig. 3. We obtain from the
orthogonality (4.11), Lemma 5.1, relations (4.14) and (4.15) with |G| .4, of Fig. 13,

<—S§l—>
zwiZ(SlXDz,‘GIabcdz):‘szz g £
z z a \
— 2 wzw?wl;w‘iz . g— T
byt a ‘\ € €
d e e
= 3 whdulutben;?s | j@
CIZ“ 1y —c
w? >ec
= méabéch < C)a

2
= —6u46:aZ(D*, SL U SY) = w2 6ap6ca.

2,2
Wwawg

(5.13)
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Fig. 13. The graph |G| ,p.4, = SL U S, USLU S, USL on a solid torus

6. Coloured Graphs in M

Up to now we have considered graphs |G| embedded in OM. In this section we
introduce coloured graphs & in the 3-manifold M.

Definition 6.1. Let M be a compact, oriented 3-manifold. A coloured graph & in
M is given by the following data: B
o) A finite 1-dimensional simplicial complex ¢(.%,), called the core of &, embedded
in int M.
B) An open tubular neighborhood .7, of ¢(.%,) in int M.
) A coloured graph |G|, in the sense of Sect. 3 on the boundary 0.5 .

We will always assume that ﬁ% consists of (connected) components_ J,1<i<

N) each of which is a tubular neighborhood of each component c; of ¢(¥%)). &, is
called a coloured framed link, which then will be written as %, if each connected

component |c,| of [¢(&,)| is homeomorphic to a circle S' and if |G |, N7 consists
of a line Z (an embedded coloured circle S, 1 ) homotopic in .7 to the core c;. The

line 4 together with the core c; defines a framing. We write 2, = U (Z; ), for the

resulting canonical decomposition of %, . Given %, we denote by M (f? ) the compact
submanifold of M obtained by deletlng Iz, from M. By construction M (g) is the
disjoint union of 0.9, and M. In particu1a~r |G|, may be viewed as a coloured graph
on OM(Z). B B

Definition 6.2. The state sum of a compact, oriented 3-manifold M equipped with a
coloured graph & is given as

2(\M, %) = Z(M(%),|G,), ©.1)

where |G|, is the graph on 0.9 associated to 2, by property 7).

In analogy to the discussion in Sect. 5 we may in addition introduce one or
several meridians m on any tube T' of 0.9, which locally looks like St x T (see
Definition 5.2). Again we make the proviso that |G|, restricted to such a set T is a

(possibly empty) union of coloured straight lines, each of the form {P} x I for some
Pe st



380 M. Karowski and R. Schrader

~)

l
Fig. 14. Left () and right () handed lines
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Fig. 15. Left and right handed lines cannot be connected

Definition 6.3. We say such a local line is left handed w.r.t. to a meridian m =
S x {Q} (Q € (0, 1)) if it “overcrosses” m in the sense of the elementary vertex v,.
It is called right-handed if it “undercrosses” (see Fig. 14). This notion makes sense
since 0.7 inherits an orientation from the orientation of M.

We may then generalize the state sum (6.1) to
Z(M(T,,, T, ., &) =2(M(%) (T, T, IGl,) 6.2)

which agrees with the state sum (6.1) in case no meridians are present.

Lemma 6.4. If the local coloured line 4, = ({P} x I), C T C 09, in G is left-

handed w.x.t. a meridian m and right-handed w.r.t. another meridian m (both living
on T'), then the state sum (6.2) vanishes unless the colour x of Z, vanishes. By the
discussion in Sect. 4, we may then delete the whole line in |G|,.

We give a graphical presentation of the proof by Fig.15. Obviously it suffices
to consider the case where T only has the meridians m and m. Here we have
used arguments similar to the proof of Lemma 5.4. The claim now follows by
relation (4.14) in Lemma 4.6. Using Corollary 5.6 we conclude furthermore

Corollary 6.5. Left and right handed lines do not “interact,” i.e. there is no branching
if both left and right lines enter unless the colours are vanishing.

Using the orthogonality relations (2.7), Eq. (4.14) and Corollaries 5.4 and 5.6 and
Remark 5.7 one can prove

Lemma 6.6. A single coloured local line £ on a set T = S* x I C 8F, which does

not cross any meridian may be decomposed into a right- and left-handed one in the
form depicted in Fig. 16 such that

ZM, Z) =w > wiwiZ(M(T,,, T;), %, 1) - - (6.3)

a,b
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)

[ c
Fig. 16. Decomposition of a line into left and right handed ones

Here &, a5 is obtained from a local modification of 7, as depicted in Fig. 16.
Obv10usly ‘relation (6.3) may be generalized in the sense of (6.2) to the case where
meridians are present somewhere else.

