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Abstract. We consider a system of N hard disks in R? in the Boltzmann—-Grad
limit (i.e. N> o0,d 0, N-d— 17! >0, where d is the diameter of the disks). If A is
sufficiently small and if the joint distribution densities factorize at time zero, we
prove that the time-evolved one-particle distribution converges for all times to
the solution of the Boltzmann equation with the same initial datum.

1. Introduction

It is generally believed that in certain limit situations the dynamics of a gas of
particles can be described by the Boltzmann equation. One of the basic problems in
the foundations of kinetic theory is to prove the validity of this statement in a
rigorous way, assuming, as a starting point, the laws of classical mechanics. The
difficulty and appeal of this problem stem from the necessity that one has to relate
two evolutions with very different natures: Newtonian dynamics, which are
deterministic and reversible, and Boltzmann dynamics, which have a stochastic
character and are irreversible.

A first result in this direction was obtained by Lanford [1] who deduced, in a
rigorous way, the validity of the Boltzmann equation for short times (on the order of
magnitude of a fraction of the mean free time).

In this paper we consider a two-dimensional system of hard disks and prove, by
following the general strategy proposed in [1], the validity of the Boltzmann
equation for all times in the case of a gas allowed to expand into free space and for
large enough mean free paths (in comparison with the initial datum). In doing this
we use the idea developed in [2] for solving the Cauchy problem for the Boltzmann
equation in the corresponding three-dimensional situation-namely, that free flow
has good contracting properties on functions rapidly decreasing at infinity.

We discuss the limitations of our result. The method applies to cases in which the
density decays at infinity, so thermodynamical situations elude our analysis.
Furthermore, we are not able to treat more realistic three-dimensional systems. This
is probably a technical difficulty. Finally, we assume that the gas be rarefied in the
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sense that the mean free path has to be large enough. Although our estimates are not
optimal, this constraint could be really essential, also from a physical point of view.
In any case: In order to answer the validity question for the Boltzmann equation, one
first has to solve the associated Cauchy problem, and a positive answer for this
problem, globally-in-time, is not yet known in the general case.

2. Formulation of the Problem and Main Results

We consider the time evolution of N identical disks in R?, interacting by means of

elastic collisions. We denote by ¢?X = (x4(t),...,x%(t), vi(?),...,v4(?)) the positions

and velocities of the particles at time ¢, where X = (xy,...,Xy,0y,...,0y) denotes the

phase point at time 0 and d is the diameter of the particles. The flow ¢?X is defined

almost everywhere with respect to the Liouville measure dX =dx,---dxydv,---dvy.
Let

pi(dX) = p'(X)dX 2.1

be an absolutely continuous probability measure on the phase space of the system
and

FHxy X0y, 0) = [ pAX)dxy 4y - dXndUy - doy 22)

the joint distribution densities. We assume u“ (and hence the f%) to be symmetric
with respect to the variables g; = (x;, v;), because the particles are indistinguishable.

Let
H(X)dX = pi(¢t X)dX (2.3)

be the time evolved measure and let £ , be the associated joint distribution densities.
Then

fi=80ri+ (I) dsSU(t — S)C{ s 1S %+ 1,56 (24),

where
;{, = if j>N, (2.5)
(SUOS D1 Xp 01 - 0) =FHAL 61+ Xy, V1 - 1)), (2:6)

Ci.k+1fi+1(x1 o X, Vg e Ug)

k
= .ZI(N—k)djdnjdvu1”'(Uj—‘vk+1)fz+1(x1 X XA, vy Uy ), (2.7)
=

and n denotes a unit vector in R2,

The derivation of the hierarchy of Egs. (2.4) can, e.g., be found in [3], but the
discussion there is largely formal. The hierarchy corresponds to the well-known
BBGK Y-hierarchy, usually established for particles interacting via smooth poten-
tials, and is a consequence of the laws of classical mechanics. From a rigorous point
of view the meaning of Eqs. (2.4), is not completely clear, because the flow ¢? is only
almost everywhere defined. We face the problem of giving sense to the collision
operator Cj ., in Eq.(2.7)for f{, |, which s only a.e. defined. However, we can give
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a meaning to the following series expansion associated with (2.4),:
. ’ ’ N-kt t -1 d d d d d
S(=0f.=Sit Zﬁ‘;dtl 6“1‘2"' b[ dt,SN(—1)Ch i+ 18U —t5) St S 4 n-
ne

