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Abstract. We prove a functional central limit theorem for additive functionals of
stationary reversible ergodic Markov chains under virtually no assumptions
other than the necessary ones. We use these results to study the asymptotic
behavior of a tagged particle in an infinite particle system performing simple
excluded random walk.

Introduction

In a recent work Lebowitz and Spohn [4] proved that diffusion of color for
"mechanically" identical particles with two colors as well as convergence to local
equilibrium in the hydrodynamical limit were related to the asymptotics, after
proper rescaling, of the movements of one or more tagged particles of the system.

Since for the moment purely mechanical systems seem to be out of reach, several
models which are to lesser or greater extent stochastic have been proposed. In [3]
Kipnis et al. considered the case of a one dimensional system of hard rods with
stochastic collisions. In this paper we consider the case of the so-called simple
exclusion process.

The intuitive description of the process is the following: Infinitely many particles
move on Zd according to a simple random walk with exponential (mean one) holding
time at each site and jump law p(x) which is symmetric, i.e. satisfies p(x) = p( — χ) for
all x's. However if a particle attempts a transition to a site already occupied, the
jump is suppressed.

The key remark is that, due to invariance of the mechanics under translations,
the evolution of the rest of the medium seen from an observer sitting on a tagged
particle follows a Markovian evolution (which possesses many reversible proba-
bilities) and that the movement of the tagged particle (the observer) in the absolute
frame is in a certain sense "driven" by this Markov process.

* Supported by NSF Grant MCS-8301364, ONR Contract NOOO14-81-K-OO12 and a Fellowship
from John S. Guggenheim Memorial Foundation
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In Sect. 1 we prove an abstract theorem on weak convergence to Brownian
motion of a process driven by a reversible Markov process.

In Sect. 2 we prove that our tagged particle satisfies the conditions described in
Sect. 1 to conclude that if xt denotes the position of the tagged particle then εxtε-2
converges to a Brownian motion with finite diffusion constant D. (Notice that before
taking the limit the random process xt is not Markovian due to the interactions!)

However it has been shown by Arratia [1] that when d = 1 and p(l) = p(— 1) =
1/2, the diffusion constant D is equal to zero and the correct scaling needed to
obtain a nontrivial limit is εxίe-4. We therefore prove that if d §: 2 or d = 1 and p(x) is
concentrated on more than two points then D is strictly positive.

In Sect. 3. we prove that two different tagged particles become independent in the
limit contrary to what happens in [3] where they remain correlated.

In Sect. 4. we apply our theorem to a jump process in random environment
obtained by first choosing (randomly) rates for each bond of nearest-neighbor
points of the lattice Zd and letting the particle jump across a bond with the
aforementioned rate.

1. Convergence to Brownian Motion of an Arbitrary Reversible Velocity Process

The question of proving a central limit theorem for the partial sums

of a sequence Z 1 , Z 2 , . . . , Zn,... of random variables has been studied exhaustively in
probability theory for at least fifty years. We will limit our discussion here to the
situation where {Z \ forms a stationary sequence in the strict sense. If the Z/s are
independent with mean zero and variance σ2 then the classical central limit theorem
asserts that the distribution oϊXJyJn converges to a normal distribution with mean
0 and variance σ2. The invariance principle asserts that the distribution of the
stochastic process Xn(t) = l/y/n X[nt] converges weakly in the Skorohod space to the
distribution of a Brownian motion with variance σ2.

These results have been generalized to the situation where the independence of
the random variables {Z}) is replaced by asymptotic independence of one type or
other. The assumptions are often difficult to check in specific circumstances.

One special situation where analogs of the classical results are valid without
additional assumptions is the following:

Theorem 1.1. Lei {Zf. — co <j < oo} be a stationary ergodic process such that
E[Zn + 1\Fn] = 0 a.e., where Fn is the σ-field generated by Zjforj^n. For such a
martingale difference sequence the distribution of Xn(t) = ί/yjn [_Zί + — h Z[nt{\
converges weakly to the distribution of Brownian motion with variance σ2 provided
£Z 2 = σ 2 <oo.

