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Abstract. We study the Migdal-Kadanoff recursion relations for lattice gauge
models with gauge groups SU(N) or U(N) in dimensions d < 4. It is shown that
the Gibbs factor of a plaquette with Wilson action is driven to 1 for all values of
the “temperature” (coupling constant). For models recently proposed by K.R.
Ito, where Migdal’s and Kadanoff’s recursion relations hold exactly, a lower
bound on the string tension is derived. The results obtained by us extend those
derived by Ito for U(1). Our method is based on analytic continuation of the
Gibbs factors, which are class functions, in the central angles.

1. Introduction

The recursion relations of Migdal [1] and the modified ones of Kadanoff [2] have
been proposed as approximate real space renormalization group transformations
both for spin systems and lattice gauge theories. However, only very recently these
recursion relations have been investigated by purely analytic methods [3, 4]. Ito
[4] studied the U(1) gauge group with Villain and Wilson action. For dimensions
d <4 he showed that the effective actions generated by both types of recursion
relations are always driven to the high temperature (strong coupling) region.
Moreover he proposed special lattice gauge theory models in which the recursion
relations of Migdal and of Kadanoff hold exactly and derived for d=3 a lower
bound for the U(1) string tension of these models.

In this article we generalize Ito’s work to the non-abelian gauge groups SU(N)
and U(N). Migdal’s [M] and Kadanoff’s [K] recursion relations involve multiple
convolutions of class functions on the gauge group G, ne N,

(n)r q

9"+ D)= {Z(")*—'EZ;} , (1.1M)
(m)\gy*xr

4 () = %U%% (1.1K)

with g, r positive integers, u € G, and e the unit element of G.
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Both recursion relations have the obvious fixed point g(u)=1. In Sect. 2 we
define inductively analytic continuations in the central angles of the class functions
entering both types of recursion relations. These analytic continuations are
deduced from translations by elements of the maximal abelian subgroup in the
recursion relations, the real parameters of which are then extended into the
complex plane. This method avoids continuation of the Haar measure.

From these analytic properties we derive for gauge groups SU(N) or U(N)
similar convergence properties of the effective actions and in Sect. 3 similar lower
bounds for the string tensions as obtained by Ito in the case of U(1). Our main
results are stated in Theorems 1 and 2.

2. Convergence of the Effective Actions

We consider the gauge group G =SU(N) or U(N). The block plaquettes have size
x [with [=2,3,4, ..., and we denote by r the number of plaquettes in a block and
by g the number of identified block plaquettes,

r=02q=01"2. (2.1

Let g™(u) be the Gibbs factor of a plaquette after n renormalization group
recursions, normalized at the unit element e of G

g"(e)=1. 2.2)

With u;e G for j=0,1,2,...,7, where u,=u and u,=e, Migdal’s and Kadanoff’s
recursion relations can be written in the following form [4], n=1,2,3, ...

1

r—1 r q
g"u)=—~ {kIJI [ du, I 9" Dujuf )} ; (2.3M)

r—1 r q
9= T f du, { 119" “(uj-lu;’v} : (23K)
k=1 j=1
with normalized Haar measure du and constants 4", A" determined by the
condition (2.2). In order to avoid clumsy notation we use the same symbols for the
functions generated by both iteration schemes although they are not identical.
Wilson’s action is chosen on the original lattice, hence with feIR .

g(o)(u) — eﬂRe{tru—N} . (24)

We first observe that the g™ (u) are real positive and class functions on G, invariant
under inversion of the argument

g (vuv~ ) =g"(u), Yve G, (2.5)
9" ) =g"(u). (2.6)

This is evident for (2.4) and follows then inductively from (2.3) due to invariance
properties of the Haar measure.

