Commun. Math. Phys. 144, 87-106 (1992)

A New Contribution to Nonlinear Stability
of a Discrete Velocity Model

Hans Babovsky'! and Mariarosaria Padula?

1 University of Kaiserslautern, Kaiserslautern, Federal Republic of Germany
2 University of Ferrara, Ferrara, Italy

Received October 30, 1990; in revised form July 8, 1991

Abstract. For a class of discrete velocity models of kinetic theory we prove
exponential nonlinear conditional stability of the constant basic state in the slab
[0,1].

1. Introduction and Main Results

In the context of kinetic theory of gases, discrete velocity models manifest several
peculiarities in both the mechanical aspect and the mathematical feature. The
conspicuous number of papers on this subject confirms the augmenting interest
of scientists in this field [for a recent survey, see Iliner and Platkowski (1988)].
Among the most interesting models, the generalized 2n-velocity model seems
to be appropriate because it preserves all mathematical difficulties and reflects
the structure of the full Boltzmann system. In particular, the stability of a flow
in a bounded domain is an open question, even for one-dimensional motions. It
is well known that several papers provide existence and uniqueness of solutions
with “large” initial data, in one space dimension, cf,, e.g., Nishida and Mimura
(1974), Tartar (1981), Beale (1986), Bony (1987), Cabannes and Kawashima
(1988), Toscani (1989), Slemrod (1989). Moreover, recently Kawashima (1983)
first proved, for the Cauchy problem an algebraic asymptotic decay in time of
solutions toward a constant (non-zero) Maxwellian. However, the norm there
used is a little complicated and, even though it is proved to be equivalent to the
norm of W2, the explicit constants cannot be given. On the other hand, it is
known that explicit bounds in time for solutions to nonlinear prolems is of the
utmost importance for numerical approaches, where the errors are computed in
the norms in which the stability occurs, cf,, e.g., Heywood and Rannacher (1982).
The objective of this paper is to propose a new method for studying nonlinear
stability for a discrete velocity model in a slab. Such a method was inspired by
the recent theory proposed by Galdi and Padula (1990) and can provide explicit
bounds in time for solutions to nonlinear problems. One essential idea in the
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work of Galdi and Padula (1990) is the construction of a Ljapounov functional
for the perturbation such that
i) it is explicit and easily computable;
ii) it is suitable for studying the boundary value problem,;
iii) it provides exponential decay in bounded domains.

In this paper, in order to not obscure the lines of the reasoning, we confine
ourselves to study the stability of a constant basic state with respect to one
dimensional perturbations. As a consequence, sometimes our assumptions are less
important in the applications, but still they are a first attempt in the direction
of finding an unifying approach for the study of the stability in the fields of
continuum and discrete fluid dynamics.

Let us assume the mass density F;(x,t) = F(x,v;,t) of a gas particle at position
x depends on one spatial direction only, say i, for all time ¢t. We shall call x the
space variable in this direction. Moreover, let us consider a discrete 2n-velocity
model in a bounded interval Q which, after rescaling, we call (0,1). Here we
prove the exponential nonlinear conditional stability of the constant equilibrium
state

Fi(x,t) =s, i=+1,..., tn.

This is achieved into the very large range of boundary conditions:
unperturbed inflow data at x =0 and x = 1; (1.1a)

periodic boundary conditions together with the conservation
of the mass and of the first n odd momenta; (1.1b)

partially specular reflecting boundary conditions with ascribed
inflow motion (the specular reflection is not included. (1.1c)

Of course, all the above boundary conditions must be compatible with the
constant Maxwellian s. Concerning the admissible velocities we set, for some
n>2,

vj=—v_j, and v; #0 for j=1,...,n

.. . 1.2
and, in addition, v; # v; for some i,j, withi,j =1, ..., n. (1.2

Such a model, in particular, excludes the conservation of any mass density.
The main result we achieve is given by the following theorem:

Stability Theorem. Any regular perturbation {f;} to the constant state verifying one
of the conditions (1.1) decreases monotonically and exponentially decays in time to
zero, in the norm of W'2(0,1), provided that the initial data are “sufficiently small.”

Specifically, for any initial data, bounded by some value depending on s, n, v;
only the perturbation decays with a relaxation rate again depending on s, n, v;.

As can be checked from the proof of the theorem, the stability region for the
initial data is always bounded, even in the case of periodic boundary conditions.
Such bounds represent to our opinion the influence on the stability of the
nonlinearities (linked to the collision mechanism). Moreover, nonlinearities play
a crucial role also in the choice of the region of the flow. As a matter of fact, for
dealing with nonlinear terms we need to use the Poincaré inequality which fails
in unbounded regions. This gives

Corollary. The constant state Fi(x,t) = s is linearly stable in any interval I in R,
with respect to any perturbation satisfying at the finite boundary planes (if any) one
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of the boundary conditions (1.1). Moreover, the spatial L>-norm of the derivatives
of the perturbation is in L*(0,00) in time.

