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Abstract. We show that the analog of the Miura maps and Backlund-Darboux
transformations for a general class of equations of Toda type and for a generalized
class of periodic Toda flows are isomorphisms of Poisson Lie groups.

1. Introduction

In the study of the Korteweg-de Vries (KdV) equation, it is well-known that an
important role is played by the Miura maps which relate KdV to an associated
modified equation (mKdV) [M]. On the other hand, Bicklund-Darboux trans-
formations have been used successfully to construct soliton solutions (see, €.g.
[WE, D]). If L= —D?+q and L= A*A denotes the factorization of L into first
order operators, where A = D —v, then the starting point in [ D], for example, is the
observation that the Backlund-Darboux transformation for KdV corresponds to a
reordering of factorsin L,i.e. L= A* A+ L= AA*. As has been noted by Adler [A],
there is also a parallel theory for the periodic Toda lattice. In this case, the analog
of the Miura maps takes the 2n-periodic Kac-van Moerbeke lattice [KvM] into
the n-periodic Toda lattice, and again, the Bicklund-Darboux transformation
corresponds to a factorization and reordering of the factors. The Gelfand-Dickey
hierarchy [GD1] generalizes the KdV hierarchy to n™ order operators, and in this
context, the generalized Miura maps were introduced and analyzed by Kuper-
shmidt and Wilson [KW7. In [KW1] it was shown, for the first time, that the Miura
maps, and their n'™ order generalizations, were canonical with respect to
appropriate Poisson structures. This involves a so-called Adler-Gelfand-Dickey
second structure [GD2], which is a forerunner of a general construction on
associative algebras for skew-symmetric r-matrices [STS1]. By contrast, nothing
is known about the Hamiltonian character of the Miura maps for the case of the
periodic Toda lattice. From a different direction, in the study of the interpolation
of discrete algorithms in numerical linear algebra by continuous flows, it was
observed that if an n x n real matrix M solves the so-called SVD flow, then both
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MMT and MT™M are solutions of the Toda equation [C, DDLT]. Again, the
question of whether the maps M +— MM, MTM are Poisson maps is open.

The purpose of this paper is two-fold. On the one hand, we would like to
understand the Hamiltonian nature of the analog of the Miura maps for a general
class of systems of Toda type, and also for a generalized class of periodic Toda
flows (see Sects. 3 and 4). Our approach to this question builds on recent progress
in [LP]. By working on the group level, our second purpose is to understand the
extended Sklyanin bracket in [LP], particularly with regard to its relation with
Poisson Lie groups. Let us recall [STS2] that a Lie group G equipped with the
Sklyanin bracket is a Poisson Lie group, i.e., the multiplication map is a Poisson
map from G x G (equipped with the product structure) into G. For a Poisson Lie
group, the underlying Poisson structure is uniquely determined by its linearization
at the identity. Also, it follows from a theorem of Manin [Drin] that there exists a
dual Poisson Lie group. With the modified structure in [LP], G is no longer a
Poisson Lie group and the above properties are unfortunately lost. However, as we
will show, the image of the analog of the Miura map(s) is a Poisson submanifold of
the Lie group equipped with the modified structure. Furthermore, this Poisson
submanifold (with the induced structure) can be endowed with two distinct
multiplication maps which turn it into isomorphic Poisson Lie groups, the
isomorphism being supplied by the Bicklund-Darboux transformation! In
particular, our arguments also show that the restriction of the Backlund-Darboux
transformation to the classical (periodic and non-periodic) Toda lattice is also a
Poisson map.

The paper is organized as follows. In Sect. 2, for the convenience of the reader,
we assemble some of the basic facts about Poisson structures on Lie groups. The
main results are in Sects. 3 and 4. Section 3 is concerned with systems of Toda type
on real, semisimple Lie groups. We introduce these systems and the associated
modified equations. Then we study the Poisson geometry of the analog of the
Miura maps and the Biacklund-Darboux transformation. As an application of our
results, we establish the complete integrability of the SVD flow [C, DDLT] on the
upper triangular group. In Sect.4, we do the same for the generalized periodic
Toda flows, where the dynamics now takes place on appropriate infinite-
dimensional loop groups. We close the paper by considering the classical periodic
Toda lattice. Here, the maps which take the 2n-periodic Kac-van Moerbeke lattice
to the n-periodic Toda lattice are shown to be Poisson maps.

