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Abstract. It is well-known that two-particle unitarity of the S-Matrix in
quantum field theory implies (modulo regularity assumptions) second sheet
analyticity for the 2-body scattering amplitude. Here this is first used to prove
off-mass-shell analyticity for the 4 point function in a complex neighborhood
of any real mass-shell point under the 3-particle threshold. Then this is applied
to the study of the 5 and 6-point functions near the real mass-shell of 2—3
and 3—- 3 processes below the 4-particle threshold: the results are those suggest-
ed by perturbation theory apart from the 3-particle cut and away from some
submanifolds. The advantage of this method, which could presumably be
extended to the exploitation of n-particle unitarity, is that the regularity
assumptions only refer to the physical scattering amplitudes.
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Introduction

The primary source of analyticity of Green functions in quantum field theory
consists of the geometric properties arising from locality and the spectral condi-
tion. However it has been known for a very long time [1-3] that the assumption
of asymptotic completeness entails a considerable improvement of these analyticity
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properties such as typically second-sheet analyticity across the elastic cut for the
four-point amplitude. A powerful method to obtain more general results of this
type (as well as general properties in field theory) initially proposed by Symanzik [4]
and extensively developed by Bros and coworkers [5], is based on the study of
n-particle-irreducible kernels and associated Bethe-Salpeter equations. In this
paper we propose a different method: first the unitarity of the S-matrix is exploited
(in the standard way) to obtain a meromorphic continuation into the unphysical
sheets; then this information is used to enlarge the domain of analyticity of
Green functions off the mass-shell, obtaining in particular new analyticity on the
physical sheet, with poles at the zeros of the S-matrix determinant, and the process
is in principle to be iterated. The advantage of this method is that it requires only
those extra assumptions on the physical S-matrix which are necessary to avoid
the pathologies discovered by Martin [6]. Such pathologies are probably not
excluded by the usual axioms, and explicit examples can presumably be con-
structed in two dimensions. Hence these assumptions seem minimal. In this paper
only elastic 2-body unitarity is used, and applied to the 4, 5, and 6-point functions.
For the 4-point function the second-sheet analyticity across the elastic cut, already
known on the mass-shell (see [1, 2, 6]), is extended off the mass shell. This result
coincides with that of [Sa, Sb] which was obtained with somewhat stronger
assumptions in the program using irreducible kernels. For the 5 and 6-point
functions, local results (described in more detail below) are then obtained at real
points near the mass shell below the 4-particle threshold in the total center of
mass energy. Apart from the 3-particle cut (whose crossing would require ex-
ploiting the 3-particle unitarity), and certain parasitic submanifolds (whose
removal would require a more detailed treatment of the 2-body threshold) the
results are those suggested by perturbation theory and, on mass-shell, equivalent
to the properties of macrocausality and macrocausal factorization of the S-matrix
[7]. They agree with those of Bros [5d, 5Se], although the technical limitations
appearing in the two approaches are somewhat different. Similar results are easily
obtained for the 3-point function. This strongly suggests that the corresponding
assumptions for the S-matrix in all possible channels imply that the analytic
structure of the Green functions near real points is just as indicated by perturbation
theory. It is to be noted that the technique of obtaining analyticity from unitarity
is closely related to that of many works in S-matrix theory (see [8-13] and re-
ferences therein).

We consider a theory of one scalar neutral field satisfying besides the usual
Wightman axioms, asymptotic completeness with only one kind of particles with
mass u>0 and spin 0, and additional regularity conditions described in detail
in Sect. 1 for the 4-particle S-matrix.

In Sect. 2 we prove the following result:

Let P=(P,,...,Ps), P, +...+ P5;=0, be a real point on the 5-point mass-shell
P,,P,,PyeV™, P,, Pse V™ satisfying:

u? <(P,+P,+ Py)* <16y?, (P,+P;—P,)*=+u* for any permutation i, j, k
of 1,2, 3. Then the 5-point Green function is analytic, near P in complex directions
satisfying Ims>0 (s=(p, +p, +p3)?).

