Communications in
Commun. Math. Phys. 105, 13-34 (1986) Mathematical

© Springer-Verlag 1986

On The Relative Entropy

Matthew J. Donald
18 Holland Street, Cambridge CB4 3DL, Great Britain

Abstract. For .o/ any subset of #(#) (the bounded operators on a Hilbert space)
containing the unit, and ¢ and p restrictions of states on #(#) to <, ent (| p)—
the entropy of ¢ relative to p given the information in .7 —is defined and given
an axiomatic characterisation. It is compared with ent’ (d|p)—the relative
entropy introduced by Umegaki and generalised by various authors—which is
defined only for .« an algebra. It is proved that ent and ent® agree on pairs of
normal states on an injective von Neumann algebra. It is also proved that ent
always has all the most important properties known for ent%: monotonicity,
concavity, w* upper semicontinuity, etc.

1. Introduction

Given states o and p on a von Neumann algebra ./, the entropy of ¢ relative to p,
written ent_(a|p), is a measure of how easy it is to distinguish the state p from the
state a. As such it has, since first introduced by Umegaki [1], found application in
quantum statistical mechanics [2,3 (Sect.6.2.3,pp269-289),4], quantum
information theory [1,5], the foundations of quantum mechanics [6], and the
theory of von Neumann algebras [7, 8]. I shall give a brief sketch below of how I see
the role of relative entropy in the foundations of quantum theory, as this is my own
motivation for studying the subject. If my view of these matters is correct then the
relative entropy is of fundamental importance to physics.

As a mathematical object the relative entropy is fascinating. It has been given
three distinct but equivalent definitions: that of Araki [9,10] who uses Tomita—
Takesaki theory, that of Pusz and Woronowicz [11] who use their “functional
calculus for sesquilinear forms™ [12], and that of Uhlmann [13] who uses
interpolation theory. The entropy defined by Araki and Uhlmann will be denoted by
ent?,(a| p) throughout this paper. For the equivalence of their definitions see [8]. The
entropy of Pusz and Woronowicz will be denoted by ent?}”(c|p). Its equivalence to
ent’(a|p) will be proved in Sect. 4 of this paper.

The purpose of this paper is to give yet another definition. This new definition
has several advantages. It is given by means of a set of axioms and is conceptually
and mathematically simpler than the previous definitions. It gives a characterisation
of the relative entropy which allows for a heuristic interpretation. This is significant,
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since there has been some controversy [14] over the “naturalness” of relative
entropy as a tool for quantum statistical inference. This will be discussed further in
Sect. 3. The most important advantage of the new definition however is that it allows
a useful and substantial generalisation. Given states o and p on an algebra # and
some subset .o/ = # we shall define ent_(a[,|p|,)—“the entropy of o relative to p
given the information in .#.” The generalisation, of course, is that ./ need no longer
be an algebra. Although I conjecture that

ent,(c|p) = ent,(cp) (L.1)

whenever the latter is defined, I can only prove this for the case when & is an
injective von Neumann algebra and ¢ and p are normal. This equivalence theorem is
proved in Sect. 8. However, because all the most useful properties of ent® also hold
for ent (see Sect. 6) and because the axioms (Sect. 2) are natural, if a counterexample
to (1.1) should emerge I would take this as a failing of ent’ rather than of ent.

Most of the material in the remaining sections provides technical prelimina-
ries. Sections 3 discusses alternatives to the axioms, Sect. 4 proves results
about ent®. Sect. 5 about concave functions, and Sect. 7 about injective von
Neumann algebras.

Caveat. In order to have the interpretatively valuable property that increasing
probability means increasing entropy, the convention of Bratteli and Robinson
[3 (Sect. 6.2.3)] who define ent (o | p) so that ent (o | p) < 0 has been followed here. We
also, of course, take ent’(c|p) <0. The convention ent(c|p) =0 is frequently
followed elsewhere, and some writers exchange the arguments ¢ and p. Thus if

o=Y5;10;><d;l, p=Y rilY:>{¥l, are the eigenfunction expansions of density

matrjices o and p on a Hilbert space #, with #(#) the algebra of all bounded operators
on J, then our definition will yield

Cntg(m(alp)=2(~sjlogsj +s;logr)|<o;l¥:> 2. (1.2)

Turning now to my intended application of the work of this paper, one way of
stating “the” fundamental problem of the foundations of quantum mechanics is that
although it appears that the state of the world can mainly be described by
Heisenberg (i.e. time independent) states p on #(#)—for some # —those states
seem to change as the result of measurement. This is just the statement that time
evolution at a measurement is not governed by the unitary group e~ ¥ (where H is
the Hamiltonian). Now the set of possible states {g;:jeJ} which can describe the
world after the measurement are circumscribed by requirements of compatibility
with the measurement device (a macroscopic pointer must point in a definite
direction, a cat must be either alive or dead). These compatibility requirements can
be defined by the values of the g; on some subset &/ of the algebra (). In the
examples mentioned, J will then be the set of pointer positions, or the set {alive,
dead}.

It is my belief that a complete and consistent interpretation of quantum theory
can be given based on the equation
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Prob {result of measurement is o;} _ exp(ent ,(d;|p))

= , 1.3
Prob{result of measurement is o,} exp(ent_(o,|p)) (1.3)

where p is the state describing the world before the measurement. Within the next
few years I intend to publish work, already long in progress, substantiating this
belief. Of course, the real difficulties lie in the construction of the sets 7 (which leads
to a theory of consciousness) and of the sets {o;:jeJ} (which leads to a many worlds
theory), and in the interpretation of the formula (1.3) (for example, in general,

Y exp(ent (0| p)) is not equal to one (!)). The present paper merely establishes some

ojf the mathematical background to this work and can, of course, be read entirely
independently of it. Indeed, I trust that the results will also prove useful for other
applications of the relative entropy.

As already mentioned, one purpose of this paper is to extend the definition of
ent_(c|p) to the case when < is not necessarily an algebra. This, of course, is very
useful for measurement theoretic applications, since the result of a measurement is
usually only to give values to a few operators and this may well not be sufficient to
assign a unique state to some subalgebra. In order to avoid repetition in this context,
we assume henceforth the following convention.

Notational Convention. The notation ent (o |p) includes the statement that there is a
Hilbert space H# with of — B(H), and 1€, and that there exist states ¢’ and p’ on
B(HK) with o =0d'|,, and p=p'|,.

