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Abstract. In the free charge phase of the Z, gauge-Higgs model on a lattice
charged particles are shown to exist.

1. Introduction

Charged particles in gauge theories cannot be created by applying local fields to the
vacuum. In a massive theory, this fact leads to strong restrictions for charged
particles to exist. In relativistic quantum field theory [1] as well as in a certain class
of Hamiltonian lattice theories [2], it has been shown that in a particle state
expectation values of local observables approach at spacelike infinity rapidly the
vacuum expectation values. In a case where the total charge is the sum over the
electric fluxes at spacelike infinity asin U(1) gauge theories, it therefore must vanish
(Swieca’s theorem [1-4]"). If however, the gauge symmetry is multiplicative like the
triality in SU(3) gauge theories, this conclusion is no longer valid, and charged
particles may exist, provided the electric fluxes in different directions are strongly
enough correlated. The absence of such correlations may be used as a criterium for
confinement [5].

In [6] charged states of the Z, gauge-Higgs model [7, 8] in the so-called free-
charge phase (Fig. 1) have been constructed. This phase is massive, and the general
discussion applies. It was left open in [6] whether there are particles in the charged
sector. This gap will be closed by the present paper.

The starting point of our analysis is the euclidean Green’s function in the
charged sector:

G(x0,X)= (D, Ux) T @) | (1.1

* Supported by DAAD
** Heisenberg fellow
! Note that the arguments in [2] and [1] do not use Lorentz covariance, in constrast to the original
argument of Swieca [3] and the treatment in [4]
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Fig. 1. Conjectured phase diagram for the Z, gauge-Higgs model

where (xo,X)eZ xZ°, d=2, @ is the vector constructed in [6], which induces
the charged state, U is the unitary representation of the lattice translations in Z¢
and T is the transfer matrix in the charged sector. We show that in some part
of the free charge phase the joint spectrum of 7" and U contains an isolated shell
{(e7?® ") pe(—mn, n]*} with an analytic function w(p)> 0.

The existence of stable particle excitations in lattice gauge theories has first been
proved by Schor [9] (see also [10, 11]. More references may be found in [12]). His
analysis is based on the different exponential decay of G and its convolution inverse
I'in the presence of an isolated shell in the energy-momentum spectrum. Up to some
modifications due to the non-local character of the particle creating fields, we can
closely follow Schor’s ideas in our proof. Another more recent approach to the
particle structure in lattice gauge theories is due to Bricmont and Frohlich [14-16].
Using their method it is also possible to prove the existence of charged particles in
the Z, gauge-Higgs model ([16] and private communication).

The Z, gauge-Higgs model has the action

S=Y B,01(p)+Y, But(b)dc(b) (1.2)
P b

with coupling constants §,, f,>0, Ising spin fields ¢ and 7 living on the sites and
bonds, respectively, of the lattice Z**!. The symbol § denotes the lattice exterior
derivative:

ot(p)=11 ) , da(b)=1] o(x), (1.3)
beop xedb
where ¢p is the set of bonds contained in the plaquette p and 0b the set of sites
contained in the bond b. In this model o represents the Higgs field and 7 the gauge
field.
All gauge invariant local functionals of the fields o and 7 are linear combinations
of the functionals y, (g, 1), where L is a finite set of bonds and

(.= 1] a(x) IT =) , (1.4)

xedL beL

0L denoting the set of sites which are boundary points of an odd number of bonds
in L.
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Fig. 2. The set N,

The Green function G in (1.1) cannot be obtained as an expectation value of
local fields in the Gibbs state defined by the action (1.2). The easiest way to describe
G is as a square root of the Green function of two infinitely far separated charges,

G(x)= lim {tow, 2w+ ot o Xow, XD 12 (1.5)

Here N, is the rectangular path from 0 to z*'=(0,2r,0...0) with corners in
(r,0...0) and (r,2r,0...0) (Fig.2) and 0 is the reflection on the (xy,=0)-
hyperplane.

Note that the transfer matrix T used in the definition of G differs from the
transfer matrix given in [6] by a constant factor due to the automatic choice of the
appropriate zero point of energy in the definition (1.5) (cf. [6, Theorem 6.2]).

