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Abstract. We estimate the error of the Hartree—Fock energy of atoms and mole-
cules in terms of the one-particle density matrix corresponding to the exact ground
state. As an application we show this error to be of order O(Z53%) for any
0 < 2/21 as the total nuclear charge Z becomes large.

1. Introduction

The nonrelativistic quantum mechanical model for an atom (K = 1) or molecule is
given by the Hamiltonian

N K A N 1
Hy(Z,R)= ), (—Ai— Y. I;-_—JT~I>+ Y T )

i=1 j=1 12i<j X = Xj

acting as a self-adjoint operator on a dense domain Dy = AN (L?2(R?) ® €9).
Here we regard the nuclei of charge Z; as pointcharges at fixed positions R;, for
1 £j< K. For the sake of brevity we denote Z:=(Z;,...,Zg) and R

= (R4, ..., Rg). The nuclei are surrounded by N electrons of spin s = g , SO,

in nature ¢ = 2. We are interested in the ground state energy
Eg(N, Z, R):=inf{<Py|HN(Z, R)|Px)|¥neDy, | Py =1}, 2

which coincides with the bottom of the spectrum of Hy(Z, R). (Henceforth
| Pyl = 1 is assumed without further notice.) In general, Ey(N, Z, R) is inacces-
sible to direct computation. Here we are concerned with the asymptotic validity of
approximate theories in the limit

Z— o, N=xZ, Z/Zfixed, min |R,— R;|=cZ ?3*¢, 3)

1<i<jsK

To leading order Z "3, E, is given by the Thomas—Fermi energy Er, as was shown
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by Lieb and Simon [14]. This is followed by the Scott correction (cf. e.g. [10]) of
order Z2:

K
Eo(Z.Z,R) = ExZ, Z,R) +1 ¥, Z} +0(2%), @
j=1
a result proved for neutral atoms by Hughes [6], and Siedentop and Weikard
[18, 17], and for neutral molecules by Ivrii and Sigal [7]. The next correction
includes exchange effects and is expected to be of the form cgZ>?3, where cg is
a constant proposed by Dirac [2] and corrected by Schwinger [16]. Fefferman and
Seco [4] have announced a proof that

Eo(N., Z) = Exg(1, )27 + gzz +esZ%3 + 0(Z%?) )

for atoms binding N, electrons. Here N, denotes the smallest integer such that
Eo(N., Z) = infy.n Eg(N, Z). It is known that Z < N, £ Z + o(Z) [5]. Also, we
indicated the explicit scaling of Er in the atomic case.

In this paper we compare E, with the Hartree-Fock energy

Eue(N, Z, R):=inf {{¥y|HN(Z, R)| ¥y )| ¥neSDy N Dy}, (6)

where SDy are the Slater determinants. We expect, of course, that Eyy already
includes the corrections discussed above, ie. Eg — Eyr = 0(Z*?), where o(Z%/?)
might even be O(1). With this goal in mind we first derive an estimate of E; — Eyp
in terms of the one-particle density matrix y (as defined in Sect. 2) corresponding to
a ground state ¥ye Dy of the considered system. Actually, we do not need to use
the Schrédinger equation, so ¥y may just as well be an e-approximate ground state,
ie.

(Pn|HN(Z, R)|¥N) S Ex(Z,R)+ ¢ (7
The estimate is as follows

Theorem 1. Let y be the 1-particle density matrix of an g-approximate ground state
YyeDy of Hy(Z, R). Then, for any 0 < 6 < 1/12,

trfy — y2V\1/3-0
BN, 2 R) — B, 2, R0 5 dog?z? (T T s

where ds:= (857.672)6 113,

This bound is reasonable since, as ¢ — 0, it vanishes if and only if y is a projection
or, equivalently, if E¢(N, Z, R) = (¥¥|Hy(Z, R)| P% ) for some Slater determinant
P3 eSDy. In the next step we estimate tr{y — y*} in the limit Z — oo, using the
results of the semiclassical analysis of Ivrii and Sigal [7].

Theorem 2. Consider a molecule of nuclear charges Z;, 1 < j < K, with fixed ratios
Z;/Z, where Z:=Y"_ | Z; and K 2 1. Let min;¢;{|R, — R;|} 2 ¢;Z~¥3** and
Z —c,Z3 < N<Z+c;Z% for some constants €, cq, ¢, c3 > 0. Let y be the
1-particle density matrix of an e-approximate ground state ¥yeDy of Hy(Z, R).
Then there exists ¢ > 0, such that

tr{y —y*} £ c-2°7. ©

This estimate, inserted in Theorem 1 for arbitrarily small ¢ > 0, proves
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Theorem 3. Conszder a molecule of nuclear charges Z;, 1 < j < K, with fixed ratios
Z,/Z, where Z:=Y"_ | Z; and K 2 1. Let min,s;{|R; — R;|} = ¢, Z~**** and
Z—c,Z'3P<NE ¥ c3 WAL for some constants ¢, ¢y, c,, c3 > 0. Then for any
0<d< 2/21 there exists ¢ > 0 such that

|Eg(N, Z,R) — Eqe(N, Z, R)| S 5 Z°7°. (10)
0

We remark that, for N = N,, this result is already implicit in [4].

The paper is organized as follows. Section 2 is a collection of definitions and
basic properties of fermion density matrices. In Sect. 3 we recall Lieb’s extension of
the Hartree-Fock variational principle [12], providing a proof which, we think,
simplifies the original one. Section 4 contains an estimate of 2-body correlations in
terms of y — 2. This is the heart of the proof of Theorem 1, given in Sect. 5. The
asymptotics of Z — oo is discussed in Sect. 6, leading to the proof of Theorem 2.

