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Abstract. We prove the existence of infinitely-many globally defined singularity-
free solutions, to the EYM equations with SU(2) gauge group. The solutions are
indexed by a coupling constant, have distinct winding numbers, and their
corresponding Finstein metrics decay at infinity to the flat Minkowski metric.
Each solution has a finite (ADM) mass; these masses are derived from the
solutions, and are not arbitrary constants.

1. Introduction

The principal result in this paper is a proof of the existence of a countable set of
singularity-free solutions to the coupled Einstein/Yang-Mills (EYM) equations
with SU(2) gauge group. These solutions are indexed by a coupling constant, have
distinct winding numbers, and their corresponding FEinstein metrics decay at
infinity to the flat Minkowski metric. Furthermore, we prove that each solution
has finite (ADM) mass (cf. [3]). These “masses” are derived from the solutions; they
are not arbitrary constants.

Our existence proof confirms numerical observations made by Bartnik and
McKinnon in [1]. It also extends the result in [2], where the existence of one such
solution was established.

The coupled EYM equations with gauge group G can be written in the form

Rij“%Rgij=0Tij, d*Fij=0~
Here T;; is the stress-energy tensor associated to the ®-valued Yang-Mills
curvature 2-form F;;, where ® is the Lie-algebra of G, and R;;—3Rg;; is the
Einstein tensor computed with respect to the sought-for metric g;;. If one considers
static solutions, i.e., solutions depending only on r, and G =SU(2), then (cf. [1]) we
may write the metric as

ds*= —T(r)” 2dt> + A(r)” 'dr?* +r*(d6* +sin%0d¢?), 1.1
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and the curvature 2-form as
F=w't,dr ndO+w't,dr A (sinfdp)— (1 —w?)t;d0 A (sinfd¢p).

Here (T, A) and w denote the unknown metric and connection coefficients,
respectively, and 1,,7,, 75 form a (suitably normalized) basis for the Lie algebra
su(2). As shown in [1, 2], the EYM equations in this set-up take the form of a
system of three ordinary differential equations for the three unknown functions
T, A and w,

(1—w??

rA (142w A= 1- =, 1.2)
22
rAw" + [r(l —A)— W] W +w(l —w?)=0, 1.3)
’ — w2)2
2rA17:—=(1 r;") +(1—2w?)A—1, (1.4)

in the region r 2 0. Since (1.2) and (1.3) do not involve T, the problem reduces to
finding solutions of (1.2) and (1.3) with the property that lim (A(r), w(r), w(r)) is

finite. The singularity at r=0 requires 4 and w to satisfy the initial conditions
A0)=1, w(0)=1, and w'(0)=0.

We recall from [2], that given any A> 0, the above system has a unique solution
defined on an interval 0<r<R(A), satisfying the initial conditions A4(0)=1,
w(0)=1, w'(0)=0, w"(0)=—4. This gives us a one-parameter family of local
solutions which are non-singular at r=0, and depend continuously on A. The
problem is then to find 4 for which

rlgg (A(r, 2), w(r, 2), w'(r, 2)) is finite. (1.5)

We define the region I'CR* by
r={A,w,w,r): A>0, w*<1, (w,w)*(0,0), r>0};

our interest in this paper is in orbits which lie in I". We define r (1) to be the first
value of r for which the A-orbit exits I'; r,(1)= + oo if the A-orbit stays in I” for all
r>0. If the A-orbit exits I" through A =0, we say that the A-orbit crashes. For any
A-orbit, define 6(r, 1) by

0(0,4)=0, O@r,A)=Tan"'(w(r,)/w(r, 1), r>0.
The rotation number, Q(7), of the A-orbit is given by

)=~ 0.

In this paper we shall prove that there are points {4,} in the interval (0,2),
Ay <4, <..., for which the corresponding set of solutions {(A(r,4,), w(r,4,),
w/(r, 4,))} have finite limits as r— o0, and Q(4,)=n for n=1,2, ...; that is, they are
“connecting orbits.” Thus if nis odd, the solution (w(r, 4,), w'(r, 4,)) is a “heteroclinic
orbit” in the (w, w')-plane connecting the rest point (1, 0) to (— 1,0), and w(r, A,) has
n-zeros, while if n is even, (w(r, 4,), w'(r, 4,)) describes a “homoclinic” orbit in the
(w, w)-plane connecting (1, 0) to itself, and w(r, 4,) has n-zeros. (The existence of 4,
was proved in [2].)
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We show in Proposition 2.11, that for each A,, the total mass, 2u,, is finite; i.e.
1112 r(1— A(r, A,)) = u, is finite, and that the metric (1.1) is Minkowski asymptoti-

cally flat; ie., (A(r, A,), T(r, A,))—(1,1) as r—> o (see [2, Sect. 6]).

The crucial result is Proposition 3.1 which states that a limit of non-crashing
orbits with bounded rotation is again a non-crashing orbit of bounded rotation.
This result is interesting since there do exist crashing orbits which are limits of non-
crashing orbits; of course, these non-crashing orbits have unbounded rotation.

The plan of the paper is as follows. In the next section we review and extend
some results obtained in [2]. In Sect. 3 we shall state the crucial technical
propositions, and we shall show how they are used to obtain our main results. In
Sect. 4 we provide proofs of the technical propositions.

2. Remembrance of Things Past

In this section, we shall formulate the problem and we shall recall and extend
certain results from [2]. Furthermore, we shall prove some estimates which will be
needed in Sect. 4.

We begin by writing the equations for 4 and w,

ra w2+ a=1-1 —r2w2) , 2.1)
rZAw’ + l:r(i —A)— w] w+w(l—w?)=0, 22

together with the initial conditions
w0)=1, w(0)=0, w'(0)=—-4<0, A0)=1. (2.3)
We now make the following general definition.

Definition. A one-parameter family (w(r, 6), w'(r, 6), A(r, 8), r), of solutions of (2.1),
(2.2), defined for ¢ <r<g+s(J), is called continuous, provided that it satisfies the
following. If 4, < 4,, then there exists a number S(4,,4,)>0 such that for all
de[4y,4,],

(i) s(6)=S(4,,4,)>0, and

(i) (w(r,d),w'(r,d), A(r, 5),r) depends continuously on (r, d) for g <r<g+S5(44, 4,).

In the appendix to [2], we proved that if we consider 4 as our parameter, and
0=0, then the solutions (w(r, 1), w'(r, A), A(r, 2), r), of (2.1)«2.3) form a continuous
one-parameter family.