G decays exponentially for 4 =tanh f, and g =e %% sufficiently small. One can
therefore define, for pe(—n, n}

@Qm)~4? Y e®*G(x), =0
Gp(t)= xeZ¢ . (1.6
0, t<0

For small couplings G,(¢), t =0 is a nonzero analytic function of p. For those p
for which G,(0) =0 the convolution inverse I', of —G exists. Itis given by the finite
sum

t n
LN==G(0)™" Y (=1 Y TT{Gu(t)/Gy(0)} . (1.7
n=0 =

Let #; denote the Hilbert space which is spanned by the vectors U(x)T" @,
t=0, xeZ°. #, admits a representation as a direct integral with respect to the
spectrum of U,

@
%1 = g ddp%(p) . (18)

7 is a diagonal operator in #, ,

@
T={ dpT, . (19)
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®
With @ = | d’p®(p), @(p)e # (p) we have

Go()=(2(P). 2@) ., 120,
and for p with |®(p)|?=G,(0)+0 we find

o(p), T,{(1 —E)T,} 'o@)| @] * . =1
Fp(t):ﬁ(p((pp))ﬂ_z{(‘ )L o) @) =l (1.10)
where E is the projection onto {A®(p), /€ C}.
Then
w()=lim (—1/tIn G,(1))=infsp (~In T},) , (1.11)
and from the minimax theorem [18]
d(p)=1lim (—1/tIn I,(¢))<inf {sp(—In T)\{w(p)}} . (1.12)

t— oo

In Sect. 3 we show that for 4 and g sufficiently small G,(0)=0 and & (p) > w(p)
for all p.

Thus w(p) is an isolated eigenvalue of —In T,. Moreover, since the Fourier
transform I, (w) of T}, is an analytic function of p and w for real p and Im o < & (p)
with a single zero at w=iw(p), o(p) is an analytic function of p.

We conclude that there are normalizable states with energy-momentum
spectrum contained in {(w(p), p), pe (—7, 7]*}. These states may be interpreted as
particle states. Actually, one can even show by methods of Burnap [13, 9] that the
spectrum of (7, U) in the orthogonal complement of #; is contained in the set
{(e™%,e™™), A= d(p), pe (—mn, w]"}. Thus the mass shell of these particles is isolated
in the whole energy-momentum spectrum.

The existence of particle-like excitations in euclidean lattice gauge theories is a
necessary condition for a particle interpretation of these models. In a next step it has
to be investigated whether there are also states which can be interpreted as outgoing
or incoming multiparticle states. In contrast to continuum quantum field theory
where this property follows from locality by the Haag-Ruelle scattering theory
([19-21], for a generalization to gauge theories (massive case) see [1]) in euclidean
lattice models no similar result is known.

2. The Polymer Expansion for G

In the free charge phase the Z, gauge-Higgs model admits a convergent expansion
which has first been described by Marra and Miracle-Sole [17]. We shall briefly
review this expansion (for a more detailed exposition see [6]) and shall then give a
representation of G which is meaningful also for space-time dependent couplings 4
and g. This will be important for the application of Schor’s method for the proof of
exponential decay of I'/G.

The Marra and Miracle-Sole expansion is a polymer expansion where the
polymers y e 4, are pairs y = { P,, N, } with P, being a coclosed set of plaquettes, N, a
closed set of bonds, and where y is connected as a graph in the following sense: The
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vertices are the co-connected components P; of P, and the connected components N;
of N,, and the edges are the pairs {P;, N;}, where N; winds an odd number of times
w(P;, N;) around P;,

(Pi, Nj)=(~1)* M=y (01, tp)= —1 , 2.1

where 7p, is a gauge field configuration with 6tp (p)= —1iff pe P;.

Two polymers y,, y, are compatible, y; ~y,, if no elementary 3-cube has
plaquettes in P, and P, as faces, if no point is a boundary point of bonds in N,, and
N,, and if no co-connected component of P, has an odd winding number with a
connected component of N,, and vice-versa.