2. Fermion Density Matrices

We recall definitions and basic properties of fermion density matrices. For
#H=L*(R*)® C* (11)

let Z(#) = P, _, #™ be the corresponding fermion Fock space, ie. #© = C,
and #™ = AN, # (see [20]). The annihilation and creation operators are
defined as usual and obey for all f, ge # the anticommutation relations

a(f)a'(g) + a'(g)a(f) =:[a(f), a'(9)]1 = {flg> ,
La(f), a(g)] = [a'(f),a'(9)]=0. (12)
Given N orthonormal elements y;, . . ., yy€5#, we compute

aT(X1) S aT(XN)’0> = (N!)_l/z Z(“U”Xnm@- . -®Xn(N)E=7f(N) > (13)

the sum running over all permutations z of (1, . . ., N). These particular wavefunc-
tions are called Slater determinants and we collect them in the set SDy < #™.
Given an orthonormal basis {¢;};.n of #, we define a;:= a(¢p;). Then the hamil-
tonian (1) is the restriction of

0

& 1
Z hk;lalzal + = Z I/kl;mnalfaltaman (14)

k,l=1 2k,l,m,n=1

to # ™. Here we denoted hy,;:= {@lh|g;> and Vi pn'= {0 @ 01| V|00 ® 0,,),
with

X Z; 1
h=(-a- 3 2 o1 Ve 1)), (9

on s and ,}f ® H, respectlvely In particular, for a Slater determinant
Yy =adl ... al|0>eSDyitis

N 1 N
<5UN|H|TN> = Z hk;k 5 Z Vkl;kl - Vkl;zk)- (16)

k=1
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More generally, a p-body observable A is given in terms of a self-adjoint operator
AP on ®i-; # by

1
A=— Y Z A(m ,p;jl___jpafp...aflajl...ajp. 17

Now, let py be an N-particle density matrix (N-pdm), i.e. py = Y |¥n.i> 4i{ Pn.il
for orthonormal set {¥y ;}ien € #™ and nonnegative numbers 0 < A; <1,
Yi A; = 1. The quantum mechanical expectation of the observable 4 with respect to
the state py may then be written as

1
(AY = try{Apy} = i tr,{APpi}

=— Y X AR nfal, . aha, . a,) (18)

The reduced density matrices pg’), 1<p=EN, p;l,v) = py are determined if (18) holds
for all observables 4 on #™ of the form (17):

(p)
PNis sty = <Al oo abag o oap)> (19)

Of course, pN =0 and tr p(p) = N(N —1)...(N —p+ 1) From the fact that
t p
Yore Grayis the particle number operator, we easﬂy deduce the recursion relation

(p) 1 ad (p+1)
9 = (20)

PNji...jpiiv...ip = Nji.o.jp ksit...ipk *
N —p=

We call y,:= p{" the 1-pdm and I',:= p§?) the 2-pdm corresponding to py. The
expectation value for H can now be written in the general form

(HY =try{hy,} +%tr2{VFp}. (21)

Now, if py = |Py><{¥y| and ¥y =a'(x1)...a'(xy)|0>€SDy then one easily
checks

N
Z x> <l » (22)

=1

Vo

=

Fy= % 1w~ x> Al
ij=1

=1, ®7,) — Ex(7,®7,), (23)
matching (21) with (16). Here,

EX3=Z|(Pi®(Pj><<Pj®§0i| (24)

ij
is the exchange operator. Note that 3(1 — Ex)is the projection onto # A S and it
commPtes w1th y ® y. So, certalnly, (1 — Ex)(y ® y) is self-adjoint. Finally, since
0= p}vk) K= <ak ay=1-— <akak> < 1 independently of the chosen ba51s we have
0 < ¥, = 1. Note that, apart from the last inequality, we did not use the fermionic
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character of the Fock space & (#). Also, apart from the separability, we did not use
the explicit structure of # = L?(R3) ® €9, either. We summarize the properties of
7, and I, (cf. [1]):

tri{y,} =N, 0=<y,<1; (25)
(0o =75, 25} < {3¥yeSDy:py = 1¥x> PNl 7, = PN} ; (26)
YveSDy, py = |Pa)<{¥n| = Fp=(1 —Ex)(?p®)’p)' (27)

3. Lieb’s Variational Principle

In this section we define the Hartree-Fock variational principle and Lieb’s varia-
tional principle and show that the latter actually is an extension of the former.
Recall the definition (6) of the Hartree—Fock energy Eyr of the considered system:

Eur(N, Z, R):=inf{{¥y|HN(Z, R)|¥y)|¥yeSDy N Dy} . (28)
Since the trial functions vary over a smaller set, it clearly holds
EQ(N9 Za B) é EHF(Na Z’ B) . (29)

Using the notations and definitions of Sect. 2 and ensuring ¥YyeDy by
try {hy} < co, we may rewrite Eyg as

EHF(N’ Za B) = lnf{gﬂF(y)ly = )’T = ?2, trl {V} = N> trl {h)’} < OO} 5 (30)

where we defined
1
enr(y):= try {hy} + 5 tr {V(1 —Ex)(y ®7)} . (31)

The Hartree—-Fock variational principle is mathematically inconvenient, because
the set SDy has no linear structure. Lieb’s crucial observation was, that the
condition on y, to be induced by some Slater determinant ¥y e SDy actually can be
dropped [12]. We give an alternative proof of this result which we think is
considerably simpler and more constructive than the original one.

Lemma 1. Define #, h, V, and ey by (11), (15), and (31). Let 0 <y < 1, try {y} = N
be a 1-pdm of finite rank. Then there exists a projection § = 9* = 9%, tr;{§} = N,
such that

enr(y) Z eur(y) . (32)

Furthermore, V > 0 implies the strictness of the inequality (32) unless y is a projection
itself.