Note in this paper we shall always assume that

0<1L2+e¢,

for some &> 0, and we shall denote the quantity S(0, 2+ ¢) (in the above definition)
by R.
If we define the functions Q and P by Q(0)=0=P(0), and
. 2w? L1 (1—w??
== F 77[’“'/"“ r
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then (2.1) and (2.2) can be written in “self-adjoint” form as

(rde?) = [1 _a :;”2)2] 2, 2.4)
(ePw’)’+eP——w(1r2_ AWZ) =0. 2.9)

(The functions P and Q can be used to express the metric coefficients 4 and T via
the formulas ef = 4¢2, and eQT[/Z= 1.) Defining the function @ by

2)\2
a(r, A, w)=r1—a)— LW 26
then (2.1) and (2.2) become
rd + 2w A=), @1y
r2Aw” + ®w' +w(1—w?)=0, .2y

and (see [2]) @ satisfies the equation

(1 —w?)?

— w2
()= 2r—2 424wz 4 PAZwIW

r

@2.7)

We now consider the continuous one-parameter family of orbits
(A(r, A), w(r, ), w'(r, A),1), (2.8)
defined in 4-space, parameterized by A. We define the region I'CRR, by
r'={A4,w,w,r): w?<1, 4>0, (w,w)*(0,0), r>0}.

Our concern is only with those orbit segments which lie in I'. (It turns out that

orbits which exit I" cannot be connecting orbits.) Since we proved in [2] that w' is

bounded on [0, 7) if lim A(r)> 0, we see that an orbit can leave I only if lim A(r)=0
r-r r-r

or w?>1 or (w, w')=(0, 0). Orbits for which lim A(r)=0 are called “crashing orbits.”

We shall often have occasion to use the following notation; namely, we define
r,(4) by

wr,(A),)=¢. (2.10)

[More precise notation would be r, ,(4) to indicate the k'* value of r for which

w(r, )= 6. However, we will use (2.10) since in each instance, the appropriate k will

be unambiguous.]
The following “compactness result” is very important; see [2, Theorem 4.1].

Proposition 2.1. If A>2, the solution of (2.1)2.3) cannot exist up to w=0.

Thus, if 1> 2, there is an 7=7, >0 such that the orbit (2.8) lies in I' for r <7, but
lim A(r, )=0. Hence A-orbits for 1>2 are crashing orbits. Since A-orbits for 4
small, say 0<A=<#, exit I' through w= —1, with 0(r,(A))> — = (see [2]), in the
remainder of this paper (unless otherwise stated ), we consider only those orbits for

which n<AZ2+e.
Next, from [2, Proposition 5.1], we have
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Proposition 2.2. There is an L>0 such that (Aw'?)(r, )<L in T.
Now we define the function v by
v(r, A)=(4w)(r, 4), 2.11)
and recall from [2], that v satisfies the equation

/2 w2
u'+2': v+w(1r2w ) o, 2.12)

or equivalently,

(e =

w(l —w? ,
_ee¥iw) 2.12)

r

By defining v to be zero at a crash, and using the continuity of A [2, Proposition
5.2], we have

Proposition 2.3. Intheregion I, vis continuous inr and A and bounded. Furthermore,
lim v(r, ))=0 if A(F,1)=0.
oY

Next we define the function u by

ur)=r(1—A(r)).

Note that ' has physical significance; it is + the ADM mass density (cf. [3]). We
recall from [2], that u satisfies the equation

w2)2
W=2AW?+ (ir—zw)— 2.13)
and p(0)=0. Thus y'(r)>0 and w(r) >0 for r> 0. Since A(r)=1— p(r)/r, this implies
that A<1. From (2.6), we can write @ as
1—w(r)?)?
@(r)= )~ T2
Now if [0, R] is the interval of local existence discussed above, we set
a=inf{u(R,A): n<A<2+¢};
1>0. Then for < A<2+¢, and r>R, we have
(1—w??
R b
so that if w? is sufficiently near 1, @(r, A) is uniformly bounded away from zero for
n<A=<2+e¢ On the other hand, if n<A1<2+¢, then for orbits in I', we have

P(r, 2 -

di(r,l)gﬁ—%, if r>R.

Thus for sufficiently large r, &(r, 1) is also uniformly bounded away from zero for
n<21=2+¢ We thus have the following result.
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Proposition 2.4. There exist positive constants o, Ry, and wy, wy <1, such that
d(r,A)=20 (2.15)
if either r=R, or if wa<w(r,A)?<1.
The positivity of @ enables us now to bound |w'|, and to keep A positive.

Proposition 2.5. Suppose that (w(r,A), w'(r, A), A(r,A),r) is in I for a<r=<b. Assume
that there is a constant 6>0 such that ®(r,A)20 for a<r<b and that w'(r,A)=0
[resp. w'(r, )< 0] on this interval. Then there exists a constant t >0, independent of
A such that |w'(b, )| <.

Proof. We give the details only for the case w'(r,A)=0 on a<r<b, and since A is
fixed, we shall suppress the dependence on 4.

From (2.2), we have

—dw —w(1 —w?)
r’A ’
Now suppose that there is an ry, a<r,<b such that w'(ry) <2/6. We claim that

w'(b) <2/6. Indeed, if there were a first point r, >r, such that w'(r,)=2/5, thenatr,,
(2.16) gives

w'(r)= (2.16)

)= —®(2/8)—w(1 —w?)

w'(r,) — <0.

Thus no such r, can exist, and our claim holds. It follows that we may assume that

wi(r)= % on a<r=<b. In this case, again from (2.16), if a<r=b,

Integrating from r=a to r=>b gives
1 > 1 > b—a ’
w(b) = w() wi(a)~ b’L

2 2
. Thus the result holds with T =max (2/5,2—11). O
b—a b—a

We shall need a similar result if #>6 on a w-interval; namely, we have

Proposition 2.6. Assume that w'(r,2)=0 (resp. w(r,4)<0) on a <w(r,A)<p, and
that (w(r, A), w'(r, A), A(r, A),7) is in I on this interval. Assume, too, that there are
constants 6>0, m>0 such that &(r,2)26 if a=w(r,A)<p, and rg(A)<m (resp.
r{A)=m); cf. (2.10). Then there exists a constant T >0, independent of 4 such that
W (rg(A), N S (resp. [W(rA), A =7).

Proof. We shall give the details only for the case w'(r, ) =0 on a <w(r, )< f, and
again since A is fixed, we shall suppress the 1-dependence.

so that w'(b) =<
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As in the proof of the last result, we may assume that w'(r)=2/6 if r,<r <7

. 1
Then <D+W(1 w?) >— since 'w(_w_)\ <—-. Thus from (2.16) and
w' -2 w 2
Proposition 2.2,
)
, " <¢+ M) w’
1Yy _w o w > o W W
w/) w?r r2Aw'? =2Lr; " T 2Lm?
Integrating from r, to r, gives
1 > (B—a)d
w(rg) — 2Lm? °
, 2Lm? .. .
and so w(rp=< —a) Thus the proposition holds  with
= max 2 2Lm? 0
5 6(f—a)/)

We now show how to obtain uniform lower bounds on 4.