In the following we will consider coloured graphs .7 ; with left-handed lines of
colours a and right-handed ones of colours b only. We write [simplifying the notation
of (6.2)]

ZM, %, p): = ZM (T, Tp), ), 6.4)

where z = a U b and the T}, (T,,) are the meridians of the left-(right-) handed lines.
The case of a coloured framed link #, 5 With N connected components deserves
special attentioin. We introduce a mendlan on each connected component 0.7, of
T
@b’
Theorem 6.7. The state sums Z(M,%, ;) of a coloured framed link %, 5 in a 3-
manifold yield a representation of the braid group under change of the embedding of
£, p in M. The relative braiding of left-handed and right-handed lines is trivial. The
braiding of left-(right-) handed lines is w.r.t. the matrix R(R™") defined by (2.9) and
the vertex v, of Eq. (3.6) and Fig. 3.
In particular for the fundamental representation of U (sl(2, C)) (i.e. when the lines

involved in the braiding have colours equal to 1/2) one has the skein relations
Z(M, %, 5) = AZ(M, gﬂ' ;) + BZ(M, fZ”b) (6.5)
Here the coloured framed links £ ; and £ coincide with %, j outside the local

braiding region and inside they are depzcted by Fig. 17. For two left-handed lines
A =gq, B=1-q? and for two right-handed lines A = 1/q, B=1— ¢?,

> A +Bv
Z

Fig. 17. Skein relation
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494

Fig. 18. The braiding of lines %%. Here the symbols ¢- and < mean the following. For a left- and
right-handed line we have e.g. ¢ = -|- and & = —. For two left- or two right-handed lines we have
4 =% =-|- and ¢ =4 = -, respectively

Proof. Using Lemmas 5.3 and 5.4, Corollaries 5.5 and 5.6 combined with Remark
5.7 we deform Z, j into a 7, ; with the same colours g, b as depicted in Fig. 16.
The proof is completed by Theorem 4.1 and Eq. (4.17).

Examples 6.8. i) Let £, be a simple left-handed loop with colour a and contractible
in M, i.e. a link of one component without any nontrivial linking and framing. We
have the core (%) = S!, 7 = S!' x D?, 0 = S!' x S! and the associated
graph |G|,, = S! x S., where S! correspond to the meridian and undercrosses S..
The state sum can be calculated using Lemma 5.1, Example 3.4 [i.e. Eq. (3.9)] and
Example 2.1 [i.e. Eq. (2.18)]

2
ZM L) =Y 27| M a®

w? w?
=) =E60Z(M\D*,S}) = Z(M\ D*)=5 = Z(M)?. (6.6)

For a right-handed simple loop one obtains the same result.
i) Let £™ be as in i) but with framing number 7 [i.e. linking number n of c(.%,)
and SCIL]. Using Lemma 5.4 and the Racah relation (2.10) one finds

Z(M, LM =z (M, Lal] — ) =Z (M, el 1 7;‘_)
=q° z( R ’) Z(M)g*"w?. (6.7)

For a right-handed simple loop with framing number 7 one obtains
Z(M, Z™) = Z(M)g; *"w} (6.8)

iii) Let 52, ;, a two component link (each with zero framing) such that the relative
linking number of both components is one. Using the techniques applied in the proof
of Theorem 6.7 one finds

ml

Z(M,Lop)=2 | M =Z(M)Z(|Glw),  (6.9)
a b
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where |G|,, is the planar graph of Example 4.10iv) and its invariant is given by
[Eq. (4.21)]. With Egs. (A.2) and (A.3) one may write

Z(M, %, ,) = Z(M)wiwy(a) = Z(M)wS,, . (6.10)

iv) Let £, ; be as in iii). Since the braiding of a left-handed line relative to a right-
handed one is trivial, one obtains

Z(M, %, ) = Z(M)wjw; . (6.11)

7. Surgery Formulas

In this section we establish the main results of this article. The aim is to derive a
surgery formula which generalizes the following relation obtained in [KMS]}:

1
Z(M) = — Z(M)Z(My) (7.1)

for the case

M=M U ($*xI) U M,,
S2x {0} S2x {1}

where M, NM, = () and where the gluing takes place at components of M, (i = 1,2)
which look like S?’s. Here M need not be orientable.

The generalization is obtained by replacing S by an arbitrary closed, compact,
oriented 2-submanifold X in int M. In order to stay close to the case (7.1), we assume
that M decomposes into disjoint M, and M, when we cut along ~. The case where
M stays connected after such a cut may be discussed in the same way with obvious
modifications in the resulting formulas.

Below we will introduce so-called canonical coloured graphs |G|Z on X. In terms
of these coloured graphs we have the

Theorem 7.1. Let M be a compact oriented 3-m’anifold and X a closed compact
2-submanifold in int M such that M may be decomposed in the form

M =M, .
12XU{0}(2><I)E>EJ{1}M2, (1.2)
with M; N M, =0, OM, = X, and M, = X*. Then
Z(M) =" WEZ(M,,|GIE)Z(My, |GIE) (7.3)

z

with a weight factor to be given below for typical examples.