We would like to draw some other consequences of our approach. One
interesting feature is that it explicitly furnishes the influence on stability of the
boundary terms, which, in fact, act as stabilizing factors. Another immediate
consequence is the pointwise exponential decay of the perturbation. However, in
this case we deduce

max esssup |f;| < Aexp(—ct),
1

with 4 a constant depending on the initial data and strictly greater than
max;esssup |f], and fi(0) = f°. This estimate does not imply the decay for
such a norm from time t = 0, a result which is confirmed by the numerical
analysis.

A third consequence is that the a priori estimates here deduced on perturbation
can be used to prove global in time existence, by means, e.g., of the iteration
scheme of Kaniel and Shinbrot (1978), cf. also, Babovsky (1984).

Finally, we like to notice that the Maxwellian state s+ ¢ cannot be considered
as a perturbation to s. In fact, as will be seen in Sect. 2, the required compatibility
conditions applied to the constant perturbation f; = ¢ imply ¢ = 0. Moreover,
setting F; = s; + f; and F; = s, + f; the mass densities corresponding to the
evolution of s; + f2, s, + f? from our stability theorem we deduce

|F; — Fi| < |fil + |fil + |s1 — 52| < [s1 — 52 + [fL{exp(—c1t) + exp(—cat)}

with suitable constants c;, ¢; depending on sy, s, 1, v; and the initial data only.
We feel optimistic that the method introduced here can provide successful
results also for more general problems. In particular, we refer to that concerning
unbounded intervals and the two dimensional case, preserving the basic state
F; = 5. More general basic states or more general discrete velocity models [see
Gatignol (1975, 1977), Monaco and Longo (1985)] are also to be worked out.

Note. Since this paper was completed, one of us (M.P.) was kindly acquainted by
Professor N. Bellomo with a preprint by Professor S. Kawashima entitled “Exis-
tence and stability of stationary solutions to the discrete Boltzmann equation.”
That paper deals with the full discrete velocity model and provides exponential
in time decay for a norm of the perturbation to any steady state F;(x) which is
supposed to be only close a Maxwellian. However, such an approach suffers from
the same drawback of Kawashima (1983), since the norm with respect to which
stability is proved, is equivalent to the norm of W12 through constants whose
explicit value can not be given.

Last but not least, the authors are grateful to the referee for the constructive
comments and suggestions on the earlier version of the paper.

2. Mathematical Preliminaries

In the sequel we will denote by L? the usual Lebesgue space of square integrable
functions ¢ on [0,1] and by | - || the corresponding norm. W2 denotes the
Sobolev space of functions ¢ with

o1 + ¢ ]1* < 0.
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While the symbols ¢; and y; as well as g; and J; will always be used for scalar
functions (in L2, W2 resp.), the symbols u, v and w will represent vector valued
functions of the form

u=O;w) = (b1, ..., Gn;P1, .., Yp)

for fixed given n € N. We define the L?-norms for vector valued functions in the
usual way:

Jull> = ol? + Iwl? = " il + . il
i=1 i=1

Since it will not cause confusion, the corresponding Sobolev spaces are again
denoted by L? and W'2. The scalar product in L? will be denoted by (-, -).

One of the main mathematical tools will be the following result which is a
generalization of the well-known Poincaré inequality:

Theorem. Suppose X and Y Banach spaces with X < Y. Suppose further |- |k to
be a seminorm on X and K < X a subspace such that
a) for all u € K, |u|gx = 0 implies u = 0;
b) K is close in the norm |- |k,
(a) and b) of course imply that K is a Banach space with norm |- |k )
c) the set
{ue K : |luly +ulx <1}

is compact in Y.
Then there exists a constant yo > 0 such that for all u € K

lully <o - lulk . @1

Proof. Assume that (2.1) does not hold. Then for any n € N there exists a u, € K
such that
lunlly =1, (2.2)

and .
lunlx < P 2.3)

Obviously, u, converges in the norm |- | to 0. Furthermore, we can choose a
subsequence ux converging weakly to some element # € K and because of the
compactness assumption c) in the norm || - ||y to some element u € Y. Therefore,
u = i = 0 which contradicts (2.2).

Remark. This inequality generalizes the Poincaré inequality of Coscia and Padula
(1989), and Padula (1986), Lemma 3 p. 5.