This convention requires that (1) = p(1) = 1. This is the case of relevance for the
applications. It would make no difference to any of the results of this paper, but
would lengthen some statements, if we assumed that ent was defined on general
positive linear functionals ¢ and p by requiring the following relation to hold for all
A>0, u>0:

ent (Ao|up)=Aient_(c|p)+(—Alog A+ Alogu)a(l). 1.4

2. An Axiomatic Characterisation of the Relative Entropy

Equation (1.3) is compatible with a heuristic interpretation of ent (¢ | p) which states
that exp(ent (c|p)) is the probability, per unit trial of the information in &/, of being
able to mistake the state of the world for ¢ despite the fact that it is actually p. In other
words, exp(Nent_(g|p)) is (or is, in some sense, asymptotic as N — co to) the
probability that N tests on the state p of the information in &/ give results
compatible with the state being 6. For the special case when .« is an abelian algebra
a heuristic interpretation of this type is discussed by Bratteli and Robinson
[3,p.425etseq.]. In particular, they prove that in N independent repetitions of a
trial, which has M possible outcomes with probabilities r,,...,r,,, the event that, for
each j, the /" outcome occurs with frequency s;, has probability whose logarithm is
asymptotic to

M
N{ (—sjlogs,-+sjlogrj)} 2.1
~

J

(cf. Eq. (1.2)).
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The following set of axioms for relative entropy can be constructed based on this
heuristic interpretation. It is also, of course, based on the standard probabilistic
interpretation of the states of quantum theory. The reader who finds the arguments
for these axioms long-winded is encouraged to consider first the simple definition,
presented at the beginning of Sect. 6, which they give rise to.

First consider the situation where one can make measurements on some set of
operators &/, and one wishes to distinguish between states o and p which, as required
above, have extensions ¢’ and p’ on some #(#) > /. The existence of properties
that one does not measure only affects one’s belief about whether the state restricted
to & is ¢ or not by the requirement that any possible state must take some value on
the operators corresponding to those properties. This yields:

Axiom I ent (o|p) = sup {ent, (0’| p"):0'| , = 0,0'|, = p}.

J
Now suppose that 6 = Y s;06;, where ¢ and each of the o; are normal states on
j=1

#(#),0 < s; < 1, and the g; have disjoint supports. In this case ¢ can be viewed as a
mixture of the independent states o; with probabilities s;. Thus, as N— o,
exp(N entg,(d|p)) should be asymptotic to the probability that N trials of a
random variable X with values in {1,2,3,...} and distribution Prob{X=j}=
exp(enty . (0;|p)) has a result with frequencies assigned according to the
distribution s; (i.e. X =jin s; N of the trials). The event X = j is the event of making
the mistake that the state of the world is o; although it is actually p. Using Eq. (2.1)
this yields:

J
Axiom IL Ifo =Y s;0;, where {0;}, 0, and p are normal states on () and where
=

J
the @; have disjoint supports, then

J
enty . (0lp) = ‘Zl (—s;logs; + s;enty (0,1 p)).
=

The restriction of this axiom to normal states on #(#) is because it is only in this
case that it is clearly justifiable to apply the argument above and assume that o is
physically a mixture.

Next consider the case when ¢ is a pure normal state ¢ = [¢ ) { ¢| on B(#), and
when p also normal, has the eigenfunction decomposition p =Y r|y;><¥l.

Assuming invariance under unitary maps, entg(c|p) can depend only on
{ri|1<@l¥;>I?}. It is natural to require that enty,.(|¥;>{¥;l|p)=logr;, since this
follows from (2.1) and the assumption that enty,.({V:> <¥:llp) = ent A1¥;> <¥;llp)s
where ./ is the algebra generated by the projections |/; > {i;|. We now give a value
10 enty (] ¢>{¢||,) by assuming that it is as easy to mistake p for |¢) {¢| during
each of N trials as it would be to mistake, for each i, p for |¥,><¥;| in a pre-
determined portion |{ @|y;>|* of the trials. This assumption is to be distinguished
carefully from the arguments for Axiom II. In the present axiom we compute a
probability for a pure state by making an analogy, while in Axiom II we consider a
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mixed state o as if it actually behaved like each of its components for some of the
time. Thus we would, for example, say that the mixed density matrix ZI {PlY:|?

| >< ;| behaves as if it were actually mistaken for |i; > {y;| in a random portion
[{|¥;>|? of trials.

Since we are only trying to give a heuristic argument for our axiom, we can assume
that, for some n, {¢|y;> =0 for i > n and that [{¢|y;>|? N is always an integer.
Then the interpretation of exp(N(ent g, (c|p)) as a probability plus the assumption
(spelt out for clarity) that it is as easy to mistake p for |¢ > ¢| during each of N trials
as it would be to mistake p for [, > (¥, | during the first |{ @ |y, >|*> N of N trials, to
mistake p for |y, » (¥, | during the next | {¢|y, >|> N of N trials, and so on up to the
final |[<{@|y,>|* N trials when we mistake p for |y, > <{¥,], yields

enty (¢ >< ¢l IP)=§:1|<¢|l//i>|2entm;f’)(|‘pi><¢i| [p)
= ¥ Kgly P ogr,

and produces:

Axiom III. For o =|¢ ><{@|a pure normal state on B(H#), and for p a normal state on
B(H),

entg . (I¢><Pl1p)=¢|logp|d).

Axioms IT and III suffice to define enty,,(d|p) for all normal states ¢ and p on
#(#) in agreement with formula (1.2). However as example 6.6 will show, it is
necessary to consider entg ,(d|p) for ¢ and p non-normal in order to have a
definition of ent_(c| p), which is w* upper semicontinuous for general sets =7, even if
attention is restricted to functionals ¢ and p which have normal extensions on %(¢).
In order also to avoid the objection that non-normal states are unphysical we must
give an axiom which makes manifest that they arise in the present theory merely as a
mathematical tool. The following axiom seems to be the only natural way of doing
this.

AxiomIV. For any (o, p, /) (subject of course to the notational convention of
Sect. 1) there exists a net ((0},, p,))yer Of Pairs of normal states on B(H#) converging w*

to (o', p") (i.e. such that a( B) — ¢'(B) and p,(B) — p'(B) for all Be B(#)), and such that

setting (0,, po) = (04, Pul 4), we have (a'| 4, p'|,) = (0, p), and

ent (a|p) = enty4\(d’'| p’)

= limentg (a7 p5)
ael

=liment _(o,|p,).
ael

3. Remarks on the Axioms

It is of course not obvious that the axioms do constitute a definition. In this
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preliminary section we will assume that they do and make some less technical
comments.