Proof. We may assume eyg(y) < co. Working in an eigenvector basis of y, we may
write

M M
Y= Z [ @1 Al Pils Z =N, 0<h=1, Lole)=20bu, (33)
k=1 k=1



532 V. Bach

for some M < oo. Let us abbreviate the diagonal elements b= hg. = {@i| | Qx>
and Vig:= Vigu — Vi = <@« A @1l Vg A @p). Note that the positivity of ¥ im-
plies V;; > 0 for k % [, and ¥}, = 0. One easily checks

M _ 1 M _
eur(y) = Y, Ahi + 3 Y Vi (34
k=1 K I=1

We assume that M > N or, equivalently, y % 72, for otherwise there is nothing to
prove. Then there are at least two eigenvalues 0 < 1,, 4, < 1, say, and we may
assume without loss of generality,

M M
bt S AV Shy+ Y MV (35)
k=1 k=1
Let 6:= min{4,, 1 — 4,} > 0 and define

M
771=< > I¢k>/1k<</)kl>+I<Pp>(/1p—5)<¢pl+I<Pq>(/1q+5)<¢ql. (36)

p,q*k=1

By computation one checks that

eur(y) — éur(y) = — 6 {(ﬁp + AZ{, Ak I7kp> — <ﬁq + % A qu>} -6 qu , 37)
k=1 k=1

hence, eyr(y) — exr(y) < 0, according to our choice of §. Furthermore, defining
n(y):={&l0 < L < 1}], (38)

we observe n(7) < n(y) — 1. After at most M — N iterations of this procedure we
obtain a 1-pdm § which obeys eyp(§) < eyr(y) and n(§) = 0. But the latter means
that = 92 and, hence, proves the assertion. ||

Using an approximation argument, it is straightforward to deduce from
Lemma 1 the following corollary.

Corollary 1 (Lieb’s variational principle).
EHF(Ns Z: B) = 1nf{8HF(’)))|O é V é 17 t1'1 {y} = N’ trl {hy} < OO} . (39)

Now, we apply Lieb’s variational principle to a particular trial 1-pdm. Let
on=|Py>{(¥y|, where ¥y is an e-approximate ground state of the molecule we
consider. By Lieb’s variational principle it holds

EweN, 2, R) S try () + 50V~ ENG,©7)) . (@0

Thus we have the following bound:

0 = Eg(N, Z, R) — Eyr(N, Z, R)

1 1
> try {hy,} + Etrz{VF,,} —e—try{hy,} + Etrz{V(l — Ex)(y, ®7,)}

= 3V, — (L~ Ex, ® 7,1} —¢. @)
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In fact, the last expression is exactly what we are going to consider in the following
section.

4. Correlation Estimate for Fermions

In this section we give a lower bound on the truncated 2-pdm of an N-fermion
system. The interaction is assumed to factorize into projections in each particle
variable.

Assume for the moment that p¥ =|Py>(¥y| where ¥Yy=a'(y)

.a'(xy)|0>eSDy is a Slater determinant. As mentioned in (27),
r,=0,8v,) — Ex(y, ® yp) We expect the N-pdm py we will deal with later on to
be very close to such a p¥, in some appropriate sense. Therefore it is reasonable to
call '), defined by

FpT:’—‘ Fp - (1 - Ex)(?p ® '})p) s (42)

the truncated 2-pdm. Note that we cannot expect I'] to have a definiteness, for
Coleman [1] constructed an N-pdm py with BCS type wavefunctions for which I',
and, therefore, also I’ ,,T had an eigenvalue of order N and, on the other hand,
tro{l'y} = —tri{y, — 75} < 0.

In practice, we have nonnegative pair interactions V' = 0 acting on # ® # and
wish to bound tr, {VT'J}. As shown in Sect. 3 we get upper bounds by means of
Lieb’s variational principle. Our goal is to obtain lower bounds on tr, {¥'T [}, too,
at least for suitable V. The lower bound we will prove is as follows.

Theorem 4. Let 5# be a separable Hilbert space and & (#) the corresponding
fermion Fock space. Let py be an N-pdm, and denote the corresponding 1- and 2-pdm
by y and T, respectively (see Sect. 2). Let X = X ' = X 2 be an orthogonal projection
on #. Then

t, {(X ® X)I' T} = —tr, {Xy} *min {1, 7.554[tr; {X(y —7?)} 12} . (43)

Proof. For the proof of Theorem 4, an appropriate choice of the orthonormal basis
{@i}ien © A is crucial. We choose {;};cn to consist of the eigenfunctions of y:
y@; = A;@;. For ;> 0, ¢; is called a natural orbital of y,. Recall that the general
property (25) of y, implies o(y,)\{0} = 04isc(y,)\ {0} and we obtain {¢;};cn by
adding some discrete ON-basis of Ker(y,), whose eigenvalues are set to 0, to the
natural orbitals. Also, we remark that for this particular basis we have

atan> = {oml7|@x> = Scd (44)
We denote Xy, = {@r| X|¢,,>. We have
t{(X @ X)) =t {(X ® X)[I' — (1 - Ex)(y ® 7)1}

= Y XimXni<alalana,) — {ala,)<ala,) + {ata,><{ala,)}

k,l,m,n

Z kath{<az akaman>} Z X Xuhds + z |Xk1|2/1k/lt (45)

k,l,m,n
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For the sake of comprehensibility we break up the proof into several lemmata. We
start with the left part of inequality (43).