However, a generalization of condition c) can also be provided, Sobolev (1963,
Theorem 2, p. 64).

The Poincare inequality as stated above will be applied in different versions,
depending on the kind of boundary conditions we are using. We will distinguish
three cases, all with

X=w Y=L

but with different K :
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Case 1. (zero boundary conditions)
K :={u€ X : ¢i0)+:i(0) =0, ¢:;(1) —pi(1) =0, i=1,...,n}
lulge = lluxl*;

Case 2. (periodic boundary conditions)

. 1
K :={u eX:u0)=u), Y /qs,-(x)dx =0, /’Pi(x)dx —0,i=1,.., n}
=17 0

ulk = ludP+ D i — ¢ 17

ij=1
Case 3. (partially reflecting boundary conditions)
K:={ueX:(pi+¥)0) = A — ¥ (0),
(pi =) (1) =4 + V) (1), i=1,...,nf,
where A; are constants such that 0 < 4, < 1,
Julk = llux]®

We have to show in all cases that K and | - | satisfy the conditions a), b), ¢) of
the theorem.
Condition a). In all cases,
[ulg =0
implies
luxll =0
and thus
pi=c, yi=d
for appropriate constants ¢, and d,. In case 2 it follows in addition
> i —¢i1> =0
Lj
so that
c;=c; foralli,j.

From the definition of K we get immediately ¢; =0, for alli=1, ..., n, in cases
1, 2, 3. Moreover, in case 2, the conditions

1
/%mw=a V() = d,
0

imply d, = 0. Finally, in cases 1, 3, ¢; = 0 and the boundary conditions imply
d; =0.

Condition b). Choose any sequence u in K converging with respect to | - |.
We deduce that then u?” converges in L? to some element u,. From this follows
pointwise convergence of u™ to some bounded function u with derivative u. u
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is again an element of W2, and because of the pointwise convergence it satisfies
also the equations in the definition of K.
Condition c). We find

{u: fully +lulk <1} < {u: ulle + lulle <1 < {u: Jullwe <1},
and the latter set is compact in L2.

These arguments show that inequality (2.1) is applicable in all three cases of
interest. In particular, the constant y9 can be computed numerically by solving
the variational problem of finding

llully
uek |u|K '

There is another inequality which we are going to use in the sequel. It reads:

Lemma. For any ¢ € W2([0,1]),
sgp]d)(x)]z <2 llgxl+ 10D - Il 24)

Proof. Choose x € [0, 1] such that
1
#0) = [ ¢,
0
Then from Schwartz’ inequality,

p(x)I* =

X X 1
(@Hx()ds + ¢*(X)| <2 [ ¢~ dulds + | ¢*(s)ds
/ [0 |

<@ loxl+lel) - lel-
A consequence of (2.1) and (2.4) is
sup [u(x)| <1 - fulx (2.5)
for any u € K and any of the three cases considered above. Also in the unbounded

case there is a pointwise estimate for functions in W12, Suppose for example Q
to be unbounded from below, and ¢ € W?(Q). Then Schwartz’ inequality yields

¢%@=/2¢f¢ﬁS2WM'Wﬂ- 2.6)

3. Statement of the Problem and an Appropriate Ljapunov Functional

Depending on the situation of interest, numerous discrete velocity models have
been treated. In this paper we use a generalized Broadwell model with 2n
velocities vy, i = 1, ..., n, cf. Broadwell (1964), Gatignol (1975). The set of
admissible velocities has been defined in Sect. 1. The set of equations describing
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the time evolution of this model of gas in a slab (which for simplicity is rescaled
to [0,1]) is

0 0 -
(E + v a)F,- =Y FjF_;—n-FF,, i=%1,..,4n. (31
j=1
Here, the symbol F denotes the partial spatial derivative in direction i, and
v; is — as in Sect. 1 — the corresponding component of v;. One particular steady
solution to these equations is represented by the homogeneous distribution
F;=s, i=+1,...,tn (3.2)

for some arbitrary constant s > 0. (However, this is not the only steady homo-
geneous solution.) In order to clarify the main ideas we restrict to this simplest
solution as a basic flow.