There has been a quite separate definition of something also called “relative
entropy” by Benoist, Gudder, Marchand, and Wyss [15, 14]. Their relative entropy
is not equivalent to that studied here. For the problem of statistical inference they
study a process that in our notation reads as follows. Given a state p, which
constitutes the a priori information, on an algebra & with a subalgebra </ and a
state ¢ defined on ./ constituting the result of a measurement, define an inferred
state ¢ on & as that state which attains

sup {enty(c’|p): 0’|, = 7}

They claim that their relative entropy is natural because the state ¢ resulting from
the inference is close to p in some natural sense. In particular the Uhlmann transition
probability from ¢ to p is maximised at 6, and 6 can be defined by the Sakai operator
relating o to p whenever there exists 4 such that ¢ < Ap|,. I disagree with their claim
of naturalness, and base my disagreement on the opposing claim that closeness of ¢
to p in this context should be defined rather by maximisation of a relative entropy
obeying precisely the axioms of Sect. 2. Indeed, a prime reason for presenting those
axioms is to make this point. Of course, like ent5, the B.G.M.W. relative entropy can
only deal with measurements of all the operators in an algebra.

Turn now to considering an alternative to Axiom III. I have not given an axiom
specifically defining ent_(a|p) for an abelian algebra, since this definition follows
from those I have presented (see Sect. 6). However it is interesting to give the
argument which would derive such an axiom, and then to consider the resulting
definition. For the remainder of this section attention will be confined to normal
states. Suppose then that o and p are such states defined on the abelian algebra 2

generated by the mutually orthogonal projections (P,);%; with 3 P,=1.
n=1

Property V.ent,(o|p)= — ), a(P,,)log:E?’;.
n=1 n

The argument for this property is that as N— o N ent,(c|p) should be
asymptotic to the logarithm of the probability that N trials of a random variable X
with values in {1,2,3,...} and distribution Prob{X =n}=p(P,) has a result
determined by the distribution o(P,) (i.e. X =n in o(P,)N of the trials). The result
then follows from Eq. (2.1).

Given the simplicity of this argument, it is of interest to attempt to derive Axiom
I1I from Property V. I shall show very briefly that this attempt is unsuccessful as this
casts further light on the axioms and lays to rest a natural conjecture.

The following definitions might seem natural:

G( "
B 0P,y

N
entg (0| p)=inf { Z (PN

N
are mutually orthogonal projections in #(#) with ) P, = 1}
n=1
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a(A4,)

N
ent? =inf{— Y a(4,)lo S (AN
a00(01P) { "ZI (An) gp(A,,) (An=1
N
are positive operators in #(#) with ) A4, = 1}.
n=1
Clearly ent}y . (a]p) < entfy (0] p).

We shall prove in the final section (Proposition 8.7) that
enty . (o|p) < entga(m(o' |p)- 3.1)
Unfortunately it is not true in general that

enty 4 (a|p) = entg (a1 p), (3.2)
or even that

Cntg(x,)(alp) = entgw)(alp). (3.3)
Both fail for the case # = C? and

ot ) et

The proof that (3.2) fails is a straightforward numerical computation. The proof that

(3.3) fails is a more complicated argument which because of its negative import it

seems fruitless to expound in detail here. Briefly, after establishing some preliminary

restrictions on the form of sequences (4,)Y- , over which one need minimise (w.l.o.g.

one can take each A, of the form A4,=a,Q, for a, real and positive and Q, a
N

W= D=
Nl N

projection), one shows that for each N, — ) a(A4,) log(a(4,)/p(A,)) has a strict local

n=1
minimum at (4,)Y_,, where 4, =P,, A,=P,, A,=0 n>2, and where (P,)2_, is the
pair of projections attaining the infimum defining ent§, ,(c| p). It is then straightfor-
ward to use the local minimum for 2N to derive a global minimum for N. This shows,
in particular, that for this pair of ¢ and p,

entl(o1p) = enthy (ol p). (3.4)

Whether this is true in general I do not know.
The particular case is especially critical since using the unitary map U =

10 L 7 -3
<O 1), which gives UgU* =< 2 f) and UpU* = p, it is possible to
- 2 2

derive the standard value of entg (0| p) just from unitary invariance, Axiom II, and

the assumption that
A0 \|/e 0 Y)_ A (1-4)
C"t“"””«o 1—i> <0 1—#))" Hog, ~U=Alog - 69

Since (3.5) s satisfied by ent® and ent® as well as by ent and ent5, it follows that neither
ent® nor ent® satisfy Axiom II. Thus neither ent® nor ent® provides a suitable
alternative to ent.
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4. Results on ents

In order to verify that ent possesses the various properties which we will consider
below (Sect. 6), it is necessary to rely heavily on earlier results and methods developed
for ent®. Indeed we need to extend some of these results, and this will be done in this
section. Thus it must be allowed that the simplicity claimed for ent is a simplicity
only of definition and not, in general, of usage.

First we define ent’” and by tightening a formal argument of Pusz and
Woronowicz [11,12] show that it is w* (i.e. o(/*, /) upper semicontinuous.

Definition 4.1. Let o/ be a von Neumann algebra acting on a Hilbert space 5#, and
let o and p be states on 7. Define the P.-W. representation of (<7, 5#, g, p) to be a
tetrad (A, k, S, R) such that ¢ is a Hilbert space, k is a linear map of & onto a dense
subset of 47, and S and R are commuting positive bounded operators on " such
that for all A,, 4,e«,

(k(A 1), k(A7) = p(AT A;) + 0(A,AT),
(k(A41), Rk(A,)) = p(AT A>),
(k(A4,), Sk(A4,)) = 0(4,AT).
Define ent?”(a|p) = (k(1), (S, R) k(1)), where g(s,r) = — slog s/r.
Pusz and Woronowicz [11 12] prove that this is a definition and that (with the
current sign convention) entgf m(alp) is given by formula (1.2) for ¢ and p normal.

If dE(s, r) is the joint spectral measure of S and R on £ then, by the monotone
convergence theorem and Fubini’s theorem,

ent™(c|p) = §<— slogf —(r— s))(k(l), dE(s, k(1))

_E\r'rl;” (1_ )+ dt(k(l) dE(s, r)k(1))

=inf{—.§(k(1),Hi—k(l)>dt 1 >8>5>0}

Let @} be the set of pairs (A(¢), B(t)) such that A:[§,¢] —» o/ and B:[J,¢] — .« are
piecewise constant functions with A(¢)+ B(t)=1 for all te[d,¢]. Using (k(1),
(R — S)k(1)) = p(1) — (1) =0, it is mere algebra to show that, for (A(t), B(t))e O3,

£ R)Zt
3‘( S(l 0+Rt k(l))dt

i _ ! _f((R=SEKD

= [(R(BO), (R ~ SK(B)) + KA, SK(AW)) e ;t< ( i+ ke k(A(r))>,
' (R — S)tk(1)
(S(1—1)+ Rz)(m - k(A(t))))dt. 4.2)