This result provides the alternative triangulation independent formulation of the
cobordism analysis of Turaev and Viro as announced in the introduction. To define
the canonical graph on XY, it suffices to consider a connected component X9 of genus
g > 1. Indeed, note that for g = 0 we already have relation (7.1), such that |G|>* by
definition is the empty graph for g = 0. B
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Fig. 19. The canonical graph |G| fg with 6g — 3 colours 2

Definition 7.2. Let X9 be represented in the standard way by a 4g-polygon
-1 g-1 ;-1 -
(Cladl)cl 7d1 >d1 PR gl>dg )

The canonical graph |G|Z? is given by Fig. 19 where z = (z,, . . . , Tgg—3). Note that
this graph is minimal, i.e. it cannot be reduced nontrivially in the sense of Sect. 4 to a
smaller graph having only generalized 3-vertices. Among all such maximally reduced
and connected graphs with only (generalized) 3-vertices it is maximal, in the sense
that it intersects each element of the homology basis (c;, d;, .. Cy) g) exactly once.
Every other graph with these properties may be obtained from this one by means
of “crossing transformation” (called Fierz transformations by physicists) of the form
(2.8). The weight factor for 29 in Eq. (7.3) is

69—3

W = 1w a4

Remark 7.3. Theorem 7.1 may be generalized in the following way to the context
where M already contains a coloured graph & C M with the associated graph G,

as introduced in Sect. 6 [see Eq. (6.1)]. We w111 assume that X' intersects 0.7, % ina
union of disjoint discs D> enumerated as D, , ..., D} , D%l ey D%ﬁ, where the disc
Dﬁ (D% ) is the intersection of X9 with that part of 8% which carries a left-(right-)
* 7 _ Y
handed line with colour ai(bj) € y. We define the set
20y =2N\D;\..\Dz \D¢ \...\Dj_ . (1.5)
g9

9
Also we define the canonical graph Gz *° on 29 5 as depicted in Fig. 20 which

extends Fig. 19. Note that both Zg and Gz“ are not of the usual form, since they
are not closed. However, we replace in Eq. (7.3),

XU 8(fg,g N M)

GIE = G225 U (Gl N M)
x z Yy 1
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D? D? D?

a dn b

=9
Fig. 20. The canonical graph G 2b \ith N = 6g — 3 4+ n + @ colours

to obtain again a closed 2-manifold as a boundary of a 3-manifold and a closed graph
on it (and correspondmgly for 2* and M,). Note that e.g. the open line with colour

a, of |G |m a is hooked up to the open line with the same colour of (|G | NM,). The
weight factor for the case of Eg - in Eq. (7.3) is

59 6g—3+n+n
‘/I/'l a,b — w2(n+n—1) H w2 . (7-6)

T
i=1

The proof of the surgery formula (7.3) and the evaluation of the weight factor (7.4)
and its extension (7.6) will be given in Appendix B. It relies mainly on applications
of Lemmas 5.1 and 5.3.

The surgery formula (7.3) has an obvious extension to a state sum with an arbitrary
coloured graph |G Iy on OM. Of particular interest is the case where X is chosen to
be OM and M, a (closed) tubular neighborhood of M in M such that M, & X x I.
We let M, be the closure of the complement of M, in M such that M; = M. Then
(7.3) generalizes to the relation

Z(M,|Gl,) =Y WFZ(Z x 1|G|, U|GIF)Z(M, |GIZ) 1.7)

z

valid for ' = OM.
The notation on the right-hand side of (7.7) is such that |G |y is supposed to live

on X x {0} and GZ " on T* x {1}. Relation (7.7) in particular proves relation (4.3)
with B
(G, IGY) = 2= x 1,|G|, U |GIF). (7.8)

Relations (7.3) and (7.8) suggest the introduction of finite dimensional complex

vector spaces VZ and V=" associated to X and 5*, respectively. Viewing manifolds
and graphs as defining elements in these spaces via

M, »v(My) V¥ for OM,=X 79)
M, - v* (M) e VZ" for OM, = X*, '
IG|Z - v*@ eV for GF CZ,

) : (7.10)
|G|§ —u(z) e V¥ for |G|§ cxr*,
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with the pairings (by which V¥ * is considered to be the dual of VZ)
v eV LK,
v* (M) ® v(My,) — (M, M,) = Z(M, U M,),
v (@) ® (M) — (z,My) = Z(M,,|G|Z), (7.11)
vF (M) ® v(@) — (My, ) = Z(M,,|GIE),
V(@) ® v(@) — (z,2) = 2(Z x 1,|GIZ UG5,

we obtain a realization of a topological quantum field theory in the sense of [Atl]
and [At2]. In this notation Eq. (7.3) and (7.7) read for M, = X and OM, = %,

Z(M) = (M, My) = Y WF(M,, ) (, M) (7.3")

z

corresponding to the surgery

=)-(2 &)

W, M) =) Wy (y,2) (z, M) (1.7

and

corresponding to the surgery

@e @
z b DD )

for the case |G|, = IG]yE . Obviously, (7.10), (7.11), and (7.7’) may be generalized to
arbitrary graphs_lG ly C X. The significance of these equations is that the vectors v(z)

and v*(z) form a complete set of vectors in V> and V", respectively. (They are in
general not linear independent since the number of vectors exceeds the dimensions
of the spaces, as we will see below. However, we will also construct a basis.) From
Eq. (7.7") we read off that

17, =@y (7.12)
represents the unit matrix 1% in the vector space V= (and V=", respectively) in the
sense that

17, =) Wi .17, (7.13)

y4

The dimension d¥ of the vector space V¥ is given by evaluating the trace

¥ =2 xSh=Y Wr1],. (7.14)
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Theorem 7.4. For the (n 4+ n)-fold punctured Riemann surface Z‘Z 5 of genus g, the
dimension of the associated vector space is given as o

9 - z o
d7eb = (N .. N (NI~ Db . NP»(N2)9—1) (7.15)
where the fusion matrices N® are given as

Ny = (7.16)

abe

and where N? is the matrix

N? = Z(N“)Z. (7.17)

In view of Eq. (1.1) this agrees with Verlindes’s formula [Ve] and its generaliza-
tions to punctured surfaces (see e.g. [MS, Bo, Th, Wi3]). The proof of Theorem 7.4
will be given in Appendix C. It relies mainly on Theorem 7.1, the disentangling of
knots and applying modular formulas derived in Appendix A. Note that in the case
of an unpunctured surface X' and an explicit triangulation of X x S! formula (7.15)
gives a nontrivial sum rule for 65-symbols.