Depending on the boundary conditions, we restrict ourselves to solutions
satisfying — according to (1.1) —
Unperturbed inflow conditions:
F,0,0)=s, F_(LLty=s, i=1,...,n; (3.3a)
Periodic boundary conditions:
Fi(0,t) = Fi(1,1), i=+=1,...,4n (3.3b)

and the compatibility conditions

n 1
> / (Fi(x, £) + F_i(x, 0))dx = 2ns,
i=1 0

n 1
> ok /Fi(x)dx =M, k=0,...,n—1, (CO)
0

i=t1

which ensure conservation of the mass and of the first n odd momenta. However,
in order to include the solutions (3.2), the momenta have to be zero, this is
equivalent to the condition

1
/(Fi(x, ) —F_i(x,t)dx=0, i=1,...,n. (CO);
0

Of course, the conservation laws associated to (3.1) imply that (CC), ; are satisfied
for all time ¢ > 0 once the initial data satisfy (CC);3. This case, even though of
minor relevance in applications is included here in order of completeness.

Partially reflecting boundary conditions: !

F,'(O, l’) = /L'F_.i(o, t) + bi,

L Fa(Lo = AF(L) +by, i=1,..,n, (3.3¢)

! Notice that, while (3.3a) coincides with (1.4); p.2 of Kawashima (preprint), the relations (3.3c)
have not been considered before in such generality
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where A; are constants such that 0 < 4; < 1, and b; are non-negative constants.
Furthermore, it is assumed that the basic flow (3.2) solves these equations, namely,
s=Aks+b, i=1,...,n.
Denote by f; the perturbation of the flow:
Fi(x,t) = s+ fi(x,1).
The kinetic equations for

g =fi+fa; i=1..,n
and

0; I=f,'—f_i; i=1,...,n

can be easily derived from (3.1) as

D67 =67,
j=1

5[[ + ViOixy = 0, i= 1, A (N (34)

N —

n 1 n
G+ uidie =25 Y (0 =) + 5 D (0] —07) =
j=1 j=1

where the subscripts ¢ and x denote partial derivatives. As one can check immedi-
ately, the perturbed flow F; satisfies one of the three sets of conditions described
in (3.3), if the vector-valued function u(x, t),

u= (0‘1, vvey Opy 51, ey 5,,)T

is in the coresponding subspace K of W2 as described in Sect. 1. In particular,
the compatibility condition (CC) reads

n 1 1
> /a,-(x, t)dx =0, /5,~(x, dx =0, i=1,...,n (CC)
=17 0

and the boundary conditions are
unperturbed inflow conditions:
0:(0,t) + 9;(0,t) =0,
oi(l,t) —6;(1,t) =0, i=1,...,m; (3.5a)
periodic boundary conditions:
0i(0,1) = ai(1, 1),
0:(0,1) =6:(L,1), i=1,...,m (3.5b)
partially reflecting boundary conditions:
0i(0,2) + 0:(0,2) = Ai(0:(0, 1) — 6:(0, 1)),
oi(L,t) — 6;(1,t) = Ai(oy(1,0) + 6:(L,8)), i=1,...,n. (3.5¢)

It is worth to notice that, for periodic boundary conditions (3.5b) the perturbation
u belongs to K of case 2. Actually, from

lulgk =0

we deduce o; = ¢; and 6; = di with ¢;, d; constants and ¢; = o; for all
i,j=1,..., n. From equation (CC'), we deduce d; =0 foralli=1,..., n.
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We now reduce the problem of stability to the study of the evolution of some
norm of o; and §;. One physically meaningful norm would be for example the
sup-norm. In the sequel we prefer the stronger norm of W12,

The problem is set in L? as follows: We want to study the time evolution of
an appropriate Ljapunov functional related to the solution

u=(01,..., On, 01, ...,5,,)T
in L2 of

%u=(S+M)u+Nu

with the linear symmetric operator S bounded in L2:
T
Su=(—h}]m—qm”q—kzyw—oﬂowwo>,
J J

the linear operator M bounded in W12:
T
Mu=— (vlélx, vevs Unbnx, V101x, -+ UnOnx)

and the nonlinear operator N :

Nu— <_z(a§_o;)+z<éf—5f% s = 200 = 7))
j J !

T
+Zm—$wa0.
J

We want to study the role on stability played by the operator M. This operator
verifies always the condition
(Mu,u) <0

(see second step of Sect.4). Results obtained in Galdi and Padula (1990) suggest
to look for possibly stabilizing effects coming from the coupling functional

(Su, Mu),

which here is a sum of terms of the form

1
/5ix~ajdx.
0

Partial integration of these terms yields terms of the form

1
/5,~-ajxdx.
0

This motivates us to introduce the following two functionals:

g; gj
Fl =Z/(U_l_;)]i)(5tx_5jxdx
0
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and .
5 9
F, ¢=Z/<—.‘—J.) (01 — 0jx) dx.
. U vj

The Ljapunov function E to be investigated is a linear combination of the two
norms in W12:
1

2=§ ||u||2

Ey
and

1
Ey =5 e

and the two functionals F; and F,. We end up with
E :=E0+,N‘E1 +/1’F1 +Tﬂy'F2,

where p, A and 7 are positive coefficients. Since we want E to be positive, we
impose the following sufficient restriction on u, A and t:

22 v
.1 < " .
SRR TR (36)
where
Um =min{v;, i=1, ..., n}.