Lemma 2.
trz{(X®X)FT} > —tr; {Xy} . (46)

Proof of Lemma 2. We follow the usual method of the mean field approximation,
known from quantum mechanics. More precisely

t {(X ® X)I'"}
= Y XenXu(<al 6} ana,) — {atan><ala,d) + ¥ 1 Xl ik
k,l

k,l,m,n

t
<[Z ka(a:rnak - <a:rnak>)] |:Z ka(a;rnak - <ajrlak>)j|>
k,m k,m

— Y XimXulam al 1ata,y + 3 | Xul* ey
k,1

k,l,m,n

v

= DI XulPhd =4z =3 Xuk . |1 (47)
k,1 k

Note that in the last line the exchange term Zk.l | X |* A A, partially cancels the
self energy > j XAy as long as 4, is close enough to 1. Indeed, this is the main idea
for proving Theorem 4. It suggests to treat large and small 4, separately. To this
end we fix a number 0 < 7 < 1 and introduce the operators

Cp:= z kaak, dp:= Z kaak . (48)

k<t k=t

where k < t and k = 7 denote 4, < t and 4, = 1, respectively. We compute their
anticommutation relations and quadratic expectation values. For all p, geIN we
have

0 = [cpcq] = [ch, eb1 = [d,, d,] = [d}, d}]

= [cp di] = e d ] =[c,d]=1[c),d}1, (49)
0 = <cpe,> = Lchely = <d,d,> = <dhd)y
= {chd,> = <dhe,> = Lepdyy = Lchdb> (50)

The nonvanishing contributions are

[d,dd= Y XXulah,al=Y XXa.

kizt k=t
[C;, cq] = z kaqu[alza al] = Z kaqu s

k1<t k<t
<d;dq> = Z kaqu<altal> = Z Xiep X g »

k,lzt k=2t
(epegy = Y XipXglata) = Y XX gidec . (51)

k1<t k<t
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We may rewrite tr, {(X ® X)I'} as follows:

¥ +
= Z <<ZXplal> (Zquak> <Z quam> <Z Xpnan>>
p.q 1 k m n
=Y e+ dyeh + db)e, + dy) (e, + dy))

= (Main Part) + (Remainder) , (52)
where
MP = Main Part:= Y <db(ch + d})d,(c, + d,)> (53)
p.q

and
R = Remainder
=Y {ebeh + dhydy(c, + dy)> + <di(eh + dl)ey(c, + dp)>
p.q

+ debeh + dyeylc, + dy)>)
=Y {2Re{ch(ch + d)d,(c, + d,)> + {chleh + d)eglc, + d,)) ) (54)
p.q
Now we start proving the right part of (43) in Theorem 4 by estimating the Main
Part. In fact, MP is large enough to cancel tr, {(X ® X)(1 — Ex)(y ® y)}. We claim
Lemma 3.
MP —tr, {(X ® X)(1 — ExX)(y ® )}
2 1
2 —(1—_—1:+;>'tr1{Xy}'tr1{X(y—yz)} . (55)
Proof of Lemma 3. We proceed as in Lemma 2.
MP =Y (e} + d)yd,dic, + d,)y — Y ([d), d, 1<) + d) (e, + d,))) . (56)
p:4q p.q

Observe that ¥, <d}(c, + d;)> = Yus« Xui. So, abbreviating 4:= Y, [d}(c, + d,)
— {d}(c, + d,)) ], we obtain

2
MP=<ATA.>+(Z kaik> - z |Xkl|2/h"l

k=t k=1l

2
_Z.<2ka)~k> _—Zlel,z)'k/‘Ll—z(Zka}“k) < z kalk>
k k1 k

k<t
= 2 1 XulP( = Ak

k2l

2

1 2 2n s

.Z(Zkalk> —Z|Xk1|21kil—; Z | Xul? (A — 28) 44
k K1

k=13l

2
- @ kazk> < S Xyl — xg)) | 5

k<t
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Using | X% £ X X, and letting the sums run over their entire range, we arrive at
the assertion. |

In the next step we estimate the Remainder. Again we cast this into a lemma.
Note that [d;',, dpl =Y soe | Xipl? ST ks | Xl 4 S 1‘1<d;d,,>, of which there
is no analogue for [c;, ¢p]- Thus, one could summarize the strategy of the proof of
the following lemma as avoiding anticommutators of type [c;, cp] in the estimates.

Lemma 4.

3 3
k- {<‘r(1 — 1) * (1 — 1)1/2> (X =79

2 1 w2
71 — )iz (1 + T tri{X(y—vy )}) }

“try (X} (tr {X (0 = »*) )1 (58)
Proof of Lemma 4. First observe that by expanding and relabelling

Y Ceheh + degle, + dp)y> = Y (ehebege,y + <chdhc,d,>
Dp,q Dp,q

+

+ 2Re{chdle,e,)) (59)

Hence, after some algebra, anticommutations, and dropping of vanishing expecta-
tion values,

R=Y ({chelege,> + aRedchdle,e,y + 2<chdld,c,)) (60)
Db,q

+ Y <ehdydhe,y = Y [dY, d,1<che,> (61)
D,q p,q

+ Y 2Re{cld,d,d}> + 2Re <<Z c;d,,> (Z c,*,d,,>> : (62)

p.q

We estimate the above sum term by term, merely using the Cauchy-Schwarz
inequality |{AB)|?> < (AA"Y(B'B). But before doing so, let us single out an
estimate which will be used over and over again. Written in a somewhat redundant
way, it holds

+

1
<o (T ) (S xatu— ). 63

because the left-hand side of (63) equals

Y <epepy [d. ] = ( ) X‘kk/*k) < ) ka>

k<t k=t

s (Zxw-) (£ xen). e

k<t k=t

Y. <cpdydycy)
p.a

Z <c1tdqd:1r Cp)
p.q
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Hence, completing the square and using (63), the sum in the right-hand side of (60)
is bounded from below by