As promised we now construct a basis in the space V> associated to an oriented
surface Y. Again it suffices to consider a connected component of Y, so we will
consider the case X' = 39 (g > 1).

Definition 7.5. Consider the handle body (gefillte pretzel) My, associated to X9
such that 0My, = X29. Let (a,. .. 1 Ggs by - bg) be a canonical homology basis of

279 such that the a’s are contractible in My,,. The canonical coloured graph %Zg
is defined as follows. Its core is of the form depicted in Fig.21, where the circles
are homotopic to (ay, . ..,a,) in My,. The tubular neighborhood @egg of this core

is then a deformation of My, (it lies in the complement of a tubular neighborhood
of X9 in Myy). On 8@ , which is diffeomorphic to X9, let |G|, be the coloured
graph with colours e = (e_l, oy e35_3) for g > 1[e=(e) for g =1] as depicted in
Fig. 21.

In addition all lines with colours e, ..., e;,_ 5 are assumed to be left-handed, i.e.

meridians T, (m = (m,,...,my g_3)) are introduced. Let ?}29 be another canonical

graph of the same form, where now the colours f = (f},..., f5,_3) are right-handed

w.r.t. to meridians 7);, and such that Jzxe and Jzxa are disjoint. Obviously this
m A f

last condition may be fulfilled. We recall that the relative braiding between these
two coloured graphs is trivial. We write for short % = %%’ U ?f—“jg, Note that

the colours ¢ and f are restricted by the fusion rules i.e. bciere; = Oegese, = -+ =
07 7,7, -~ = 1 holds (see Fig. 21). Therefore the number of colourings of % {‘:g is
€1 €3 €3g-3
Q e2 \_/ e S ‘—O
ey

Fig. 21. The core of canonical graph %“39 or the graph | %], associated to %Eg
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given by Eq. (7.15) for the case n =7 = 0,
d*° = (N9~ 1)?. (7.15)
We extend the maps (7.9) by
77 —ve eV (7.18)

and the pairings (7.11) (for 9M = X9* and |G| C X) by

v (M) @ v(e, f) — (M, e, P =20 U Mg,, gffg)’

. _ ) . (7.19)
v @@l f) = @ ef) = Z(Mgq, 75 ,1Gl5)

and have the

Theorem 7.6. The handle body M., equipped with the graph %Eg and ?}E‘q defines

a vector basis v(e, f ) of the vector space V¥ ¢ associated to the surface 9. In analogy
to relation (1.9) the colours x describe the “components” of the vectors v(e, f). In

_ g%
addition there exists a vector basis v* (e, hE V¥ such that the pairing relations

v, HeuE, [) = €f,€f) = b6 (7.20)
hold and
(M, My) = (My,ef) (ef, M) (7.21)
ef

is valid for 9M, = X9 and OM, = X9*.

Proof. In Appenix D we construct the vectors v™*(e, f) fulfilling (7.20). The claim
follows then by Eq. (7.15).

Remark 7.7. This theorem may be generalized to the case where X9 is replaced by
EQ

the punctured surface Zg 5 Now ?;29 has to be replaced by & @t obtained from
Z%° by n tubes starting at DZ,...,D; andending on 8 carrying lines of colour

>
a,-..,a, respectively. These lines all end on |G|,. The construction for ¥, @b is
analogous. B
We conclude this section by introducing [for the case Uq(sl(2, C)] a hermitian
structure on V¥ (X an unpunctured Riemann surface) making V¥ a Hilbert space.
This structure is analogous to reflection positivity [OS] in euclidean quantum field
theories. For simplicity we again consider the case X' = X9 only. The extension to
arbitrary Y is straightforward.

Theorem 7.8. For the case U (sl(2,C)), there is an antilinear map rEvE L yE
such that (r%)* = 157, 7% o7% = idyx and 7% o %" = id,, g+ with the following

properties:
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(i) The vectors defined by Egs. (7.9), (7.10), and (7.18) are mapped as

Zu(M,) = v* (M) for all M, with OM, = ¥, (7.22a)
23 z;
Pu@ = (=) 7 vt@, (7.22b)
_ 23 (ej+£5) _
oe, H=D T v¥e ). (7.22¢)
(ii) The hermitian form
(v,") = ¥v,0") for v, € V¥ (7.23)
on V¥ is positive definite.
Proof. We introduce the basis
2ty
ue, f)=@ 7 v(e, f) (7.24)
on V¥ and the dual basis
_ 23 (e,+1,) _
e, =7 (eh (7.24%)

on VZ".

Define 7 to be the unique antilinear extension of the map u(e, f) — u*(e, f) on
this basis. Then relation (7.22c) automatically holds and the claim (ii) is a consequence
of (7.20). It remains to prove the relations (7.22a,b). They, however, are immediate
consequences of the following proposition which is proven in Appendix E.