(2.4),

In fact, we denote by I', the k-particle phase space and choose g, .+ €L°(I ;4 ).
Consider the configurations X,el, and y,,,€%;,,, where %, .=
{Xi+ 1€+ 1]]Xi— X, +11=d for some i} denotes the set of all k+ 1-phase points
obtained from an X, by adjoining a colliding particle, and study ¢% (Y, ). If we
vary Y, ,, over &, and te[0, T], ¢* (Y, ) spans a tube flow which is a set of
positive measure in I’y , ;. Therefore g, + (9% (Y, + 1)) is defined almost everywhere in
Fr+1 x [0, T]. Integrating with respect to Y dv,., dn n'(v; — v, ,), we obtain a

function, denoted by C, ;1 ;S%(t)g + 1, Which is defined a.e. in I, x [0, T]. The same
argument shows that S%(—t,)C{ , . ;SUt, —t,)---SUt,) f4 1, is defined for almost all
ty <ty <t,_,<--<t; <t and almost all x,. Thus the right-hand side of (2.4),
makes sense and “defines,” for all ¢, a function S —1)f# , which is a.e. defined in I',.
From now on, 8% —1) /4, will always be interpreted as the right-hand side of (2.4),.
The equivalence between the SY(—¢)f{, defined by (2.4), and the joint distribution
densities given by (2.3) will be established in the appendix.
Besides Egs. (2.4) we also consider the so-called Boltzmann hierarchy:

S =80t fi + z‘;dsS(t —=8)Crhr1Srr1,50 (2.8)

where
S() filxy - Xy vy - 0) = filXy — 018 X — VL, 01 0y) (2.9)
describes free flow and

Crs1Sir1(x1 X501+ 0y)

k
= zll—ljdvkﬂ 5 dnn(v;—v;+4)
=

n(vj—uk+ 120

A 1(y XX, 01 V) D4 1)

“fk+1(x1“‘xkxj,vl"‘Uj“'vkvk+1)}- (210)
Here, v}, v, denote the post-collisional velocities belonging to the incoming
velocities v;, v, ;. , and the collision parameter n. 4 is a positive constant proportional
to the mean free path between collisions.

If f(x,v) is a solution of the Boltzmann equation for hard disks, then the

functions

k
JidXy X, 00 0) = Hlft(xj’vj) (2.11)
j=

satisfy the hierarchy (2.8). This explains the name of the hierarchy.
The similarity between Eqgs. (2.4) and (2.8) becomes more transparent by
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rewriting the collision operator from Egs. (2.7) in the equivalent form
Cl i1 ur 13Xy X, Uy 0y)

k
= -21 (N —k)d|dn | Ay 1 1(V;— Vi 4 1)
£

n~(vj—vk+1);0
{ier 1o XX —nd, vy Voo vy y)
—frr1.4% s X XX+ nd, v, "‘Uj“‘Uk+1)} (2.12)

(see [1] for details). In spite of the similarity, the hierarchies are very different. The
first (finite) hierarchy corresponds to the time evolution of a reversible Hamiltonian
system. The second one has a stochastic nature and displays irreversibility—we
know that the H-theorem holds rigorously for short times. Nevertheless, Egs. (2.12)
are the formal limit as d >0, N - o0, N-d - A ! (this is known as the Boltzmann-—
Grad limit) of Egs. (2.7), and therefore, in this limit situation, a particle gas is believed
to behave according to (2.8).