Y (Lehebege,y — d¢chel e e,y (el dld e, 1P + 24 chdld,c,))
p.q

-2 Z <c;d;dqcp>
p.a

z - 1(12_ 3 (Z X — Aﬁ)) (; kaik> : 63)

k

1\

The first sum in (61) is obviously nonnegative and the second sum is explicitly
computable. After doing the p, ¢ summation the second sum in (61) yields

- Z Z lel|2/11 2 — Zka()-k - il%) Zka)vk . (66)
k2t I<t (l—-17)\ % k
The estimate on the first sum in (62) goes as follows:
Y 2Relchdd,di> = =2 (chd dlc,> % (d,dbd,d) 1)
p.q

p.q

1/2 1/2
g—z(z<cqud2cp>) (Z<dqd;dpd;>) .6

p.q p.q

Now, the first factor is taken care of by (63) and in the second factor we again
anticommute d}, and d, and use {(d,d}» = [d), d,] — {d}d,). Hence we obtain

Y. (dydyd,dy) < ( > [d;, d,,]) ( Y ([d;,d,] — <d;dq>>)

= < Z ka) < Z ka(l - ik))
k=t k=t
<L < 5 kaik> (z Xualhe — /1,%)) . (68)
T k k

The above product therefore leads to the inequality

2
Y 2Recpd,dpdy) 2 — 17 <Z kazk) <Z Xaelhye — A,%)) . (69)
Dp.q T (1 _'1) k k

It remains to estimate 2Re{(}, c;dp)2> which will actually give the leading error
term. As the way we write this term suggests, we use the Cauchy-Schwarz
inequality on the embraced operator, yielding the lower bound

—2 <z <cj,d,,d3;c,,>>1/2 (Z <d;cqc;d,,>>1/2 . (70)

Now, observe that
2
Z <c;dpd; ¢y = <Z <c;dpd;cp>1/2>
p.q p

< (2 (ehe,y?[d], d,,]”2>2

p

<Y Lehepy[dh, 4,1, (71)
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so, again, (63) applies. After an anticommutation, a similar argument is used to
estimate the other factor

Z <d;cqc;dp> = Z (<d;dp> [C;’ Cq]) - Z <c;d;dpcq>
P p.q p.q

< Z Z [ Xl ? A + Z <c;d;dqc,,>
P

kzt I<t

<(Zxun)[ 1+t (Exe-) | w

Lemma 4 is proved by collecting all these estimates. ||

Taking into account all the estimates from Lemma 2, 3 and 4 and denoting
try {X(y —y*)} =a? tr; {Xy} =b and g~ ! = (1 — 1), we arrive at

tr, {(X ® X)I'T}
1
> — b min {1, a [(2@] +- + 3g + %gm) a+2g'*(1 + gaz)”z]} L)

We just describe in words how to get from here to the final inequality. Note that the
term in brackets, let us call it F (a, 7), is monotonically increasing in a. Also we only
consider the range of a, where aF (a, ) £ 1. This leads to the range 0 < a £ qy(z) for
an explicitly given function aq(z). But then aF (a, 7) £ aF (ao(t), 7) = aag *(7) and it
remains to optimize with respect to <, which gives 1,, =0.533 and
ao H(topt) = 7.554, and the above inequality reduces to the desired result. ||

5. Error Bound for the Hartree-Fock Energy

The next task we undertake is the application of the fairly abstract result of Sect.
4 to the Coulomb interaction in atoms and molecules.

5.1. Application of the Correlation Estimate. As explained in Sect. 3 we have

t, {VI']} — ¢, (74)

N[ =

0 g EQ(N9 Z: B) - EHF(Nr Za B) g

where I') is the truncated 2-pdm of an N-pdm py = |¥y ) (¥xl, ¥xeDy being
an e-approximate ground state of the molecule in question. V:=

1
x—Jl ® 1(0,) ® 1(s,) is the Coulomb interaction on # ® #. We use the de-

composition
1 1 < dr
x—yl = [d’z (j) s X8, 2 (X) 1B, (V) 5 (75)

which was introduced by Fefferman and de la Llave [3]. Here, yp,. is the
characteristic function of {xeR®||x —z| <r}. We denote the multiplication
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operator on # correspondlng to xpe, ® 1(0) by X, .. Note that clearly
X(r z) — X(r z) — X(r z)*
Furthermore we define

p(x)= Z 70(X, alx, ), (76)

o=1

pr(x):= Z {1(x, 0lx, 0) = y5(x, ol x, 0)} , (77)

so p is the one-particle density of the e-approximate ground state ¥ and we call p1
the truncated one-particle density. With the above notations we can prove the
following estimate.

Lemma 5. Assume (15), (75) and (76). For any 0 < 6 < 5/24 it holds

1 r 3.\1/3-6
3 tro {VT T} 2 — cs(f p°P (x)d®x)" 2 ([ p(x)d3x)*/? <—_fjpp((xx))dd3xx> , (78)

where cs:= (185.417)(7.554)*36 113,

Proof. The first step consists in applying Theorem 4 to X := X, ., and superimpos-
ing all the obtained estimates.

1 1 ® dr
Etrz{VFpT} = -2 jd3Z I —Strz{(X(,,z)®X(,,z))]"pT}
n o

© dr
'_fda f st {Xe00, )

v

' min{L a(trl {X(r,z)(yp - vg)})uz}

L STy

|x—z|=r
.min{ ( j pr(x)d® >1/2}
(z ); 1/2
___jd3 {j S < | p(x)d3x>< fl pT(x)d3x>
0 |x—z|=r |x—z|=r
® dr
+ | —5-< | p(X)d3x>}, (79)

R(z) r |x—z|<r

v

for any measurable choice of R(z), with o:= 7.554. We proceed analogously to Lieb
[8] introducing the Hardy—Littlewood maximal functions of p and pr.