Denote by {4,}.x @ set of selfadjoint generators of the Lie-algebra of G such
that A CK is the index subset corresponding to the maximal abelian subalgebra,
ie.,

a,be A: [, 4,1=0. 2.7
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There are M such generators, M =N —1, [N] in case of SU(N), [U(N)]. For
xeRM, x={x,},.4, we define

X=3 X, (2.8)

acA
and therewith particular group elements

v.;=e r

J >

j=0,1,...,r. .9)

Upon replacing u;—v;u; in (2.3) we obtain, due to translation invariance of the
Haar measure and (2.5), n=1,2,...,

w—ix L )T T -1 ‘i%X e
g (e " u)= I1 jd“k I1g € Uj— 1Uj > (2.10M)
N k=1 j=1

g™ )=

] r=1 r —ilx 4
7 I [ {,1:[1 g <e ", lu}“)} . (10K)
For ¢g'© defined in (2.4), we write
g e *u)=expip{tr(e” *u) +tr(u*e'’*)— 2N} . (2.11)

Equations (2.10) and (2.11) define for any fixed ue G real-valued functions of
xeRM,

GP(u, x): = g™ (e Xu). 2.12)

Moreover they define inductively analytic continuations of these functions by
replacing

X->Z=X+iY,x>z=x+iy, yeRM, (2.13)

These analytic continuations form the basis of our treatment. We observe that the
analytic continuations §™(u,z) have the form g¢g™(e ““u). This follows by
uniqueness of the analytic continuation, starting from (2.3) with u replaced by
e~ *y and defining then inductively the analytic continuations.

Proposition 1. For ne N, the functions §"(u, z) are continuous in u on G for fixed
ze CM and entire holomorphic in ze C* for any fixed ueG.

Proof. Inspecting (2.11) the proposition is obvious for n=0. Assuming it to be true
for n— 1 we first conclude from the right-hand side of (2.10) the continuity of §™ in
u for fixed z, since only integrations of continuous functions on compact domains
are involved.

In order to prove the proposed analytic properties it suffices to show [5] that
for fixed u € G and any point ze €™, §™ is complex differentiable, i.e. holomorphic,
in each z,, a€ A, with the remaining z,, b€ A\{a}, kept fixed. Proceeding again
inductively the properties of Proposition 1 for given n— 1 allow in the analytically
continued right-hand side of (2.10) to interchange differentiation with respect to z,
and the group integration; this implies the analytic property for n. Compare [6] for
a related theorem. The proof given there extends directly to our case. [
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The class functions g™(u) are periodic functions of the central angles
{Wo}u=1.2,...m: Yue GIve G with

u=vAv*, (2.14)
Aa/}=6aﬁe——i%‘, d,ﬁ=1,...,N,

N-1
SUN):py:=— 3 v,.
Hence a=1

g W) =h"{w.}). (2.15)

We choose now such generators {4,},., of the maximal abelian subalgebra, that
the {x,} introduced in (2.8) are central angles. From Proposition 1, considered at
u=e¢, together with (2.12) and (2.15) we obtain

Proposition 2. For neIN, the class functions h"({z,})=3"(e,z) are entire
holomorphic in the analytically continued central angles z,=x,+1iy,, a€ A.

We next derive upper bounds for these functions from bounds for the functions
5m
g".

From the analytically continued Eq. (2.11) follows easily

9O )] S0 exp [ﬁ 5" (coshy,— 1)],
=1 (2.16)

SUM)v=— T .
For real t, 0<t<t,, we use
cosht—1<B(to)t?, t3B(ty)=cosht,—1, (2.17)
and in the case of SU(N) in addition the inequality

M 2 M
(a; ya> =M % yi.
Then introducing for y e R™ the norm
Iyl =maxly, 2.13)
we obtain for ||y|| <e:
0w sew o (5, 5,02, (.19)

with the constant b, defined by

B(o) for U(N)
{B(Q) +MB(Mg) for SU(N). (2.20)

Proposition 3. With b, of (2.20), for ne Ny:

4

19w, iy)| < g"(u) exp [ﬁbg (%) Z yﬁ} if Iyl <er”. (2.21)
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Proof. Due to (2.19) the proposition is true for n=0. Employing this result in the
right-hand side of the analytically continued Egs. (2.10) and proceeding induc-
tively concludes the proof. [

From (2.21) we finally get bounds on the analytically continued class functions
h™®; choosing in (2.21) u=e~** we obtain

Proposition 4. For neN, and z=x+iyeC™ the entire holomorphic functions
h®™({z,}) are bounded for ||y| <or" by