Proof. The above theorem is deduced easily from Theorem 3.2 of [2] where
condition (b) can be checked easily in our situation.

Remark 1.2. If {Zj} is a vector valued sequence one has an identical theorem where
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one obtains in the limit a multidimensional Brownian motion with a covariance
matrix identical to that of any Z,-.

Suppose {y,-}, — oo <j < oo is a stationary Markov chain on a state space X and
Zj = V(yj). Let us suppose that π(dx) is the common invariant distribution and
q(x, dy) is the transition probability of the chain. Let us assume that the chain is
ergodic. We denote by the symbol q the operator (qf)(x) — J/(y) q(x,dy) as well.
Suppose V(x) =f(x) — (qf)(x) for some bounded function f(x). Then V(x) has
necessarily mean 0 with respect to π and it is natural to ask if the central limit
theorem is valid for

If we define

then an elementary computation shows that

EίZ'n+!|FJ = £[/(yΠ+ OIFJ - (qf)(yn)=(qf)(yn)~ (qf)W = 0.

Moreover if

then

n n n
χn = Σ ftoj)- .Σ to/ίty) = Σ ZJ

We write Xn = X'n + X"n, where X"n = (g/)0>o) - (<lf)(yά Since -Y '/^/n is negligible as
n -> oo, the central limit theorem for XM follows from the central limit theorem for X'n
which is an application of Theorem 1.1.

Although the approach is quite elementary, when the underlying Markov chain
{yj} is reversible the method is powerful enough to establish the central limit
theorem and the invariance principle for the most general V that one can expect the
theory to hold.

Let q(x,dy) be a translation probability on a state space X with π(dx) as a
reversible stationary probability. We will assume that the stationary Markov
process P with π as marginal distribution and q(x, dy) with transition probability is
ergodic. Let V(y) be a function on X with j V2(x) π(dx) < oo, and we will assume that
J V(x) π{dx) = 0 and

lim -EPl(V(yi) + ... + K(j/M))2] = σ2 < oo.
f t - * oo W

If we denote by ev(dλ\ the spectral measure of V corresponding to the selfadjoint
operator q on L2(X, π), we obtain

1 _ J _ 1

:oo. (1.1)
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The condition that σ2 < oo is therefore equivalent to the condition J1/1 — λ ev(dλ) <
oo or FeRange(/ — q)1/2. This can be verified by checking the inequality

IJ V(y)φ(y)π(dy)\ ̂  C($((I - q)φ){y)φ{y)π{dy)fi2 (1.2)

for all test functions φ in L2(X, π). If we introduce the inner products

then our assumption can be restated as <K, K>_! < oo, where < >_ t is dual to
< >x under the pairing < >.

We denote by Ω the space of all ̂ -valued sequences {j/y}, — oo <j < oo and by
Fn the σ-field generated by y} for ^ n. We have the measure P on (ί2, F), where

F=VFn.
n

Theorem 1.3. Let V in L2(x, π) satisfy condition (1.1). Then the sequence

Xn=Σ V(yj)

can fee written as Xn = Mn + ξΠ, where Mn is a martingale relative to (Ω,Fn,P) and

lim - j - sup Iξj\ = 0 in probability (P). (1.3)

Moreover

\im-Ep\ξn\
2 = 0. (1.4)

Proo/. We denote by wε the solution of the equation

(l+e)uΛ-quB=V (1.5)

for ε > 0. We will investigate the behavior of uε as ε->0. We can rewrite (1.5) as

uε-quε=V-εuε. (1.6)