3
e p (o000 &

3
My(2):= fl)l[g {W( _f pT(x)d3x>} . (81)

|x—z|=r
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Recall that in general, if feL'(R®), then its maximal function M (z):=
sup,>o {3(47r*) "1 (Jix-z < 1 f(x)|d*x)} < 0 on R? ae. and fulfills the maximal
inequality

96
JMp@Pz < Lo 1 (82

for all p > 1 (cf. [19], pp. 58). By means of M and M we find for any q > 1/3

R(z)d q
§7§< ] p(x)d3x>< ) pT(x)d3x>

0 |x=z|sr |x—z|=r
R(z)

§<4—37E>HqM(z)M%(z) | e 2ar
0

_ (4n\!*1R371(p) .
_<?> 1 M@)Mi(z), (83)

and similarly

® dr 4n M(2)
R(f,)F< I p(x)d%c) 3 RG’ (84)

[x—z|=r

on R? a.e. Thus we obtain

®dr 1/2
| 5 ( ) p(x)d3x> min {1, a ( [} ,oT(x)d3x) }
0 |x—z|=r |x—z|<r

< 4?" M(2) {3;1 T MT@R* () + R ‘%z)} , (83)

where ¢, = (47/3)%. An optimization yields R(z) = ¢, /**M 1 '/*(z) and bounds the
right-hand side of the inequality above by

127q 1/3q 1/3
3034 — 1)cq M@z)M:>(z) . (86)

Observe that there is no dependence of the estimate (86) on g apart from an overall
constant. In this respect, a substitution of (tr; {X (y — y*)})*? by tr; {X(y — y?)} in
Theorem 4 would not have yielded a better result. Inserting the actual value
q = 1/2 we obtain
1 3 [4n
Z Ty > _ | =
V)2 2n<3

We fix 0 < ¢ < 1/12 and apply the Holder and the maximal inequality (82) to the
right hand of (87). This gives

MM @) < <§ [M(zn%éd%)”m (y [MT(z)]l_—l_ﬁd3z>

(%) (§>1/3e-1/3 (Frpwrmas)

'(f [m(x)]ﬁdax)m—s . (88)

>4/3a2/3 [ M(@M{P(2)d*z . (87

1/3-¢

I\
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Applying the Holder inequality again, we find
3(1-3¢)

3 2230 7039
y[p<x>]z+ssd3xg(fp”(x)d%c) <§p(x)d3x) .89

2—-15¢

¢
[ Lor() =% < (j p%“(x)d%c)z“ - <§ pﬂx)dax)z“”” o0

We exploit p3/® < p3/® and get

<§ [p(x)]%d%c)zm ( [ [pr(x)]l'-lﬁd%)m_e

1/2 1/2 L0 dPx\ V352
g(fp“%x)d%c) <§p(x)d3x) (%} .o

Combining these estimates, we prove the assertion (78) above. |
5.2. A Szmple Bound on the Kinetic Energy. We need to bound the kinetic energy
<TN|ZI , —4;|¥y in order to prove Theorem 1. Our goal is to use as little

information as possible about the system, i.e. about ¥y, N, Z, and R. We derive our
bound essentially by reproducing a similar result of Lieb [10].

Lemma 6. Let ¢ < N and @y Dy such that {®y|Hn(Z, R)|®y> < 0. Then

N
("

Y —4
Proof. Dropping the Coulomb interaction of the electrons, we have

oz (ol (-4 5w 2) )
-5 -l
Z £Z< i( ] ,~2—ZR-|> ¢”>

Aol sln) EEELY

In the last step we just added up the eigenvaues of the Bohr atom. |

> < 2q*PZAN3 92)

We are now in position to prove Theorem 1

Proof of Theorem 1. We recall the Lieb—Thirring inequality [15], which bounds
| p°" by the kinetic energy. Namely, denoting ¢;p:= 2.7709¢g %> (see [9] for this

value), it holds
CLT jp£/3(x)d3x = <¢N ‘DN> s (94)

N
Z —
i=1
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where ps is the one-particle density of @ye Dy. Inserting the Lieb-Thirring in-
equality into Lemmas 2 and 6 we thus complete the proof of Theorem 1. ||

6. Asymptotics for Large Z

Our goal in this section is to derive Theorem 2. The idea underlying our proof is
that ¥y is not only the ground state of Hy(Z, R), but it is an a-approximate ground
state of a suitable one-body Hamiltonian which approximates Hy(Z, R), too,
where o = 0o(Z"/®). However, the exact ground state @y, say, of such a one-body
Hamiltonian is a Slater determinant and the corresponding 1-pdm is a projection.
Therefore, we expect 7 to be close to a projection. It is here that we use semiclassical
results, namely the considered one-body Hamiltonian is suggested by Thomas—
Fermi theory.
We assume the existence of ¢, ¢y, ¢,, c3 = 0 such that

min{|R;, — Rj| |1 £i<j< K} >, Z "3
Z—C2Z1/3 §N§Z+C3ZS/7 , (95)

hold throughout this section without further notice.

6.1. The Semiclassical Results of Ivrii and Sigal. Let ¢rp:= ¢p1p(Z, Z, R) be the
Thomas—Fermi potential of a neutral molecule with nuclei Z at positions R (cf.
[10]) and define

H:=(—4— ¢1r(x)) ® 1(0) (96)
self-adjointly on D < # = L*(R®*)® €% For all « >0 we define the spectral
projections P,:= )(— o, —g(H) and Po:= y(— 4, 0)(H). For E = 0 we then denote

Hy:= P HPg. 97)
We define the energy e = 0 as follows:

o Z™ eigenvalue of H if tr{Py} >Z
o if tr{Po}<Z .