Proposition 7.9. The following relations are valid in the U, q(sl(2, C)) case:

(M, My)* = (M, My), (7.252)
My = (1) T @ M) (7.25b)
1) & - 9 17> .
* 2Z(zj+yj)
@,y =1 7 (y,2), (7.25¢)
_ % 22(6j+fj) " _
(ef, Mpy)" =(-1) 7 My, ef), (7.25d)

-k 23 z+23 (e +f5) _
ef, )" =1 I J (z,ef), (7.25e)

for any M, and M, with 8M, = X*, OM, = X.
Note in this context that the relation

T

23
wZ = w2l 7"’ (7.26)
is valid. Also this proposition in particular says that the relations
Z(MY* = Z(M*) = Z(M) (7.27)

and
*
> .
Z(M 6LI,\I/[M)_0 (7.28)
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are valid for all compact oriented (not necessarily closed) 3-manifolds M. In (7.28)
we have equality if and only if v(M) € VM is the zero vector. Note that if the v(M,)
(OM, = X) span V¥, then 7%, whose existence we just have proven, is uniquely

fixed by Eq. (7.22a).

Examples 7.10. i) Let Mg, g1 = S' x D? be the solid torus and lG[fll;z‘i; its
canonical graph on OMg1, g1 = S! x S'. By means of Lemma 5.1 one easily finds
(fore= f=0)

(z, Msixs1) = (2,00) = Z 9 = 02,002,254 (7.29)

T2
i) Let M = S3\(S' x D?) be the external of a torus in S* and |G|§f;§f;)* its
canonical graph on OM = X* = (S' x S!)*. By means of Lemma 5.1 we obtain

(M,z)=2 | S\ 9 = 82,002, 25- (7.30)

I2
Applying the surgery formula (7.3) or (7.3’) we find with M = Mg, g1 of i)
a1, My =Y WES (T, 2) (g, M)

1
= > sz 82,002,00250 = —5 = Z(S%). (7.31)
z1Z2T3 =1
iii) As a generalization of i) let |G Iflljz i; and Mg, g1 be as in i) but now equipped
with its canonical lefthanded graph &5'*S' C Mg g given by Definition 7.5.
Using Lemmas 5.1, 5.3 and Racah’s relation (2.10) one finds (for f = 0)

z 6ac e
(2,60) Z(MSIXSI ?Slxsl IGIS‘xsl L 1 5a:lz2w3‘ (7.32)

Z‘I2113 2
Z qz2 wxl

iv) As a generalization of ii) let |G|S.*S)" and NI be as in ii) but now equipped with

T1Trx3
a lefthanded graph ?i(,s Ixshr (not contractible in M). Similar as in iii) we calculate
(for f' =

- ~ ~ * 1 6.1 el
@0,2) = 201 5 QIS = Ty 13Y)

T1T2x3 2
qa:l q$2 w:l)z

V) Let |GI(SIXSI)* and M(Slxsl)* = M*

12223 Stx
orientation and equi ith i i St xsh
quipped with its canonical lefthanded graph & C Mgiys1)-
Analogously to (7.32) and taking into account the remarks after (3.6) we find (for
f=0
6
(€'0,2) = Z(M, 1Xsl,?‘5 xSH" (g[St xshry = Ty Do . (1.34)

T1T223 7.U2 11273
z3 1

g1 be as in ii) but with the opposite
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vi) Combining iii) and iv) we use M Y Mg g1 = S® and obtain in agreement
SixS
with example 6.8 iii) [see Eqgs. (6.9) and (6.10)]

P ~al 1\*
(€0,¢0) = Z($*, Z5 5 U 58 = S WS @ ) (@ e)
x
> H q‘” by Omie s Lo (135)
,w2 1:1 qa:]qzz w2 w?v, 11273 w eler .

T1T2x3 =1 T2

where Eq. (A.1) has been used.
vii) Combining iii) and v) we use M} Slxg!
agreement with Eq. (7.20),

(0,60 = Z(S' x 82, 747V U S xSh) = 3" WEE (¢ ) (@, e)

z

Z H x'z w;e u:}tZ 61‘19:'223 = 63’5 . (736)

T1TT3 i=1

o Mg g1 = S' x 52 and obtain in

8. Conclusion

This article has shown the richness of structures contained in the combinatorial
approach of Turaev and Viro to topological quantum field theories. So far our
discussion has basically been limited to the quantum group Uq(sl(2, C)) and to finite
groups having only real representations (i.e. real characters) and fusion matrices
whose entries are either zero or one (like e.g. the permutation groups S; and S,). By
the discussion in [DJN1, DIN2] the Turaev-Viro approach as well as the extension
given here may be extended to arbitrary quantum groups or finite groups. Note that
for finite groups and the corresponding usual group algebra the Racah relation is
essentially trivial leading to an R-matrix which is just the permutation matrix. This
implies that finite groups in contrast to quantum groups do not give rise to interesting
knot invariants. Also the Reshetikhin-Turaev invariant 7(M) is trivial in that case
[FRS]. On the other hand, every 3 cycle on a finite group as considered in [DPR]
actually defines an associator which turns the cocommutative Hopf algebra of the
group into a quasitriangular quasi-Hopf algebra [D] (we owe this observation to G.
Felder). Our methods also extend to this case and should be related via (1.1) to
the discussions in [DW, AC1, AC2, FQ]. The discussion of links and graphs in 3-
manifolds and of punctured Riemann surfaces shows that particles may be introduced
describing conformally invariant field theories (CFT) on the boundary of the 3-
manifold. The appearance of left- and right-handed coloured punctures correspond
to left and right handed chiralities. The picture emerging here suggests that CFT
describes the asymptotic “free” part of a 3-dim QFT with braid group statistics. This
raises the question of finding analogues of the usual Hamilton and LSZ formulation
in order to discuss scattering theory in this context.