Proposition 2.7. Suppose that (w(r, A), w'(r, A), A(r, A),r) isin I" for a<r<b, and that
w(r,A)=0 (resp. w'(r, A) £0) on this interval. Assume that there is a constant 6 >0
such that &(r, A) = 6 on this interval. Then there exists an >0 independent of A such
that A(b,2)=n.

Proof. We again give the details only for the case w'(r, A)=0ona<r < b, and since 1
is fixed, we suppress the dependence on A.
Choose ¢ such that a<c<b. Then Proposition 2.5 implies that if c<r=<b,

2 r? 2 b?
<w(r) < - < - =T. .
0___w(r)=max<5,r_a) =max<5,c_a> T 2.17)

We have
A(b)=A(c)+ lf A'(s)ds,

so from (2.1) and (2.17),
b b
Ab)= | 1[2 —2w’2A] s= 1[~ —thA]d
(4 N N c N
Now if A(s)<5/4t%b on c<r<b, then
5 21% b1 §
s> (- — —
A(b)= j L 2b] s= j . 2bds._ 2b2 ~z(b—0).

If, on the other hand, A(r,)>6/4t%b for some r,, where ¢ <r, <b, then we claim
that A(r)=/4t%b if r, <r<b. For if not, there would be a smallest r,, r, <r, <b
satisfying A(r,)=6/4t?b. Then using (2.1), we would have

1= 200 et o] 23 E] 2
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and this is impossible. Thus no such r, can exist and A(b)=5/4t%b. Hence A(b)
=min <zib2(b—c), 5/412b> =1. O

Corollary 2.8. Assume that w'(r,A)=0 (resp. w'(r,A)<0) on a <w(r, A) < f, and that
w(r, A), W'(r, A), A(r, ), r) is in I on this interval. Assume that there are constants 6 >0
and 1> 0 such that &(r, 1) =0 and |W'(r, A)| <1 on a S w(r, A) < . Then there exists an
>0 independent of A such that A(rg(A),A)=n (resp. A(r(2),2)=n).

Proof. Again we assume w'(r,A)=0 on a<w(r,A)<f, and we suppress the
A-dependence. Now since |w'(r)| <1, on a Zw(r) < f,

—o
o2 %s0

Thus the hypotheses of the last proposition hold, and the result follows. []

The next result shows that orbits which have bounded rotation and stayin I" for
all >0, are connecting orbits.

Proposition 2.10. Suppose that for some A and some integer k, (k—1)<Q(A) <k, the
A-orbit doesn’t crash, and w*(r,A)<1 for all r>0. Then the A-orbit is a connecting
orbit and Q(A)=k.

Proof. Choose r’' >0 such that (', )) < —(k—1)r. For r>r', w'(r, 2) is of one sign
and we may apply Proposition 6.1 of [2]. [

We shall now prove that u(r)=r(1—A(r)) is uniformly bounded on orbit
segments of (2.1)}+2.3) which have bounded rotation.

Proposition 2.11. Let keZ; then there exists a number m(k) such that if 0(r, 1)
= —kmn, then u(r, A) <m(k).

Proof. If r<R,+1 (cf. Proposition 2.4), then u(r)<r<R,+1. Thus we may
assume r>R;+1. Now from Proposition 24, #=0 for r=R,;, and from
Proposition 2.5 (witha=R, and b= R, + 1) we get a 7, >0 (independent of 1), such
that |w'(R, +1,4)|<71,.Now consider max |w'(r, 2)|. This max canoccurat R, +1
rzR;+1
=K1 _ 1 _ 2
[where [W'(r; +1, )| <1,], or it can occur when w” =0 <so that |w'| = L(pw—)

1 . . e
§; or a priori at r,(4). But as w'(r )w"(r,) <0, this final possibility cannot occur.

Thus w' is uniformly bounded for r=R, +1; ie., |W(r,A)| <7 if r=R,; +1. Then

from (2.13),
r — w2)2
§ [2Aw’2 + d ;v ) ]dr
+1 r

W)~ p(R A= | p()r=
Ri+1 R

1

r

1 1 r
< 24— ldr< 2dr. (2.
s [ZAW +r2]dr=R1+1 + 12Aw dr. (2.17)

Ri+1 R+

Since O(r)= —kn, we may write

r "1{] r12V r
| 24w?2dr= [ 24wW?dr+ [ 2Aw?dr+ ... + [ 24Aw?dr,
1 N N

R;+ Ryi+1
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where R, +1=rk <... <ri £R,,j <k, the ri satisfy w'(ry) =0, and w' is of fixed sign
on each subinterval. Consider now the interval (R, + 1, ry); if w <0 on this interval,
then

j 24w'%dr < j 2= w)dr =2e(w(R, +1) —w(ry) S4t;
R, +1

the same estimate is easily seen to hold if w' =0 on this interval. Similarly, the same
estimate holds for each of the remaining integrals on the right-hand side of (2.18).
It follows that

[ 24w?dr<dk+ 1)y,

Ry+1
and thus from (2.17),
,u(r)gu(R1+1)+ +4(k+1)r<R1+1+R i +4(k+ 1),
and this proves the proposition with m(k)=R; +1+ —- R+ + 4(k+1)7.

3. The Main Results

In this section, we shall prove the existence of infinitely-many distinct bounded
non-singular solutions of (2.1}2.3). The proof will be based on three important
general technical propositions, which are interesting in their own right; the proofs
of these will be given in the next section.

Recall that we only consider those A’s in the closed interval 0SA<2+e A
A-orbit of (2.1)+2.3), lying in I' [cf. (2.9)], is called a connecting orbit, if its
projection in the (w, w')-plane tends to (—1,0) or (1, 0) as r— c0; in this case we shall
say that “the A-orbit connects.”

We define the set C, by

C,={A: the 1-orbit connects and Q(1)<k}. 3.1

Our main objective is to show that there are connecting orbits in each rotation
class; that is, the sets C,\C,_, are non-empty for each positive integer k (see
Theorem 3.7, below). The crucial step in proving the existence of connecting orbits
in each nodal class is the following result, the “no-crash” proposition.

Before stating it, we need some notation. Thus, if A= /{(w(r), w'(r), A(r),r):
a<r<b} is an orbit segment of (2.1), (2.2), we define the right-hand endpoint e(A)
of A by

e(A4)=(w(b), w'(b), A(b), b).
Proposition 3.1. Suppose y,—7, and that
Ay ={W(r,7,), W, 7,), AW ), 7): @STST,),  n=1,2,.,

is a family of orbit segments satisfying the following hypotheses:
i) The y,- and the j-orbits are contained in a continuous one parameter family.
ii) For each n, A,CI.



