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Abstract. In this paper and its sequel we shall prove the local and then the global
existence of solutions of the classical Yang-Mills-Higgs equations in the
temporal gauge. This paper proves local existence uniqueness and smoothness
properties and improves, by essentially one order of differentiability, previous
local existence results. Our results apply to any compact gauge group and to any
invariant Higgs self-coupling which is positive and of no higher than quartic
degree.

I. Introduction

This is the first paper in a series of two in which we shall prove the local and then
the global existence of solutions to the Yang-Mills-Higgs equations in 4-
dimensional Minkowski space. In this paper we establish local existence, uniqueness
and smoothness properties of Yang-Mills-Higgs fields in the temporal gauge. In
the sequel, we shall extend this result to global existence by showing that an
appropriate norm of the solutions cannot blow up in a finite time. Our results
apply to any compact gauge group and to any invariant, positive Higgs self-coupling
of no higher than quartic degree.

Our work on Yang-Mills theory was motivated by an interest in the cosmic
censorship conjecture in general relativity. This conjecture states (roughly) that
singularities which develop from regular initial data are always hidden inside black
holes. Some heuristic arguments given elsewhere by the authors [1,2] strongly
suggest that the cosmic censorship conjecture is equivalent to a certain global
existence conjecture about the Einstein equations. One hopes to prove the global
existence conjecture and thereby to establish the validity of cosmic censorship.
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Yang-Mills theories provide some simpler models on which to develop the needed
analytical techniques.

The local existence results of this paper are derived using Segal's general
existence theory for semi-linear evolution equations [3], Segal himself has already
given a local existence argument for (pure SU(2)) Yang-Mills fields in the temporal
gauge [4,5]. However, our approach (which is technically somewhat more
complicated) improves the local result by (roughly) one order of differentiability.
This in turn simplifies the global existence argument to follow.

Segal proved local existence for the evolution equations by taking [5]
(A,E,B)eHs x Hsx Hs for s ̂  2. Here A is the vector potential, E is the electric
and B the magnetic field associated to A, and Hs represents the Sobolev space of
square integrable functions with square integrable derivatives up to order s.
However, the "constraint" equation which relates B to A,

B = V x A+±[A x ,A] ,

shows that V x AeHs and thus that the transverse part of A lies in Hs+l. In
addition the initial value equation,

dA
shows that the longitudinal part of E lies in Hs+1 and thus, since — = E, that

at
the longitudinal part of A remains in Hs+1 provided its initial value lies in this
space. Thus the actual solutions (A, E, B) resulting from Segal's approach lie in
Hs+ί xHs x H s f o τ 5^2.

In our approach we take (A, E,B) to lie mHs+1 x Hsx Hs ab initio and prove
local existence for all s ̂  1. To achieve this improvement, however, we must modify
the evolution equations in such a way that the modified equations (i) reduce to
the original equations when the constraints are satisfied, (ii) preserve the constraint
equations, and (iii) have the needed Lipshitz and smoothness properties for local
existence in the stated spaces.

The reason that the unmodified equations fail to give an immediate local
existence result in Hs+1 x Hsx Hs is discussed more fully in Sect. II below. To
globally extend Segal's result by the energy methods of paper II one would have
to show that the H3 x H2 x H2 norm does not blow up in a finite time. To globally
extend our result, however, we shall only need to show that the H2 x H1 x H1

norm does not blow up.
The choice of ordinary Sobolev spaces as function spaces for our analysis was

made primarily for simplicity. However, the functions in these spaces decay faster
at infinity than 1/r and thus cannot accommodate the description of a non-zero
magnetic charge. The treatment of spontaneously broken symmetry (even with
zero magnetic charge) is also excluded from consideration since in that case the
Higgs field would have to decay to a non-zero constant at infinity. For technical
reasons (involving the elliptic theory done in the appendix) it is not sufficient to
simply subtract a background field with the "bad" asymptotic behaviour and work
with equations for the subtracted fields. Nonetheless, we believe there to be no
fundamental difficulty in extending our results to the treatment of spontaneously
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broken theories and magnetic charges. The needed analytical tool would seem to
be the weighted Sobolev spaces of Nirenberg and Walker [6], Cantor [7] and
McOwen [8]. These have recently been applied to solve certain existence problems
in general relativity by Christodoulou [9] and Choquet-Bruhat [10].

Since writing this paper we received a preprint by Ginibre and Velo [11] which
significantly elaborates and extends Segal's Yang-Mills work. In particular they
prove global existence for Yang-Mill-Higgs fields in 2 + 1 dimensions by extending
a technique developed by one of us (VM) [12] to prove global existence for the
Maxwell-Klein-Gordon equations.