Acknowledgements. The authors have profited from discussions with W. Miiller, F. Nill, S. Novikov,
K. H. Rehren, and B. Schroer.
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Appendix A

In this appendix we present some usful well known modular formulas. The following
equations involving graphs are to be understood as equations of their invariants in
the sense of Theorem 4.2 and Eq. (4.1). If there are parts of graphs they are to be
interpreted as generalized vertices in the sense of Eq. (4.4). With the conventions
used in Sect. 4, let us define the matrix S, (a,b € .9) with values in K by

1 4 )
aNV'b
= — Z ch 6abc = Oba- (A.1)

Here we have made use of relation (4.19). By the Wigner-Eckart theorem to be proven
below, we also have

o @ —s,,b (A2)
w
|
and we define
2 'LU
wa
Now the chain of equalities combined with (A.2)
a

st ROT
Loy = Q )T B

(A.4)
imply
Z wH(a)8y,y = WH(a)wi(a) (A.5)
b
for all a € 7. In what follows, we will assume K is an integral domain.
Lemma A.l. If for given a € J there is some b € 7 with w} + wk(a), then
> wiwp(a) = wd,,. (A.6)
b

Proof. The proof mimics the orthogonality relation of eigenfunctions for different
eigenvalues of the Schrodinger equation. By (2.2) and (A.5) we have

'wb(a))z wiwi(a) = Z SpeqWawa(a) — Z SpeqWwi(a) =

c,d

for all b and the claim follows.
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For the Uq(sl(2, C) case
wh(@) = (2b+ 1)_pas (A7)

such that the assumption made in Lemma A.1 holds for all @ % 0. In the general
context one has the following sufficient condition

Lemma A.2. If ¢ # 1 and 3 >w? # O then there is b € 7 with wi # w}(a).
c

Proof. Assume the contrary, then
Gawagpwy = Z W30 Oghe
holds for all b. Multiplying by w? and summing over b gives
Gw Y qpuiy = Z qrwiw,
b

from which we deduce q(zl =1 contrary to the assumption, g.e.d.

Note that (A.6) amounts to the statement

Z SapS0 = 00 - (A8)
b

Lemma A.3. Assume (A.8) is valid for all a € . then

Z SaSbe = Ogc (A.9)
b

holds for all a and cin 7.

Proof. By (A.8) we have

b
ng a YN =Zw§Zw§
5 4 b

On the other hand by (4.2) and (A.2) this quantity also equals

wS wS,
Z wb Oa ab b be Oc = w? Z Sa,bSbc
b

2
wiw?

and the claim follows:
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Corollary A.4. Assume (A.6) is valid for all a € T such that (A.9) also holds. Then
one has

S, 8,45,
Bape = —_ds(‘)’j d (A.10)
d

and the fusion matrices N with (N®),. = 6, all commute.

By methods similar to those used above one can prove the following. Set

a

_r _ 2
Tuv = L6 [N] = pbusd? | (A.11)

a

provided o = (w“l b wﬁqﬁ) ~'/3 ¢ K exists. Then the relation
c

(TS =1 (A.12)

holds. Relations (A.9) and (A.12) show that S and T form a representation of the
modular transformations on a torus with period 7

Sit— -1/, T T—->14+1. (A.13)

In the case of U (sl(2, C) the wlz,(a) are all real such that S is a real orthogonal matrix.
Also p is then of modulus 1 such that T is unitary. In fact, ¢ may then be calculated
via Gauss reciprocity theorem to equal ¢'/2e~""/%. In particular, this representation
is the same as in [GW].

Lemma A.5. A Wigner-Eckart type relation holds for any generalized vertex V,, , in
the sense of Sect. 4 (see e.g. [KR]) -

w(Vy, ) =Y c@w(v, @), (A.14)

Y

where the v, ,(y) are called basic vertices (in a “path-basis”) and are given by
Eq. (A.15). For n = 2 and 3 they coincide with the elementary ones of (3.8).