312 J. A. Smoller and A. G. Wasserman

iii) For each n, —n/2<0(p,y,)<0, and —n/2<6(g,9)<0. N

iv) The set? {0(r,,y,)}:, is uniformly bounded; say O(r,,y,) = — (N €Z.).
V) e(d4,)-»P=w,w,A,Pel.

Then the y-orbit segment lies in I' for ¢ <r<F,

P=(w(, ) W(.7), AR 7.7, and 672 _¥

Remarks. 1. If we are considering orbit segments on an r-interval for which the
equations are non-singular (r>0 and 4 >0), then condition i) is not needed.

2. In this paper, ¢ =0 and 0(g, 7) = 0(g, 7,) =0 for each n; the case ¢ >0 occurs when
one considers “black-hole” solutions.

3. The hypothesis iii), while not strictly necessary, simplifies the proof consider-
ably, and is satisfied in all envisioned applications.

4. A point P=(W, W, 4,7, with >0, 7> 0, and (W, W) e {(+1,0),(0,0)}, cannot be
reached in finite r by any orbit (w(r), w'(r), A(r), ) in I" for which w'(r) +0. This is true

because the unlque orbit through P is either of the form w=0, A,=1 + + 12 ,or
=1,A4,=1 + —. In either case hm |A4(r)l=0. On the other hand, if we choose a

compact contour % in the complex plane going from 7 to some r; >0 with
|A(r,)| > 3, which avoids the two zeros of 4 in Case 1, or the one zero of 4 in Case 2,
then by “continuous dependence on initial condltlons applied along €, we have
there exists an ¢>0 such that if d1st(e(A,,), P)<e, then the distance from the orbit
through e(4,) to the orbit through P is less than one for all r on %. But at r,,
0<A(r,A,)<1 and |Ar,)| > 3. This proves the assertion. Thus we may assume in
v) above that (w, ') ¢ {(+1,0),(0,0)}.

5. In Proposition 3.1 we allow r,= 00 or ¥=00.

We shall now specialize Proposition 3.1 to the case considered in this paper,
namely ¢ =0, and (w(0, A), w'(0, 1)) =(1, 0) [cf. (2.3)]. In this case, as we have noted in
Sect. 2, we have a continuous one parameter family (w(r,4), w'(r, 1), A(r, 1), 4),
starting at ¢=0. Thus hypotheses i) and iii) above are always satisfied.

The next result shows that for the cases considered in this paper, hypothesis v)
of Proposition 3.1 is always satisfied. First choose w,, wo<w,; <1, and set
R,=R, +1, where w, and R, are defined as in Theorem 2.4.

Proposition 3.2. Suppose that
Ay ={(W(r, 1), W'(r, A,), A(r, A,),7): OS7 =1}

is a sequence of orbit segments in I
A) If limr,= + oo, then by passing to a subsequence if necessary, and considering
the sub-orbit segments

n= {(W(r s ln)a W’(r, /1"), A(ra in)’ r): 0 srs RZ}

we have e(A,)—>PeT.
B) If Timr,< oo and if limw*(r,, A,)>w?, then by passing to a subsequence if
necessary, and considering the sub-orbit segments

Ap={w, w(r, A,), A(r, 4,),7): 0=r =7, (4,)}
we have e(A,)—Pel.
2 For r>g, 0(r,y,) is defined by 6(r,y,)=Tan~ L (wW'(r, y,)/w(r,7,)
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Putting together Propositions 3.1 and 3.2, we have the following useful
corollary.

Corollary 3.3. Suppose that J,— 1, and that
Ap={(W(r, 2,), W(r, A,), A1, 4),7): O <7170}

is a sequence of orbit segmentsin I, wherer,=r(1,), and Q(A,) < N. Then the J-orbit
liesin T for 0=r=<r, A) and QA)<N.

The proofs of Propositions 3.1, 3.2, and Corollary 3.3 will be given in Sect. 4.
Before applying them to our problem, we shall state one more result whose proof
we shall also defer until the next section.

Proposition 3.4. Suppose that A,— 1, and QA)=k,keZ . . Then for sufficiently large
n, QA,)<k+1.

Our first consequence of these propositions is
Corollary 3.5. Each C, is a closed set.

Proof. First recall that C, is defined in (3.1). Let 4,€ Cy, 4,—4. With r, and 4,
defined as in Corollary 3.3, we see that all of the hypotheses of that corollary hold,
and we conclude that the -orbit lies in I', and (1) < k. Thus 1€ C, by Proposition
2.10; hence C; is closed. [J

We next have

Corollary 3.6. Let k be any non-negative integer. If A, and A, are such that the
Aq-orbit isin I, and Q(A,) <k <£2(A,), then there exists a A between A, and A, such
that Q(A)=k.

Note that Q(A) is not a continuous function of 1; hence this corollary is not a
trivial consequence of the intermediate-value theorem.

Proof of Corollary 3.6. Define the set X by
X ={A€[Ay,4,]: the A-orbit is in I', and Q) <k}.

Let 7=sup X; then 1< ,. However, 1= 1, is not possible for if so, Q(1) >k and so
for A near 1, Q(1)> k; this is impossible.

Now choose 4, € X, A,— 7, and define r,=r,(4,). Then Corollary 3.3 implies that
the J-orbit lies in I for 0<r <r (). If r (1) < oo, then the -orbit exits I" through
w2 =1, and this is impossible [because otherwise for A near 1, w’(r (1), 4)=1 and
Q(2)£k]. Thus r (1) = oo, and so the 1-orbit is a connecting orbit by Proposition
2.10. Thus Q(7) is an integer. Now (1) cannot satisfy Q(1)=j<k—1 because
otherwise Proposition 3.4 would imply that we can find Ae X, A>1, A<, such
that Q(A)<j+1=<k. But this implies A<, which is a contradiction. Thus

QH=k O

Finally, we can prove the main result of this paper.

Theorem 3.7. There exist connecting orbits in each rotation class; i.e., C\Cy_, + ¢,
for k=1,2,....