II. Local Existence and Smoothness

In this section we shall establish local existence, uniqueness and smoothness
properties of solutions of the Yang-Mills-Higgs (YMH) equations in the temporal
gauge by applying Segal's [3] general theory for semi-linear evolution equations.
We shall show that any initial data (A,A9φ,φ) lying in the Sobolev space
(Hs+ί x Hsx Hs+1 x HS) = (HS+1 x Hs)

2 for s ̂  1 generates a unique solution to
the integral equation associated to the YMH evolution equations on some region
R3 x (ta9 tb) of (Minkowski) spacetime. We shall further show that if the initial data
is restricted to lie in (H2+k x Hί +k)

2 for k ̂  2 then it generates a solution for which
the potentials (A, φ) are Ck functions on spacetime which satisfy the YMH equations
in the classical sense.

To simplify the presentation slightly, we shall specify initial data at ί = 0 and
consider only evolution into the future so that the local existence intervals will
always have the form [0, T) for some T > 0. Since the YMH equations are time
translational and time reversal invariant, it's clear that this specialization entails
no loss of generality.

Our conclusions will apply to any compact gauge group and any quartic Higgs
self-coupling with positive energy.

A. Notation and Basic Equations

Let G be an arbitrary, compact Lie group and let {θa} be a real matrix representation
of the Lie algebra ^ of G so that

[θβA]=/βfccθc t2-1)
for some constants/flbc. We may regard the Yang-Mills potential (4)A as a ^-valued
one-form field over Minkowski space and write

(4)A = A(^θadxμ = Aμdxμ (2.2)

The curvature of (4}A is a ^-valued two-form field {4)F defined by

<4>F = (F(^θa)dxμ Λ dxv = Fμvdxμ Λ dx\ (2.3)

where

Fμv = dμAv-dvAμ + lAμ9Av]. (2.4)

The fields induced by (4)A and (4)F on a flat, t = const spacelike surface in Minkowski
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space will be denoted by

A = A(f)θadxί = Aidxί,
(2.5)

F = F\fθadxl Λ dxj = Fijdx1 Λ dxj,

where ij range over 1, 2, 3 and x° = t is the time coordinate.
The Higgs field φ is a vector valued function on Minkowski space with its

values in the real vector space associated to the representation {θa}. The covariant
derivative of φ has the components

Dμφ = dμφ + Aμφ. (2.6)

If fy is a smooth G-valued function over spacetime it generates gauge
transformations of ((4)A, φ) according to

φ' = <Ίίφ, A'μ = WAft-1 + Wdft-1 (2.7)

from which follow the transformations

F ^ΦF^φ-1

(2.8)
(Dμφy = w(Dμφ)

The (gauge invariant) Lagrangian for the YMH equations is

<e = Tr{-iFμvF"v} -$(Dμφ) (D"φ) - P(φ\ (2.9)

where P(φ) is an invariant polynomial in φ (i.e., P(<%φ) = P(φ)\/φ and WeG) of
no higher than quartic degree and where Tr represents a trace over the represen-
tation of ̂  and "." represents an invariant contraction in the vector space associated
to the chosen representation. One can always choose the basis [θa] for ̂  such that
the θa are real antisymmetric matrices, the fabc are completely antisymmetric and
the trace is1

TrίβA}^ (2.10)

In this case the contraction "." is given by

φ φ = φκφκ,(Dμφ) (D^φ) = (Dμφ}κ(D»φ)κ (2.11)

etc., where K ranges over l,...,d= the dimension of the representation.
The Hamiltonian associated to the Lagrangian (2.9) is given by

H = j d3x{Tr[^fi. + iFyfy] + iπ π + ̂ Dtφ) (Dtφ) + P(φ) + Tr[^0*]},
«3

(2.12)
where

£; = E^θa = d,A, - dtA0 + IA0, AJ = F0ί

(2.13)
π = δ,φ + A0φ = D0φ

and
p Aj ] - (π θaφ)θa. (2.14)

1 For convenience we have defined the trace operation Tr to be the negative of the usual matrix trace
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The initial value constraint is ̂  = 0 and Et and π are the momenta conjugate
to Ai and φ respectively.