Proof. Using the orthogonality relation (2.7) one obtains

Va
Va n-3 ol L1 .. Jan
— 2 2 Yo 1
T = > W T,
e Z0,¥0.Y =0 Yo Y1
1T ITn [
T
T T2 Tn
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The last equality is a consequence of assumption (2.1). We find

A Al (o8 6AA'zo and A Al & 6‘4‘4' y (A.16)

] Zo

where the first proportionality follows from Eq. (2.4) and the second one since A
and A’ belong to the same sector in the sense of Sect. 3. But because of Eq. (2.1):
Oup0 = 0gp We obtain

6AA’:I:OO(6AA/ (VA,AIE%#:I,'():O (A17)

Appendix B. Proof of Theorem 7.1

Let M be of the form (7.2). In order to perform surgery along a surface X9 of genus
g we represent it in a canonical way by a 4g-polygon (c;, d;, dl_l,dl_l, R dg“l). In
2’ x I as the intersection point of all cycles c;,d; we cut a hole into M of the form
D3 as in Fig. 22a,

1
Z(M) = = Z(M\D?). (B.1)
Along the cycles c; and d; we introduce tubes 0.7; (i = 1,...,2¢g) (by means of
Lemma 5.3) with meridians m,, ... ,m,, as in Fig. 22b,
1« 5
Z0M) = — SOOI w2 zar,8k u...u Sa2y) s (B.2)
z  i=1

where M = M\D*\A\ ... \%,.

As a consequence M; and M, are now only connected by a cylinder D? x I as
depicted in Fig. 22c. The intersections of the meridians with this cylinder are of the
form P, x I (i = 1,...,2g; P, € D?). We use the second orthogonality relation of
(4.11) 4g — 1 times (introducing new lines with colours zj,y, (¢ = 0,...,4g — 3)
such that only one line F,; x I (with colour x) intersects the cylinder (see Fig. 22d)
to obtain

2g 49-3
1 ~
200 =— > [[w2, > ] w,201,1Gl,,), ®3)
z =0 y i=0
-
a) b)

Fig. 22. a Surgery along X'9. The “half” meridians with colour z; drawn in b at the ¢- and d-cycles
are connected to the corresponding other “half” ones at ¢! and d~!
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M,

d)

Fig. 22¢,d. Surgery along >9

where |G|£y is the graphic depicted in Fig. 22d. We cut the cylinder by means of
Lemma 5.1 to obtain z, = 0, y, = =, and

6g9—3
1 *
200 = =3 [ w3, 204,,1617°)2(0,, G, B.4)
z i=1
where we have written z,,,; = y;, i =1,...,4g — 3 and |G|§g is given by Fig. 19.

Using Lemma 5.3, Corollary 5.5 and 5.6 one can prove the surgery formula for the
case that some left- or right-hand lines may cross X.

Appendix C. Proof of Theorem 7.4

The dimension of the vector space V> associated to a closed oriented 2-manifold =
is given by
d¥ =2z x Sh. (C.1)

It suffices to consider the case where ' = X9 is connected of genus g. Using the
surgery formula (7.2) we write (see Fig. 23a)

¥ =3 WXz < 1|GIZ ule)Z), C2)

T

where Gfg is the canonical graph given by Fig. 19. By means of Lemma 6.4 we
may introduce a tube with two meridians over and undercrossing, respectively, a line
with colour z,. The tube connects Y and % * as in Fig. 23b. Using relation (4.11)
we obtain

2 2 2g 49—3
29 __ Wy, Wy 2 2 2g
a =3 5 > [ wl T il 20,161,y 00
u,v z,y =0 =0

wi w121 ’ 2 29
= Z S w2 za™, G, (C.3)

w? w?
z =1
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a) b)

Fig. 23. ¢ The handle body H?9 with the graph |Glg v of Eq. (C.3) (the handles are connected at
1,2, etc.); d the ball D, with the graph S} U S} of Eq. (C.4)

where H? = (X9 x )\(D? x I) is a handle body as depicted in Fig.23b or
Fig.23c. The 2 — g handles may be cut due to Lemma 5.1 and as a generalization of
Example 5.8iii) we find (see Fig. 23d)

2,2 2\ 29

9 _ Wy, W w 3 @l 1

d —Zﬁﬁ(m) 2D 5,05
w,v U

w \ 97\ 2 .
= (Z (E) ) = (tr(N?)9~ 12, (C4)

The last equality follows from (A.10) and (A.9). _
For the case J = Z’gg’ﬁ (@=(a,...,a,), b= (b,...,b;)) of (7.5) in (C.2) the

z9 .
canonical graph is replaced by |G|;%” of Fig. 20 and Eq. (C.1) by

d ab — Z(ZZ»E X 51,2,5)7 (CS)
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Fig. 24. a The handle body Di 3 with the graph |G|y p ,mm,u,05 P the ball D3 with the graph
Gg p,u,0 Of Eq. (C.6)

where the tubular neighborhood of ¢(Z, ;) is of the form (D2 xSHU...UD? xSh.
The associated coloured graph lGlg,b,m_,m consists of n + 7 loops of the form
(P, x SY, U...U (@B, x S, (with P, € 0D2, Py, € ang) and their
meridians (S;‘ X Q) U ... U (SI-L_1 X Q). (with Q@ € S'). We may proceed
as above and in (C.4) D? (Fig. 23d) is now replaced by the solid handle body
D}, =D\Dj xI\...\Di x I whose boundary has genus n+7 (Fig. 24a shows
an example for n =n = 1).