Since k(o/) is densein 4" and ¢t — (R — S)tk(1)/S(1 —t)+ Rt is continuous on [4, €],
for any { > 0 there exists (A(t), B(¢))e @5 such that
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(R—S)tk(1)
S(1—t)+Rt
From the definitions, for (A(t), B(t))e @3,

—k(A@W)|| <¢ for all te[d,e]. 43)

i((k(B(t)), (R—S(BO)) + (KAD), Sk<A(t))))dt

i( a(%A(t)A(t)* - B(z)B(t)*) + p(B(t)*B(t)))dt
o (G0~ Ja ) o Fmoroar )
r]
Let I';= {(X , Y): for some (A(t), B(t))e @3,

X= j( A(DAG)*— B(t)B(z)*)dt, Y=j'B(t)*B(t)dt}.
F)

Then, using the estimate (4.3) to show that the second term in Eq. (4.2), which is
always negative, can be made arbitrarily close to zero,

I( k(1 ),S(Lf—tf}r—R (1)>dt—1nf{a(X)+p(Y) (X,Y)els},

and the following lemma has been proved:

Lemma 4.4. ent?’(o|p) =inf{a(X) + p(Y):(X,Y)e (J T%}. O
O<d<e<l
Having exhibited ent”” (¢ | p) as an infimum of real-valued, w* continuous, linear
functions, the following is an immediate consequence:

Proposition 4.5. ent?”(a|p) is jointly concave and w* upper semicontinuous.
O
We now give a straightforward proof that ent?”(a|p) = ent3(a|p).
With the notation of Pusz and Woronowicz, as introduced above, Uhlmann’s
definition of ent’ reads

_ i KDL (8 R = K1)

xN0 X
=lim | f(x,s,r)(k(1), dE(s, 1)k(1)) + p(1) — a(1),
xN0

where

1-x.x

flosn="——"—(—s)

For s=0, r=20, and 1=x>0, we have f(x,5,7)<0, and f(x,s,r) decreases
monotonically to f(0,s,r)= —slogs/r—(r—s), so by the monotone convergence
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theorem,
ent}, (o] p) = ent’ (| p). (4.6)

We will refer to both as ent® hereafter.

5. A Lemma on Concave Functions

The purpose of this section is to prove a lemma which we will use in the next section
to give our definition of entg (0| p) for o or p non-normal. This lemma may be well
known, but I do not know of any reference for it.

Suppose given a w* upper semicontinuous concave function G(a, p) on pairs of
normal states on #(#°) and consider the extension H of G to pairs of arbitrary states
on #() defined by

H(a, p) = sup {lim sup G(0,, p,):((G, Po))ues i @ net with
ael

o, and p, normal states on %() and oaga, pa‘—v-:p}.

Lemma 5.1.
1) H is w* upper semicontinuous and concave, and H(c, p)= G(o, p) for o and p
normal.
2) H(a,p)= F(o, p), where
F(o, p)=inf{F(o, p): F is w* upper semicontinuous and concave,
and F(o, p) = G(a, p) for ¢ and p normal}.
Proof. Suppose 1) is true. Then F exists and from the definition of w* upper
semicontinuity (see Property ¢, Sect.6) H(a, p) < F(o, p), so 2) is true. It is thus
sufficient to prove 1).
i) Let ((05,pp))pe; be a net such that a,,zm, pl,ﬁp, and, for some >0,
H(oy, pg) > H(a, p) + 6 for all feJ. Let A" be an open w* neighbourhood of (s, p) in
the space of pairs of states. There exists f(.4")eJ such that (o, ,,, ps4)€A". Since N~
is an open w* neighbourhood of (a4 4, Py 4), there exist normal o, and p , with
(6 4,p )N and
G0, p ) > H (O 4y Py — 30> H(a,p) + %9.
This is a contradiction, since if K is the net of open w* neighbourhoods of (a, p)

ordered by inclusion then (o ., p ) , o« Z:(cf, p).
Thus H is w* upper semicontinuous.

ii) It is easy to observe that
H(a, p)=sup{lim G(a,, p,): (74> Pz))zes 1 @ net with o, and p,
ael
normal, o, i G, P, i p, and lim G(o,, p,) exists}.
ael

Let (0, p) = (4,6 + A,0% A, pt + A,p?) with 4,,4, 20 and 4, + 4, = 1. Choose and

fix ¢>0. By the remark above, there exist nets ((G},,p},))ﬂdx(al, p!) and
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((03p2))ex>(c%, p?) satislying 1im Gio}, p}) 2 H(a',p")— and limG(o},p])2
pel

H(o%,p?)—e. Define I=J x K with (8,y)>(B,y)<p > and y >y, and set

Tlg.py = 0% Pla.yy = Pii> Ol =07, Pip.y = p;. Then (0 P))eet (@, p') for i =1, 2,

and hence (4,03 + 4502, 419} + 1302))ses (3 ).
Using the concavity of G, we obtain

H(o, p) 2 limsup G(A,6} + 2,62, A,pL + 4,p3)
ael

g hm Sup(llG(aal7p;) + j'ZG( aapa))
ael
2 44H(e', p") + A,H(a?, p?) — 2e.

Since ¢ is arbitrary, this proves that H is concave.

This argument was provided by the referee for whose assistance I am very
grateful. It is much clearer than the argument I initially produced.
iii) H(a, p) = G(a, p) for ¢ and p normal, since G is w* upper semicontinuous. [

6. Definition and Properties of the Relative Entropy

Proposition 4.5, the fact that ent® (=ent?¥) satisfies Eq. 1.2, and Lemma 5.1 have
shown that the following constitutes a definition of ent (o |p):

Definition.
6.1. ent u 4(0p) Z( s;logs; + s;logr) < ¢;|y;>|?

for a=Zsj |¢;><¢;| and p =Zr,~ |;><Y;| normal states on ZB(H).

6.2. entg (0| p) = inf{F(a, p): F is w* upper semicontinuous,
concave, and given by (6.1) for ¢ and p normal}.
6.3. ent (d|p)=sup{entg,,(0’|p"): 0’| ,=0 and p'[,, = p}.

In this section the various properties of the relative entropy thus defined will be
verified. It is clear that if the axioms are consistent then this is the unique relative
entropy that they define. They are consistent since Axioms I and III obviously hold
for ent as defined above, and Axioms II and IV will be shown to hold below. It
should be noted that even were ent,(c|p) = ent3,(g| p) whenever the latter is defined,
most of the results of this section would still be extensions of known results, since ent
is a generalisation of ent5.

a) Monotonicity. If o/, = o/, then ent, (d|, |pl, )2 ent, (a]p).
Proof. Immediate from Definition 6.3. O
b) Concavity. For 0<1,, A1, <land A, + A, =1.

ent (4,0, +2,0,14,p,+A,05)Z A, ent (o|p,)+ A ent (o,]p,).