Proof. Let k be any positive integer. By Proposition 2.1, the A =2+ ¢ orbit crashes.
If Q(A) <k for all 1 <2+¢, then as before, Proposition 3.2 implies that the A=2+¢
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orbit lies in I'. It follows that there must be some 4, <2+¢ with Q(4,)>k. Set
A, =0; then Q(4,)=0<k < Q(4,). By Corollary 3.6, we conclude that there is some
A with QA)=k. O

4. Proofs of the Technical Propositions

In this section, we shall give the details of the proofs of Propositions 3.1 through
3.4. We begin with the N
—INTT

Proof of Proposition 3.1. Since 6(r,,7,)= — for n=1,2,..., it follows, by

passing to a subsequence, if necessary, that there exists both a non-negative integer
k<N, and a 6, —n/2 <6 =<0 satisfying

lim 6,7, =0 @1)

Note that the point P is a point where the y-orbit would be if it didn’t crash. We
thus consider the backwards orbit through P defined for r <7. We show that this
backwards orbit doesn’t crash, and must thus be the y-orbit. The proof of these
statements is by induction on k. Thus, if k is odd, we show that the backwards orbit
through P reaches the hyperplane w=0 at a point P=(0,b,a,r,) eI (see Lemma
4.1). Define r, by 0(r;,, A,)= —(k—1)n/2, and consider the orbit subsegments A,
obtained from A, by restricting r to the interval ¢ <r <r/,. Then e(A,)— P, and (of
course) nlgl;no 0(r,, A,)= —(k—1)m/2. Proposition 3.1 now applies to the orbit

segments 4, and completes the induction step in the k odd case. If k is even, and
k>0, we similarly follow P backwards, now to w'=0, to do the induction step (see
Lemma 4.2). The case k=0 is a “fusing” lemma (Lemma 4.7) which patches the
backwards orbit to the j-orbit. It is in the proof of this lemma that we use the
assumption that our solutions are contained in a continuous one-parameter
family. We now proceed with the details.

Lemma 4.1. If (4.1) holds for k odd, then the backwards orbit through P reaches the
hyperplane w=0 at a point PeI', and this orbit segment lies in I'.

Proof. We introduce the following notation. If A = {(w(r), w'(r), A(r),r): a<r=b} is
an orbit segment of (2.1), (2.2), we define the left-hand endpoint [(4) of 4 by

I(4)=(w(a), w'(a), A(a),@).

Next, we say that the orbit segment A lies in Q; if (w(r), w'(r)) is in Q; for a<r<b,
where Q, is the 1* quadrant in the w—w’ plane, etc.
Now by hypothesis, we have a sequence

A= {(wlr, 1), W(r, 4,), A(r, 4,),1): a, <r <b,} 42)

of orbit segments of (2.1), (2.2) lying in @, NI (resp. Q3N I'), with the w-coordinate
of each I(4,) equal to zero, and e(A,)—P = (W, W, 4,7) e I', where w> < 1. We shall
show that there is an orbit segment A of (2.1)+2.2) through P, lyingin §, NI (resp.
Q5N T), where the w-coordinate of I(A) s zero (cf. Fig. 4.1). We shall give the details
only in the case 4,C Q5N T ; the proof in the other case is similar. Consider the
backwards orbit through P, (w(r), w'(r), A(r),r); ie., the solution of (2.1), (2.2)
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Fig. 4.1 w=-1 w=1

defined for r <7 which passes through P. If this orbit were to crash in the region Q,
atsomer, <r(thatis lim A(r)= 0) then v(r,) =0 (Proposition 2.3). But v’ >0in Q,

[see (2.12)], and as ()= 0, we get a contradiction. Therefore, this backwards orbit
cannot crash in Q5; i.e., A(r)>0 in Q5. It follows that A(r)=#>0 in Q;, for some
1> 0. Now since Aw'? is bounded (as follows from Lemma 2.2), we conclude that w’
is bounded in Q5. The orbit cannot stay in §;NI for all r satisfying R<r<7,
because nearby 4,-orbits do not have this property; indeed, the 1,-orbits are in Q,
at r=R. Thus the backwards orbit through P exits QNI at a point Pe I, with
w=0.

We turn now to the far more difficult case, when k is an even integer.

Lemma 4.2. If (4.1) holds and k is even, k>0, then the backwards orbit through P
reaches the hyperplane w' =0 at a point Pe T, and this orbit segment lies in I

Proof By hypothesis, we have a sequence (4.2) of orbit segments of (2.1),(2.2) lying
in Q,NI (resp. Q4nI' ), with the w -coordmate of each /(4,) equal to zero, and
e(A4,)>P=(w,w,A,7f)el’, where w*<1. We shall show that there is an orbit
segment A of (2.1), (2.2) through P, lying in §, NI (resp. §,NI), where (4)=Perl
(cf. Fig. 4.2).

We shall assume that

W0, 4.3)

3>
A\
v
=

Fig. 4.2 w=-1 w=1
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so that each 4, lies in Q,. (The case w' <0 is treated in a completely similar
manner.) Now if w=0, then since 4>0, the backwards orbit through P,
(w(r), w'(r), A(r),r), defined for r <7, arrives at some hyperplane w= —¢ (¢>0)
without crashing by the usual local existence theorem. Thus there is no loss in
generality if we assume that

—1<w<0. 4.4)

Next, if this backwards orbit through P continues to a point Q=(w,0,4,r)el’
lying on the hyperplane w’' =0, then clearly w <0. Moreover, w> —1, by Remark 4
following the statement of Theorem 3.1. Thus we may assume that the backwards
orbit through P, (w(r), w'(r), A(r),r) crashes in Q, for some F<F; i.e., in Q, we have

A(P)= lim A(r)=0, 4.5)

and
w=limw(r)<w<0. 4.6)

rNF
We shall show that the assumption that the backwards orbit through P in @,
crashes [i.e., (4.5) and (4.6) hold] leads to a contradiction.
Interestingly enough, the case where w'(r) is unbounded for r near 7 does not

occur.
For notational convenience, we shall write

(W(r, Y)W, )y A(r, 7)) = (Wi(r), wi(r), A,(r)). 4.7)

Lemma 43. If A,={(w,r),w,(r), Ar),r): s,<r<r,} is a sequence of orbit
segments in QNI with e(4,)—(w,w’, A,r)e T, where —1<w<0 and w'(s,)=0 for
each n, then there exists an M >0 such that |w,(r)) <M for s,<r<r,.

Proof. Choose w,, such that
—1I<—w;<—w,, 4.8)

where w, is as in Proposition 2.4. Now from Proposition 2.6 (with a=—1,
B=—w,, and m=F+1), there is a >0 such that

W=z, if —1=w()=s—w,, (4.9)

Note that since w(r,)— W, it follows that the sequence {w)(r,)} is bounded; say

Wir)l <M, . (4.10)
Thus we need only consider those w,(r) in the interval
—W SW(=w. (4.11)

Choose a>0 such that

a<—w(1—w?), if —w,Swsw. 4.12)
Next, we claim that we can find an N, >0 such that in Q,,
b (<—2 if wy((r)>N; and —w,Sw,(r)Sw. (4.13)
Indeed, we have
w2)2 — w2l
&)= 2(1_rzw)_ +2awr 4 AW (4.14)



Infinitely-Many Solutions of Einstein/Yang-Mills Equations 317

Thus since r > R, the first two terms on the right-hand side of (4.14) are bounded
(Proposition 2.2), and (4.12) implies that 4w(1 —w?)/r is bounded away from zero,
so our claim holds.