The activity of a polymer 7 is

u(y)=h"g" (P, N,) 22

with A= [T h(b), g""= [1 g(p). [We use space-time dependent couplings
beN, PE

P'V
h(b)=tanh B,(b), g(p)=e *PsP ]
The partition function of the model is

Z=3 (nYy 3 uGn)...owO) (2.3)
. _ " EPNES
and its logarithm is
InZ=73) ¢, (2.4)
Iew

where % is the set of nonnegative, integer valued functions on %, with finite support
(called clusters) and u" = [T u(y)'". The coefficients ¢, (the so-called Ursell

V€Y.
functions) are of a purely combinatorial nature. We shall often exploit the fact that

cr=01f I'=I\+1I, with y~y, for all y;esupp I', y,esupp I',, as well as the
estimate

Y lerl WI=F Byl (2.5)

r+ty

where f= —In (sup {|h(b)], |g(p)|}) and F, is a monotonically decreasing function
related to the generating function of the polymers. For each f, < f with F;(ffy) < oo,
(2.5) implies the following bound for the contribution of large clusters:

Y lerllufise PPmE Byl (2.6)

r+y
1T zn

where [I'||=Y I'(y)ly| and [y|=|P,|+|N,|.

The expectation value of y; has the following expansion. Let S be a finite even
family of lattice sites, and let S be the set of sites occurring an odd number of times
in S. Denote by Conn (S) the set of all sets of bonds M with dM =S such that
each connected component of M meets at least one point in S. Furthermore, for
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OM=0L=S, set

0 if N, is connected with M or S,

2.7
(P,,LAM)  otherwise @7

aL,M,s(V) = {

(A denotes the symmetric difference) and a;, = ay g gif Lis closed. Then for all S with
S=0L one gets

= Z hM exXp { Z Cfﬂr(ai,M,S —1)} . (2.8)

M e Conn(S) Ire®

This expression is a generalization of the expansion for {y.) given in [6]
[expressions (4.6) and (4.16)] where S = 0L was chosen. Different choices of S (with
S=0L) correspond to resummations in (2.8). The freedom in the choice of S allows
a more symmetric treatment of open and closed paths L which turns out to be
convenient in the proof of Theorem 3.2 below. The convergence of (2.8) follows
from the estimate (2.5) for the exponent together with the combinatorial estimate
[{M:MeConn(S), |M|=n}|<IS|2d+1)"

To obtain an expansion of the Green function in the case of variable couplings,
one has to take the dependence of the normalization factors on the couplings
properly into account. Let the symbol k& denote the dependence of the expectation
values on the configuration of couplings: k={A(b), g(p)}s,,. Let K be periodic
with respect to translations by z and coincide with k£ on bonds and plaquettes
which belong to the set {xeZ*"', —r=<x,<r}; let k, _ (respectively k, ) be
symmetric with respect to reflections on the x,=¢ plane and coincide with k£ on
bonds and plaquettes in the half space xo <1 (xo21).

Let us denote

<X0N,A+XXNr+y>kEHr(-xaylk) . (2.9)

Then we define the Green function G for space-time dependent couplings by
(Xo=yo):

G(x,yye=lim {H,(x, k) H, G x 1k Y H A, yik§) DT 2172 (2.10)
with the square root functions being uniquely fixed by the condition ¢.»!*=0 for
real positive couplings. Now we apply (2.8) and choose S = {x, y, x +z*, y +z*} for
the numerator and S=# for the expectation values in the denominator in (2.10).

We identify bonds, plaquettes, 3-cubes, etc., of the lattice with their geometrical
central points (which are points in (1/2Z)* ). For a <b, define %, , as the set of all
clusters I' € 4 such that all bonds in N, and all plaquettes in P, are contained in the
time-slice a <xo <b for all yerI.

To control the convergence of the right-hand side of (2.10) we divide the set of
clusters into several subsets %, ., ,, and ¥_, ,. Using the representation (2.8) with
the abbreviations

a;,y;M(Y) =A(ON, +x) AN, +y), M, {x,y,x+2", y+z"’}(?) 5 @2.11)
az(y)=a@n,un)+2.0.9(7) »

and defining (for zo Swg) 9% .. =G\ G- 5209 G o, 0) WE May write G(x,y)? as the

z0,Wo
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limit r— o0 of

hMexp{ Y ernt (@) — (@)

M eConn(x,y,xr,yr) re%,,,«
+ Y e (@) @D+ Y erp (@) 1)
e ., Ie%t,
=12 Y ert, - (@) —1)
Iegf .,
—12 Y cru§0,+(<a;)f—1>}. (2.12)
Ie%k

yo,¥o

The subscript z,, » on ul, 4 indicates that the activity is defined onk,, 1, uand i
being defined on k.