4. The Evolution Equation for E

Taking scalar products from (3.4) and performing some elementary calculations
leads to the following results:

dE, X
—2 = —5-X*+By+N

i s + By + No,

dE

—dt—l=—S‘Y2+B1+N1,

dF
=2 =S4 Y+ L+ B+ Ny,
F.
%=—T2—Y2+Zz+13+Ba+N3

with the nonnegative terms
2 2
X*=3" o —ail?,
ij

2 2
Y2=3 lloj — 0wl
ij

Z2 = 16 — Sull®,
ij
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(X,Y, Z, S, and T being the nonnegative quantities related to these equations),
the terms with indefinite sign

1 (v, —vj
]
=4s- Z D_ <O'k i, Oix — jx z UIX’ Ojx — 0ix> >

i,j.k

ij ' ij

the boundary data
— 3 0 0i(08()y»

i
- Z Ui+ 01 (%)

Ui —70

y=—2" Z(a (x) =0 (x) alx(x)[0+2 Z

L 65(x) - o(¥)]y»

v — V;

By=-2- Z(ai(x) —3;(0) O (¥)]g +2- Z 8; (%) - 0 ()]s
ij ij

and the third order terms originating from the nonlinearities on the right-hand
side of (3.4):
22 a,,ol—zz — 67, ai),

2 Z — 0; )x; O'lx — 2 Z (52 xa atx>

1 1
N2=zk _<0-I%—0'i2, 5ix—5jx>—z v_i<513_6i2’ 5ix_(ij>,
b ijk

1 1
Ny=n-3 — (0] =) &) =13 — (6] = 7 ).
o o

Combining all these terms, we end up with

%E=—D+I+I;+N, 4.1)
where
D=s-X>+us—A1—1) Y2 +A-(1—1)-Z*+A-8*+ 1t -T2,
I=1-L+it-1I5,
Iy =By+pu B+ 4 -By+ At - Bs,
N=No+p-Ny+21-Ny+ 2t -N;s.
In order to show that the right-hand-side of (4.1) is strictly negative for appro-
priate choices of y, 4 and 7, we proceed in several steps:

First Step: Bounds for 1. The following calculations don’t make use of the Poincare
inequality and thus are valid also in unbounded domains.
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We assume in advance

1 us
< = < —.
1:_2 and 1< >
Then
2 BS o A 2 2
D>s-X +7Y +§Z +AS“ 4+ 41T~
Define

and recall that
vw =min{v;, i=1, ..., n}.

From condition (1.2b) we obtain a > 0.
Employing the Cauchy Schwartz inequality and the inequality

1
2xy$s-x2+gy2 for ¢>0

we conclude

1
> = {0k — 01, G — Ojx)

1

1

ik ij
<" xz
Um
n 1 i
< (xy —22)
V20, Vs ( 2
< n D
T omV2As

Similar procedures lead to

Ui T V2us \ 2
b
< -D
T V2Aus
and
(vi — ) b 2 2
- 5ix> 5'x_éix < (Mt T*+1Z
Z, oy (O O = O} < e )
b

< -D.

] 1/2 1/2
<n (Z = (0 = ai)2> : (Z(a,-x —5ix)2)
Lj
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Integrating by parts we obtain

1
Z . (Ojx — Oix, 51’)’ <

ij

1
Z;(o'j — 0, 1x> +IB|

ij

vn 2 T2
< ——— (X" + 41T B
20,V asAt (s o) + 18]

NG
<————"D+|B
2V asit 1Bl

with the boundary part
1
B = Z (0'] O',') . (5,"0 .
Lj

Collecting all these estimates, we end up with

1l < <2n-\/_s bVl 2Vwsit b7

Um \/— Um* /@ V2

<c¢-D+4nsit - |B|

1)

)D+4nsit | B

for

om V20T vmVal V2

We conclude that for any positive values ¢ and ¢ and any positive numbers a,
b, s, u, the parameters 4 and 7 can be chosen small enough such that

I|<c-D+e¢-|B|.

{2n-\/2/1s b-VA 2Vmsht b-ﬁ}
¢ =4 max .

For the time evolution of E follows then from (4.1):
d

G E<—(—aD+e |Bl+Ir+N. 4.2)

Of course we will fix ¢ later on to be smaller than 1.