The Hamilton equations, specialized to the temporal (A0 = 0) gauge become

d_
~dt φ

0

pF

0

dP
--
cφ

(2.15)
where we have split the linear from the non-linear terms on the right-hand side.
For reasons that we shall explain below, it is desirable to replace these evolution
equations by a different set which reduces to the above when the constraint is
satisfied. The needed modification is obtained by first splitting E = E^x* into its
unique transverse (divergence free) and longitudinal (curl free) parts (see the
appendix for the definition of this splitting on Hs vector fields and the proof of
its smoothness),

F _ pT , FLi,-. — £/. -f -C/ d{Ej = 0, εijkdjEϊ = 0, (2.16)

and then by replacing EL with an expression which equals EL when the constraint
is satisfied. Thus we let

(2.17)

where *(p) represents convolution of p with the fundamental solution of
4πr

Poisson's equation, i.e.,

4πr
/ * r
(P) = ~ -r- }

p(x')

x-x
(2.18)

In the appendix we prove for any (A,E,φ,π)€(Hs+1 x Hs)
2, and with 5^1, that

Ec is a well-defined curl-free vector field lying in Hs+ί and satisfying

δί£f = [£J,^.]-(π θ»θβ. (2.19)

We also show that if in addition the constraint is satisfied, i.e., if

dtEt = dtf = IEJ9 A:\ - (π θaφ)θa, (2.20)

then £f = Ef. Note that Ec (and thus EL when the constraint is satisfied) is in
general smoother than Eτ (i.e., EceHs+1 whereas EτeHs). This will be quite
important in the following analysis.

With the above modification we may write the evolution equations as

(2.21)
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u=
E

'
ΔAi-dίdjAj

π
Δφ

(2.22)

and

J(u) =
- ((Dtφ) θa

dP

(2.23)

By splitting A and E into transverse and longitudinal parts we may express the

linearized equations

du
~dt'' (2.24)

in the form

ά(AΎ

dt\E

Aτ\ d_(φ

Eτ Γdt\π

φ\ d_(AL

π Γdt\EL
(2.25)

which shows at once that the pairs (Aτ, Eτ] and (</>, π) each satisfy the linear wave
equation and that (AL, EL) is a constant of the (linearized) motion. It follows that
the linearized equations are globally defined on any of the Sobolev spaces

(Λ,£,<M)e(tf s + 1xH s)
2, s^O. (2.26)

Had we attempted to work with the unmodified equations (2.15), the longi-

tudinal projection of the linearized equations would have been

(2.27)
d_(AL

Tt\EL
0 0

AL

EL

which has the general solution

EL(t) = £L(0), AL(t) = AL(ty + £L(0)ί. (2.28)

Thus AL(t) is no smoother than EL(t) = £L(0). This is the difficulty in attempting
to treat the linearized (unmodified) equations as defining a group on the space

HS+I χHs- In Pure Maxwell theory this procedure causes no difficulty because
the Maxwell constraint is simply EL = 0 which allows AL(t) to persist in Hs+ ^ In

Yang-Mills theory one might hope to solve the constraint for EL as a functional
of (A, Eτ) and show that this solution forces EL to lie in Hs + 1. Unfortunately,
however, one cannot globally solve the constraint for EL since the functional
derivative of the constraint with respect to EL is not an everywhere surjective map
(this fact was first pointed out by Gribov [13]). Nonetheless, it is true that the
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constraint forces EL to lie in Hs+ l t Our device of replacing EL by Ec takes advantage
of this "smoothing" property of the constraint without in fact attempting to solve
the constraint.

B. Local Existence and Uniqueness

As discussed above, the linear operator j/ generates a one-parameter group on
any of the Sobolev spaces (Hs+ L x Hs)

2 for s ̂  0. For s ̂  1 we may establish local
existence and uniqueness of solutions to the integral equation

ί
u(t) = exp(j3f(ί - ί0))u(ί0) + J dsQxp(^(t - s))J(u(s)) (2.29)

associated to (2.21) by showing that J is a continuous map from ffl = (Hs+ 1 x Hs)
2

to itself which satisfies the Lipshitz condition

\\J(u)-J(v)\\^C(\\u\\9\\v\\)\\u-v\\ (2.30)

for all M j t eJ f. Here || || is the (Hs+i x Hs)
2 norm and C(,) is some monotonically

increasing, everywhere finite function of the norms indicated. It will follow from
Segal's general theory [3] that any initial data u(t0) = u0ej^ will determine a
unique solution u(t) to (2.29) on some interval (ta, tb) containing ί0 and that either

(f f lΛ) = (-°°> + °°) or I I "(Oil -> oo as f-»ί f l or tb.
The proof that J is a continuous, Lipshitz map from Jjf to J^ is, except for

the non-local term £c, straightforward and was in fact given by Segal for the case
Jjf = H2 x //! (with G = SU(2) and Higgs fields not included). A proof in the general
case (including s > 2) is facilitated by using the Sobolev estimate

(2.31)

^ K Ί I / U f l 2

and the Schauder ring property of Hs maps (i.e., the property that Hs fields over Rn

form a ring under pointwise multiplication of components if 5 > n/2 [14]). The
proof that Ec, defined by Eq. (2.17), is a continuous map from ^toHs+1is given in
the appendix where it is also shown that Ec has the Lipshitz property needed for
(2.30). Combining these results one finds that

\ \ J ( u ) - J ( v ) \ \ ^ ( C 1 + C2(\\u\\ + \\v\\) + C,(\\u\\ + (2.32)

where C1 ?C2 and C3 are positive constants and u and v are arbitrary elements of
#e.