Therefore for every n ̂  0,

If we define

where Fe = V - εuE, then for each ε > 0, Mε

n if a martingale relative to (ί2, FΛ, P). We
can now express for each ε>09 XH = Me

n + ξε

n + ηε

n, where
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and
n - l

rin= Σ (ε"ε)(^)

j = o

We shall now establish that for each n ^ 1,

lim Mε

n = Mn exists in L2(Ω, P), (1.7)

lim ξe

n = <*„ exists in L 2 (β, P), (1.8)

lim f/J = O in L2(Λ,P). (1.9)
ε-0

It follows then that Xn = Mn + ξn. We will then establish (1.3) and (1.4) for the
sequence {ξn}. Since Mε

n is a martingale with stationary increments in order to show
that Mε

n has a limit in L2(Ω, P), it is sufficient to check that

lim {uε(y2) - uE(yi) + Vε(yι} exists in L2(Λ,P). (1.10)
ε-0

From relation (1.6) the above limit is of the form

ε->0

An easy computation yields

Epίf(y2) - (qf)(yi)V = </,(/- q2)f >

Therefore we need to check only that

lim <iιβl - uε2, (I - q2)(uεi - uε2)} = 0. (1.11)

Equation (1.11) can be calculated in terms of spectral measure ev(dλ) and the formula
reads

<wεi - wε2, (/ - q2){uει - uE2)} = J (1 - λ

If we assume that ε 2 έ ε i > 0 the integrand is dominated by (εl(l-λ2)/(l-λ)2εl) =
(1 + λ)/(l - λ). Since our basic hypothesis is that J (1 + λ)/(l - λ) ev(dλ) < oo, we
have (1.7) by the dominated convergence theorem. By a similar argument we also
obtain

lim <wεi - uε2, (/ - q)(uεi - uE2)} = 0. (1.11a)
0
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A similar calculation also yields

lim <wε, (/ — q2)uε} = f τ-ev(dλ) = σ2.
ε-o Jl-λ

Equation (1.9) involves proving

limε||uj =0.
ε-0

We will actually prove the stronger version,

limε<wε,wε> = 0. (1-12)

ε-0

Again by spectral calculation

1 P

The integrand goes to zero and is dominated by 1/(1 — λ\ which is integrable with
respect to ev{dλ). Since Xn = Mε

n + ξε

n + ηε

n and is independent of ε > 0, (1.7) and (1.9)
clearly imply (1.8).

We now concentrate on proving (1.3) and (1.4) for the sequence {ξn}. We first
prove (1.4). Clearly for every ε > 0,

Since Mε

n — Mn is a martingale with stationary increments,

_ M f* ε 3 P 2

1 1 n n n n

We have

l i m £ p | M ε

1 - M 1 | 2 = 0.
ε-0

Therefore it is enough to choose ε = 1/n and then show that

v 1 P , E l / ,2 Λ Λ i ^ P , l/n,2 Λ

lim — JEĴ iCn I = 0 and lim -£ r | fy^ / | = 0 .
n — oo W n — o o W

Clearly

EP\ξnln\2 = £P|Wi/n(3Ίι) - " I / ^ O ) ! 2 ^ 4£p |w1/n(^0)l

= 4<u1/π,M1/π> = o(n) by (1.12).

Moreover

n\2 = Ep\l-Σ ui/n(yi\ £ Ep\uί/n(y0)\
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Now we turn to (1.3). We need Lemma 1.4 which we will use but prove after
completing the argument;

sup \ξj\£ sup \M}ln-Mj\+ sup | ξ j / n | + sup \η)ln\.

Now by Doob's inequality

P[ sup \M)ln - Mj\ Zδy/ή}^ -^E p [Mj ' " - M J 2

as

Pi sup \η)ln\ ̂  δjrϊ\ ύ Pi1-"! I "M ^ δ>/"\

= o(ί) as n-^oo.

Finally

sup \ξ}/n\ = sup |w1/n(^)-M1/rt(>;o)l S sup | M 1 / M ( ^ ) | + \uι/n(y0)\,

Pi\uιln{y0)\^δ^ή\^^EPlulln{y

= o{\) as n

As for sup \u1ιn(yj)\, we write

sup |w 1 / n (^) |^ sup \ulfoj)-u1/n{yJ)\+ sup

for some ε > 0.