24 M. J. Donald

Proof. By Proposition 4.5 and Lemma 5.1 this holds for entg,,(c|p). In general, let
6=21,0,+ A0,,p=A1py + Ayp, for A1, 4, as given.

ent_(o|p)=sup{enty,.(0'|p): ¢’ and p’ are states on B(H#)
with ¢'|, =0 and p'| ,=p}

Zsup{entg (4,0 + 4,054,101 + A20%): 0%, 03, P, P are states
onB(H)with ¢'|,=0,,0%],=0,, pil,=p1, P2l =P2}

Zsup {4, enty (0 [p)) + Arenty (051 p5): 07, 03, i, p are states
on B(#) with 0} |,=0, 051,=02, P1ly=P1:P2l0=p2}
=4, ent_(0,]|p,) + A, ent_(0,]p,). O

Lemma 6.4 For any (0, p, &) there exist o', p' on B() such that o'| , =0, p'| ,=p
and such that ent_(g|p) = enty 4 (d’|p’).

Proof. Let (0, p).; be a net of states on (o) such that o;| , = o, p,|,, = p for all
ael and such that ent, . (0,|p;) —>ent (c|p). Such a net certainly exists. After

passing to a subnet, we may assume that ((d/, p;))ae,z (o, p). Of course, o'|, =

Pla=p.
By Proposition 4.5 and Lemma 5.1 entg,, is w* upper semicontinuous, so

ent (o |p) 2 entg (0’| p') 2 lim sup entg ,(a,|p;) =ent_(a]p).
ael

¢) w* Upper Semicontinuity. For any net ((aa, Pa))eer defined on o with o (A) > o(A)
and p(A)— p(A) for all Aedd,

ent(a|p) 2 limsupent (a,|p,).

ael

Proof. Asjust noted this holds for ent ,(a| p). For the general case suppose that for

some net (( Oas pa))ael (69 p) we haVe

ent (c|p) <limsupent_(o,|p,). 6.5)
ael

Defining (6}, py))zer 0N B(H#) by Lemma 6.4 (i.e. 0|, =0y, Pil = Pus €0tg (041 07)
=ent, (0,|p,)) there exists, by w* compactness, a w* convergent subnet (6, pj))ges of
(0%, pi))ser chosen so as still to satisfy Inequality 6.5. Suppose that (a7}, pj) — (0", p').
Then ¢'|, =0, p'|, = p, soO

enty (0’| p’) Zlim sup ent, (05l pp) = lir? sJuP ent (0| pg)>ent (a]p).
BeJ e

This contradicts Definition 6.3. O
Example 6.6. Let {i,:n = 1} be an orthonormal basis for a Hilbert space #, and let

= W W+ 23 <o+ i(l—%)hﬁnanl,
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B=10:) Wil = 3, W) <l and of = {4,8,1}

Then
1) ¢’ is a state on # such that ¢'(4) =0¢'(B) =1 if and only if ¢’ = |y, > (Y¥,].
2) p' is a normal state on # such that p'(4)=1, p'(B)=0 if and only if

p =YYl
3) pi(A)=1—1/2n, p,(B) =0 is satisfied both by

7 7 3 1
P;=E|l//1><lp1| +<1 _%>|¢2><¢2| +E|l//3><l//3| +;l|lp4><‘/’4|

and by
Pn =51 )Wl + 310, (Wl
Now
’ 7 ! ’ 4n
entgauf)(o' [p)=—o0, entg(m(a [p,)= —log =)
and

enty (0’| p,) = —log2.
This shows that w* upper semicontinuity does not hold if Axiom I is replaced by

ent,(o|p)=sup{entg ,(o'|p’): ¢’ and p’ are normal states on ZB(H#)
with ¢'|, =0 and p'|, = p}. O

The consequence of this example is most of the analytical details in this paper.

d) Axiom IV Holds

Proof. Given (o, p, &), define (¢, p’) as in Lemma 6.4. A net ((0,, p,)).; of normal

states such that (a7, p;) = (0', p') satisfying limentg (07| p;) = enty (0’| p') exists by
ael

Lemma 5.1. Then by w* upper semicontinuity and monotonicity,
ent_(o|p) 2 limsupent (a,|p,) = liminfent (o,|p,)
ael ael

> lim inf enty (0,1 p,) =enty ,,(d'| p')=ent (c|p),
ae

where
—_— ! d J— ’
Ua_aa].p/ an pa_pa|.c/' D

Lemma 6.7. ent_(a| p) < ent3(a| p) whenever the latter is defined.
Proof. By Proposition 4.5 and Definition 6.2, we always have
enty(0lp) = ent;(x’)(a [p)-

Now let ¢ and p be defined on a von Neumann algebra .«7. Define ¢’ and p’ as in
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Lemma 6.4. Then, using the monotonicity of ent® (which is immediate from Lemma

4.4, or see [11,13]) ent (g |p) =enty (0’| p') = entmm(a |p") < ent3,(a] p). O

e) Property V of Sect.3. Let o and p be normal states defined on the abelian algebra &

generated by the mutually orthogonal projections (P,)-, with Y P,=1. Then
n=1

enty(olp)= — 2 ) log(a(P,)/p(P,)).

Proof It is easy to check directly from the definition of ent”” that ent5,(c]p) =

— Z P,)log(a(P,)/p(P,)) (or see [8]). Defining ¢ and p as density matrices on

B(H)by 6= Za(Pn P,and p= Zp(P,,) P,wehave é|,=o0,pl,=pandent,,,(4]p)=
— Z P,)log(a(P,)/p(P,)) by Definition 6.1. The result now follows from
Deﬁnmon 6.3 and Lemma 6.7. 0

Lemma 68. If ¢ and p are states on a von Neumann algebra <, then
ent,(olp) < —3llo—p |2

Proof. By Lemma 6.7 this is a consequence of the corresponding result for ent’. This
is proved for o and p normal in [7] (Theorem 3.1), and can be extended to general ¢
and p using Lemma 3.1 of [8]. O

f) Non-Triviality. For arbitrary (o,p, ), if o #p, then ent_(c|p)<0. More
specifically.

ent (o]p) < inf{—|a(4)—p(4)1*/2| A|* Aest}.
Proof. Let ¢’ and p’ be states on #(#’) with ¢'|,, = o and p’| , = p. Then, for Aeo/,
lo(4)—p(A)| =|d"(4) — p'(A)I <] "= p'|| | All,

so the result is a consequence of Definition 6.3 and Lemma 6.8. O

g) Axiom II Holds.