To show that solutions u(t) of the integral equation (2.29) actually satisfy the
original differential equation (2.21), we need to establish some smoothness of the
non-linear operator J and to restrict the initial data u0 to lie in the domain of jtf.

J is in fact a C°° map from 2tf to itself. One can prove this by directly computing
the Frechet derivatives of J (all derivatives higher than the third vanish identically).
For the local terms in J (i.e., those not involving Ec) one needs only the Sobolev
estimate (2.31) and the Schauder ring property of Hs maps to prove the indicated
smoothness. The proof that Ec is a smooth map from 3tf to Hs+1 is given in the
appendix.
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Since J is a C°° map (C1 would be sufficient here) it follows from Segal's general
theory that any initial data in the domain of s$ = D^ determines a solution of
(2.29) which remains in D^ throughout its interval of existence and which thus
satisfies the differential equation

^(t) = rfu(t) + J(u(t)), (2.33)
at

with —(ί) a continuous curve in ̂ .
at

The domain of stf consists of all (A,E9φ,π) satisfying

AτεHs + 2, A
LεHs+ί, E

τεHs+ί, ELεHs

We shall now show that solutions u(t)εD^ satisfy the constraint ^(t) = 0
throughout their interval of existence provided they satisfy this constraint initially.

Computing — for any solution u(t)eD^ we get

at L—'-'£'']' (235)

where

(2.36)

Thus, using Holder's inequality,

f <#(a)Cg(a)= +2 f fabctf(c\AEL)(a)E(b}

/it J J J ^ 'i J
Rί R} (2.37)

a,b,j

From the Sobolev estimate (valid for //1 functions over R3)

we get that
1/2

(2.39)
1/2

/2

= κ
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where, in the intermediate steps, we have integrated by parts and used the fact
(see the appendix) that ΔEL is a gradient obeying

dtAE^=-^. (2.40)

It follows from (2.37) and (2.39) that

(2.41)

(since ||£(ί)||L3 rg C\\E(t)\\Hι) and thus, using GronwalΓs inequality, that

(2.42)

Thus \\%>(t)\\L2 and hence ^(t) vanishes throughout the interval of existence of u(t)
provided Ή vanishes initially. Furthermore since ^(t) = 0 implies that EL(t) = Ec(t)
(see the appendix) it follows that solutions to the modified equations (2.21-2.23)
which satisfy ^(t) = 0 are in fact solutions of the original unmodified equations
(2.14 and 2.15).

We have thus proven:

Theorem 1. // u0 = (A9E,φ9π) is any initial data lying in J4? = (HS+1 x Hs)
2 for

s^l then there exists a unique solution u(t) to the integral equation (2.29), with
ι^(0) = UQ, defined on some interval [0, T). u(t) is a continuous curve in Jtf and either
T= +TO or ||w(ί)||^_+oo.

Furthermore if u0ED^ and satisfies the constraint Ή(u0) = Q then the solution

—

satisfies the differential equation (2.15), and the constraint ^(u(t)) — 0 throughout its
interval of existence [0, T). Again, either T = oo or | |w(f)[|^— »co.

curve u(t) remains in D^, has a first derivative — (t) which is continuous in ffl, and

C. Smoothness of Solutions

The solutions discussed above have u(t)eD^ and —

throughout their intervals of existence. Because of the constraint however, they
are actually somewhat smoother than this. As shown in the appendix (see Lemmas
A5 and A6) the constraint equation

(2.43)

forces EL to satisfy

(i) ELeH2 Vμ, £, φ, π)e(H2 x H,)2 (2.44)
and

(ii) ELεHs + 2V(A,E,ψ,π)£(Hs+1 xHs+ί)
2 (2.45)

for 5^1. From (i) and (ii) it follows that any ueD^ has ELεHs+1 if the constraint
is satisfied. But this means that (A, E, φ, π)e(Hs+ί x Hs+l)

2 (with φ and Aτ actually
in Hs + 2) and thus from (ii) that ELeHs+2. The constraint thus forces EL to have
two more orders of differentiability than inclusion in D^ requires.
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The longitudinal projection of the equations of motion gives

dAL

2, (2.46)

which shows that if we further restrict the initial data so that AL(Q)eHs+2 then
AL(f) will persist in this space throughout the interval of existence. We thus find
that if the initial data is restricted to lie in the natural "subdomain" D^ a D^
defined by

D^ = {(A,E,ψ,π)e(Hs + 2xHs+1)
2}, (2.47)

then u(t) will persist in this space throughout its interval of existence and in fact
have EL lying in Hs + 2 by virtue of the constraint.