This paper was motivated by a question which arose in [DDLT]. As noted
above, the map M +— M™M (or MMT) takes the SVD flow into the Toda flow. In
[DDLT], the SVD flow was shown to be Hamiltonian with respect to a Sklyanin
structure. On the other hand, the Toda flow is Hamiltonian with respect to the Lie-
Poisson structure on symmetric matrices, regarded as the dual Lie algebra of the
upper triangular group [S]. The map M +— MTM (or MMT), however, is clearly
not canonical with respect to these two structures, and as noted above, the
Hamiltonian nature of the map(s) is not clear. In Sect. 3, however, we show that
M MTM (or MMT") is indeed canonical, if the domain retains the Sklyanin
structure, but the range, consisting of positive definite matrices, is equipped with a
modified structure in [LP].

Finally, we note that, at the general level of semisimple Lie algebras, the
underlying thrust of the results that follow is an interplay of the Iwasawa and
Cartan decompositions of a Lie algebra, moderated by the analog of the Miura
map. However, our understanding of the interplay is not yet complete.
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2. Poisson Structures on Lie Groups

We review in this section some of the basic facts about Poisson structures on Lie
groups which will be used in the sequel. For systematic treatments and proofs, we
refer the reader to [STS2, LP].

Definition 2.1. (a) A Lie group G equipped with a Poisson structure is called a
Poisson Lie group if group multiplication is a Poisson map from G x G (equipped
with the product structure) into G.

(b) Let G be a Poisson Lie group and H a Lie subgroup of G. We say H is a Poisson
Lie subgroup of G if H is a Poisson submanifold of G and forms a Poisson Lie
group with respect to the induced structure.

A Poisson Lie group has the special property that the underlying Poisson
structure is uniquely determined by its linearization at the identity. An important
class of Poisson Lie groups is associated with the so-called classical r-matrices.

Definition 2.2. Let g be a Lic algebra. A linear operator Re Endg is called a
classical r-matrix if the formula

[X, Y]g=3([RX,Y]+[X,RY]), X,Yeg
defines a Lie bracket. We shall denote by gy the vector space g when equipped with

[’]R'

From the point of view of integrable systems theory, operators R which satisfy
the modified Yang-Baxter equation

(mYB) [RX,RY]—2R[X: Y]Rz_[Xs Y], X7Y€g’

which is sufficient for R to be a classical r-matrix [STS1], are of particular interest.

Now, consider a Lie group G whose Lie algebra g is equipped with a
nondegeneratead-invariant pairing(-, -). For ¢ € C*(G), we define the left and right
gradients D', D@ : G—g by

d d
Do), X)=—| oge™), Do), X)=— ol*g).
dtl,—o dtl,—o
We have
Theorem 2.3 [STS2]. Let Re Endg be a skew-symmetric solution of (mYB), then
{®, ¥}say. =3R(D'9), D'p)—3(R(D9),Dy), ¢,y eC(G)

defines a Poisson structure on G, known as the Sklyanin bracket. Moreover,
(G, {,}siy.) is a Poisson Lie group.

The Sklyanin structure admits an extension for a class of r-matrices which
includes the skew-symmetric ones. In [LP], the basic assumption on R € End g is:

(H) R and A=1(R— R*) are solutions of (mYB).
Theorem 2.4 [LP]. Suppose R satisfy hypothesis (H) above and S =%(R + R¥*), then
the formula
{0, v} =3AD'p), D'yp)—3(A(D@), Dy)+ 1(S(De), D'yp)
—3(8(D'g), Dy), ¢, peC™(0)

defines a Poisson structure on G.
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In contrast to the Sklyanin bracket, the group G equipped with the modified
structure in Theorem 2.4 is not a Poisson Lie group. Therefore, the Hamiltonian
operator n: G—End g defined by {¢, v} (g)=(n(g)D(g), Dy(g)) is not a 1 cocycle of
G for the Ad-action.

3. Analog of Miura Maps and Biicklund-Darboux Transformations
for Equations of Toda Type

We introduce Lax equations of Toda type and the associated modified equations
on real, semisimple Lie groups. Then we describe the Poisson geometry of the
analog of the Miura maps and the Backlund-Darboux transformations. As an
application, we prove the complete integrability of the SVD flow [C] on the upper
triangular group.