Pi sup Itt^y)! £

because £p |uXy 0)| 2 < oo.
We use Lemma 1.4 to estimate

uB(yj) - ulln(yj)\ ^δ^/ri

( < ( 7 ) ( u ε -M 1 / n >) 1 / 2 ,

letting n ->oo,

lim s u p P [ sup l u ^ ) - u1/n{yj)\ ^

^ - lim <Mε - uι/n, (I - q)(ue - w1/π
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If we let ε->0, we obtain

lim lim sup P[ sup | wβ(y,) - ui/n(yj) | ^ δ y/ή
ε->0 n->co

<. - l i m lim <u ε - w1/fl, (/ - q)(ue - u 1 / n)
0ε->On->αo

= 0 by (1.1a),

and we are done.

Lemma 1.4. Let f(x) be an arbitrary function in L2(X,π). Let

Then

{ / (1.13)

Proof. Let G = {x: \f(x)\ ^ /} and let τ be the hitting time of G, i.e. τ = {inf/: Ĵ -
Then

Let us consider the function </>p(x) = £Pχ{pτ}, where Px is the Markov measure on the
space of sequences {y,-} for j ^ 0 initialized to start from x at time 0. Then

P{τ ^y}^ p-ηφp(x)π(dx) g p""[J φ2

p(x)π(dx)^2.

To estimate the last term we note that

ΦP = P<lΦp on Gc, </>p = 1 on G.

By the Dirichlet principle

for any ω which is 1 on G. The function (|/(x)|/l//0 = ω is an admissible choice;

Therefore

Taking p = ̂ " 1 / Π we obtain (1.13).

Corollary 1.5.// V satisfies (1.1), then the distribution of Xn(t) = l/yjn X[nq =
inn

(\/yjn) J] V(yj) under P converges to Brownian motion with variance σ2 weakly in the

Skorohod space on any finite interval. Moreover σ is given by (1.1).
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Remark 1.6. If V is vector valued then essentially the same result is valid. The vector
valued process Xn(t) converges weakly to a multidimensional Brownian motion with
the corresponding covariance matrix.

Remark 1.7. If we replace P by Px the Markov measure starting from x at time 0, then
the distribution of Xn(t) under Px will again converge to the correct Brownian
motion but the convergence is in measure as functions of x relative to the measure π.
The question of almost sure convergence is open.

In the case of continuous time Markov processes we have the transition
probabilities p(ί, x, dy) and an invariant probability measure π{dx) with respect to
which the process is assumed to be reversible and ergodic. We also have the
infinitesimal generator L of the process. L is self adjoint on L2(π) with a nonpositive
spectrum and a simple eigenvalue of 0, constants being the eigenspace correspond-
ing to that eigenvalue.

If one is interested in proving a central limit theorem for an additive functional of
the form

where j V dπ = 0, then

lim V [ * 2 ( ί ) ] = 2 ϊ EPlV(y(s))V(y(θmds = 2 ] < TSV, V)ds
f->oo t 0 0

where Ts is the semigroup induced by the transition probabilities.
The natural assumption on V then is that VeD((— L)~1/2) or equivalently an

estimate of the form

KV,φ)\^c(-Lφ,φ)112 (1.14)

for all φ in the domain of L. We will assume that V in L2(π) satisfies (1.14). When we
say domain of L we mean the domain as the generator of a semigroup in L2(π).

We now state the analog of Theorem 1.3.

Theorem 1.8. Let y(t) be a Markov process, reversible with respect to a probability
measure π, and let us suppose that the reversible stationary process P with π as
invariant measure is ergodic. Let V be a function on the state space in L2(n) satisfying J
V dπ = 0 and condition (1.14). Let Ft be the σ-field generated by the process up to time t.
There exists a square integrable Martingale Mt relative to (Ω,FnP) for f*z 0 such
that Mt has stationary increments and

lim -j- sup \x(s) — Ms\ = 0

in probability with respect to P, where X(0) = M o = 0 and

= \v(y(s))ds.
o
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Moreover

lim-Ep\X(t)-Mt\
2=0.