We have thus proven:

Corollary 2. // u0 = (A,E,φ,π) is any initial data lying in D^ = (Hs + 2 xHs+1)
2

for 5^1 which satisfies the constraint ^(u0) = 0 then there is a unique, once
continuously differ entiable solution u(t) of the differential equation (2.33) and the

constraint ^(u(t)} — 0 having u(Q) = UQ. This solution has u(t)eD^ and —

(Hs+ί x Hs)
2 throughout its interval of existence [0, T) and either T= 4- oo or

l im| |u(f) | | ( H s + l X j H s ) 2 = αo. Here continuously differ entiable means that u(t) and

— (ί) are continuous curves in 2tf .
at
We can combine this result with Segal's general smoothness theorem [3] to show
that if the initial data is restricted to lie in (Hs+ 1 +kx Hs+k)

2 with k an integer Ξ> 1,
then the solutions obtained will in fact be k times continuously differentiable with

u(t)e(Hs+i+k x Hs + k)
2^(t)e(Hs+k x Hs + k_ί)

2,

(2.48)

throughout their intervals of existence.
First note that for any integer j ^ 1 we have, for any ve(Hs+1 +j x Hs+j)

2, that

s/ve(Hs+jxHs+j_,)2. (2.49)

Furthermore, since the non-linear term J(u) is a smooth map from (Hs+l x Hs)
2

to itself for all 5 ̂  1, we find, computing successive derivatives of the equation of
motion,

J(u), (2.50)
at

d2u du du
— = s/— + DJ(u) —
air at at

d3u d2u d2u ,
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etc.,

that if w(0) = u0 lies in (Hs+ 1+k x Hs + k)
2 then the successive derivatives u'0 = -τ-(0),

UQ = -ττ(0)5 etc., computed formally from the above, satisfy-τ

1xHs)
2. (2.51)

Thus, in particular the first (k— 1) derivatives (wό> > M o k ~ 1 > ) ^e ^n (HS + 2X

Hs+l)
2=D^^Dj.

It follows from Segal's general smoothness theorem that the solution u(t)

generated by u0 will be k times continuously differentiate2 with w(ί),— (ί), . . . ,

d*-1^ dku
. _ 1 (r) all lying in D^ and -τy(ί) lying in Jf throughout its interval of

existence. In fact, the solution will be somewhat smoother than this as the following
argument shows.

Since for any k ̂  1 w0 lies in (Hs + 2 x Hs+1)
2 cD^ it follows from Segal's

theorem that u(i)εD^ throughout the interval of existence [0, T). But the argument
preceding Corollary (2) shows that in fact u(t)eD^ = (Hs + 2 x Hs+1)

2 on [0, T). If
k Ξ> 2 then we have in addition that

(2.52)

and the general theory gives

du<> ~ (2.53)

on [0, T). But we already know that u(t)ε(Hs + 2 x Hs + 1)
2 on [0, T) and thus (since

J is a smooth map) that J(u(t))ε(Hs+2 x Hs+1 )2 on[0, T). It follows that the linear
term, jtfu(t), must separately lie in D^ and thus that u(t) must lie in D^2 on [0, T).
It follows that

on [0, T). However the constraint forces EL(t) to lie in #s+3 and since AL(Q)εHs + ̂
dAL

the equation of motion -—— = EL shows that AL(t)εHs + 3> on [0, T). Therefore
at

u(t)ε(Hs + 3 xHs + 2)
2 and (from the equation of motion) -^-(t)ε(Hs+2 xHs+l)

2

at
on [0, T).

We can continue this argument if k ̂  3. The general theory gives

Ί" d2ua u- - (2.55)

2 C* as a map from [0, T) to JV. See however Corollary (4) below
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on [0, T). But the above argument has already shown that u(t)ε(Hs+?> x Hs + 2)

and d^(t)ε(Hs + 2xHs+ί)
2 on [0, T). It follows that DJ(u(t)). ^(t)e(Hsat at

2

and thus that the linear term jtf — (ί) in the -ry(ί) equationr— (ί) in the -rrdt at
must lie in D^. However, since s/J(u(t))e(Hs + 2 ^Hs+1)

2aD^ it follows that
s/2u(t) must separately lie in D^ or that u(t) must be in D^3 on [0, T). These
conclusions imply that

(2.56)