We now formulate our result. Consider a sequence of statistical states (u%)
associated with hard disk systems with d >0 and N such that N — o0, d >0 and
A~'=N-d fixed. We assume that the joint distribution densities /¢ at time zero
satisfy

i) if (R? x R = (X ||x,— x| >d for i#k, i, k=1,...,j, d20}, then the f{ are
continuous on (R? x R%Y;%. Furthermore, there exists an infinite sequence
{f;},» continuous on (R* x R?):°, such that

lim f4 =f; (2.13)
d-0

uniformly on compact subsets of (R? x R2)%°.
ii) the estimates

j .
sup | f4(x; -+ x;,0, ---vj)lexpﬁo< Y (xf-!—vf)) < const z}, (2.14)
X1...Xj i=1

Vi..Uf

hold for some B,=2 exp(4™') and z,> 0.
Theorem 2.1. Assume i), ii) and let z,* A~ be sufficiently small. Then, for all t >0 and
j>0,
iinéfj-',,(xl e X g 0) =%y X0y 00 0) Ak, (2.15)

where f; solves uniquely the Boltzmann hierarchy.
If the initial state factorizes, i.e. if

fhor e +0) = T filsuona @16

then this factorization is preserved in time for f;,, and f; , is a unique solution of the
Cauchy problem for the Boltzmann equation.
Proof. Following [1] we write (2.4),,
t 151 h—1
f;i = Sd(t)fd + Z Idtl jdtZ T j dtnSd(t - tl)Cd' : 'Sd(tn)fd’ (2 1 7)
o 0 0

nx1
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where f{ = {fi }iZ 1, S ft= {Sd(t)fg}l?o= L, Clf= {(Cdf)k}l:oﬂ ={Cix+1Su+1}i=1
(we recall that we are using the convention f§ , = Ofor ¢ = 0and k > N, thus the series
appearing on the right of (2.17) is only a finite sum). Analogously we write a similar
(formal) expansion for the Boltzmann hierarchy, with initial datum given by the
limit (2.13):

t ty -1
fi=S@Of+ Y gdhgdtz'" g dt,S(t—t,)C---S(t,) f, (2.18)
nx1

with S(6)f = {S(8) fi}iz 1 and Cf = {(C)i}i% 1 = {Ciper 1 fis 1}i=1- In [1] it is shown
that under the hypotheses of Theorem 2 each term of the series (2.17) converges a.e.
to the corresponding term of the perturbation series (2.18). Therefore, to prove (2.15)
itisenough to show convergence of the Boltzmann hierarchy series and to bound the
series (2.17) by a convergent series of nonnegative terms not depending on d.

To approach the last problem, we rewrite the series under consideration in a
slightly different way:

SY—fi=f1+Y jdtltfdtz---t"jldt,,
0

nx10 0
QU )Vt )R,) T QU V)24 TS, (2.19)
where
2%t = 84— 1)S@) (2.20)
and
V() = S(— t)CiS(¢). (2.21)

For convenience, we assume that the /¢ are defined on all of (R* x R2), but are zero
on sets which lead to the overlapping of spheres. Moreover, we define £24(t) ! to be
the identity operator whenever ¢,(X) is not in the domain of definition of ¢% ,. This is
reasonable because in this case 29(t) ™! is not defined by

(QY0)f(X) =f($2DdX))).

The proof of Theorem 2.1 is based on the key Proposition 2.1 below which gives
estimates on the operators Q4(t)V4(t)R2%(t)~'. We now introduce the spaces needed
for the formulation of this result.

For >0, let
J
i fj ”ﬂ,j:ess Sup'f;(xx teXj, Uy ---Uj)|CXpﬁ._Zl(xi2 + Uiz)’ (2.22)

and for z > 0 we define a norm on the space of all sequences of measurable functions

f= {fj}j=1,2... by
IS 15 =supll f;llp; 2" (2.23)

We denote by X, ;and X7 the Banach spaces induced by the norms (2.22) and (2.23).
Then we have

Proposition 2.1. Let t1>0 be arbitrary but fixed and let z<z', (1+d) B <p,
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d<1/ \/51:2, and ge Xj. Then there exists a positive constant C, > 0 (not depending on
1, d, B, B, z, 2') such that for almost all te[0, 1],

1240V40240 ™ gl5 < Coz2~* (1 . t3>l(ﬁ)e”"’-
1

’

1
o g3, (2.24)

\/ B—p+d)

I(B) = max(B~32,~1). (2.25)

For the proof see the next section.