r->oo t

Corollary 1.9. It follows now from results is Helland [2] that l/y/λ X{λt) satisfies a
functional central limit theorem relative to P and the limiting variance σ2 is given by

σ2 = lim -EX\t) = 2 J < TtV9 V}dt = 2{-L~1V9V).
t-*ao t 0

Remark 1.10. If we denote by Px the Markov process starting from a point x in the
state space and by Qλx the measure on the space of continuous functions induced by
l/y/λ X(λt) from Px and by Q the Brownian motion measure with variance σ2 on the
same function space, then we have besides j Qλ,xπ(dx) => Q actually QλtX=>Q in
measure with respect to π. The question of almost sure convergence is open.

Remark 1.11. If V is a vector of functions one has analogous results regarding
convergence to the corresponding vector Brownian motion with appropriate
covariance matrix. The basic approximation in Theorem 1.8 can be done for each
component and in [2] the multidimensional version of the central limit theorem for
vector martingales can be found.

Comments on Proofs. The proof follows the discrete time situation very closely. The
only tricky point is the analog of Lemma 1.4. Since the X(t) process is almost surely
continuous and Mt can be taken to be almost surely right continuous, one replaces
the supremum in

by a supremum over diadic points in [0, ί]. Denoting by DN the set of diadic points of
the form j/2N, it is clearly sufficient to prove

Lemma 1.12. Let f satisfy </,/> = a, </, - L / > = b. Then for every t, N and I

PL sup
0^s^t,se

Proof. If we denote by qN(x, dy) the transition probability p(l/2N, x, dy) and by qN the
operator T1/2N, then by the spectral theorem,

< / , ( / - qN)f > = f (1 - e-λ/2N)Ef(dy) ί 1 </, - Lf > = A

We now apply Lemma 1.4 for the discretely sampled process with n = [ί2N], and
we obtain the validity of the lemma.

2. Asymptotics for a Single Test Particle in Simple Exclusion

In this section we study the behavior of one test particle in the symmetric simple
exclusion process. We will denote by ξe{0,1}1* the state of such a process
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' 1 if the site u has a particle

(0 if the site u is free.

For any state ξ and any two sites u, v we denote by ξu'v the new state obtained by

ξ(z) if zφu or v

ξu>v(z)= ξ(u) if z = v

ξ(v) if z = u.

The evolution of the process ξ(t9 •) is governed by its infinitesimal generator L

(LF) = X [F(£" ") - F(ξ)Mu - υ). (2.1)
uφv

The summation here is over unordered pairs (w, v) with u φ v. For the process ξ(t9 •)
the Bernoulli measures P θ , where θ is the probability that any site is occupied
(independently of all the other sites) are reversible ergodic measures provided the
random walk p(x — j/) is irreducible.

If we have a single test particle in the system, it is more convenient to describe the
system in terms of the location x of the test particle and the configuration η of the
entire system seen from the test particle:

η(u) = ξ{x + u) for uφ% (2.2)

and the state space for the system is xeZd and ηe{0,l}ιd~{0l The infinitesimal
generator for the (x, η)t process is given by

+ Σ ίF(x9η
u>v)-F(x,η)Mu-v\ (2.3)

where

(τ-zη)(u) = η(u + z) for uΦ-z

= 0 for u = - z. (2.4)

From the form of (2.3) we see that η by itself is a Markov process with generator

UΦVΦ (2.5)

The invariant measures for the η process will turn out to be Bernoulli product
measures Pθ with common probability θ, and these will be ergodic and reversible for
Lo. [Although for the η process there is no site at 0 we will continue to denote by Pθ

the Bernoulli measure over all the other sites.]

Lemma 2.1. The ηt process is reversible and ergodic with respect to Pθ.