Proof. Let {0}, 0, and p be as in the axiom. Since the ¢; have disjoint supports, we

may write 0;=3 q; |¢;><{¢;l, where the set {¢p;: j=1,23,....,k=1,2,3,...)
k

forms an orthonormal basis of #. Then applying Definition 6.1,
entm)(alp)iz; (=57 1085, + 55 108 1) [ <Pzl Yi D12
i
—ZZZS —q;llogs;+1oggp) + qulogr)|{duli>I?

=Z(_Silog s;ts; entﬁ(;f’)(o'jlp))' 0
7

Using [10, Theorem 3.6], one can prove more generally that for all von



Relative Entropy 27
Neumann algebras .o/ and all states ¢ and p on o with 6 =) s,0;, where the o; are
i

states on &/ with disjoint support, we have ent> (| p) = Z(— s;logs; + s;ent3(a;| p)).

I do not know whether this equation holds in this genejrality for ent. In particular I
do not even know if it holds for non-normal states on (o). The following example,
the details of which are left as an exercise for the very serious reader, shows that it
certainly does not generalise indefinitely:

Example 6.9. Let 2 = C* and choose ¢ so that ¢!, 62, and p are determined on &/
by the following relations on the components of the corresponding density matrices
on C*:

ol1+03,=1, 0},+03,=0, 0}3=0{,=033=03,=0,

033 +05=1, 0}, +03,=0, ol3=01,=033=03,=0,

Pr1+P22=% Pr2t+P3a=1% P13=P1a=p23=p2=0,
(also, of course, (1) = 6%(1) = p(1) = 1 and all the other relations required for ¢*, 62,
and p to extend to states on C*). Define o = 40! + 162 Then I claim that

ent_(c!|p)=ent (0?|p)= —log2, while ent (c|p)= —3log3.
Thus
—3logz —logs +3ent (o' |p)+3ent (0%|p)=0#ent (36’ +50%|p). O

h) Uhlmann’s Inequality. Let A: .o/, — o/, be such that there is a normal linear map .
B(H ) B(H,) (where o, < RB(H|) and o, B(H,)) with A (B*)= A (B)*,
A(By*X'(B)< A'(B*B) for all BeB(H# 1), X' |, =4, and A(1)=1.T hen, for all o and p on
o 5, entd‘(ao/llpol) 2 ent, (o]p).

Proof. Uhlmann proved [13,Prop. 18] that if «/,, ./, are *-algebras and
Ao, -, with MA*)=MA)*, MA)*UNA)ZUA*A) (Aesf,), A1)=1, then
entf,,l(aolll poi)y= entf,z(a[ p). Unlike Uhlmann I need to assume that A is normal,
and I do not know if property A holds if this assumption is dropped. However, the
results of Lindblad [6] are a special case of the present result.

Assuming the hypothesis, let (0%, 0))eer (L(a’, p')) be a net of pairs of normal
states on Z(s,) constructed as in Axiom IV applied to (o,p,/,). Then
({604, pyoA'))ser 1s @ net of pairs of normal states on #(#,),

(@204, pod) > (a'o X, p'o k), and (a'o X, ,p'o k|, )=(d°Apod).
Now, using Uhlmann’s result (for normal states on %(s#) ent = ent5),
entdl(oollpoi) 2ent,, (0'° Ap'od) (propertya)

2 limsupent, , (6,°4'[p,°4') (property c)

ael

2 limsupent,,, (0] p;) = ent,, (0 |p). O
el

a
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There remains but one major property of ent® that we have not discussed and
generalised in some form to ent. That property “Araki’s property” is essentially
equivalent to the equivalence theorem to be proved in the remaining sections. It is
therefore deferred to the end of Sect. 8.

7. A Property Equivalent to Injectivity
This section is a brief technical interlude on the theory of von Neumann algebras.

Definition7.1. A von Neumann algebra (<7, #°) has Property 7.1 if there exists a net
(A)es of normal completely positive finite rank maps A,: 4(#) — o such that 1 (1)
=1 and such that 4,|, tends to the identity map on ./ in the topology of simple w*
convergence. (Le. w(4,(A4)) - w(A) for all wes/,, Aes).

In the next section we shall see that for ¢ and p normal states on an algebra &/
with Property 7.1 we have ent (a|p) = ent3 (a] p). In this section we shall prove that
injectivity is equivalent to Property 7.1. Although we will not actually need our maps
A, to have finite rank, the proof with this property omitted is not significantly
simpler. For an introduction to the theory of injective algebras see [ 16,§10.22-10.31,
pp 143-149].

Definition 7.2. A von Neumann algebra (7, #) is semidiscrete if there exists a net -
(A)eer Of normal completely positive finite rank maps 4,: &/ — o/ such that 1,(1) =1
and such that A, tends to the identity map on &/ in the topology of simple w*
convergence.

This property was introduced by Effros and Lance [17]. For its equivalence with
injectivity see [17, 18]. In fact, Effros and Lance showed that semidiscreteness of .o/
is equivalent to various properties of tensor products of . In this section we will
show that Property 7.1 and these properties are equivalent by showing that we can
go through Effros and Lance’s paper carefully and in detail making the necessary
extensions as we go, to show that they could have worked throughout with Property
7.1 instead of semidiscreteness. The first result however is not a direct translation of
their work:

Proposition 7.3. If ©: (o, # )= (4, H#,) is an isomorphism of von Neumann
algebras, then (sf |, # 1) has Property 7.1 if and only if (o 5, # ,) has Property 7.1.

Proof. Suppose that («7,, #,) has Property 7.1 and that (1,: B(#,) > o 1), is the
relevant net of maps. It is sufficient by the standard canonical form theorem for von
Neumann algebra isomorphisms (e.g. [19, théoréme 1.4.3, p.55]) to treat the
following special cases:

i) tisaspatialisomorphism: 7(4) = UAU* for U: #, — # , a surjective isometry. In
this case A)(B) = U* 1(UBU*) U (Be%(#,)) is a suitable net of maps on ().
ii) There is a Hilbert space . such that t:(of, #)—> (L R 1, # @A) is the
amplification. In this case define

A(B)=1"Y1(B®1,)) for BeB(H).

iii) There is a projection e'es/’ with central support 1 such that t: (o, #)—>
(s, € #) is the canonical induction. In this case define A,(B) =t~ !(4,(B./)) for all
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Be#(#). The confirmation in each of these cases that the A, are suitable, is
easy. O
Now we need to prove the following succession of results:

A) If (5, # ) has Property 7.1 for each BeJ, then so does (® o 5, ® H ).
ped peJ

B) If for all normal states p on o, (n (), # ,) has Property 7.1, then so does (£, ).
(Here m, is the G.N.S. representation of o/ corresponding to p).

O If (4,#,) and (A,,5#,) have Property 7.1, then so does
(A @l 3, H @ H ).

D) If(s/, #) has Property 7.1 and ec </ is a projection, then (esf e, e#) has Property
7.1.