By Proposition 2.1, we have for suitable sequences, z=1z,>z,_{ > - > z,,
B=PB,<PBu_y<-<PBo, such that f=1 and (1+d)B;<p;_;, and for t;<t
arbitrary but fixed, and d < 1/ \/512 that

124V )2%e) ™ - QUIV )24 ) ™ N3

z
In—
z

z
In—
z

where

n 1 1
S fU3(Cod ™ 13 1+
In|— (ﬁj \—Bi(1+4d)
ji—1 -
z;_UB;- ) exp(2./2 B)\
1+1¢

To estimate this, we choose the z; and ; such that

In

z; . ‘
L=—(ie z;=z;_e'/" = zpe'"),

and B;_; —B{1 +d)=1/n (and hence Bo=1/mn+(1 +d)/n + -+ (1+4d)"B,) We
conclude that By <2-(1 +d)"B<2(1+ A~ ny"p < 2+ because n<N=2A"'d
(Note that here the dimension enters in a crucial way: In three dimensions the
Boltzmann—Grad limitis N-d? = A7}, which only leads to the (insufficient) estimate

(1+d)"<(1 4+ /A" Yn)") Let By:=2pB-¢* . Inserting all this in the above ex-
pression, it follows that there is a constant A0 > 0 such that,

|24V V)20 S
< 1P Aont ™ B Lexp (Bo2 /2))zo) T ] (1 - ta)

Therefore, if € X3?, we obtain after reordering and integration from zero to infinity
1S5l = 118%—1) fj’,Hco <JSU=0)f5.03

<21 £+ 2 jdtx fldt..IIQ"(h)V"(tl)ﬂ"(tl)"‘ = f*115)

nZl

<eiz) z( 2 ) (402~ zollBoe ™ NP L f R (226)

n20 0
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If zo- A~ is sufficiently small, we see that the series (2.19) is estimated by a convergent
series not depending on d.

For the Boltzmann hierarchy, let V(t) = S(—t)CS(¢). Then, following the proof of
Proposition 3.2 in Sect. 3, one obtains an estimate corresponding to (2.24):

. 1 1 1
Ivosi; gz-czw)r*(l +t3) T+ — {1715
In (ﬁ~ﬁ')‘ln;l

z

where §> f' =1, zZ >z > 0. Here, C can be chosen independently of z, z/, §, f, and
the estimate holds for all ¢t >0. Using this result, we can mimick the above
convergence proof and obtain convergence for the Boltzmann hierarchy. The limit
(2.15) follows by the analysis of the term by term convergence, as in [1]. Equation
(2.16) follows by elementary but lengthy algebraic manipulations.

Remarks

1. The limit f, is a unique solution of the Boltzmann hierarchy in the sense that
(2.18) makes sense. Equation (2.18) implies that f, solves

fi=S@)f+ jS(t — 5)Cf,. (2.27)
0

In the factorization case, f , is then a mild solution of the Boltzmann equation
(see, e.g., [2]).

2. With the techniques of this paper, the series (2.18) can be shown to converge also
in the three dimensional case. The difficulty in proving the Boltzmann—Grad limit
is related to an estimate of £29(¢) (see Proposition 3.1 below) which diverges in
time in 3 dimensions. We believe that different topologies are needed to handle
this problem.

3. As pointed out by Spohn [4], solutions of the Boltzmann hierarchy can be
interpreted as statistical solutions of the Boltzmann equation, i.e. they describe
the statistical evolution of individual solutions of the equation.

4. Inour approach, as in [2], it is essential to work in all R? (or R3) in order to use
the contractive character of free flow on a special class of functions. Compact
domains require other ideas.

5. The result is not as strong as it may appear at first sight. Although time does not
appear on the right-hand side of (2.26), the convergence is uniform only for ¢ < 1,
because we have assumed d < 1/ \/51:2.

6. As pointed out in [1], the gap between the topologies at time zero (2.13) and at
time t, (2.15) cannot be completely removed because of the irreversibility of the
limit equation (see [5] for a discussion).