Let g be a semi-simple Lie algebra over €, and < - ,- ) the associated Cartan-
Killing form. We fix a Cartan subalgebra lj of g, and let 4 be the root system for the
pair (g, ). Then we have the root space decomposition

g=b+ a‘ELA 8z (3.1

Suppose {H, ..., H,} is a basis of hg, and 4™ C 4 is a positive system. According to

[V], there exists an involution 7€ Aut(g) such that ;= —1; and also one can

select, for each ae 4™, a Z,egq, such that <Z,,1(Z,))=—1. Set Z_,=—1(Z,),

aeA*. Then the H{1<i<I) and the Z (xe 4) form a Weyl basis [V]. The real,
semisimple Lie algebra

go=br+ 2 R-Z, (3.2

aed

is the real normal form of g, and has subalgebras
= ¥} R-(Z,~Z.), u=bhe+ 2 R-Z,. 3.3)

aedt aeAt

We have the Iwasawa decomposition g, =f@®u and the Cartan decomposition
go=F@®pinto +1 and —1 eigenspaces of 7. Let G, be a connected Lie group with
Lie algebra g,. Then G, =K - U, where K and U are analytic subgroups of G, with
Lie algebras I and u respectively. On the other hand, the map pxK
—Ggy: (X, k) (expX)k is a diffeomorphism and we denote exp(p) by P. Now, let
I1,, I, denote the projection operators relative to the Iwasawa decomposition of
go- We define

R=II,—-1I,, A=%R—R* and S=%}R+R¥. 34
Propeosition 3.1. R is a solution of (mYB) which satisfies hypothesis (H).

Proof. Since  and u are subalgebras of g, it follows from [STS1] that Ris a
solution of (mYB). For X €g,, let X, X, and X _ denote the components of X in
bg, span{Z,},. 4+ and span{Z_,},. ,+ respectively. Then IILX =X _+tX _, I X
=X,—tX_+X,. By a straightforward computation, we find that IIf X=X,
+tX_and IT}X=X,+ X _—tX_.Therefore, AX =X _—X , and 4 can be easily
shown to be a solution of (mYB). [

In what follows, we denote the lift of the Cartan involution 7 on g to the group
level also by the same symbol.



Analog of Miura Maps and Backlund-Darboux Transformations 205

Definition 3.2. (a) A Lax equation of Toda type on G, is an equation of the form
£=1T.R(R(D¢(g)) — 3 T.R(R(D¢(g))), (3.5
where @ € C*(G,) is a central function, i.e. p(hgh™!)=¢(g), g, he G,,.

(b) The modified Toda equation on G, associated with a central function ¢
satisfying ¢(t(h™'))=@(h), he G, is the equation

g=3T.R (A(Dh,(g)))—3 T.L(A(D'h,g)), (3.6)
where h,(g)=p(t(g " ")g).

Remark. Observe that on matrix groups, (3.5) is an equation in Lax pair form. A
model for (3.6) is the SVD flow in [C, DDLT].

Both Egs. (3.5) and (3.6) are Hamiltonian systems on G,. Indeed we have [LP]

Proposition 3.3. (a) Equation (3.5 ) is the Hamilton’s equation generated by ¢ in the
modified Poisson structure

{01,023 =3<AD'¢,), D'p,> —3<A(D@,), Dp,>
+3{8(D¢,), D'p,>
—3{S(D'@1), D3>, 01, 92 € C*(Gy).
(b) Equation (3.6) is generated by the Hamiltonian h,, in the Sklyanin structure

{(Pl: (Pz}smy. =1{AD'¢,),D'¢p,)>—31{A(D,),D¢,),
¢1, 926 C*(Gy).

Using the fact that ¢ is a central function, it is clear that we can rewrite Eq. (3.5)
as

¢="T.R,(II,Do(g))— T.L,(II;D¢(g)). (3.7)

Using formula (3.10a) and (3.10b) below, together with the fact that ¢ is central, we
find Dh,, D'h,ep. As AX=II,X for all Xep, we conclude that Eq.(3.6) is
equivalent to

g = % T;Rg(HthqJ(g)) - % T;Lg(HID,h(p(g)) . (38)
At this juncture, we introduce maps o, f: G,—P,
ug)=tg" g, Pl)=gug™"), geGCo. (39)

Remark. If G=SL(n,T), then for the standard choice of the Cartan subalgebra (see
Remark 3.10 below), G,=SL(n,R) and ©(g)=(g~ )7, g€ G,. Therefore, a and f
reduce to the maps discussed in the introduction.