In other words, if H has at least Z negative eigenvalues (counting multiplicities)
then —e is the Z™ eigenvalue and otherwise e = 0. Since M = tr{P,} < Z, P,
certainly has an integral kernel and we define the corresponding one-particle
density by pa(x):=Y2-; P.(x, 6|x,0) on R*® ae. Note that [py(x)d*x = M.
Furthermore, we set for f, ge L' (R?)

dxd?
2 e x)g(y) . (99)
|x — yl

Let us quote the results of Ivrii and Sigal in form of a lemma (cf. [7], Thm. 2.4 and
Lemma 2.8)

Lemma 7. (Ivrii and Sigal). Let min{|R; — R;||1 i <j< K} =¢Z 3% for
some ¢, & > 0. Then, for some ¢ > 0 and for all « = 0,

©8)

D(f,9)=]

(1) D(pM — P1Fs PM — pr) =< CZ5/3,
(il) tr{P,} = ¢y | [Prr(x) — a]¥?*d>x + O(Z?3), where ¢, = 6mn°q~".
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6.2. The Energy Truncation. Our first result in this section is an estimate on the
energy expectation of y with respect to H. We claim

Lemma 8. Let y be the 1-pdm of an e-approximate ground state of Hy(Z, R) with
& < 8Z583. Then, for some ¢ = 0,

tr{Hy} < tr{H,} + cZ>>. (100)
Proof. By the variational principle for H(Z, R) and the Lieb—Oxford inequality

[13]
(o
we obtain

tr{H.} = tr{hP.} + D(prr, Prr)

1

)

1<i<jsN [x —yl

W> > 2 D(p.p) — (169 [ p** (I, (101)

1 1
= tr{hP,} + 5 D(py, pu) + 5 D(prF, prr)
1
- 5 D(pm — ptFs PM — P1F)
1 1
= EoM, Z,R) + 5 D(ptr, p1e) — 5 D(py — pr1Fs Pu — P1F)
1
Z trihy} + ED(p, p) — [Eq(N, Z,R)] — Eo(M, Z,R)] — ¢

1 1
— (1.68) f p4/3(x)d3x + B} D(pre, p1e) — 5 D(py — prrs PM — PTF)

2 tr{Hy} — [Eo(N, Z, R) — Eo(M, Z,R)] — ¢

1
—(1.68) | p*”(x)d>x — 5 D(pp — Pres Pur — PrE) - (102)
2
Now, Lemma 7(i) states D(py — p1r, Prr — prr) < ¢Z°/* and using Lemma 6 yields
[P dx = ([ p3P0)dx) 2 ([ p(x)d>x)"V? < cZ°3 (103)
Next, denoting Ey:= Ey(N, Z, R), we show for all N = 3
Ey Ey—y
— < . 104
N|T|N-1 (104)
Namely, setting h;:= —A4; + Z;(:l Z;|x; — Rj|™" and using an ¢-approximate

ground state ¥ye Dy of Hy(Z, R) for a suitably small ¢ > 0, we infer
Eyz (¥ylhy + (N = Dlx; — x| 7HPy) — ¢

+ <Y’N % hi+ Y : ‘PN>

i=2 2§i<j§N|xi_ij
>N Ey+ Ey_;. (105)
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Now, if N = M, we already arrive at the claim. Conversely assume N < M.
Then, by (104),

E
Ey—Ey<(M—N) |2 <cz3-243 . | (106)

We remark that tr{Hy} and tr{H,} are both of order Z”>. Thus one may
interpret Lemma 8 as stating that y cannot deviate much from P, = P2. It hence
implicitly asserts the smallness of y — y2. We introduce a cut-off in energy to make
this explicit.

Lemma 9. Let E > e. Then, for some ¢ > 0,
5/3

Z
w{Pyy — 1))} S ¢ T+ Zur{Po— P} (107)

Proof. We observe that 02 tr{Hq(P,—7)*} implies tr{(—Ho)(y —7%)}
tr{(—H,)(1 —y)}. This inequality, 0<y<1, and Ho— H<0< —Hg
— H,< —H, yield

Etr{Pg(y —y*)} S tr{(=Hg)(y —9*)} S tr{(=H.)(y — 7*)}
st{(-H)(1 -y}

—tr{H.} + tr{Hy} — tr{(Ho — H.)y}

cZ°? + etr{P,— P,}, (108)

A TIA

lIA

I\

applying Lemma 8 in the last estimate. ||

As will be shown next, Lemma 8 does not only supply a bound on
tr{Pg(y — 7?)}, but also on tr{(1 — Pg)(y — y*)}. Intuitively this is clear provided
there are approximately Z eigenvalues of H below — E. More specifically, we will
prove

Lemma 10. Let E > e. Then, for some ¢ > 0,

5/3

t{(l = Py — 1)} S Z — tr{Py) +cZ% + ¢ 2

+ 2t {Po— P} (109)

Proof. As in the proof of Lemma 9 we observe
Etr{Py(1 — )} Str{(—~H)(1 —7)} S cZ*" + etr{Po — P} . (110)
Also,
tr{(1 — Pg)y} = N — tr{Pg} + tr{P(1 — )} . (111)

These two inequalities (110), (111) imply the assertion, since y =y — y* and
N<Z+cZ%. |

Now we will put these estimates together and insert the bound (ii) of Lemma
7 on tr{P,}, 2 =0.
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Lemma 11. Let E > e. Then, for some c, ¢’ > 0,
25/3
trfy =97} < 2% + ¢ T 4 3 [ {910 — [fre(0) — R} dx . (112)

Proof. We add up the estimates from Lemma 9 and 10. This yields

ZS/3
tr{y —y*} £ Z —tr{Pg} +¢ -t 237 + 2%tr{P0 —P}. (113
By (ii) of Lemma 7 and Thomas—Fermi theory (cf. [11]) it holds
Z =c, [ P (x)dx = tr{Po} + O(Z%7), (114)

which implies
%tr{Po P < Z—tr{Ps) +cZ?? . (115)

On the other hand, (ii) of Lemma 7 also asserts
tr{Pr} Z ¢ | [pre(x) — EJV?dPx — cZ? (116)
thus establishing Lemma 11. |

6.3. The Semiclassical Number of Particles. As we have seen in the section before it
remains to bound

Coe [ {PT (%) — [prr(x) — E]¥?}dx (117)

and to assure E >e. We will do this by means of Lemma 12 below. Let us
emphasize that the only parameters which enter in our estimate are Z and K.
Nothing needs to be assumed about Z/Z and R.