Now suppose that the set

{wi(r): neZ, —w, Sw,(=w} (4.15)

were unbounded. Then we could find r, and m such that w;,(r,)> N =max(N,, 1),
and wj(r;)<0. Now were there a (first) point r, <r, with w,(r,)=0 (r, being
minimum), and —w; <w,(r,)<w, then w,(r,)> N, and differentiating (2.2)' and
evaluating at r, gives

FEAW"(r)) = — W[ @), +(1—3w2)]>0,

in view of (4.13). Thus no such r, can exist, so w,(r)<0 if —w, <w,(r)<w, and
w,(r)> N on this interval. It follows that the orbit (w,(r), w,(r)) meets the line
w= —w, at some finite r <r,, with w/,(r)> N =, and this contradicts (4.9). Thus
the set (4.15) is bounded. This completes the proof of Lemma 4.3. []

Now in view of this last lemma, we may suppose that the backwards orbit
through P crashes in @, with A(7)=0, and w'(r) bounded for r>7. We will now
show that w' is actually continuous at 7, and

(4.16)

() = lim &(r) = lim [r(l —A(r)— (ilrz(’)ﬁ]

is positive. Note that this limit exists since both 4 and w have limits at 7 (see [2,
Proposition 5.2]). We now have

Lemma 4.4. lim w'(r)=w'(¥) exists, and is positive, and ®(7)>0.

Proof. Note that as follows from Proposition 2.4 and Corollary 2.8, together with
the last lemma, the crash cannot occur in the region —1 <w=< —w,. Thus we may
assume that

—W <W<W. 4.17)

Now for r near 7, 0<w'(r)=uv(r)/A(r), and v(F)=A(F)=0. Thus we may use
L’Hospital’s rule to obtain

. o) =2wh—w(l—w?)E —w(l—w?)
< { = — =
0= himw(r)=lim 25 = lim . 2w’d @
Dfre— . )

Since —w()(1 —w?(#) >0, we conclude that &(7)=0, and by Lemma 4.3, &(7)>0.
Furthermore, the last equation shows that w' has a finite limit at 7; i.e.,

limw(r)=w@F=w. O (4.18)

We return now to the proof of Lemma 4.2. In view of the last lemma, we may
assume that the backwards orbit (w(r), w'(r), A(r),r) from P crashes in Q, in the
region (4.17) at <7, where (4.18) holds and

AP=0 and &FH=c2>0. (4.19)
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Fig. 4.3 w=-1 w=1

We will show that this is impossible. To this end, we define 7, by (cf. Fig. 4.3)
0,(F,) = —(k—1)m/2;

note that w;(#,)=0.

Since w'(7) > 0, it follows that wi() > 0 for large n. Thus since w,(,) =0, we have
f,<Ffor large n. We now consider two cases; namely (by passing to a subsequence,
if necessary), either

lim#, <7 (4.20)

or
lim#,=F. 4.21)

We define w by (passing to a subsequence, if necessary),
limw,(f,)=Ww=Ww. (4.22)

We shall show that neither (4.20) nor (4.21) can occur. We first have
Lemma 4.5. Inequality (4.20) cannot hold.
Proof. For any n, (2.11) implies that

00,7 | (eOnfoyds= | — SIS g

n

From (4.16), we see that (4.10) gives —w,(s)(1 —w,(s)*) 2« if #, < s < # Furthermore,

#,= R, where R is the interval of local existence discussed in Sect. 2, and as wi(r) is

uniformly bounded in n on £, < s <7, it follows easily that the same is true for e2»®

on this interval. Thus if (4.20) were to hold, we could find a constant 6>0

independent of n such that

7 €2, (s)(1 —wa(s))
2

%y, ()= | ds=9. (4.23)

But since v,(r)=u(r,7,) is a continuous function of both r and y on any compact
interval of y3, and v,(7)=u(F, y,)—v(7) =0, we see that (4.23) is violated for large n.
This contradiction finishes the proof of Lemma 4.5. []

Now the proof of Lemma 4.2 will be completed if we rule out the possibility
(4.21); this is much more difficult.

3 The proof is based on the fact that Aw'? is bounded (see [2, Proposition 2.2])
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Lemma 4.6. The equality (4.21) cannot hold.
Proof. Assume that (4.21) holds; that is #,—7. Note also that
limw(#,, y,)=w=w=limw(r). 4.24)

We define the point Q by

lim (w,(,), 0, A,(F,), ) = Q= (%, 0, A4, ). (4.25)
We claim that the proof of the lemma will be complete if A>0. To see this, suppose
that 4>0, and let (wy(r), wy(r), Ay(r),r) be the solution of (2.1), (2.2) through Q,
defined for r > 7#=7. We have wy(#) =0, so [cf. (4.18)] w'(r)<W'/2if r is near 7 (since
A>0). Thus w(r) is near Ww'/2 if n is sufficiently large and r is near 7. But this

contradicts the fact that w/(7) is near W' for large n. Therefore, our claim is valid.
Thus to complete the proof of Lemma 4.6, we shall show that

A>0. (4.26)
Let w=w(f) and ji=u(f)=7; we have

B P (e

A=P(F)=F

Now y is uniformly bounded [as follows from (2.13) and Proposition 2.2], and p is
. . . 1—Ww*(r)?
a continuous function of w and r. Thus, since &(r)= u(r)— (——w—@—, we see that

there is an &, 1/2>¢>0 such that r
2
o(r)2 % , if |w—w|<3e and |r—7<3e. 4.27)

In order to obtain the desired contradiction, we shall consider two cases: for n so
large that 7 —3e<r, <F+ 3¢ either
a) w,(F—3e)<w+ 3¢, for infinitely-many n,
or
b) w,(F—3e)>W+ 3e, for all but finitely-many n.