But the constraint forces EL(t) to lie in Hs+4 and since AL(Q)εHs + 4, the equation
of motion gives AL(t)εHs + 4 on [0, T). Therefore we get

u(t)e(Ha+4 x Hs + 3)
2^(t)e(Hs+3 x tfs + 2)

2,

~(t)ε(Hs+2 x tfs + 1)
2,^e(tfs+1 x Hs)

2 (2.57)

throughout the interval of existence.
Clearly one can continue this pattern of argument to successively larger values

of /c, thereby deriving the smoothness theorem:

Theorems. // u0ε(Hs+l+k x Hs + k)
2 for integers s ^ l and k ^ l and #(u0) = 0,

then the solution u(t) generated by u0 is k times continuously differ entiable as a curve
in jjf = (HS+1 x Hs)

2 and has

throughout the interval of existence [0, T).
The continuity referred to in Theorem (3) is continuity in the topology of J^.

However, we can easily show that u(t) and its derivatives are actually continuous
as curves in the spaces indicated in Theorem (3). To see this, note that a solution
having

(2.58)

dku

can be viewed as a C1 solution in 2f(k υ, a C2 solution in tf(k 2 ),..., or as a Ck
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solution in . Applying Theorem (3) we see that -pτ (ί) is continuous in
at3

for 1 ̂  j ^ fe. As for u(t) itself, it satisfies the integral equation in Jjf(k) and so, by
Segal's basic existence theorem, is a continuous curve in J^(k\ We thus have:

Corollary 4. // u0ej^(k} satisfies the constraint (&(u0) = Q9 then the solution u(t)
dju

generated by u0 is a continuous curve in 3?(k) with its derivative —^(t) continuous
dtj

Finally we complete the local existence and smoothness argument by showing
that if fe ̂  2 then solutions u(t)e(Hs+ 1+kx Hs + k)

2 provide Ck potentials (A, φ) and
Ck~ 1 momenta (£, π) on spacetime which satisfy the Yang-Mills-Higgs equations
in the classical sense.

We first prove several lemmas.

Lemma 5. Let f(t) be a continuous curve in H2+j(R3) far some integer j ^ O and t
in some open interval I. Then f together with its spatial derivatives up to order j
are continuous functions on R3 x I.

Proof. That / is a Cj function in the spatial variables for each fixed t follows from
the Sobolev embedding lemma for R3. We may therefore write /(£, x), dj(t, x), etc.
for / and its derivatives up to order;. If g(t,x) is any one of these functions, we get

\g(t + ε, x + δx) - g(t, x) \ ̂  \g(t + ε, x + £x) - g(t, x + δx) \ + \g(t, x + δx)- g(t, x) \

^ \\9(t + ε) - flf(ί) ILco + |0(f , x + δx) - g(t, x) \

+ \g(t,x + δx)-g(t,X)\. (2.59)

The first term can be made less than any δ/2 > 0 by choosing ε sufficiently small
since g(t) is a continuous curve in H2. The second term can be made less than δ/2
by choosing δx sufficiently small since g(t, x) is continuous in x at fixed t.

Lemma 6. Suppose that f(t) is a continuous curve in H2+j for tel and that the
(strong) derivatives

(2.60)

all exist as continuous curves in (respectively) Hj+^Hp...,H2. Then f is a Cj

8jf
function on R3 x I and, in particular, —^ = V(j\

ctj

Proof. We first show that the partial time derivatives exist. Note that

: + ε,x)-/(ί,x)
- V(1\t)

Loo

<C
ε ) - f ( t )

- V(1\t) 0. (2.61)
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Thus —= V(1}. In a similar way we get for / <j
at

<C
V{i\t + ε) - F(ί)(t)

0, (2.62)

and thus that
dV(i}

dt'
= V(i+ 1).

3 ' f .
If follows from Lemma (5) that each V ( ί } = —y is a Cj ' function in the spatial

variables on K3 x /. A standard calculus argument shows that continuity of dtg, dtg
and dtdtg implies dtdtg = dtdtg. Proceeding inductively one sees that the order of
differentiation is immaterial and thus that / is ja. Cj function on the spacetime
region R3 x /.

Recalling Theorem (3) and Corollary (4) we see that any initial data u0ε
(Hs+1 +k x Hs+k)

2 for s ̂  1, k ̂  1 generates a solution u(t) having

^(ί))6(Hϊ+1+k)
2, ^(tλ^i

(2.63)

(ί),

~l ( s

each as continuous curves in the indicated spaces. Since s ̂  1, Lemma (6) applies
and show that (A, φ) are Ck functions and that (£, π) are Ck ~ 1 functions on their
domains of definition in spacetime. It follows that if k ̂  2 the solutions thus
obtained satisfy the Yang-Mills-Higgs equations in the classical sense. We have
thus proven

Corollary 7. // u0E(Hs+ί+k x Hs + k)
2 for s^. l , / c ^ 2 is initial data satisfying the

constraint ^(u0) = 0, then the solution u(t) generated by u0 has Ck potentials (A, φ)
and Ck~]~ momenta (E9π) which satisfy the Yang-Mills-Higgs equations in the
classical sense throughout their domain of definition.