By straightforward application of the estimates (2.5) and (2.6) we may control
the limit r— oo of the expression above and get

G(x’y)k: Z hMQ(M,X,y) 5 (213)
MeConn(x,y)
Q(M;Xa)’)zeXP (DM;x.y) > (214)

with
Dyixy=A+(M;x,0)+A-(M;x,y)+B(M;x,y) —C,(»)/2-C-(x)/2 ,

(2.15)
where
A (Mix, )= Y crp(alyn—ay) (2.16)
Te%,, .
A‘(M;x,y)-—— Z Crﬂr(ag,y;M'—ag) s (217)
I'e¥ o 5
B(M,Xa,V): Z Crur(ag,y;M_l) 5 (218)
reg;ko,ya
and
Ci(x)= Z Crit, = (@i —1) (2.19)
Tre%}

0,20

with a,(y)=lim @.(y) and for M e Conn (x,¥), a, ;. p(y)=lUm a% .y o 4:0) for

some M’ eConn (x, ).

The representation (2.13) converges provided |h(b)| <h,,|g(p)|<g. for some
he,g.>0. It will be the basis for the analysis of the energy-momentum spectrum in
the charged sector.

Using the estimates (2.5) and (2.6) we can easily derive the following bound for
Dyt y:

lDM;x,ylékl‘Ml+k2 > (220)
k, and k, being constants.

The term k,|M |is a bound for 4, + A_ + Band k, isa bound for C, +C_. The
first bound is an easy consequence of (2.5). The second one follows simply from the
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estimates

Y aio@-Ds Y Y lerllpllak 1|

Ireg* y:iyeZd+1l I''I'Ly
00 yo=xo
éz Z Z ICT| |:u§0l
yiyeZd*i I':I'ty
vo=xo0 ||IT]|zly—x]
<2 Z Fl(ﬁo)e*(ﬁ—ﬂo)ly—XI ) (2.21)
y:yeZd+!
Yo=Xo

where the last sum is a finite constant. Above we used improperly the symbol I' + »
to indicate that the clusters I" touch the point y. O

Inserting (2.20) into (2.13)—(2.14) one obtains the following bound:
1G(x, ) S e1(caho)™ ™! (2.22)

for |h(b)|Zho, lg(P)=go; 0<hy<h,; 0<gy,<g, and constants ¢, , ¢, >0, where A,
and g, are sufficiently small.

We also need a lower bound for G,(¢),#=0, in the case of constant positive
couplings. Since

Go(1) _(2(p), Tt P(p)) [(‘P(p), T<p>¢(p))}' _ [Gpﬂ)]

G,0)  fem]* = Jew]? G,(0)

a lower bound on G, (1) provides a lower exponential estimate on G,(f). A lower
bound for G,(1) is easy to find. According to (2.13) and (2.14), G(x,=1,x=0)is a
sum of positive terms and using (2.20) we find immediately

(2.23)

G(xo=1,x=0)=he F17k2 (2.24)
Now
Gp(1)=(2n)_d/2[G(x0=1,x=0)+ Z G(xg=1,x)e P*] . (2.25)
x+0

So using (2.21) we find ¢5, ¢, such that

Gy(NZ@2m) Zhle ™72 —ci0 Y (MM zesh(l—cah) . (2.26)

x*0

which is positive for 4 small enough.

3. Decay Properties of I,

We now want to show that the exponential decay of I',(xo) is faster than that of
Gp(xo) for sufficiently small couplings. The reason for this behavior is that the
leading term in the expansion of G,(x,) is absent in the expansion of I',(x,). Schor’s
method of proof relies on a decoupling property of G,(xo, o) for space-indepen-
dent but time-dependent couplings. We will consider g(p) =g, for all plaquettes in
the hyperplane x,=¢, h(b)=h, for all time-like bonds connecting the hyperplanes
Xo=t and xo=t+1. For all time-like plaquettes or space-like bonds we have
g(p)=g and h(b)=h.
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In order to write down an expression for I}, we need to prove that G,(t,, 1) is
non-zero. We have