E) If (¢, #) has Property 7.1, then so does the commutant (', #).

These results all correspond to parts of results in Sect. 3 of [17], and in each case
an almost identical proof works, except that the proof of E needs Proposition 7.3.

1t follows from B and E that to prove that (o7, #) has Property 7.1, it is sufficient
to show that for each normal state p on &, (n,(/), # ,) has Property 7.1. It is for such
algebras that, using the theory of tensor products, we actually construct the maps 4,.

Thus, let (<7, #’) be an injective von Neumann algebra, and let p be a normal
state on /. We now must assume the notation of [17, Sects. 1 and 2]. In particular,
for von Neumann algebras .«/ and 4, Effros and Lance define sets I” = min(</ ® %),
bin(«/ ® £) of positive linear functionals on &/ ® %, and corresponding C* algebra
tensor products & ® 4. S ® %) is the set of restrictions to o/ @ # of states on
A QB 0,1, (A) - o, is defined by 0,(C)(4) = (£2,,7,(4)C,,) for Cen (/) and
Aes/, and there is a corresponding positive linear functional ¢ on & ® n ()
defined by a(4 ® C) = 6,(C)(A).

cebin(«/ ® n, (7)) and so, since ./ is semidiscrete, oeS, ;. (F 7, () ([17,
Theorem 4.1]). Thus ¢ has a unique extension to a state ¢ on .o/ ® i, 7,(/). Since
this is a subalgebra of & ®,,;,#(#,), ¢ has an extension to a state ¢ on
‘Q/®mmg( ) Set ¢’ = U=|g®ge ESmm(‘%®'@(”p))

Now we follow the proof of (i))=() of Theorem 4.1 of [17]. Since

Smin( @ B(H ,)) = min(/ ® B(H ,)) "bin(f @ B(H ))w , there exists a net
(07)aer = Min(f ® B(H ,)) N bin(f @ B(H ,)), such that T, — T, in the topology of
simple w* convergence, where T, (respectively T,.). #(# ,)— «/* are the maps
defined by T, (B)(4) = 0(A® B) (respectlvely T,(B)(A) = d'(A® B)) for BeA(H )
and Aes.

However, ¢’ need not belong to bin(s/ @gg( ,)), S0 we cannot apply
[17, Lemmata 4.2-4.4] directly. Instead, let 6, = 0, | g, vy, and let A =co{T, :ael}
considered as a set of maps from (/) to «Z,.

A has the same closure (A) in the topologles of simple weak and simple norm
convergence, and 6,eA.

Now [17, Lemmata 4.2-4.4] can be applied and show that there exists a net
(wp)pes = A such that T, — 6, (simple norm convergence), and such that T, )=
Moreover, each w, has ‘the form

I
A®c=_z {(0,(6AL® C) +fi(t:AL)T(C) for Aess and Cenm (o),

i
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I
where p;e[0,1] with Y p;=1,t,e/ with0<1, <1, fles, ., and t; is a normal
i1

state on 7 (/).
Let 7; be any extension of 7; to a normal state on %(# ). Define

1
wy(A® B) = '21 pia,(t:At;® B) + fL(t;At)t(B))

for Ae/ and Be#(#,). Clearly w’,,ldmpwy:a)ﬁ and wzemin(/ ® B(H ;)N
bin (o ® B(H ,)).

Thus ka(1)=p, so that the map A,=10, lTw}, from B(H ) - n, (/) is well
defined. 4, is also completely positive, has finite rank, and A,1)=1 ([17,
Lemma 1.5]).

Now for Be#(#,) and A4,, A,e,

(1(A41)2,, A(B)n,(4;)2,) =T, (B)(ATA4,) = wy(AT 4, @ B)
from which it follows that 4, is normal, and for Cen (),

((41)2,,(44(C) = O)m,(A4,)2,) = T, (C)(ATA,) - 0,(C) (41 4,)
=T,,(C)(A14;) — 0,(C)(41A4)),

from which it follows that A, tends to the identity map on 7,(«/)" in the topology of
simple w* convergence.

This completes the proof that n (/) has Property 7.1 from which it follows, as
discussed, that each injective algebra has Property 7.1, and finally, since Property 7.1
clearly implies semidiscreteness, it follows that injectivity and Property 7.1 are
equivalent.

8. The Equivalence Theorem

There are three distinct parts to this section. Throughout it o/ will denote a von
Neumann algebra. In the first part we will show that ent_(c|p) is representation
invariant, in the second that ent and ent’ always agree on abelian algebras, and in
the third, by using the results of Sect. 7, that ent and ent’ agree on normal states on
injective algebras.

8A. First we derive some consequences of Uhlmann’s inequality—Property h of
Sect. 6. In each case a more direct proof can be given by applying Axiom IV and
making an appropriate explicit bound.

8.1. Let ec#(#) be a projection. For Be#(H), write B, = eB|g, € B(e#) and
write .o/, = {4, Ae/}. Define A,: o - o/, by 1,(A) = A, and extend to 1}: B(¥)
— %B(es#) by A1(B) = B,. Uhlmann’s inequality applies (4; is completely positive), so
ent (oo, [pody) = ent,, (o|p) for all ¢ and p on «/,. Note that, in general, ./, need
not be an algebra.

8.2. Now suppose ec.</. Let t be a normal state on %B(es#’). Define 4,: .o/, — o
by A,(A)=ede+ (1 —e)t(4), and extend to Ay:%B(eH)—>B(H) by AyB)=
eBe + (1 — e)t(B). Again Uhlmann’s inequality applies, so that

entde(aolzlpolz) =ent (o]|p) for all ¢ and p on .
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8.3. Since 1,°4, is the identity map on /,, combining 8.1 and 8.2 gives
ent (go4,|pod,) =ent,, (c|p) for all ¢ and p on ..