Proof. We need only check that
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where / and g are of the form

f{η)=\\η(u\ g{f]) = Y\η{u\
ueA ueB

where A,BaZd-{0}.
From the form of the generator (2.5) we need only check that

$f(ηu'v)g(η)dPθ = J g(ηu>v)f(η)dPθ, (2.6)

J/fo)0(τ-Λ)(l - η{z))dPθ = J ^ ) / M ) ( l - η(-z))dPθ. (2.7)

Equation (2.6) follows from the invariance of Pθ under the map η-*ηu'v and (2.7)
follows from the fact that η-+τzη maps (1 - η(z))dPθ to (1 - η(-z))dPθ. It is easy to
see that Pθ is reversible and ergodic for L 2 . Since any harmonic function φ such that
{Lι + L2)(/> = 0 has the property J φL^dPβ = - j φL2φ dPθ and j ψLt φ dPθ ^ 0 for
i = 1, 2 we have §φL1φdPθ = § φL2φdPθ = 0. But L2 is reversible and ergodic.
Therefore φ is a constant almost surely with respect to Pθ. This completes the proof
of the lemma.

The xt process is driven by the ηt process. If we pick a vector / and consider (x- /),
then

LO(X'I) = £(z-i)p(z)(l - η(z)) = φiη\

so that

\ Nι

t (2.7)

is a Martingale relative to the natural σ-fields. We now apply Theorem 1.3 to
and write

where M\ is another martingale and E\ is negligible. Taking / to be the various basis
vectors, we can approximate each component of xt by a sum of two martingales. The
central limit theorem now follows from what we said earlier. We need to show
that the conditions of Theorem 1.3 apply and that the limiting covariance of the sum
M, + Nt is nondegenerate. We assume that

Σ\z\2p(z)<oo. (2.8)

Lemma 2.2. For any I the function

satisfies the condition

\SΦtη)F(η)dPθ\ ̂  C(-j(L0F)(η)F(η)dPθ)^2.

Proof. We can take F to be a function depending on a finite number of coordinates
and then
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- ( 1 -n{-z))-]F{η)p(z))dP

(JΣo -

/ 2. (2.9)

For the next lemma which is required to prove the nondegeneracy of the limiting
covariance we will assume that under the random walk p(u — v) one can get from any
nonzero site to any other nonzero site without going through the origin. Notice that
this rules out only the nearest neighbor random walk in one dimension.

Lemma 2.3. Under the above assumption we have an estimate of the form

\\ΦM)F{η)dP9\ £ C{-\{L2F){η)F{η)dPβγ'2.

Proof. It is clearly sufficient to prove (see (2.9))

IJ [(1 - η(u)) - (1 - η(υ)W(ri)dPe\ ^ C\u - υ\(-\{L2F){η)F{η)dPeY
12.

In view of the triangle inequality is to enough to establish

sup IJ [(1 - η(u)) - (1 - φ)W(η)dPB\ £ C(-^(L2F)(η)F(η)dPθ^
2 (2.10)

The estimate is going to be derived through a random walk path from u to v that
avoids zero. Since for a fixed path of finite length, translations will produce only at
most a finite number that will go through zero the supremum in (2.10) comes for free
provided we establish (2.10) for each fixed u and v (with "translation invariant" C, see
below). Let

be a path that avoids 0, and let p{z{ - zt _ x) > 0 for / = 1,2,... ,n. Again because of the
triangle inequality we can concentrate on

IJ [(1 - Ψi)) - (1 - Φi- i)ΏF(η)dPθ\ = I J(l -φt-MFW-**) - F(η))dP

1 / 22

{-\{L2F){η)F{η)dPθγi2. •

We are finally ready to state and prove our main theorem: Let us consider a test
particle in simple exclusion where the underlying random walk probabilities p(u — v)
are assumed to be symmetric and satisfying ]Γ \z\2 p(z) < oo. Moreover the random
walk is assumed to be irreducible and not the one dimensional nearest neighbor
random walk. The test particle is assumed to start at 0. The rest of the configuration
is distributed according to the invariant Bernoulli product measure Pθ. Then
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Theorem 2.4. The distribution of (l/^/λ)xλt converges to a nondegenerate diffusion
with covariance σ in the Skorohod space. Moreover the covariance σ is also the limit of
the covariances of (l/yjλ)xλ as λ-+ oo.