Gyolty, t)=Q2m)~ 42 |:G(tl,t1;x=0)+ Y Gy, 1 ;x)e"""‘} . 3.1

x*0

But, according to (2.13), G(t,t ;x=0)=9(#;(¢;,0), (¢,,0)) whose modulus,
according to (2.20) is bounded from below by e *2.
So

le(tla tl);g(zn)_d/z |:ehk2 - z IG(tla 151 ,X)I]

x*0

=(2m)~? [6""2—61 > (Czho)'xl:l ; (32

x¥0

according to (2.22). Choosing /i, small enough we get a non-zero G,(#;, t;) forall p’s,
which enables us to write

I,=—P, zo (=D"Qy (3.3)

where I, P,, and Q, are understood as operators on /*(Z), the matrix elements of
the two latter being

Py(ty, ) =(Gp(t1, 1)) 64y 1, (3.4)
and

Op(11, 1) =(Gy(11, 15)/Gp(t2, 12)) (1 =0y, 1) - (3.5)

For each matrix element I,(¢;, ;) the sum in (3.3) is finite since Qp(t;, 1) =0 if
n>|t; —t,|. This establishes the existence of an inverse for G, on 1*(Z).

Now we start with the analysis of the exponential decay of I},. We will study the
dependence of I, on the variables A, and g,. In order to determine the leading
contributions we investigate the derivatives of G, and I', with respect to 4, and g, for
various f’s.

Lemma 3.1. 1) G,(Xo, Yo)ln,=0=0 for xo =<t <y,.
i) Iy(xXo, Yoln=0=0if Xo=1<yq.

Proof. 1) is obvious from (2.13). For ii) we note that i) means that Gpl;,-o, seen
as an operator acting on [*(Z), reduces the sub-spaces /*(Z,.) and [*(Z,-),
(Z,+ ={xo€Z|xo>1 for + orxo <t for —}), and I, -0, being its inverse, does the
same. Alternatively, ii) is a consequence of (3.3) and 1) since at least one of the matrix
elements @, in the expansion of Qp(xq,y,) is zero at h, =0, xo<t<y,. O

Theorem 3.2.
ahtGPIhtzgtzo=GPAtGP|ht=gt=0 (36)

with A,(Xo, ¥0) =2 m)"? exp [f;+110x0.40y0.41, Where f;+1 is a holomorphic function
of h, g, and g, for |h|<a, |g|, |g;:+1| <D for certain a, b>0.
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This is the central theorem of this work. Its proofis somewhat technical and will
be given in the Appendix. The function f;+; will also be defined in the Appendix.
(—f;+1) can be interpreted as the contribution of the gauge field to the mass of the
particle. It corresponds to —In« in the notation of [6, Theorem 6.2].

Corollary 3.3.
OnTplh=g=0=4: (3.7)

hence Gy, I'y(xo, Y0)lh =g, =0 =0 for yo —xo 22.

Proof. From the relation I',G,= —1 we get 0, I, =1,(0,,G,)I,. Inserting now the
relation (3.6) we obtain the desired result. O

Comparing Corollary 3.3 with Theorem 3.2 we understand the essential reason
why I', has a faster decay than Gy, : the dominant dependence of G, on £, xo <1 < y,,
is of first order, but the one of I}, is of higher order. Corollary 3.3 is the crucial point
of the proof of the existence of isolated singularities of G, as we shall see below.
Nevertheless, informations about the other derivatives of I}, are also useful since
they provide information about the spectrum of the model beyond the one-particle
singularity.

Lemma 3.4.
1) 0g'G(x, Y)g=0=0 Vi, 1Sm<2(d—1),(d=2),V(x,y) ,
i) 04 G(x, P)lg=0=0 if mis odd , (3.8)
i) 05 Gp(X0, Yolln =0=0 if xo<t<y, and m is even .

Proof. Parti). If d > 2 the smallest co-closed set of plaquettes in the hyperplane xo =¢
is formed by 2 (d — 1) plaquettes. These sets correspond to co-boundaries of isolated
bondsin Z* So, if a polymer contains plaquettes on the hyperplane x, = 0 its activity
contains at least one factor g2~ If d=2 such a polymer contains also at least one
factor g2 in its activity since in order to be co-closed it cannot have only one
plaquette on the hyperplane.

Part ii) is a consequence of the fact that all polymers contain an even number of
plaquettes on the hyperplane x,=1.