Remark. The bound ¢ for I was obtained by applying only the Schwartz inequality.
Therefore it is valid also for unbounded domains. In the particular case Q = R,
the vanishing conditions at infinites yield:

Is +¢-|B|=
since u € W12, In this case, (4.2) provides linear stability (cf. Corollary in Sect. 1).

Second Step: The Boundary Data. We want to prove that the boundary data we
chose (i.e. u belonging to K) always have a non-destabilizing influence.
In the periodic case (case b), the condition (3.5b) and Eq. (3.4) assure that

Is +¢-|B| =
Therefore, the boundary data do not influence the linear stability condition
—(1—¢D+¢-|B|+1I5s <0.

The following calculations are related to the unperturbed inflow case (case a):
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From (3.5a) we deduce
oi 51',(1) =3 (@7 (1) +07(0) + 5 (67(1) + 67(0)) -
This furnishes a dissipative term in (4.2). Furthermore, from

0i(0) = —6(0),
ou(1) = ay(1),

and (3.4) follows at the boundary points x € {0,1}:
— 2s
6ix=+aix—v—i;(a,-—o,~ Z(a —02)+ 2(52_52).
Taking squares leads to
1 s? 2
toix - O = -3 0% +05) + ;g(; (0 —Ui)>
s
+ ;(Z () - m)) : (Z (6} —o?) = 5] —63)1)
AN j
+ L(Z (02 — 0?) — (6 —5%])2
81%2 J i J i
! j

with the sign on the left-hand side being + for X = 0 and — for x = 1.
From this we obtain

Iy +¢-|Bl=—Dp+1Ip+ Npg,

where
1
Dp =3 (VP + W)+ 5 (V7 +W3),
Vi, W; being the nonnegative quantities defined by
Ve =3 u(a}(0) + i (1),

i

Wi=" u(620)+53(1),

i

V=" w(ok(0) + o (1),

i

Wi => u(6%0) +6%(1);

i

further

Ig=ps*- ). vl {(Z (6, (1) — a,-(l)))2 + (Z (0;(0) — O'i(o))>2}
i ! j J

+ 4nsit - |B| + AB, + At Bs 4.3)
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and

No—us- Y {(Z 1‘ (aj—ai))ozr (Zua,?—a?)—(a,?—éf)])(x)
l i,j

x=0
+2y <Z[<a — o)) — (67 — 2)](»2))2}.

Again we have to estimate Ig in terms of Dg and D. To begin with the first
term on the right-hand side of (4.3) we write, denoting by X simultaneously the
boundary points 0 and 1:

> (Z (0 (%) — ai(x)))z

=Y 0@ o) @ =Y T (0 6) ~ %) o).

(%]

ijk ij
Now
Z = (0 (%) — 0i(®) - ou(%)| < v— 23 0@ lok(®)|
ijk ™ ik
2
( Z |a,(x)|2) < 12 w?
and also
Z - (0(%) = 01()) - 0i(3)| < W1 ,
i,j m
so that
2
> {(Z (0; (1) — oi(l))) + <Z (0,0~ a,-(on)z}
i j j
SL w? < ﬂ Dy.
v2 v2
From

(%) — (X)) " 0ix(X)

1/2
<2 (2 09 — o (w)‘” ' (;"— y viaé(x))
i,j "o
12 " 1/2
<2- (2n : Z |ai(>‘c)|2) : (E Z v,-oizx(ic))

2n 2 1 2 14 2
< — . — | = —
ﬁ(zmzwz

S2n-\/§
Um * /1L

Dp
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and
3 Y o o] < L wiw, < b,
T Um VT
we obtain as an estimate for Bz'
IB,| < (\f 2+vb) D
m
Similarly,
|Bs| < - (\/_-i- vb) - D
and 5
n n
Bl<— (VE+W}H<=D
||—Uy%1(l+ 1)—031
Collecting all terms, we end up with
8 2
| < viz(Z,usz-f-sﬂr +4-(1471) (V2+Vb) - 71)3.

Obviously we can for any ¢ > 0 choose u and (depending on y) A small enough
such that
[Ig| <c-Dp.

For the case ¢ we do not go through all calculations but indicate the main
arguments.
In the partially reflecting case, the boundary conditions give

0i(0) = —1:6i(0),  0i(1) = —ri6i(1).
with
1— 4
Since 0 < 4; < 1, we find a positive constant ¢ such that

Bo < —co Y (67(0) + 67(1) + 52(0) + 62(1)).