Proof. In view of the earlier comments we need only prove nondegeneracy. There
are many martingales associated with the (x, η)t process;

vf = Σ*.,.-,.,,. >-fp(*)(i

are basic martingales, and any other martingale is expressible in terms of these. For
instance Nt given by (2.7) can be expressed as

For any function F the martingale

Mf = F(η(t) - F(η(0)) - J (LoF)(η(s))ds
o

can be expressed as

Moreover the martingales {vz

tv
u

t-
v} are mutually orthogonal in the sense that the

product of any two distinct ones is again a martingale. For any / the martingale
(Ntjy is of the form

and <M ί5/> of the decomposition

\φι{ηs)ds = M\ + E\
o

comes from Mf* as Λ,-+0, where F λ = ( λ / - L 0 ) ~ 1 φ I . From the orthogonality of
these martingales it is clear that the nondegeneracy of Mt + N, is assured if we
establish that Mt should involve at least some v"'y component so that it cannot
cancel Nt. In other words we need to prove

lim£p«{ Σ
λ->0 ufvfO

i.e.

λ - 0
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Lemma 2.3 assures us that

or

We can estimate

Since <φz, (λ/ — L0)~1φιy can go to zero only if φι = 0, we are done.

Corollary 2.5. Suppose the initial configuration in the sites uΦOis different from Pθ but
is some measure Q«PΘ. Then the basic central limit theorem is still valid and the
limiting distribution is the same as before. IfdQ/dPθ is bounded, then the covariance of
(l/y/λ)xλ converges to the covariance of the limiting Brownian motion. The proof
follows easily from Remark 1.10. The boundedness of dQ/dPθ guarantees that the
error is still negligible in the sense of mean square.

3. Asymptotic Independence of Two Test Particles

In this section we study the behavior of two test particles located initially at points x
and y.

Theorem 3.1. The scaled positions of two test particles converge jointly to two
independent Brownian motions.

Proof First of all we note that we are working with an initial distribution
conditioned to having sites x and y occupied. Since the conditioning set has nonzero
measure by Corollary 2.5, the two individual positions converge to Brownian
motions separately and only asymptotic independence has to be proved. In view of
the results in Helland [2] in order to prove that two Martingales satisfying the
central limit theorem separately converge jointly, after rescaling, to independent
Brownian motions we need only show that

li

where Λί$ is the ith component of the j t h martingale. By standard formula one can
compute

for some suitable function φifs).
We will carry out these computations in the next several lemmas and establish

that Eφij(s) -> 0 as s -> oo. This will prove the result.
First some notation. The probability that a typical site is occupied is of course θ

and is fixed. We will not specify it hereafter. We have the initial measures P, Px,Py,
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Pxy corresponding to no conditions, conditioned for site x, site y and both sites x and
y to be occupied respectively at time 0. We also have the measures for the entire
process ξt of the infinite particle system corresponding to these initial conditions
which we denote by β, Qx, Qy and Qxy respectively.

Lemma 3.2. The positions xt and yt of two tagged particles starting from x and y at time
t = 0 can be represented as

where Mγ] and M[2 ) are martingales relative to Qx and Qy respectively. They are both
martingales relative to Qxy. Further £ | υ , E\2) are negligible relative to Qxy in the mean
square sense.

Proof. The representation of x, relative to Qx and yt relative to Qy follow from Sect. 2.
Since all martingale properties are valid relative to almost all initial starting points
and Pxy« Px as well as Pxy« Py, the martingale property holds true for Qxy as well.
Moreover dQxy/dQx and dQxy/dQy are bounded. So all the negligibility results are
valid in the mean square sense as well.