The reason we call Eq. (3.6) a modified Toda equation is due to the following
result.

Proposition 3.4. If g satisfies Eq. (3.8), then a(g) and f(g) satisfy the Lax
equation (3.7).

Proof. We give the verification of the assertion for a(g). From the equation
satisfied by g, it is easy to check that

(d(g)) = % ’TeRaz(g)(HfD,hq)(g)) - % TeLa(g)(HfD,h(p(g)) g



206 P. Deift and L.-C. Li

As ¢ is central and is invariant under the composition of the inversion map and ,
we find from formula (3.10b) below that

D'h(g)=Dop((g)) — t(Dp((g)) = 2D p((g)) -
Hence the assertion follows. []

As a first step towards establishing the Hamiltonian nature of the maps « and 8
introduced above, we first prove

Proposition 3.5. P is a Poisson submanifold of (G, {,}).

Proof. The Hamiltonian vector field generated by we C®(G,) in the Poisson
structure {, } of Proposition 3.3 is given by

X (8)= TR, IT{(D"p(g) + Dy(g)) — T,L,IT{(D'p(g) + Dy(g))
+ T.R,IT¥(Dy(g) — D'p(g))
+ T,LIT{(Dy(g) — D'y(g)).

Now, take a point p=exp(s) € P; we must show X (p) € T,P. Consider the first two
terms in the above expression for X, evaluated at p. This is equal to

, , d
TR oxp o II{D'W + DY) — T, Ly [I{D'w + Dy) = it exp(Ad,err, 0w + v S)
t=0

which lies in T,P as Ad,in, 0w +pw S is in p. For the other two terms, the evaluation
at p gives

T;Rexp(s)H:(Dw_DIlP)"*' T;L Hf(DW—D’W)

exp (s)

= % exp(tII(Dy — D'y)) exp(s) exp(¢ITi(Dy — D'y)).
t=0

But the image of IT¥ lies in p, and so
exp(tIT(Dy — D'y)) exp(s) exp(tIT(Dy — D'p))=(c(t)~ e(t) e P,
where c(t)=exp(}s) exp(tIT}(Dy — D'y)). Consequently, the evaluation of the last
two terms at p is also in T,P. []
The induced Poisson structure on P will be denoted by {, }p.
Theorem 3.6. The maps o, f:(Go, {, }sy) (P, {, }p) are Poisson maps.

The proof of this result is based on the following properties of the operators A
and S.

Lemma 3.7. For all X g,
(a) 1(AX)= — A(zX),
(b) AX)+S(zX)=X.

Proof. For X €g, let X, X ,, and X _ be as in the proof of Proposition 3.1. Then
(a) follows on noting that 7(X3;)=(tX).. On the other hand, it is easy to verify that
StX)=Xy+2X,. As A(X)=X_—X,, (b)follows. []

Proof of Theorem 3.6. We shall prove the assertion for a. Let ¢, pe C®(P) and
extend them to functions ¢,y on G,. We have to show {¢ o a, p o a}gy, = {0, p} oot
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By a direct computation, we find
D(¢ o a)(g)=D(¢ ° Lyy-1)(8)—uD(¢  Lyy-1)(2), (3.10a)
D'(¢ - a)(g)=D'p((g)) — 1(Dp(e(g))) - (3.10b)
In particular, as noted earlier, (3.10a) implies D(poa)(g)ep and so
AD(p-a)(g)el. As <, p)=0, it follows that
2{90 oo, Yo a}Skly.(g)
=CA(D (¢ > ) (2)), D'(w ) (8)>
=AD" p((g)) — t(Dp(2)), D'p(x(g)) — t(Dy(x(g)))> -
To simplify notation, let X=Dg(x(g)), Y=Dy(g), X' =D'¢(«(g)) and
Y'=D'y(o(g)). Now, invoke Lemma 3.7, we obtain
2{p o0,y o tfguy.(g)
=(AX'), Y —CAX), Y ) —CAX), 1Y ) —{A(rX), Y')
={AX"), Y )—C(AX), Y)+ (X", 1Y =8(Y)) —<{t X - 8(X), Y")
=(AX), Y")—C(AX), Y +<8(X), Y') —<(S(X"), Y,
where we have used the facts that D'g(x(g))=Ad,,) -1+ Do(x(g)) and 7o Ad,y,,-:

=Ad,, o 7. This proves the assertion for . The proof of the other half is similar
and details will be left to the reader. [

In what follows, we want to show that P can be turned into two distinct
Poisson Lie groups. To see this, recall that the maps a|y and f; are diffeomorph-
isms [H]. Pushing the group structure on U forward under «|; and ], we can
equip P with multiplication maps mp, #ip: P x P—P. In this way, «|; and |,
become isomorphisms of Lie groups.

Proposition 3.8. U is a Poisson Lie subgroup of (Go, {-}sy.)-

Proof. According to [STS2], it is enough to verify that u* C(g,), is an ideal (recall
that A is a classical -matrix by Proposition 3.1). From the definition of u, we have
ut= Y R-Z, Ifaeg, Xeu', we find
aedt
o, X1,=%(a-—a., X]—[a,X])
=—[3a0+a.,X]
from which it follows that [a, X],eu', as required. [J

The induced structure on U will be denoted by {, },. Combining Theorem 3.6
with Proposition 3.8 (we do not need the full force of Proposition 3.8, only the fact
that U is a Poisson submanifold of G,), we now have

Corollary 3.9. oy, Bly:(U,{,}v)—(P,{,}p) are Poisson diffeomorphisms.

Theorem 3.10. (a) (P,mp, {, }p) and (P,#ip,{,}p) are Poisson Lie groups and the
maps oy, Bly are isomorphisms of Poisson Lie groups.

(b) The Bdicklund-Darboux  transformation  B:(P,mp,{,}p)—(P,#ip,{,}p):
o(u)— B(u), ue U, is an isomorphism of Poisson Lie groups.
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Proof. (a) The assertion follows from the following commutative diagrams:

UxU Mo, ¢y UxUMuew, ¢y
axﬂ)vxvl lalv ﬂxﬁlvxul l/’lu
Pxp ", p Pxp ™=, p

(b) This is clear from the relation B=(B|y) (aly)~!. O

Remark 3.11. Let g=sl(I+1,C), =1 and let ) be the abelian subalgebra of g
consisting of diagonal matrices. Then I is a Cartan subalgebra, and the Cartan-
Killing form on g is given by <X, Y) =2(I+ 1)tr X Y. Let A,, ..., 4, € h* be defined
by A;:diag(ay, ...,a,, ) a;andleto; =4, — A, , 1Si< 1. Theset S={a;, ..., o} is
a simple system of roots and the corresponding positive system is 4% ={4,— ;|1
<i<j=I+1}.For this particular choice of the Cartan subalgebra and the positive
system, 7 is the map X+ —X*, go=sl({+1,R), f=so(l+1,R) and u is the
subalgebra of g, consisting of upper triangular matrices. We have
Go=SL(I+1,R), and the maps o and f are given by a(g)=g"g, f(g)=ggT. It is not
hard to check that the subset of “bidiagonals”

a, by 0

B=3 L(a,b)= €Gpa;>0,1<i<I+1,b;>0,15j<I

0 . bl
a1+ q

is a symplectic leaf of (G, { }si,.) (see [DDLT]). Thus, it follows from Theorem 3.6
that the maps L(a, b)— o(L(a, b)), L(a, b) — B(L(a, b)) are Poisson maps. This special
case was first obtained by Flaschka who computed the Poisson brackets of the
various coordinate functions [F].

Now, although we present the above results within the framework of real,
semisimple Lie groups, it is clear that the computations should go through for a
reductive group like GL(n,R). Indeed, we have the Iwasawa decomposition
glin,R)=0®t, where 0=0(n,IR) and t is the subalgebra of upper triangular
matrices. Therefore, if IT,, IT, denote the associated projections, then IT,—II, is a
classical r-matrix which verifies hypothesis (H) [LP]. Consequently, the identity
component GL' (n,IR) of GL(n,R), say, is equipped with two Poisson structures as
in Proposition 3.3. Moreover, the identity component T*(n,IR) of the upper
triangular group is a Poisson Lie group isomorphic to the symmetric space of real,
n x n positive definite matrices in two ways. In the rest of the section, we consider
the complete integrability of the SVD flow

== (uu))u—u(Il (u™v), ueT*(nR)

generated by the Hamiltonian tr(u"u). As in Proposition 3.4, if u satisfies the above
equation, then the positive definite matrix o(u)=u"u solves the Toda flow

uTu) = [ (uTu), uu].