3. Technical Details

In this section we prove Proposition 2.1. We need two other propositions to do so.
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Proposition3.1. For d <1 /\/itz, the following inequalities hold:
ISUOS(=0f N5 < 1 f et +a.so (3.1)
ISOSH =0 f NS 11 S llp.s (32)
Proof. First we establish two inequalities. Using the shorthand notation
I(X):=%2x?, T(X):=3%Zv?,
we have
H(¢{X) + T(¢{X) 2 I($.X) + T(.X), (3.3)

1(@X) + T(¢1X) S 1. X) + (1 + /2t2dH)T(¢,X) + /2. (34)

To verify (3.3) and (3.4), choose a phase point X arbitrary but fixed. Then, for ¢ > 0,
denote by {t,}¥.,,0=1t, <t,--- <t, <t the instants at which binary collisions take
place (we exclude measure zero situations leading to multiple or simultaneous
binary collisions). Let y;, |- Vi, Vi, Uy, ¥y -ty 4 and p,,p’---pe,Di be the
positions and the incoming and outgoing velocities respectively of the pairs of
particles colliding at the times ¢,,. .., t,. Finally, we use the notations {x(t), v¥(¢) }i— 1,
{x4t),v{t) }{=  for the positions and velocities of ¢?X and ¢, X respectively, and put

(¢1X)":=lim¢{X, (PiX)":=lim¢{X, i=1,... k.
LAt N
Then, by energy conservation
J
Lot X)=1((¢7, X)) +(t —tk)._ZlX‘.-‘(tk)'v‘.-’(tk)* +(t—t)* T(X). 3.5)

Conservation of momentum implies
VPt Vb= YilPi + Pi) + (V= V)Pl = yiltie + 1) + (Vi — yidPic
= Vit + Vit + (e — Vi) (Pic — Wi (3.6)
therefore

I4X) = I(@4.X)7) + (t — ) Y, e ol(e)”

i=1

+ (= 1> T(X) +(t — ) Ve — Y1) (Pk — 1)
=1, _,,_(¢},_, X))+t =t ) 0k — y) (P — ). (3.7

k-1

By iterating this procedure of elimination of collisions we obtain
k
I({X)=1(¢.X) + ._Zl (tiv 1 — )i — y) (P — ud), (3.8)

where t, , , 1= t. Because the last term on the right of (3.8) is positive, we obtain (3.3).
On the other hand, the same term is estimated by

2,/2 i (tisr — t)d/T(X) S /2(1 + 2T(X)d?), (3.9)
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and this proves (3.4). The statement of the Proposition now follows from the
following chain of estimates, where we use that ﬂtzd <!l

IS4O)S(=1)f ll5,; = ess sup T *1ENf(,p? X)
= ess sup TGN [ (¢, y)
y

< ess sup @GN +1+OT@N f(6h )2V

y
< V¥ If Hp(l +d),j* (3.10)

ISE)SU(—1)f ll5,; = ess sup AT 10N f(giy)
y

< ess sup XA THN G f(dy)

= f .- (3.11)

Proposition3.2. For 1 >d =0, > ' >0, z/ > z> 0, there exists a positive constant
C,, not depending on f, §/, z, z', d and t such that

uwwwgm%m<’>

1+
1 1
; + Il f 113, for almost all ¢, (3.12)
=l Jg—p)|in
z z

where I(P) is given by (2.25).
Proof. By definition
(V}?.j+1(t)fj+1)(xl X, Up D)

=(N —j)dkzl _fd"fdvﬁ 10— V4 )1

(g Xy X+ d 4 (U — V4 )6 015054 1) (3.13)
Then
J J
exP<ﬁ’<.Zl viz + .Zl x?)) (V?,j+ 1(t)fj+l)(x1 XUy U5)]

< l_lk ljdnjdvj+llvk —Vjsql ”fj+1 lgj+1- (3.14)

'exp[“‘(ﬁ —B/).; (x} + U?)]“I’[‘ﬂ”ﬁ J
-exp[— B(x, + nd + (v, — v;4 )1)*].
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For t £1, we have
jdvjﬂlvk—vjﬂ'e)(p[‘ﬁ(xk+”d+(vk‘ j+1)t)2]eXp[—ﬁv,?+1]
2
§§d0j+1(|uk|+|Uj+1[)eiﬂuj+l
Sap ol +CpT