Lemma 12. Let ¢yp:= ¢prp(Z, Z, R) be the Thomas—Fermi potential of a neutral
molecule with nuclei Z; at positions R; for 1 < j < K. Let furthermore Z = Z
and 0 < E < o(Z*3). Then for suﬁ‘iczently large Z,

2
3 (3;) E** < [ {3 (x) — [$rr(x) — ET¥? }d’x (118)
3/2
. %’EKM <3_;_> £ (119)

Proof. Let ¢; be the Thomas—Fermi potential of a neutral atom at the origin.
Using the maximum principle (cf. [11]) one sees that for all 1 <j < K and xeR?
a.e.,

bz,(x — R)) = prr(x) = Z bz,(x — R;) . (120)

We prove the inequality (118). Observe that ¢*'*> — [¢ — E]3* is monotone in ¢.
Since at least one of the nuclei, the j®, say, has charge Z; = Z/K, we derive
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¢1r(%) 2 §z,(x — R;) Z dzx(x — R;), and hence, using ¢5(x) = Z*?¢,(Z"x),
LA (x) — [bre(x) — ETV?}dx
2 [{pF&(x — R)) — [pzx(x — R;) — E]¥?}dx
=Z[{$32(0) — [¢:1(x) — E1¥?}dx (121)

where Z:= Z/K and E:= E/Z*? = o(1). As a result of Thomas-Fermi theory,
¢1(x) is a function of |x| and decreases monotonically in |x|. Furthermore,
¢1(x) £ (3/m)?c2|x|™* =¢*3|x|~* and, indeed, for |x| sufficiently large,

~2/3 ~2/3

2723 —<¢1(x)§|cx7, (122)

|x|* =

(cf. [11]). Therefore, E = o(1) implies ¢;(x) = &2~23|x|"* on
= {xeR3¢;(x) SE} 2 {xeR3|&*?|x| *<E}=B. (123)

This yields

J8P20) ~ 90 — BT x 2 [ p1200x 2 | 5 |

—dns | ﬂ:%elﬂéw‘*.(lm

J1efi-1/4

Applying these estimates, the inequality (118) follows.
Now, we prove the inequality (119). We divide the space into the K regions,
1<j=K,

= {(xeR3V1<i<K:x—R;|<|x—Rj}. (125)

On A4;, we estimate

¢TF(X)<Z¢z(x—R)<Z¢z (x — Rj) = K¢z(x — R;) . (126)

i=1 i=1

Hence it follows, with E:= EK ~1Z ~4/3,
J {3 (x) — [orr(x) — ET¥*}dPx

f K3/2¢%/2(x — Rj) — [K¢z(x — Rj) — E]ilz}dsx

[\/]w

II
h

J{K32¢32(x — R)) — [Kez(x — R;) — E1Y*}d

M:«

ji=1

= K32Z [ {$3(x) — [d1(x) — E]Y?}dx
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< K3PZ [ {e]x|7¢ — [*3|x|"* — E]3¥?} d®x

~ S1l6f—1/a o dr
< 47K52Z {E [ &Par+e | -z}

0 SVU6E-1/4 r
4~1/2 ~
= 4nK5?Z %— E3* . (127)
This establishes inequality (119) and hence Lemma 12. |

We are now in position to prove Theorem 2

Proof of Theorem 2. In order to apply Lemma 11 we need to have an upper bound
on e. First, assume that e = ¢Z for some ¢ > 0. Then tr{P,} = Z, by definition.
Again applying (ii) of Lemma 7, this implies

Coe [ {PW(X) — [Prr(x) — e]¥?}d>x S Z —tr{P.} + 2P <22 . (129)

By the monotonicity in e, (128) would still hold true if we replaced e by cZ on the
left-hand side. Now, by Lemma 12, we know that for E = o(Z*4/3),

2 @/ GPEY < e [ {9W () — [$rl) — E3V}dPx . (129)

Hence, setting E := cZ, (128) lead to the contradiction Z** < const Z?/3. Therefore,
e = 0o(Z) £ 0(Z*?®). This assures we may set E:= e in (129) which, together with
(128), implies

e < cZ8° . (130)
Now, using Lemma 12, we derive from Lemma 11,

5/3

V4
tr{y —9?} <cZ%" + ¢

7 13 {37 (x) — [dre(x) — ET¥*}d’x

5/3
é CZ5/7 + C/ ZT+ c//E3/4

<cz%7, (131)

choosing E:= Z2°%2! = o(Z*/3). This choice is justified for sufficiently large Z,
since E = Z%°?1 > ¢Z8° ze. |

We would like to emphasize that the method of proving Theorem 2 is not
intrinsically semiclassical, despite the fact we use results from semiclassical analysis.
Indeed, if we had substituted H by some other one-body Hamiltonian H, say, we
could have proved tr{y — y*} = 0(Z), provided its ground state energy agrees with
E, in leading order. Of course, we needed to have some explicit access to spectral
functions of H as well, which is why we chose H = (—4 — ¢1¢(x)) ® 1(0).
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