Part iii) comes from the observation that the lines M € Conn (x, y) for xo <1<y,
contain an odd number of variables 4,, but the polymers y contain an even
number. O

Corollary 3.5.
1) OpTply=0=0 Vi, 1=m<2(d—-1) ,
i) Ot lyly=0=0 if misodd , 3.9
iii) 05 Iy(Xo0, Yolln=g.=0=0 if Xo=t<yo .
Proof. The above relations are simple consequences of the Leibnitz formula,

m—1

o=y <’:>(asrp)(am-56p)r , (3.10)

s=0
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with the use of the Lemmas 3.1 and 3.4, of the Theorem 3.2, Corollary 3.3 and
induction.

We show explicitly the proof of iii), the others can be done in an analogous way.
We have at h,=g,=0,

6,%11"1,: Fp(c'?;iGp)Fp +2(0p 1) (04, Gp) Iy =Fp(5;iGp)Fp+2A,GPA,GPFP
=Fp(a}iGp)rp . (3.11)

Now, for x, <7<y, we conclude from the last equality that 07 I'y (X0, Yo)l, = 4o =0 =0,
since I, reduces /*(Z,) and [*(Z,-) and, according with Lemma 3.4, iii), 0 G,
does the same. 0O

It suffices to consider the function I,(0,y,), yo>1. We have proven the
following facts about it:

1) 1500, yo)ls =0 =0 if 0<r<y, ,
2) O 10, ¥)lh=ge=0=0  Vr(since |yo|>1) ,
3) 04 1(0,¥0)lg=0=0 Vi; 1<m<2(d—1), or m odd , (3.12)

4) a&%trp((),}’o)igﬁht:o-_—o if 0=t<y, .

We consider now h,=h and g,=g for all ¢ outside of the interval 0 <1< y,.
Considering I,(0, yo) as a function of 4, and g, for a 1 on 0= <y,, (0, o) is
holomorphic in all the couplings and has an absolutely convergent power series
expansion for || <a, |g;|<b,

LO,y)= Y anahi"gi . (3.13)

nmz=0

where the coefficients g, , are holomorphic functions of all other variables. The
relations (3.12) impose constraints on the coefficients a,, ,. An analysis of these
constraints brings the following general structure for I,,(0,y,) as function of A,
and ¢, :

1,(0, yo) = hou(hy, g,) (3.14)

withu, (h,, g,) = h? o, (h,) + g2~ Y B,(h,, g?), where «,(h,) is a holomorphic function of
h, (for |h,|<a) and of all other variables except ¢,. f; is also holomorphic in all
variables. The dependence of 8, on g7 comes from the fact that I depends on even
powers of g,.

u,(h,,g,) is a holomorphic function of 4,, g, for |h|Za, |g,|<b. We define

P(A)=u (2 e hg) =224 D [hE o, (GO h) g7 4TV B(AY Ry, A2 gD)]
(3.15)

@(/) as function of / is holomorphic for A’s satisfying |44 1h,|<a and |ig,| <b.
From Schwarz’ lemma we have

lp (D= IA/A P4 sup lp(A)] (3.16)
e

with Z.=min (|la/h """ V;|b/g.)).
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So setting A=1 we get

|y (he, g0) =) sup lu(hy, g0l (3.17)
hy, g
where j,=max (|, /al*;1g,/bP“ ™).
Inserting (3.17) in (3.14) and using the maximum modulus theorem, we arrive
finally at the estimate

115(0, yo)l é(lhtva)jt{ sup IF,{(O,yo)I% ; (3.18)
b <a
lgil<b
where I, (0, yo) is a short-hand notation for I,(0, y,) as a function of 2/ and g, for the
specified 7, the other variables being maintained. Iterating this inequality for all ¢
with 0=17<y,, we find

yo—1
(0, 00)1= T1 (lhzl/a)jt{ sup pr’(O,yo)!} : (3.19)
t=1 |hil<a,|g:|<b
0=t<yo

The supremum of the right-hand side can be estimated by inserting into the
expansion (3.3) for I, the upper bound for |G,(¢;. ;)| implied by (2.22) and the
lower bound for |G,(¢;, )| of (3.2). One obtains

sup (0, yo)| = sup {% z Il JGp(li~1,li)|/n IGp(tiati)|}

|hel <a, |gel <b k=1 0=tog<ty...<tx=yg i=1 i=0
0=1<yo

Sci(e)™ (3.20)
for some ¢;, ¢, >0.
Taking finally A, =h, g,=g Vt, we get

1150, yo)l Sy (er)° [1hfal - j1ob (3.21)
where

j=max [(h/a)*, (g/b)*“™ "] . (3.22)