Appendix : Properties of Ec

For any (A, E, φ, π)e(Hs+ί x Hs)
2 with s ̂  1 we let

P=-^{lEpAj-]-(π θaφ)θa}, (A.I)
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and attempt to define

£ f = - δ f ( r * P l=- δ . -y\x —

185

(A.2)

Lemma Al. The convolution -*p is a well defined tempered distribution lying in

Ls for all s>3.

Proof. Using the fact that - lies in the weak Lp space L^(R3) it follows from the

generalized Young inequality (see ref. (15), Sect. (IX.4)) that -*peIf(K3) provided

ρeLp(R2) and 1 < p9 s < oo, where - = - + -. In that case
p s 3

1
— *p (A.3)

3,w

However, since (A, E, φ, π) all lie (at least) in Hλ they all lie in Lp for 2 ̂  p' ^ 6.

It follows that pelf for 1 rgp ̂  3. Hence -*peLs for s> 3.

The continuity property required of distributions follows from the estimate

1
-*p

^ l l / l l i « 1 / s ' H / l l L ? '

(A.4)

where / is any C00 function of rapid decrease and where -H—= 1 with s>3.
s s

The last step follows from

| | L 1 = J
Ri

(A.5)

We define Ec to be the (distributional) gradient of ( —* p }. An alternative

representation of Ec is given by

(A.6)

To prove this let V, be any vector field in £f(R3) = the Schwartz space of C"
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functions of rapid decrease. Then we have

= (-*3tVt,p), (A.7)

where we have appealed to Fubini's theorem to exchange the order of integration.
Integrating by parts one can show that

Using the facts that

(A 8)

εL*J2(R3) and that peLp for all l^p^3, we find

from the generalized Young inequality that

φ|eL sfpr all f < s < 3. (A.9)

This fact together with Fubini's theorem allows us again to exchange the order
of integration in (A.7) to obtain

(A.10)

which establishes

Lemma A2. £f = 1 -τ

We may use this representation of Ec to prove

Lemma A3. EcεLs for all f < s < oo. In particular EcεL2.

Proof. From the generalized Young inequality

I I LP \\L? (A.ll)
3/2,w

provided , 5<oo and ~ = ~ +
we showed previously that peLp for

all 1 ̂  p ̂  3. Therefore the conclusion follows.
Furthermore we have

Lemma A4. Ec has vanishing curl and satisfies dβ^ = 4πp.

Proof. That Ec has vanishing (distributional) curl follows immediately from the
fact that Ec is a gradient. To evaluate δ fJEf, we let / be an arbitrary element of
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and compute

where we have used Fubini's theorem to justify the last step. Integrating by parts
one shows that

ί d x d t f ( x ) = - 4πf(x'), (A.13)
Rί pc — x I

and thus that

= </,4πp>.

Thus, as a distribution Ec obeys δjEf = 4πρ.
If V is any vector field in L2 we can define its Fourier transform V=

and decompose

V=VT+VL, (A. 15)

where the transverse and longitudinal summands are given by

It is straightforward to show that

\\VT\\L^
and that

K[K^ - 0, kjΫJ = 0, ε%Fί - 0. (A.18)

It follows that the inverse transforms Vτ and VL satisfy

\ \ V T \ \ L 2 ^ \ \ V \ \ L 2 , \ \ V L \ \ L 2 ^ \ \ V \ \ L 2 ,
(A.19)

In particular since EceL2 we can decompose Ec in this way. However since Ec

has vanishing curl it follows that k x Ec = 0 which implies that (£C)Γ = 0. Thus
Ec is purely longitudinal and we may write

E,c = £f = (£c)t. (A.20)
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Furthermore since d^ = 4πρ we get, taking the Fourier transform,

and thus that

E*j = —L( - i4πρ). (A.22)

We can decompose the electric field E as above to get
i~< τ^T τ~>/ / A Λ O \E = E1 +£ , (A.23)

where

d.Ef = 0, V x EL = 0 (A.24)
and

kiEi = /c f£f. (A.25)

Now suppose that (A, E, φ, π) satisfies the constraint equation

diEi = d{E{ = 4πp. (A.26)

Taking the Fourier transform we get

z/C Ef = 4πp, (A.27)

and thus

^t = 7/^1"^ = UA2^~ i4πp)