Furthermore, following the same arguments adopted in case g, from the evolution
Eq. (3.4), we deduce

By =) {vi(—0u(1)8ix(1) + 0:x(0)5:x (0)}
= { = inloi) + 26k ()] — 517 [62(0) + ik (0)]}
+ Y [Bi(1) - Bi(0)],

where

Bi(1) = riv;! Z {—2s(6; —o)) — L (6} =P+ 1 (67 =D} (),

Bi(0) = 77! Z{ 2s(0j — o) — 3 (67 —a}) + 1 (67 — 67 }(0).
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Hence, we easily obtain

Bi<—c1 ) (60)+0k()+6%0) +55(1) +1 - N,

with a positive constant ¢y, a scalar product I which — as well as the terms B,
and B; — can be controlled as in the cases before, and a third oder term N which
can be stimated like the other terms of N (compare the third step).

We conclude: In all cases, for proper choices of the Lagrange coefficients u, A
and t we have

%Es—m'D+N—n-D3+NB @.4)

with suitable positive constants m and n. Actually Dp represents a dissipative
effect due to the boundary data. In this regard, the boundary data we choose can
also be stabilizing.

Remark. Since the inequality of (4.4) is still true for unbounded €, again linear
stability is obtained and the Corollary in Sect. 1 is completely proven.

Third Step: The Nonlinearity. Here, we use the generalized energy method by
Galdi and Padula (1990). Precisely, we shall prove that

N + Np < f(E) - (D + Dp)

with a strictly increasing function f on R, with f(0) = 0. We recall the results
from Sect. 2 stating that

flull < yo - |ulk, (4.5)
sup [u(x)| <y - lulk (4.6)
X
for any solution u = (ay, ..., 6, J1, ..., 6,)7 of (3.4) in K. Furhtermore, from
inspection of | - | follows immediately,
luk <h-D, 4.7
lulx <lo-E, (4.8)

where

l; = max —1 1

= Ata’ s |’

lo=max{4n, E}
U

We will now investigate step by step all terms contained in N and Np:
INol <% > {[loj —ailloj +ail lowl dx + [ |8; — il [8; + dil o] dx}
Lj
<Y suploil - {(lo; ] + lloil)* + (15, Il + 13:[)?}
ij
<1-lulk Y (loill® + oy 1> + 1802 + 116;11%)
Lj
< 2ny1 - Julg - [ull® < 2npop lulk . (49)
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For uNy + At N3 we obtain
|uN1 + At N3
1 Atn . 2 2 2 2
< Z fli Oix + Téil {I(Uj —07)x +|(5j —07)x|} dx

<Z |50 L a|| {suplo; +ail - (o | + loicl)

+ suplaj —ail - (lojx | + llowl) +sup6; + il - (16x Il + 19ixl)
+supld; — il - (16)x | + [I6ix )

Atn
<dn e 2 |5 0+ =2 61| - Gl + ol + el + 161}

<201 lulg - {l\“ %&-ll%ua,-xuz+||a,-xl|2+||6ix||2+ua,-qu}

2
<2y, -2n- (u2+4- (?) -y0+1)|u,<[3. (4.10)
N, can be estimated similarly as Ny, and we find

A
[AN| < —Suplul D Ulokll + laill + 10x | + 18:1) - (I8ecll + 113
i,j,k

A
< —suplul - 3 ol + 218 +2/0i|)
An?
<2 @+ 1) ik (@.11)

Equations (4.9)—(4.11) yield together with (4.7) and (4.8)
IN|<c-|uk <¢-ly-/lD-VE =:cDVE

with the constant ¢ explicitly given above.
For Njp the following relations hold:

Vsl < 25 up u)- Z D (62(®) + 67(%)

x=0 i

+— (sup [u])? ZZ(az(x)-HS (%)

x=0 i

dnus n?usy?
< [ T 7w

m m

2 272
< {4"#3'}’1\/5 . \/E_+_ n #Syll() E} 2DB

Um Um
=:g(E) - Ds
with g(E) strictly increasing and g(0) =
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We want to mention that these estimates require the use of the Poincaré
inequality and thus cannot be transferred to unbounded domains:

Fourth Step: Decay of E. The calculations of the previous steps allow us to state

%E <—(m—c-VE)D— (n—g(E))Ds. (4.12)
Assume that the initial energy E(0) satisfies
m2

E(0) < min{c—z, g—l(n)}. (4.13)

Then E(t) is initially decreasing. As a consequence, (4.13) is satisfied also by E(t).
This induces monotonicity:

E(t;)) < E(ty) for t; >1ty,

and
[e0) (o]

/D(t)dt<oo, /DB(t)dt<oo.
0 0

Moreover, from Poincaré’s inequality follows
—-D<-r-E, r>0. 4.14)
Therefore p
a—tE <—r-(m—c-\/E©0) E.
Gronwall’s lemma now yields

E(t) <E@)-exp{—r-(m—c-/E(0)) t}

proving exponential decay of E. In particular, from (2.5) we obtain exponential
decay in the ess-sup-norm for u and consequently for f;(x,t). However, in the
latter norm we do not deduce, any more, the decay from the beginning because
E(0) strictly increases (equality holding only for constant data) such a norm. A
further confirmation of such a fact might be numerical calculation.