Now, the Toda flow on positive definite matrices equipped with the induced
structure from (GL*(n,R), {,}) can be shown to be completely integrable on
generic symplectic leaves using the recursion relations in [LP]. Therefore, the
same must hold for the SVD flow on T *(n, R) as the two Hamiltonian systems are
isomorphic under u~> a(u)=uTu. To describe the integrals, we introduce the
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following notation. For an n x n matrix M, let (M), be the (n—k) x (n— k) matrix
obtained by deleting the first k rows and the last k columns of M and define

n—2k
PM,2)=detM—2)= ¥ En M7, 0<k< B‘]
r=0

Then the sign of E o0, 0Sk < [g] is constant on the symplectic leaves of the

structure {, } 7+, ) induced from (GL"(n,R), {, }g, ). Therefore, the set

W= {“€T+(H,R)|Eok(uTu)=l=0, k=1, ... [g]}

is foliated by the symplectic leaves of {,};+, g, For ueW, define I, (u)
=E,(u"u)/E (uTu), 0Sk<[$(n—1)], 1Sr=<n—2k.

Theorem 3.12. (a) The symplectic leaves of {,}r+uw) in W are of dimension
2 —1
2 r; , being the level set of the Casimir functions I, _ 5 ;, 1Sk= T

2
(b) The SVD flow is completely integrable on the symplectic leaves in W. The [%jl

-1
Poisson commuting integrals are given by I,,, 0k =< [ 5 } 1=r<n—2k-—1.

4. Analog of Miura Maps and Bicklund-Darboux Transformations
for Periodic Toda Flows

We first introduce the periodic Toda flows and the associated modified equations
on some Banach Lie groups contained in LGL(n, €). The paper [GW] provides
some of the technicalities for this part.

Let G be GL(n, €). The Lie algebra g, =gl(n,IR) is a real form of g=Lie(G) and
Go=GL"(n,R)is a corresponding Lie group. Denote by ¢ the involution of G and
g defined by this real form. Also, denote by t the automorphism of G defined by
7(g)=(g " *)*. The induced map of = on g will also be denoted by the same symbol.
We have the decomposition g, =f@u (with associated projections IT,, I1,)), where
f=0(n,IR) and u is the subalgebra of n x n upper triangular matrices. On the group
level, this corresponds to G,= KU, where K=0(n,R), and U is the subgroup of
upper triangular matrices with positive diagonal entries. Therefore, if we define

R=I,—M, A=3R—R*), and S=1(R+R*). @.1)

Then R and A are solutions of (mYB) so that R is a classical r-matrix which satisfies
hypothesis (H) [LP].

Let G=C>(S!,G) be the smooth loop group with the C* topology. G is a
Fréchet Lie group with the Lie algebra §= C*(S", g). We extend the conjugation ¢
of G and g to a conjugation on the loop group and algebra by setting (af)(z)
=0(f(2)), |z|]=1. Similarly, we extend 7 to G and § by (tf)(z)=1(f(2)), |z|=1.
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Notation 4.1. For ge G, we use the simpler notation g* to stand for (g™ 1)
Let G, and §, be the fixed point sets of the extended o. We shall use the
following nondegenerate ad-invariant pairing on §,:
dz dz
X, Y)= tr(X(2)Y(z)) —, dz=—. 4.2
K= § aXE@YE) S, &= 42
Obviously, (tX,7Y)=<{X,Y).
Following [GW], choose a symmetric weight function w:Z—IR, which is
rapidly increasing in the sense that
lim wn)n"*=00, Vs>0. 4.3)

h—
Also, assume that w is of non-analytic type:
lim w(n)!"=1. 4.9

h—

Let X egd, be given by X(z)= Z X,z", |z|=1. We define | X|,,= Z 1 X, | w(n),

where | - || is a norm on g,. Also, set (P, X)(z)= Z X,z"and (P_ X)(z)= Z X, 2"

n<0

Consider the Banach Lie group

Gow=1{geGolligll, <0} (4.5)
with Lie algebra
Sow=1{Xe€8olIX1,<o0}. (4.6)
We have the decompositions
ow =’f’w(-Bﬁw =¥w®ﬁw7 (47)
where ¥, ,, are the +1 and —1 eigenspaces of 7|§,,, and
ﬁw={X€§0w|P_X=0, Xoeu}. (4.8)