= E<j. (A.28)

Thus any solution of the constraints has EL — Ec. Conversely if EL = Ec, then the
constraint is satisfied since (from Lemma (A4)) we have

d{E{ = δf£f = 3f£f = 4πp. (A.29)

This gives:

Lemma A5. The constraint equation δ f£ f = 4πp is equivalent to Ec = EL.
We can now prove

Lemma A6. Ec lies in H2V(A,E, φ,π)e(H2 x HJ2 and Ec lies in HS + 2V(A, E, φ,π)e

Proof. We already know that EceL2. Using the expression (A.22) for Ec we get

f dx(diE
C:}2 = \ dklkM2 = (4π)2 f dk\p\2 = (4π)2 f dx(p)2. (A.30)

J ' J 7 J * l J ' ^ ' J " ' ^ ' ύ Nf /

Similarly

j dx(BidjE^)2 = (4π)2 J dx(djp)2. (A.31)
K3 K3

From Lemma (A3) we have, taking p — f, that
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and, using Holders' inequality, that

(/ Λ3 /Y Λ2 / 5

Ri ~ [\Ri J \R> J

/ \ 3 / 5 / \2 / 5 l
+ U N 2 ) Ul^Π K (A 33)

\R3 / \/?3 / J

and thus that

+ ||π||L2 | |φ||Hl). (A.34)

In the last step we have used the Sobolev estimate

| | / | | L P <x' | |^/l l l 2 | l/ l l i g ~ f l (A.35)

for - = - + (1 - a)- (with 0 ̂  a ̂  1) to show that \\A\\L, ̂  K \ \ A \ \ H .
p 6 q

Using the similar estimate ||/||L4 ̂  X| |/ | |H l together with ||/||LOO ^ X||/| | j F / 2 one
shows that

ίdxίS^gClMUέJI^II^ + IIΦIIέJlπll^}. (A.36)
Λ3

Combining these results one gets

||£%2 g K{ \\E\\Hl \\A\\H2 + ||π||Hl \\φ\\H2}9 (A.37)

which proves the first part of the lemma.
Now suppose that (A,E,φ9π)e(Hs+1 x /ί s + 1)

2fors^ 1. Then from the Schauder
ring property of Hs maps we have peHs+1. The Hs+ 2 norm of Ec may be computed
via

k2)s + 2Ec'Ec (A.38)
κ3

g J

But the Schauder ring property gives the estimate

||p||Hs + ι^X{| |£| |H s + ι M|| H s + ι + ||π||Hs + l | |0||Hs + l}. (A.39)

Thus for 5 ̂  1 we get

\\Ec\\Hs+2ίK'{\\E\\Hs + ι x MllH 5 + 1 + H π l | H s + 1 x I I Φ I k + 1 } > (A.40)

which proves the second part of the lemma. |
The result of Lemma (A6) is particularly useful in verifying the Lipshitz

condition and the smoothness of Ec. To simplify the formulas slightly we shall
consider only the terms in (A, E) in the expression for Ec since these are completely
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representative. We have

1 r

4πr2

and thus, recalling the estimate in the proof of Lemma (A6), that

\\Ec(A\Ef)-Ec(A,E)\\Hs + ι^K{\\E'-E\\Hs\\A/\\Hs + l + \\E\\HJA

'-A,E'-E)l (A.42)

where || || designates the Hs+1 x Hs norm for any s ̂  1. This is the needed Lipshitz
condition for Ec. The continuity of Ec as a map from Hs+ ί x Hs to Hs+ 1 follows
from the Lipshitz property.

Using the estimate (A.40) again it is straightforward to show that

EC(A E')-EL(A,E)- — -I4π r
[E , Λ']

1 r

4πr2

(A.43)

for all \\(A'9E')\\Hs+lχHs^—. Thus the first Frechet derivative of Ec exists and is
K.

given by

1 T '"' A] + [E-9A']). (A.44)

Similarly we get

\\DEC(A, E)'(A\ E'} - DEC(A°, E°) (A'9 E') \\Hs + {

which shows that DEC is continuous.
The second derivative is easily shows to be

1 r

4πr2

(A.45)

(A.46)

which is constant in (A, E) and thus obviously continuous. All higher derivatives
vanish identically. Thus we have proven

Lemma A7. Ec is α C°°, Lipshitz map from Hs+l x Hs to Hs+1 for all s ̂  1.
To justify the steps in (2.39) we note that

d{AE\ = d^ - δfEf = δ f£f - 4πp = - ̂  (A.47)

which follows from Lemma (A4) and the properties of the decomposition (A.23).
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These also give

It follows that

= j dx(diΔEf)2 = J Ή-Ήdx, (A.49)

which completes the argument.
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