Let us look at the complete class of martingales for the ξt process for any a,beZd

and a φ b:

n{u α, b) = Nt(ay b) -\p(b- a)ξs(a)(\ - ξs(b)) ds
o

is a martingale where Nt(a, b) is the number of transitions in time [0, t] from site a to
site b. Since any martingale is expressible in terms of these basic ones

afbO

and

Σ!$Λ (3.2)
afb

Lemma 3.3. For each t > 0

where

Hs)= Σ ΦWΛs)Φ?M
afb

Proof. Follows from the fact that unless a — ά and b = b' the martingales n(t, α, b)
and n(t, a\ b') are orthogonal and

En\u a,b)-\ ηs{a){\ - ηs(b))vΦ - a)ds

is a martingale.
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Lemma 3.4. For any L < oo,

Proof. Let us consider the system consisting of the first tagged particle being the
origin of reference and the rest of the world including the second tagged particle
being viewed from the first tagged particle. For this system there is a σ-finite
invariant measure with mass one corresponding to each location of the second
tagged particle. Given the location of the second tagged particle the rest of the
universe (excluding also the origin) is provided a Bernoulli product measure. One
checks that except for the one dimensional nearest neighbor model the system is
ergodic. Moreover the system is reversible so that if Tt is the evolution semigroup for
the system (f,Ttg)-+0 by the spectral theorem provided / and g are square
integrable with respect to the invariant measure. Picking g = X{]ulύL}(') a n d / = χy,
i.e. the indicators of the sets where the second tagged particle is within a distance L of
the origin and at y respectively we obtain our result.

Lemma 3.5.

lim E^yφijit) = 0.
t-*oo

Proof. We use the simple inequality

where L < oo is fixed, and

Eι(ή = {(«, υ)eZd xZd,uφv and max[|w - xt|, \v- xf |] ^ L},

E2(t) = {(w, v)eZd xΈd,uφv and m a x [ | u - yt\, \v- yt\] g L},

βfiW Σ \ΦΐiM2Φ)(ί-η,(v))p(v-u).
(u,v)eA

We write for each L < oo

E^AΦi3{t)\ύaL(t) + bL(t) + cL{t\

corresponding to the estimate (3.3), which we think of as

Step 1.

aL(ή = Efi**TitL(t) ^

^( ί WWQ^Ϋ'H ί Qf\t)dQx,yΫ
12.
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To show that aL(t) -> 0 as t -* 0, it suffices to know that β|Γ)(ί) are uniformly integrable
with respect to Qxy. But dQxJdQx anddQ xJdQ y are bounded and Qγ\t) and Q\2\t)
are stationary processes relative to Qx and β^ respectively.

Step 2.

bL(t) = EQ*»T

£ Q x [ β i υ W ] is independent of t and so is £ Q y [β$ 2 ( ί ) ( ί) l Moreover the last quantity
tends to zero as L-> oo, and we are done.

Step 3. The estimate for cL(t) is identical to step 2 with the roles of the two tagged
particles reversed.

4. Application to a Bond Diffusion Process

In this section we want to study the movement of a particle in a random
environment. Consider for each bond b of Zd a positive random variable ab and
suppose that these random variables are i.i.d.. Once this random environment
is chosen, let a particle evolve according to the jump process with generator
Lf{x)= X ayxlf(y)—/(*)]> where y ~ x means that y and x are nearest-neighbors

y-x

and ayx is the rate of the corresponding bond. We also assume that the ab'$ have a
uniform upper and lower bound. Call xt the position of the particle at time ί, and
εxt/ε2 the rescaled position. Then

Theorem 4.1. After rescaling the position of the particle converges to Brownian motion.

Proof The only quantities that matter in this problem are the values of the rates
given to each bond (which we call an environment).

It is also clear that the process ξt of the environment seen from the position of the
particle at time t is a Markov process whose generator is

Therefore to prove our central limit theorem we only have to check that, for any

ΊxeRd, the function

satisfies the condition of Theorem 1.3, because we easily check that the original
product measure (say m(dξ)) is reversible for this process;

$ae(ξ)(e 0L)g(ξ)m(dξ) = \ a ̂ e{τ eξ)(e ^)G

= - ^a^e(η)(-7'

Therefore
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which is the bound that we were looking for.

Remark 42. With some additional work one can prove the nondegeneracy of the
limiting Brownian motion.
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