Kz SH((x) xp [ﬁbg (%) 3 yz] . 2.22)

We consider now the Taylor expansion of the real function A™({x,}) with
remainder of order 2. Due to (2.6) there are no linear terms, hence

h({x,})=1+ % 3 xx(0,0,h™) ({sx,}), 0<s<1. (2.23)
< k,leA

Since the functions h™ are holomorphic the derivatives in (2.23) have the Cauchy
representation

xe)
(1+3) " 1 (00h™) ({sx,}) = 1,1;[4 g %ﬁ(z—ggg))—”‘;,
acA

m,=1+08,+04,

with C; x ... x C,, chosen to be the distinguished boundary of a polydisc with
center {sx,} and equal radii R. Together with (2.22) and the anticipated property

0<h™({x,})£1, see (3.7), we obtain
exp [ﬁbg <%> MRz]

|0k 0h™ ({sx DI = (1+0,)

R2
Minimizing this upper bound in R gives
100 ({sx, DI < (1 +5,) efMb, <%> (2.24)
The application of (2.22) requires
f>pB,, with ﬂolM =0°b,. (2.25)

Collecting (2.23), (2.24), and inserting (2.1) we obtain our main result which we
formulate in

Theorem 1. For ne N, the Gibbs factors g™ (u) = h®({x,}) satisfy on G=SU(N) or
U(N) the uniform bounds

g™ @) =1 <o, p>f,. (2.26)
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The positive constant o does not depend on f or n, however, it depends on the gauge
group G and on B,.

Remark. For the abelian case G=U(1) the bound (2.26) has been derived by Ito
[4]. It implies that for dimensions d <4 the effective actions generated by the
recursion relations (2.3) are driven into the high temperature region with
increasing n.

3. String Tension

Since the Gibbs factors g™ are class functions, (2.5), they have the character
expansion

g"w)=3% d.c"PB @, n=0,12,.., (3.1a)
el

where I' is the set of classes of inequivalent continuous irreducible unitary
representations of G, y, the character of class t and d,=y,(e). The normalization
(2.2) implies
S d?c™=1,YneN,. (3.1b)
tel
Proposition 5. For neIN, and Ve, and VteT the coefficients c™(B) in the
character expansion (3.1a) are real nonnegative in both cases (2.3M) and (2.3K).

Proof. From the complete reducibility of all continuous finite-dimensional unitary
representations of a compact group [10, Sects. (27.34) and (27.35)], follows
VYo,0el
o) 2o () = Zr mey(u) (32
with m2’ e N,
For n=0 we expand (2.4), denoting by ¢ € I' the fundamental representation

v &1 B\ m
o= ¥ <5> L)+ 1)
Due to (3.2) the powers of characters appearing in the right-hand side yield linear
combinations of characters with positive entire coefficients. Hence the claim is true
in this case. We proceed inductively. Considering first Migdal’s recursion relations
(2.3M), we use the character expansion in the right-hand side and obtain

9w = ;17 {Z [ 1)(ﬁ)]')tf(u)}" : (3.3)

Since ¢ is a positive integer we can again use (3.2).
In the case of Kadanoff’s recursion (2.3K) we first observe that nonnegative
expansion coefficients in g™(u) imply for the expansions

(g™ W)= pH dbPBrw), n=0,1,2,.., (3.4)



Migdal-Kadanoff Iterations 611

nonnegative coefficients b®™, again because of (3.2). Moreover (2.2) yields
1= 3 d?b™(B), VneN,. (3.5)

el

Inserting (3.4) into the right-hand side of (2.3K) gives

1 n—1 r
m,erdr[bi BT xelw) - (3.6)

Hence we can proceed inductively. [J

g™ (u)=

As a corollary we obtain, due to (3.1Db), ‘
0<g™w)<1, n=0,1,2,.... 3.7

Remark. The functions g™ (u) are continuous class functions of positive type. This
can be deduced inductively: The convex cone of continuous class functions of
positive type is closed under product and convolution, which easily follows from
[10], Sects. (32.9) and (34.10) (“non-abelian Bochner’s theorem™). Proposition 5
and (3.7) follow from these properties too.
Following Ito [4] we define
6= X d7c(P), (3.3)

el
0

where =0 denotes the trivial representation. Because of (3.1b)