On the group level, this corresponds to the Iwasawa decomposition and the polar
decomposition of G,,, [GW]:

Go,=K, U,, G,,=K, B, (4.9)
where
R,={gelo,lg*e=1,}, U,={geGo,|P.g=0,g,€U} and
P,=exp(d,). (4.10)

Denote by IT; , IT;;  the projection operators relative to the splitting g, =1, ®il,.
We define

R*=IL —1I,,, A*=}R*—-(R*)*), S*=4R*+R**. @411)

Proposition 4.2. R¥ € End§,,, is a solution of (mYB) which satisfies hypothesis (H).

Proof. Since, and ii,, are subalgebras of §,,,, it follows from [STS1] that R* isa
solution of (mYB). Now, R* X =P_ X + RX,— P, X +2tP_X. On the other hand,
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we find (R¥)*X=—-P_X+R*X,+R,X+2tP_X. Therefore, A*X=P_ X
+AX,—P,X. To show A* is a solution of (mYB), observe that

AFAH[ILA)X, 12 A4%)Y]=845[4: X0, 4:Yo],
where 4, =1(4+1). Adding the two expressions gives
2[X, Y]+2[A¥ X, A* Y] —4A*[X, Y] 4
=2[X,, Yol +2[A4X,, AY,]—4A[X,, Yol4
=0,
as required. [J

Definition 4.3. (a) A periodic Toda flow on G,,, is defined by an equation of the
form

§=1R*(Dd(g)g—1gR*(DG(g), g€ Gy, (4.12)

where ¢(g)= § ¢(g(2)) %, @ € C*(G) being a central function.
1

(2] = ~
(b) The modified periodic Toda equation on G, corresponding to a central
function @ € C*(G) is the equation

g=1A*(Dh,(g)g—+gA*(D'h,(g), geG,, (4.13)

where 7,,(g)= Iz|§= ) o(g*(z)g(2) %

From Proposition 4.2, it now follows from [LP] that (4.12) and (4.13) are
Hamiltonian systems.

Proposition 4.4. (a) Equation (4.12) is the Hamiltonian system in the Poisson
structure

{(01’ 4’2} =4<(A*(D',),D'p,> —3<A* (Do), Do,» +‘%<S#(D¢’1), Do,
_%<S#(D,¢1)5D(p2>9 (01:(P2€C°0(60w)

corresponding to . 5
(b) Equation (4.13) is the Hamilton’s equation generated by h, in the Sklyanin
structure

{01, P2)suy. =3<A*(D'01), D' 92> —3<{A*(D@,), Doy,
®1,9,€C*(G,,).
For the Hamiltonians ¢ and h,, we have
D(g) (z)=D'@(g) (2)=D'¢(g(2)) ,
Dh,(g) (z)=2D¢(g(2)g*(2))
and
D'h,(g)(2)=2Dg(g*(2)g()), lzI=1.

In particular, Dh:,(g), D’%(g)e Py As A*(X)=m X for Xep,, a calcula-
tion similar to the one in Proposition 3.4 shows that we have the following result.
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Proposition 4.5. If ge G, solves the modified periodic Toda equation (4.13), then
both g*g and gg* are solutions of the periodic Toda equation (4.12).

Now, for ge GOW, it follows from [GW] that gg g*ge P,. Therefore, we have
maps & : Go,— P, given by ag)=g*s, fle)=g*2.