Suppose that case a) holds. By passing to a subsequence if necessary, we have
that w,(F— 3¢) < W+ 3¢ for each n. Thus [cf. (2.10)], 7 —3e 22 i+ 3:(), and for r— 3¢

c

2
that for large n, each such orbit crosses the line w=w + ¢, and wi(r; . .(y,)) <0. Thus
since all ’s in question here satisfy r <7, + 1 (for large n), we may apply Proposition
2.6 to conclude that there exists t>0 such that for n large,

<r<r,, |[r— <3¢, |w,(r)—w| <3eso (4.27) gives ®,(r) = —. Since w,(r,)— W, we see

WISt if wyr)Sw(r)SWw+2e. (4.28)
Now define 4, by
ce
A=
We claim that on the interval w,(r,) < w,(r)<Ww+2e,
if A(r)=A,, then A, (r)>0. (4.29)
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Indeed, if 4,(r)=A,, then from (2.1) (suppressing the n, for convenience)

g 2 _wrA ¢ Wt e
)= r? r =2 r 8t3(r+1)?

c? w2 o r ¢ c? €
= [(1-Z — Z)>[1-=
57 (1 = D 4) 233 (1 4> >0. (4.30)
Thus (4.29) holds. Note that if A(r,)> A, for some r,, then A(r)> A, for r>r,

[provided that w,(r,) S w,(r), wa(ro) S W+ 2¢].
We claim now that

An(rW + 5(ynk)) > Ac . (43 1)

Notice that if this holds, then A4,(r,) = A, for large n, and hence (4.26) follows. Thus
if (4.31) holds, the proof of Lemma 4.6 will hold in Case a).

To show (4.31), note that by our above remark, if 4,(r)= A, for any r, 14, 5.(y,)
Sr=r, . (ys), then (4.31) holds. Thus, we may assume that

An(r) < Ac lf rw + 29(%:) é r é rW + 8(‘)’") . (432)
Now as in (4.30), since e<4, we have
) Tc*
An(r) g W ) if Tyt Za(yn) é r é rw+e(’)’n) .

Thus (again suppressing the n’s),

Alros ) Z Alrg s ) — Alrgs2)= | A

W+ 2¢

rave Jc2 widr _ W2 c?
= e 16rr W = ek, 16(r+1)2
7c?
- >4
16(F+1)% e

thus (4.31) holds.
We assume now that we are in Case b):

w,(F—3e)<Ww+3¢ for all but finitely many n. (4.33)

We can find an integer N such thatif n> N, then w,,(r 3e)>w+3¢; thus 7+ 3e>r,
>ra43.>F—3¢. Hence for r,,Zr>rW+3a, we have w— 33<w,,(r,,)<w (r)<w+3g

Thus (4.27) implies that @,(r) = >< Proposmon 2.5 implies that thereis a > 1 such
that for large n,

wiI=t if r—2e<r<r,. (4.28)
If A, is defined as in Case a), we have as before, on 7 —2¢<r=r,,
if A(r)=A., then A, (r)>0. 4.34)
We claim that for large n
A(fF—e)=A,. 4.35)
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As in Case a), this will finish the proof of Case b). To prove (4.35), we have as
before, for large n,

2
if F—2e<r<f—
ANz 162 if F—2e<r<vF

Thus
F—e
A,F— 2 AF—0)—A,F-20)2 [ A()dr
F—2¢
F—e 7c2 F—e 702 7C2
2 ar> =
1672 ) Te e T T A6G 17

because t>1. Thus (4.35) holds and the proof of Case b) is completed. This
completes the proof of Lemma 4.6. []

>A4.,

Notice that Lemma 4.6 completes the proof of Lemma 4.2. The following result
yields the k=0 case of the induction.

Lemma 4.7 (Fusing Lemma). Suppose that (4.1) holds with k=0. Then the
backwards orbit through P lies in I' for ¢ <r <7 and is the j-orbit.

Proof. Since y,—7 and our solutions lie in a continuous one-parameter family, we
can find an s >0, and { >0 such that w(s, y,) = { for each n, and w(s, y) = {. Recall that
/2

v=Aw,and Q'(r)= 2w ;

we have shown in Lemma 4.3, each w'(r, y,), and hence w'(r, $) is uniformly bounded
in Q, [cf. (4 15)]. Since (er)(g+s 7, <0, it follows that (ev)(r, 7)$0 in Q,;
similarly, (e%v)(r, 7) +£0in Q. That is, no crash can occur for the j-orbit in 3,. Now
by “continuous dependence” (since the y-orbit is non-singular),

nlibtg (W(rm yn)’ w’(rm y}l)’ A(rm y}l)’ rn) = (W(f’ ‘)7)’ W’(i:’ '}7)’ A(F’ )7)’ F) .
On the other hand, by the definition of P,
nling) (W(rm ,y'l)’ w’(rm yn)a A(rm y}l)’ rn) = P

implies that (e%v)’ <0 in @,. Furthermore, as

It follows that P=(w(F,7), w'(F,7), A(¥,),7), and this completes the proof of
Lemma4.7. [

With the proof of this last lemma, we see that the proof of Proposition 3.1 is
complete.
We turn now to the

Proof of Proposition 3.2. Suppose that we are in Case a), limr,=o0. Then by
passing to a subsequence, if necessary, we may assume 7, RZ—R, +1 (R, is
defined in Proposition 2.4). Define the sub-orbit segment A’ Cc4, by

A= {(W(r, 7., W(r, 7., AT, 7,),1): 0ST SRS}
then
e(A ) (W(RZ’ yn) w (R29 Yn)’ A(Rz, 'Yn), RZ)
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Now from Propositions 2.4, 2.5, and 2.7, we have [w'(R,, 4,)| <7, and A(R,, 4,) =7,
for each n. Since w*(R,, 4,) <1, it follows that we can find a subsequence n, such
that e(4,,)>Pel.

Suppose now that we are in Case b), limw?(r,, 4,) > w?. Then for large n, by
passing to a subsequence if necessary, w(r,, 4,)>w?. For concreteness, we may
assume w(r,, 4,)>w,. Define the sub-orbit segment A, C A, by

Ay ={(w(r, ya)s Wr,v), A(r, 7,),1): OST =7, (W)} 5

then
e(A;,) = (Wl’ W/(rw l(ln)9 ln)’ A(rwl(j'n)’ ln)’ Iy l(ﬂ'n)) .

From Casea), we may assume that r, (4,)<M, for each n. Furthermore,
Propositions 2.4, 2.6, and Corollary 2.8 imply that [w'(r,,(4,),4,)|=7, and
A(r,, (4,), 4,) =7 for each n. The proof is now completed as in Case a). []

We turn now to the

Proof of Corollary 3.3. We consider two cases; namely, a) {r(4,)} is bounded, or
b) {r(4,)} is unbounded. In Case a), let

r,=max{r: wr,A,)=wi},
and

Ay= {(W(r’ A W(r, A,), A(r, 4,),7): 0S7 < rn} :

By Proposition 3.2b) e(A4,)— P =(w, W, 4,7) € I', so we may apply Proposition 3.1 to
conclude that the backwards orbit through P lies in I, gets back to r =0, and is the
J-orbit; moreover, Q(A) < N. If we consider the J-orbit for r > 7, then Propositions
2.4, 2.5, and 2.7 show that the 1-orbit lies in I for 7 <r <r,(4). This completes the
proof in Case a).