The graph S. U S, in (C.4) is replaced by a graph |G|, 5 1 ..., (see Fig. 24a for
the case n =7 =1, where the meridians mm and 7 have been moved to the ends of
their tubes for clarification). A procedure similar to the one used in example 5.81iii)

leads to
2

2g—1
59 w 3
d”eb _Z (_wiw%> —Z(D Gl b (C.7)

u,v

n n
where the graph |G|, 5, , = (S}) uy sk ) U (S}t uy S;) is of the form depicted
- =1 i=1
in Fig. 24b (for the case n = 7 = 1). Using Eq. (A.2) we obtain

9. w2 292 1 Sa v Sb U
ab — —_— —
4 ; <w%w%> H Ov 11j[ SOu
= te(N% .. .N“"(Nz)g‘l)tr(Nbl .. NP (N9l (C.7)

Apendix D. Proof of Theorem 7.6.

Consider in S° the external of the handle body My, of Definition 7.5
S\My,, with O(S*\Mgy) = X9, (D.1)

and the graph 92 in int $*\ My,) such that the braiding w.r.t. e o in int M,

is given by F1g 253) for the left-handed part (the right-handed part is defined
analogously).
As an extension of Eq. (A.2) we define the modular matrix Sz, associated to X9

S0 =285 ug’). (D.2)
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. _
o &ei el§e;
—a

~—
[ ! '
2 es &) ey €2 es €, €2
- — -
A d e,e’ Rad S.e.'s.l
€4 e} €4 e}
— ]
a) ‘b)
Fig. 25. The modular matrices S and § associated to X9
Analogously to (7.19) we obtain a map
~ gk ~ - g*
Yoy —UeDHeV® (D.3)
with the pairing
= =
(Qi,g’i) = Se_e/Sff/ (D.4)

Let S (the “mirror” of S) be defined analogously to (D.2) by Fig. 25b. Using the
Wigner-Eckart like relation (A.15) we find

Z Sﬁ’sg’g" = 6211 . (DS)
e/
Hence we have the “orthogonality” relation (7.20) with
v e, [) = 5.8 ﬁ,@*(g’, . (D.6)
e.f

It is easy to see that S and S are related by “modular shifts” T, analogously to Eq.

(A.1D),
T o 6,02 (N ) : (D.7)

Appendix E

In this appendix we give a proof of Proposition 7.9. It is an easy consequence of the

relations )
@ ef) = Z(Ms: %4, |Gl) (E.1)

and B *

ef,0) = Z(M35: 771Gl ) (E2)
and the lemma below. Note that the definition of the vector v*(ef) given by Egs.
(D.3) and (D.6) is in agreement with Eq. (E.2). This follows from the orthogonality



400 M. Karowski and R. Schrader

relation (7.20) and the fact that
Z(M5 U My, %’2 UG5 = Beerp (7.20")

where &% C M and &, 7 C M g. The derivation of Eq. (7.20') uses techniques of
Sect. 5, especially those applied in example 5.8 iii).

Lemma E. For any oriented, compact 3 manifold M and any coloured graph |G|,
on OM the following relation is valid in the context of U q(sl(2, C)):

>z
Z(M,|G| )* = (=Dpoe®  Z(M* |G (E.3)
x z
ea
n(00)=3

Proof. The proof is a hidden cohomology argument and based on the following
behaviour of the 6;j-symbols under complex conjugation:

*

gk ()22 +2k42042m +2n “ g k| (E4)
I m n I m n
For a given (admissible) edge colouring j of a triangulation X of M let
Y jeh
sign j(0?) = (=1)7'<0?
B (E.5)
signj(0®), =[] signijc?.
o2€d0?
Then (E.4) implies
(65) (0*)* = sign j(*) (67) (7). (E.6)
Analogously, if we define sign(j, J) (%) (o2 € 0X) by
(65,D) (6*)* = sign(j, J) (6%) (65, J) (67, E.T)
then it is easy to see that we can write sign(j, J)(0?) in the form
sign(j, J) (0?) =signj(o®) ] sign(G,J) (o' 0% (E.8)

oledo?

for suitably defined sign(j, J) (¢!, 0?%) (0! € 80?) [see also Eq. (E.10) below for an
example]. With these formulas it is easy to see that the relation

WG HX* = [ sienlG, D!, W, DX) (E.9)

0263X
oleds?nGax)

holds. Next we look at (3.4) with the notation of Fig. 2. By (E.4) we have
Wz, j, DehH* = (_1)x+A+A'(_1)m+B+B’
% (_1)a+A+B(_1)a+B+B’W(Lj,i) (oh
= sign(z, J) (0!, o sign(z, J) (o, ')
x sign(j, J) (o', 1) sign(j, J) (o, 05)W (z, §, J) (0") (E.10)
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with the obvious definition of sign(z, J) (09, 0") (i = 1,2). Here 02 (i = 1,2) are the
unique 2-simplexes in 0X having o! in their boundary.
Finally we look at w(z, J) @Y (0% € G(OX)) [see (3.6)]. There we have

w(z, ) (@) =we)* =we*) [] sign, )6’ "

olest(o0)
1 if n(@%=2o0r4
X S s (E.11)
(—1)7! €stia®) if n(0%=3.
where v™ equals v with the opposite orientation. Then an easy argument shows that
_ L oseh
WG, DX, G = ] prlew W@, D&SIGE, (E12)
ec
n(c%)=3

since all other sign factors sign j(0®), sign(z, J) (¢°, o), and sign(j, J) (¢!, %) appear
exactly twice. Relation (E.12) obviously proves the lemma.
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