Proposition 4.6. (a) B, is a Poisson submanifold of (G,,,{-}).
(b) U, is a Poisson subgroup of (Gows {*}sy)-

Proof. (a) With f replaced by f,, u by ii,, and so on in the proof of Proposition 3.5,
everything goes through just the same as before.
(b) We have to show fi;, C(do,)4+ is an ideal. Now,

i, ={X €do, | P-X=0, Xyeu'},

where u* consists of real, n x n strictly upper triangular matrices.
For X €3§,,, Y €iis, we have

[X,Yle=[A_Xo—P.X,P,Y+Y,], A_=3}A—-1)

and clearly, P_[X,Y],+=0. As the constant term in [X,Y],. is given by
[A_X,, Yo]eu', we conclude that [X, Y], eii;. O

Notation 4.7. The induced Poisson structures on P, and U, will be denoted by
{,}p, and {,}y  respectively.

Theorem 4.8. &, B:(Go,, {*}siy) (B, {-}5.) are Poisson maps.

The proof of this theorem proceeds as in Theorem 3.6 because the properties of
A* and S* are analogous to those of 4 and S in Lemma 3.7. Indeed, we have

Proposition 4.9. For all X €4,,,
(@) (A¥X)=—A*(xX),
(b) A*X+S*(X)=X

Proof. (a) For X€g§,,, we can check that P_(tX)=1(P,X), (tX),=1X, and
A(tX,)= —1(AX,). Therefore,

A*(X)=1(P, X)—w(AX,)—(P_X)
= —1A*X).

(b) The assertion follows from S*(tX)=S(tX,)+2P,X and the property
AXy+S(tXy)=X, O

Now, we are ready to state the analog of Theorem 3.9. But first, note that &g,
Blg., are diffeomorphisms. To see this, suppose u*u=u*u’, u, u'€ U, Then by
Liouville’s theorem, (u'*) " lu*=wu"'=6, where 6 is a dlagonal matrix with
positive diagonal entries. Thus, it follows from u*=u*§=u*5"" that §>=1.
Consequently, 0=1 and we conclude that & is injective. Now, let exp(X ye P,
with Xep,. Since G,,=K, U, there exists keK, ueU, such that

X
exp (7> = ku. Hence, exp(X) =u*u and so dy_ is surjective. In a similar way, one

proves BIU is a difffomorphism. Since U, is a Lie group, we can equip P, with
multlphcatlon maps mp_, Hip,, so that &y , Bly. become isomorphisms of Lie
groups as before.
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Theorem 4.10. (a) (B,,ms,, {,}5,) and (B,,iwp_,{,}p,) are Poisson Lie groups and
the diffeomorphisms dly_, Bl are isomorphisms of Poisson Lie groups.
(b) The Bdcklund-Darboux transformation B:(B,, mp, {.}p.)~@B,.mp,,
{,}p.) 1 6(u)— B(w), ue U,, is an isomorphism of Poisson Lie groups.

We can apply Proposition 4.6, Theorem 4.8 and Theorem 4.10 to the periodic
Toda lattice. Consider loops in G,,, of the form

a, b, 0 0 0
U o(2)= C IR z, ld=1. (414
. n—1 b 0

n

n

0

It is straightforward to check that loops of such a form constitute a Poisson
submanifold of (G, {, }suy.)- Therefore, the modified periodic Toda flow

ua, b= ua,bA #(u:r,bua,b) - A #(ua,bu:b)ua,b

is Hamiltonian. Indeed, it is equivalent to the 2n-periodic Kac-van Moerbeke
lattice d;=o (02 —0f_ ), %4, =; upon letting a,;_;=a;, oy=b, i=1,...,n
Clearly, d(u, ;) is an n-periodic Toda matrix of the form

0 .. d, o i 0 0
» Moo fdy o 0 -
R A . . d +{ o e z.
oot d, ... 0
0 0 0 dn—l Cn !

Moreover, if u, , satisfies the modified equation above, then (6(u, ;)" = [a(u, ),
II; 6(u, ,)] which is the equation of the periodic Toda lattice. Of course, similar
remarks apply to B(ua,,,). Now, it is elementary to check that

T={u,,) |t € Gy, is of the form in (4.14)}

is a Poisson submanifold of (B, {,}s ). Furthermore, if d(u,, €T, then also
Bu,,)eT and vice versa. Thus, the maps u, ,+> 6y, ), g, B, ;) and
&(u, ) — B(u,,,) are Poisson maps when the domains and ranges are equipped with
the appropriate induced structures. We leave it to the reader to verify that similar
relations are also true for the nonperiodic version of the Toda lattice.
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