1
< —
S CB( + o)) T (3.15)
with
Cy = [Ixle™dx, C(f)=2max(C,7>2 np~").
RZ
For t > 1, the same integral is bounded by
jduj+ N luk — Uj+ lle'ﬂ'xk+nd+(vk‘”j+l)l)z é t‘3j‘d€{‘é( + lxk + nd‘}e_ﬂéz
1
St CBT + (I + BT HZ2-CB)2 + kal)H—ﬁ (3.16)
(here we have used that d < 1).
Inserting (3.15) and (3.16) into (3.14) we obtain
_ 1
V55410 fix 1l < CBA 127t<1 n t3) (3.17)
j 7(;3*/1');’-1 Of +of)
Supkal {3+1x | +vil}-e ” ”fj+1”ﬂ,j+l'
There is a constant C, >0 such that
j -y EJL x j
Ylxle TP =G ) (3.18)
i=1

and it follows that
J
B-p

1
V5410541 |Iﬁ',j§C3'C(ﬂ)l“1(l—+?)<j+ )H Sixillpjrr (.19

with some C; > 0. Therefore

, 1 j z\
d ' < z -1 . : _J = .
IV f 152 C3CP S 11524 <1+t3) [Sl;p<1+ B—B’)(Z’) ]
It is a simple exercise to verify that

e e ool o)
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and this completes the proof of Proposition 3.2.
Proposition 2.1 follows trivially from Propositions 3.1 and 3.2.

Appendix

In this appendix we sketch a derivation of Eqs. (2.4) for hard sphere particle systems.
A more detailed version of this derivation will be published elsewhere. A more
intricate derivation was given in [6].

Our starting point is the flow @Y describing the dynamics of N spheres of
diameter d >0 in R* (v =2, 3). We denote by

Iy={X|X =(xiaUi)gv=l’xiavieRv,|xi—le Z dvi#j}

the phase space of the system. It has been proved in ref. [7] that the set of all orbits
¢N(X), X eIy, teR, which lead to either grazing or multiple collisions, has measure 0
in I'y. We denote the set of all other (the “good”) phase points by Iy.

For fixed k < N, let

f.’j‘(_): {Xelelxi—xj|=d’ (xi—xj)'(vi—vj)§0(> 0)}
for some ie{l,...,k},je{k+1,...,N}

be the set of all points in Iy which display an outgoing (ingoing) collision between
the i-particle and the j-particle. Furthermore, we put

(A.1)

N
FrO={) |J FO, and F=F*ruF". (A2)
i=1j=k+1

We fix the origin of the time axis and split Iy into two disjoint sets:
Iy=r>ufl, (A.3)

where
I = {X=(X",X”‘“)leeI“k,XN‘keFN_k,¢’!,X=(¢>"_,X", ¢’!,"‘X””"),t;0}
(A4)

is the set of all phase points for which the particles from the group 1,...,k never
interacted in the past with the rest of the particles, and

=\ (A.5)

For X T, the following representation (known as special flow representation) is
natural. Let

s=s(X)=min{t|p" (X)=YeF *}, o(Y)=min{t|¢pMY)eF ,YeF*}. (A.6)

The mapping y: I' - {(Y,5)| YeZF *,0 < s < ¢(Y)}, X —(Y,s), is then one to one and
bimeasurable. For ge L}(I"), we have

o(Y)
;g(X)dX = L do™(y) (5) dsg(y = (Y, ), (A7)

Z
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where do* denotes the following measure on % *:

N
do* =dX* % dxyycdx;o dxpy o dxydvg g - dogdy;ng(v,—v). (A8)

j=k+1
Here, dX* is the Lebesgue measure on I',, and dy; stands for the Lebesgue measure
on the sphere with radius d and center x;, and n;;=(x;— x;)/|x;— x;|. The right-hand
side of (A.8) defines also a (negative) measure on & ~, denoted by do ™. For the proof
of the above statements, see e.g. [8].

The advantage of the special flow representation consists of the fact that

ONX)S(Y,s+1) if X5(Y,s) and s+t<o(Y). (A9)

Moreover, there exists a map T: #* > * (the “displacement function” for the
Poincaré mapping associated with the section & *), which is do * -preserving and for
which

1) S (TY,7) (A.10)
if(Y)<s+t<o(TY)and 1 =5+t — ¢(Y). The flow ¢¥, restricted to I, gives rise
to a strongly continuous group of unitary operators whose generator we denote by
2. We denote its image on L2(y(I"), do * dt) by D. For a sufficiently smooth function
v=10(Y,s), we have

0
(Dv)(Y,s)=$v(Y,s). (A.11)

The domain 2(D) can be completely characterized:

Lemma A. (D) consists of all functions of the type

oY, 1) = vg(Y) + idsh( Y,s), (A.12)
where
o VoL da) (A13)
vo(Y) + (! h(Y,s)ds=vo(TY)
and

h = Dve L*(Y(I"),do * dt).