Now, using (3.21) and the exponential bound on G,(¢) given by (2.22) and
(2.23) combined with (2.26), it follows that, for s and g sufficiently small
a(p)=lim (—1/tIn I,(1))>w(p), which completes our proof for the existence

=0
of an isolated eigenvalue of —In 7, at w(p). We note that w(p)~ —In/ and
@(p)= —In h—Inj. It is interesting to see that —Inj is just the mass gap in the
vacuum sector in first order of approximation. We may interpret —In j as the mass
of a stable “photon” (case j=¢>“ ™V, d>?2) or as the energy of a scattering state of
two charged particles (case j=#h?).

4. Appendix. Proof of Theorem 3.2

In this appendix we will present the proof of Theorem 3.2 above. According to (2.13)
we have for xo <t <yy:

OnG(X, Y)lp=0= Z (ahthM)lh,:oQ(M;X,)’)|ht=o . 4.1

MeConn (x,y)



Z, Gauge Theories 415

Y
ﬁ M
. all
b
—— = = —— = At
Ja
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Fig. 3 X

For ¢ outside of the interval xq <t <y, the derivative vanishes at 4, =0, since in
this case the sets M e Conn (x, y) contain an even number of timelike bonds in the
time slice t<zo<t+1, zeZ".

The lines M which contribute to the sum (4.1) have in general the form found in
Fig. 3. M is a disjoint union M=M'UM" U {b}, where M is the subset of M which
lies below the hyperplane A4, ={xeZ‘"':x,=1}, M" the sub-set which lies above
A;+1 and b is the (unique) bond in M connecting M’ and M". Let a’, a” be the
boundary points of b, with @’ in A, and a”"=a' +é,, é, being a unit vector in positive
time direction. The set M’ belongs to the set Conn (x, a’) and the set M " belongs to
Conn(a",y). So, we are able to write (for xo<1<yy):

On G(X, Vlp=0= Z Z (hM’hMﬂ)thoQ(M;X,)’)Ih,:o . (4.2)

a’'eAd: M’'eConn(x.a’)
M"”eConn(a”,y)

Now we have the following factorization formula:

oM X, Y)ln=g=0=€xp [fr+1] [oe(M"; x,a)o(M";a", )l =g=0 - (4.3)
Here
Sie1=1)2 Z CT/“"{+1,-(a£_1)lh,=gt=Oa 4.4)

I'e%t+2
where s A,. Note that f;.{ depends only on 4, g, and g, . { , in particular it does not
depend on s.
Expression (4.3) follows from the relations (valid at 4, =¢,=0)

A(M;x,y)=A.(M";d",y) . (4.5)
A-(M;x,y)=A_-(M';x,a’) , (4.6)
Cil@)=A4.(M";x,a)=A_(M";d",y)=0 (4.7)

and
BM;x,y)=B(M';x,a)+ B(M";a", y)+f,+1—1/2C_(a") . 4.8)

The last relation follows from the fact that at #, =g, =0 the clusters belonging to
%% ., for which u' £0 are contained either in the set 4 ,, in the set %, ,, or in
the set 4, ,+;. Thus the sum in the definition of B(M; x, y) splits into a sum over
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G¥ (where ak . =dk oip), asumover 4%, , (whereal .y =al. ) and a sum
over %, ;. (where ak ., =ap). The first sum coincides with B(M ', x, a'), the second
one with B(M",a", y) and the third one yields (at #,=¢,=0)

Y e (@ —1)=firy ~1/2C-(@") . (4.9)

I‘Egt,t+1

So, for h,=g,=0, xo <t<y,, we have

M G(x,y)=exp [fis1] Y G(x,a)G(@ +éy.p) . (4.10)

a'e Ay

By Fourier transform with respect to x —y and y —a’ the statement of Theorem
3.2 follows. 0O
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