Acknowledgements. This work was partially supported by GNFM of Italian CNR, MPI 40% and
60% contracts at the University of Ferrara, and by CNR, PSMMMI. The authors want to thank
P. Galdi for useful discussions.

References

Babovsky, H.: Initial and boundary value problems in kinetic theory. Part II. The Boltzmann equation.
Transp. Theory Stat. Phys, 13, 475-497 (1984)

Beale, J.T.: Large-time behaviour of discrete velocity Boltzmann equations. Commun. Math. Phys.
106, 659-678 (1986)

Bellomo, N., Kawashima, S.: The discrete Boltzmann equation with multiple collisions: global
existence and stability for the initial value problem. J. Math. Phys. 31, 245-253 (1990)

Bony, J.M.: Solutions globales bornées pour les modéles discréts de I'équation de Boltzmann, en
dimension 1 d’espace, Journées “Equations aux Derivées Partielles.” Ecole Polytechnique, Paris
1987

Broadwell, J.E.: Shock structure in a simple discrete velocity gas. Phys. Fluids 7, 12431247 (1964)



106 H. Babovsky and M. Padula

Cabannes, H., Kawashima, S.: Le probléme aux valeurs initiales en théorie cinetique discréte. C.R.
Acad. Sci. Paris 307, 507-511 (1988)

Coscia, V., Padula, M.: Nonlinear convective stability in a compressible atmosphere. Geophys.
Astrophys. Fluid Dynamics 54, 49-83 (1990)

Galdi, G.P, Padula, M.: A new approach to energy theory in the stability of fluid motion. Arch. Rat.
Mech. Anal. 110, 187-286 (1990)

Gatignol, R.: Theorie cinetique des gaz a repartition discrete de vitesse. Lecture Notes in Physics,
Vol. 36. Berlin, Heidelberg, New York: Springer 1957

Gatignol, R.: Kinetic theory boundary conditions for discrete velocity gases. Phys. Fluids 20, 2022
(1977)

Heywood, J.G., Rannacher, R.: Finite element approximation of the nonstationary Navier-Stokes
problem. Part IT (1982)

Illner, R., Platkowski, T.: Discrete velocity models of the Boltzmann equation: A survey on the
mathematical aspects of the theory. SIAM Review 30, 213-255 (1988)

Kaniel, S., Shinbrot, M.: The Boltzmann equation. I. Uniqueness and local existence. Commun. Math.
Phys. 58, 65-84 (1978)

Kawashima, S.: Global existence and stability of solutions for discrete velocity models of the
Boltzmann equation. In: Recent topics in nonlinear PDE, pp. 59-85. Lecture Notes in Num. Appl.
Anal. 6. Kinokuniya, Tokio, 1983

Kawashima, S.: Initial boundary value problem for the discrete Boltzmann equation, Journée “Equa-
tions aux Derivées Partielles”. Ecole Politechnique 1988

Kawashima, S.: Existence and stability of stationary solutions to the discrete Boltzmann equations
(preprint)

Longo, E., Monaco, R.: Analytical solutions of the discrete Boltzmann equation for the Rayleigh
flow problem for gas mixtures. Phys. Fluids 28, 2730 (1985)

Nishida, T., Mimura, M.: On the Broadwell’s model for a simple discrete velocity gas. Proc. Jpn.
Acad. 50, 812-817 (1974)

Padula, M.: Existence of global solutions for 2-dimensional viscous compressible flows. J. Funct.
Anal. 69, 1-20 (1986)

Slemrod, H.: Large time behaviour of the broadwell model of a discrete velocity gas with specular
reflective boundary conditions. Proc. “Waves and Stability in Continuous Media.” Sorrento 1989

Sobolev, S.L.: Applications of functional analysis in mathematical physics. Providence, Rhode Island:
Am. Math. Soc. 1963

Tartar, L.: Some existence theorems for semilinear hyperbolic systems in one space variable, MRC
Technical Report 2164, University of Wisconsin 1981

Toscani, G.: On the Cauchy problem for the discrete Boltzmann equation with intial values in LT (R).
Commun. Math. Phys. 121, 121-142 (1989)

Communicated by H. Araki