If {r,/(4,)} is unbounded, then we may assume that {r,(4,)} has no bounded
subsequence, so that limr,(4,)=co. With r,=R,, we may employ an argument
similar to that in Case a) to complete the proof. []

Finally, Proposition 3.4 will follow from a more general result (which we shall
find useful in a future publication). This result states that if an orbit comes close to
one of the “rest points,” (w, w)=(=1, 0) with sufficiently large r, then it must exit
the region w?<1, before it rotates another n radians. This latter result is a
consequence of the following observation: namely, even though the system (2.1),
(2.2) is non-autonomous, and highly non-linear, it turns out that for orbits which
come sufficiently close to one of the above “rest points”, we can find a weak sub-
stitute for a Hamiltonian function, namely,

H(w, W,r)=P(w)+r2w'?/2, (4.36)

where P(w)=w?/2 —w*/4; see Fig. 4.4. [Before stating the next result, recall that if
(w(r), A(r)) is a solution of (2.1), (2.2), then 0=46,(r) is defined by 6(0)=0 and 6(r)
=Tan™ ' (W(r)/w(r)).]

P(w)

------- 1/4
Fig. 4.4 /.—\ 1 > W

-1 1
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Proposition 4.8. Let P,=(w,, W,, 4,,1,) be a sequence of points in I' such that
wi—1, r,>o0, and r(1—-4,)<M’, 4.37)

for some M’ >0. Let P,(r)=(w,(r), wi(r), A,(r), r) be the orbit through P,, defined for
r>r,, and suppose that

0= wyr)/wir)=1. (4.38)

Then for sufficiently large n, P,(r) exits I through w?>=1, say at r=r", and
(0(P,) — O(P,(re)) < 5m/4.

To understand what this says, we consider Fig. 4.5. Thus if say w,— — 1, then
the orbit through P, must exit I through the line w=1, with w' >0.

The function H, defined by (4.36) consists of two parts, the “potential energy”
P(w) and the “kinetic energy” r*w'?/2. Notice that if an orbit has “total energy”
larger than the maximal potential energy, then the kinetic energy cannot be zero
(i.e., w' £0). Define ry and r, by w'(ry(4), ) =0 and w(rp(1), ) =0. Then, if we insist
that H(ry(A)) is near %, the maximum potential energy (cf. Fig. 4.4), then we shall
show that H(rp(A))> % and for r >rp(4), that H'(r)>0. Then the orbit cannot cross
the hyperplane w'=0 because H> P.

Proof of Proposition 4.8. Without any loss of generality, we may assume that

w,— —1. As long as the orbit for r >r, has not crossed the line w' =0 with w> 0, we

have that y is uniformly bounded (for all orbits) by Proposition 2.11; say u,(r) < M.
With H defined by (4.7), we have

H(r)= %’ [:M +(rd— ¢)w’] ) (4.39)

We claim that H'>0 if »>3M, and (w, w') lies in Q,. Indeed, for r>3M, A(r)
=1—p(r)/r>1—1/3=2/3. Thus

(rA—®)=2rAd—r+ Q_Twzﬁ >r/3, (4.40)

so our claim follows from (4.39) since —ww'=0in Q,.

Define ry =ry(w,) to be the smallest r > r, for which w;(ry)=0. From now on, we
only consider those orbits for which r,=3M and r,> R,; this latter condition
guarantees that all such orbits are non-crashing (cf. Propositions 2.4, 2.5, and 2.7).
Then for r=r,, it follows from (4.39) that in Q,

H()> gw'z if r=3M. 4.41)
A w'
aa 8 (P,(r1)
,5\. n/4 i
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Furthermore, in Q,, if r>r,, H' >0 implies that

200 ()2 72
Wn(r) '—P(W”)— “;l 7'2

0<H(r)— H(r,) = Pw,(r) + -
It follows that in Q,
rwi(r)> ]/2(P(W,, )—P(w,(r)), if r>r,. (4.42)

Thus [cf. (2.10)], if we define r§ by w(rp)=0 [and rj=min{r>r, w,(r)=0}], then
using (4.41) and (4.42), we find [using the notation H,(r)=H(w,, w,,)]

H, () —H,(r,)= jH (r)dr> j rwA(r)dr

= % wf W, (r)dw > = j. ‘/2(P(w")) P(w,(r))dw.

Now for n large, say n>N,, —1<w,< —%. For such n,

B —Hyry> V2§ /PG Poaw

-1/
212 [ V/P@ it n<g<w
glf —}/3|/w w,dw

-2/3
226 %) e Zaw=ns,

—2/3

where k; =min{—w(1 —w?): —% <w< —3}; here ¢>0 is independent of n>N.
Now choose N =N, such that n> N implies

0<i-Pw,)<e. (4.43)
If r=r§>r,=3M, then from (4.39) and (4.40),

N B
>t 5y |
Hy(r)= yy [ + o ], (4.44)
in particular, H,(r§)>0.
If we define 7 by
7 M (4.45)

V2
then we shall show that if n> N, there is an r(=r(n))># such that w,(r)=1 and
O(P,)— O(P,(r)) < 5m/4. To this end, we first show that in Q,, we have, for sufficiently
large n,
H(r)>0 if r>rj. (4.46)
Choose N’ > N so large that r, > 7, if n> N'. Then for n> N’ suppose that there were
a smallest r, >ry for which H)(r,)=0. Then since r, >r;>r,, we have r;>r.
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Also, as
H,(r))—H,(ro)=(—10)H'(n)  (r>n>r7),
we have
r%W;l(rl)z n
P(wn(rl))+ -'2—_ =Hn(r1)>Hn(r0)

>H,(r,)+2e>PW,)+2e>4%+e¢.
But since % = P(w) if w?<1 (cf. Fig. 4.3), it follows that

riwyr)>]/2e. (4.47)
Thus from (4.44)
oy WD [ ) Y28 _wir)[ M Y2
Hn(rl)gAn(rl)I:_ r + 3 j|>An(r1)|:_Z+T:| >O,

since r, >7. This is a contradiction, so no such r, exists and (4.46) holds.

In particular, if r>ry, we have [as in (4.47)] rwi(r)> 1/2_3 Thus for such r, and
n>N/,

wi(r)= [ wi(s)ds>1/2 j‘i—s —)/2eIn(r/r)>1, i r>riexp(1/})/2).

This completes the proof of Proposition 4.8. []

Remark. The proof of Proposition 3.4 follows easily from this last result. Indeed,
take r, =r,(4,), where 0(ry(4,), 4,) = — kn. With this choice of r,, we have (4.37) and
(4.38) holding. Thus for sufficiently large n, the orbit exits I' through w?>=1 and
O(P,(r°(A,)))>6O(P,)— 5m/4. But this, in fact, shows that 6(r%(4,)< —(k+ 1)=,
because no orbit crosses the hyperplane w=1 with w'<0. O
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