S,=1—cP=[du[1—g™(u)]. (3.9)
Due to (3.7) we then have the following corollary of Theorem 1:
0<6,<apl"®=% for B>B,. (3.10)

For 4, sufficiently small the character expansions can be used in both recursion
relations (2.3) and lead to

Proposition 6. If 6,<3, then
Ont1=(10,) (3.11)
with t=2q'", [q-27] in the case of M, [K].
Proof. Starting with Migdal’s recursion we get from (3.3)
(=6 + ¥ T 1.0 J { (—sy
(1—-6,)"+ tgo e | T l-0,)+96;,

}q. (3.12)

V= [du

The result in the numerator follows from the positivity of the coefficients ¢ and
(3.2). In the denominator we use

> T s [ > d?ci"’]’- (3.13)
t*0 t¥0
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Hence, from (3.9) and (3.12)

5, Y17
NPT ANE

With (1+x)"7>1—gx, for x>0, we obtain for §,< 3

6, .
5n+1§q<1_5> <q(25n) .

In Kadanoff’s case we get by integrating (3.6),

b(n)]r
S g G4
tel’

Hence, due to (3.9)

(3.15)

Z d?[bﬁn)]r 1_b(n) r
5 - t*0 S 0
TP+ ;0d3[b§">]'—< by >

This last inequality follows by neglecting the sum in the denominator and
estimating the sum in the numerator as in (3.13). Moreover we used the
normalization (3.5). From (3.1a), (3.4), and Proposition 5 we deduce with (3.2)

bP > [cd]7=(1-46,)". (3.16)
Employing this in (3.15) gives
1—(1-=6,)1)"

For §,<1/2 then follows
0,41<(q-2%,)". U

Obviously Proposition 6 is only useful if t5,<1.

The final steps to derive a lower bound on the string tension in the case of d <4
are those of Ito’s work [4]. For the reader’s convenience we display them very
briefly. Iterating (3.11) leads to

¥

n>ng, 0, <(t'8,)" " =11, (3.18)

Consider a series of quadratic loops €, of size I" x [" forming after n iterations the
boundary of a plaquette respectively, and define the string tension « by

1
a=— lim Tlniqq,(u(g DR (3.19)
nto [21 0 d, "

Due to Theorem 1 for each given f there exists a convergent polymer expansion
[7] for sufficiently large n, after iterating the renormalization group recursions n
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times. €, becomes the boundary of a plaquette, hence

1 ) By
£ 0l0e )= (14 A)S 75 (144, (3.20)

where 4, is the higher order contribution in the infinite volume limit. 4, vanishes
for n—co. Using (3.18) with t'6, <1 in (3.20) implies

D lné. (3.21)
With 0<e<1 we define the function v(f) and ny(f) e N, by
toplBE—D =g, (3.22)
no(B)—1<v(B) =no(p). (3.23)
Hence, because of (3.10), we can deduce from inequality (3.21)

a>l—2n0(ﬁ) lnl > I—Z(V(ﬁ)"' 1)1111.
g €

Inserting [~2*® obtained from (3.22) we proved

Theorem 2. For gauge groups SU(N) or U(N), in the case of d<4 and >, the
string tension o satisfies
2

a>constf 4749, (3.24)

According to our derivation Migdal’s or Kadanoff’s recursion relations do not
seem — for d <4 at least — to distinguish between abelian and non-abelian gauge
groups.

The discrepancy between the bound (3.24) in case of U(1) for d =3 and bounds
derived within the full U(1)-lattice gauge theory [8, 9] has already been pointed
out by Ito. In spite of this deficiency the result derived for non-abelian gauge
groups appears to us of some interest in view of the very difficult problem of
spontaneous mass generation in d =3 non-abelian lattice gauge theories.

Acknowledgement. We thank the referee for pointing out an alternative proof of Proposition 5,
outlined in the remark.
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Note added in proof. After completing this work we became aware of [11], where the Migdal
recursion equations for U(1) have been investigated by a different method in the case of ¢ >r in
our notation.