8.4. Let A" be a Hilbert espace, and A,: o - o/ ® 1, be the amplification defined by
AfA)=A®]1,. Extend to A,: B(H)->B(H @A) by 1(B)=B®1,. Again
ent (o°4,|p°oAs) 2 ent g, (a|p) for all states 0 and p on A/ @1,

8.5. The final case of a spatial isomorphism between von Neumann algebras is

totally trivial.
Animmediate corollary of 8.1 applied to the case ec /’, 8.4, 8.5, and the standard

decomposition theorem ([ 19, théoréme 1.4.3 p55]) is:

Theorem 8.6. Let ©: (o/,,# )~ (5, #,) be a mapping between von Neumann
algebras and o and p be states on o 5. If 1 is a normal homomorphism of of | onto of ,,
then

ent, (got|pet) 2 ent, (o]p), and so if T is an isomorphism
entﬂl(oorlpor) = entdz(alp). O
As a consequence of 8.3, we prove inequality 3.1:
Proposition 8.7. Let ¢ and p be states on B(#) and (A,)Y- | (with N finite) be positive
operators on B(H) with Ii A,=1. Then

N o(A,)
enty .(a|p) < — ) a(A4,)]o .
wrlelP)S = g oAlog )
Proof. First let & be an abelian algebra generated by N orthogonal projections
(P)Y-,. ol, and p|, are normal, so by monotonicity and property e of Sect. 6,
u a(P,)
entg . (0lp) < — ), o(P,)log .
a0 "Zl p(Pn)
Now let (4,)Y- | be operators as in the hypothesis. Then by a theorem of Naimark
(see [20, Theorem 9.3.2, p. 142]) there exists a Hilbert space /" containing J# as a
subspace, with e: 2 — # the orthogonal projection, and mutually orthogonal
projections

(8.8)

(P)Y_, suchthat A,=eP,|,, . 8.9)
BleX)

By 8.3 applied to this projection ee B(X"), enty ,(0°4,|p°4,) = enty 4 (a|p). But 8.9
gives oA (P,) = d(A,), pei,(P,) = p(A4,), so applying 8.8 to g°4,, poi, gives the
result. O

8B.

Theorem 8.10. Let & be an abelian von Neumann algebra, and let o and p be states on
Z. Then ent,(a|p) = ent5,(c|p).

Proof. Let A be the directed set of sets {P,,...,Py} where, N is finite, the (P,)}_ , are
N

mutually orthogonal projections in 2 with ) P,=1, and the ordering is by
n=1

refinement.
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For f ={P,,...,Py}€eA,define o} as the normal state on () which has density
matrix Z o(P,) P,. Define p, similarly.

Let S:‘" be the subalgebra of & generated by /. Define o, = 7,/ ,, and p, = p}|,,.
Clearly 0, = 0|4, and p, = p|,,. By property e of Sect.6 and monotonicity,

entg(x)(a’flpll) = ent.ﬂz’,(azip() 2 enty(a|p). (8.11)

Let ((0},p))),.. be a w* convergent subnet of ((¢/, p))),., converging to (d’, p’).
Then (|4, p'l2) = (0, p), 50

ent,(a|p) 2 enty 4 (0'[p) 2 lirr} sLup entg (07| ). (8.12)

Since g, and p, are normal, and 8.11 and 8.12 also hold for entS (the same
arguments apply), we have

ent,(a|p) =lim sup enty . (0;|p)) = 11m sup ents (07107
el

=ent5,(a|p). O

8C.

Theorem 8.13. If (<7, B(5#)) is an injective von Neumann algebra then, for all normal
states o and p on o,
ent_(a|p) =ent5,(a|p).
Proof. From Sect. 7 (7, #(5)) has Property 7.1. Let (4,),; be the relevant net of
maps. Define o, =074, and p, =poA,. These are normal states on %(#). Let
((gp, pp))pes be a w* convergent subnet converging to (¢’, o). By hypothesis, | , = o
and p'|, = p-
Using Uhlmann’s original inequality for ent’ ([ 13, Prop. 18]), which is quoted in
Sect. 6,
enty (04l pp) 2 ent}, (] p)
Zent (o] p) {(Lemma 6.7)
2 entg . (d'|p’) (Property a)

2 lim sup ent ,.,(aj(pp) (Property c)
peJ

=limsupent}, ,,(05/pp)  (Definition 6.1).
peJ

The result follows. O

A property, which is an immediate consequence of this result, is particularly
important, since the applications of relative entropy to statistical mechanics rely
heavily on it, (cf.[21]):

i) Araki’s Property. Let (</,),.; be a monotone increasing net of injective von

Neumann algebras with of = (| ) «,)". Let o and p be normal states on o, and let

ael
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(0050 = (0'|34ua P Im)- Then

ent (01p) = liment,, (c,]p,).
ael
Proof. This is a consequence of monotonicity, [10, Theorem 3.9], and the fact that
the hypothesis implies that o is injective (see [16, Prop. 10.25, p. 144]).

9. Postscript

Since this paper was first submitted, I have received a preprint [22] from Narnhofer
and Thirring in which they have, independently, suggested an extension of ent3, to
linear subspaces of .&/. It seems desirable, for completeness, to comment briefly on
their work. Adopting the notational conventions of this paper, their definition runs
as follows:

Let o/ be a U.H.F. von Neumann algebra, let o and p be faithful normal states on
&/, and let 4 be a linear subspace of o/ with 1€ 4. Let (#,, %, &(0)) be the G.N.S.
representation of ¢ and let &(p) be the cyclic separating vector representative of p in
the natural positive cone of #,. Let A4 (p,0) = Ay« be the relative modular
operator. (See [3,p.278] and [23, Chap.2.5] for these definitions.) Let P,: o#,—
n,(#)(0) be the orthogonal projection. Then Narnhofer and Thirring’s relative
entropy is defined by

P,A (p,0)P,
entz:;(alp)=gigxg<¢(o),log< e f(f; ‘2)1, ):(«:)).
BT AN B

Narnhofer and Thirring show that this possesses the usual properties of
concavity, monotonicity, and semicontinuity. In doing so, they provide new and
elegant proofs of these results for ent’,. They also show that ent}” (¢|p) = ent3(a|p)
=ent3(o|,|p|,) in the special case that % is a subalgebra of /. However, the
following example, which is the simplest I could construct, shows that for general
subspaces 4, enty"(c|p) is not equal to enty(c|,|pls). Thus entj”, does not satisfy
the axioms of Sect.2. The example also shows that ent}” (o|p) does not depend
solely on o|,and p|,. This is a property which ent,(a|,4|p|,) does possess, and which
I believe is fundamental for a satisfactory definition of the relative entropy on the
subspace 4.

Example. Let o/ = C3 considered as an abelian algebra. Let o =(1/3,1/3,1/3)
(ie.0((ay,a,,a3) = 1/3(a, + a, + a)) and let p, = (1/2, 1/4, 1/4), p, = (2/5,2/5,1/5).
Let 4 be the linear subspace of < spanned by 1 =(1, 1, 1) and B = (1, 2,4). Note that
Pilg = P2lg since pi(1)= py(1) =1 and p,(B) = p,(B) = 2.

Then, after a long calculation, I claim that, ent}”(s|p,)= —0.03615,
entYT(0|p,) = — 0.04173, while enty(al,lp,1,) = enty(ol5l oz 1) = — 0.02657.

Roughly speaking,ent}”(a|p,) and ent}’(a|p,) differ because PyA (p;,0)P4,i
=1, 2 depends on p{B?) and p,(B*) = 11/2, p,(B?) = 26/5. O
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