The proof of Lemma A will be given at the end of the appendix.
We now consider a probability density u,eL?(I'y) which is differentiable along
the trajectories, i.e. with p(X) = (" ,X), we have
d

2 Xle=0 =L yuo)(X)eLXTy). (A.14)

Then the restriction of u, to I belongs to 2(Z). For a bounded function u,e 2(%,)
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which depends only on the first k particles, we have
d
d—[iuku,dX— Jdarm J‘ ds w (Yl (Y, )

=— f do*(Y) j 'ds (L)W (Y, )y~ (Y, 5))
0

§+
+ I do* (Y){u (= (Y, o(Y))lyy ~ (Y, o(Y))
—uk(w (Y,0)u (e~ H(Y,0))}, (A.15)

since uu,|r€ 2(Z) and the integration by parts is possible by Lemma A.
With F = u,-u,, we have by Liouville’s theorem,

f do*(Y)F(Y,p(Y))= — j do~(Y)F(Y,0), (A.16)
F* 7~

and so the last integral in the right-hand side of (A.15) reduces to

N
fdX*u(Xx¥) _Z dXppy - dx;_ydxj ey - dxydy g (v; — v))

j=k+1

"dvy g - doype(x, X YiXja g Xy, Uy tee Uy). (A.17)

We notice that by the continuity property of u, along the trajectories, y, is do* a.e.
defined in & *. Therefore,

X X+ nd, vy, U )
=jdXN_kHNt(x1 c Xpo Xg + 1, 0y U XV TRED) (A.18)

is a.e. defined. (Eqn. A.17) can be written in the form

JAX U (X9)Cpposy SETH(XH). (A.19)
Finally

& Xt = o f AX ORI+ LX)

=— j dX(&Lu)(X)u(X) + right-hand side of (A.15) (A.20)
=—- Ika(gkuk) (Xk)f:‘(Xk) + jkauk(Xk)Ck K+ 1f:‘Jr Y(Xx5),

where &, is the generator associated with the flow @¥. The series expansion (2.4),
satisfies the same differential equation for all sufficiently smooth u,. Thus the joint
distributions f* defined by u, must coincide a.e. with the corresponding expressions
given by the series expansion.

Proof of Lemma A. It is easy to verify that D restricted to the functions of type (A.12)
and satisfying (A.13) (let us denote this set by 9,) is antisymmetric. Moreover, this
domain is invariant for the flow ¢". It remains to show that if we 2(D*), then we %,,.
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For all ve2,,,
oY) @(Y)
[ do* [ dtw(Y,t)(Dv)(Y,t) = — j' do* [ duD*w)(Y,t)u(Y,1)
F* o st 0

—— (o] D WY, 0¥, 00— [ da* "] de(D*W)(Y, )] ds(DO)(Y,$)
+ 0 gt 0 0

F

—— [ do* "] dHD*W(Y.00Y.00— [ do*"] dsDO)(Y,5) | dD*w)(Y, 1)
Ft 0 F*t 0 s

(A21)

(Y)
The above identity is valid for all v such that v(Y,0) = 0. Therefore w(Y,t) + ¢j' ds

t
(D*w)(Y,5)e L2(y(I"),do " dt) is only dependent on Y, ie. there is a function
woelX(F *,do ™ /) such that
()
w(Y, 1) =wo(Y,0(Y))— [ ds(D*w)(Y,s). (A22)

t

Inserting this expression in (A.21), we are led to the identity

[ do* (YWY, o(Y))[u(Y, 9(Y)) — v(Y,0)]

= | da*(Y)(Y,0)[w(Y,0)—w(Y, o(Y))], (A.23)
which is equivalent to
[ doe*(Y)[WM(T 'Y, (T~ 1Y)) — w(Y,0)]v(Y,0) = 0. (A.24)

F
Since u(+,0) is arbitrary in LX(# *,do* /¢), the proof is complete.
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