In Sect. 3 the 6-point Green function is studied near the real mass-shell
{(pla A p())a p1++p6=0 p}?___‘uz, /:17 ""6’ Dis D2, P3€ V+’ P4 Ps> D6€ V*}
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It is expressed as a sum of pole terms, (generalized) triangle graphs and a re-
mainder. Near any P and the mass-shell satisfying 9u? <(P, + P, + P3)* <1642,
(P;+P;—P,)* % for any permutation (i, j, k) of (1, 2, 3) or (4, 5, 6), the remainder
term is analytic in complex directions satisfying Ims>0, s=(p, +p, +p3)*.

Itisexpected, but not proved here, that, as a consequence of 3-particle unitarity
together with the required additional regularity assumptions, the remainder
term is, in fact, analytic in a complex neighborhood of P and that the result can
be extended to the points of the manifolds (p;+p j—pk)2 =u? (at least away from
two-particle thesholds). The same remark applies for the 5-point function in the
above discussion.

1. Basic Assumptions and the Four-Point Function

We consider a theory of one scalar neutral local field A(x) operating in a Hilbert
space # and obeying the Wightman axioms including uniqueness of the vacuum
Q. The spectrum of the energy momentum is assumed to be

(YU {peV™;p*=p*}U{pe V' p*=4u*}.

Here x>0 and the restriction of the representation of the Poincaré group to
states with mass u is assumed to be irreducible with spin 0, i.e. the theory has one
kind of particles with mass y and spin 0. The Haag-Ruelle theory (see e.g. [14])
then defines two isometries V,, and V,,, of the Fock space & into # and we assume
the completeness of asymptotic states:

Hon= =H=H,=V.F . 1

A further essential assumptlon of a dynamical nature (continuity of the 2-body
S-matrix kernel) will be formulated later.

As a more technical assumption, not indispensable but convenient for our
purposes, we assume the existence of “sharp” time-ordered products as described,
e.g., in [15].

The Momentum Space Analytic Function

Let H, denote the n-point momentum-space analytic function, H,, its amputated
version, i.c. .
H (k7 —1?)

each of them being defined and holomorphic on a certain subdomain of the

Hikq, ...,

H,kq, ..., k,) (2)

complex momentum space, {(kl, ooy ke € Z k= 0} As it is well-known,
j=1
various boundary values (in the sense of tempered distributions) of H, yield

various generalized retarded functions and also the connected chronological
function . _ N o
Tc(ph ey pn): lLII(;l Hn((l-l_w)pb pb seey (1 + lg)pns pn) > (3)

£>0

Tdp)o (i ) j[expi j:il PiX;

(@, T(A(x,)... A(X,)Q)dx,...dx,. (4



102 H. Epstein, V. Glaser, and D. Iagolnitzer

The antichronological function is obtained by changing the sign of ¢ in (3).

Reduction Formulae

For any Ye#, (ry, ..., 1, in|¥P) is the value at (r,, ..., r,) of the wave-function
of the m-particle component in & of V;*¥. Hence it is a symmetric L* function
of (ry, ..., ,,) on the real manifold

{(rys o r) Vi, reV® and r7=p?} %)
equipped with the measure
[T 6(k? —p*)6(k9)a*k; . (6)
j=1
Suppose, in particular, that ¥ =0(X)Q, where X=(1,...,n) and O(X) is a
finite linear combination of terms of the form
[(T(X,)...T(X,) p(xy, ..., x,) dx,...dx,, )

(X4, ..., X, being some partition of X, pe #(IR*"). Then, in the sense of distribu-
tions on the manifold (5), wherever r;#r, forall j# k, (ry, ..., r,, in|0(X)Q) coincides
with the restriction to the manifold (5) of the tempered distribution

1070 ffexpi 3 )@ pibenlO0R Dy
abbreviated as
JUNGEE [CYARNERIZN ) ©)

It is a well-known fact that the tempered distribution (9) is restrictible to the
manifold (5) at non-colinear points. In the case m=2 it is possible to prove that (9)
is restrictible to the manifold (5) everywhere and that it everywhere coincides
with {ry, r,, in] O(X)Q) in the sense of tempered distributions on (5). Similarly,
at non-colinear points,

(Q, 0X)|ry, ... Ty iny = L: (r} —yz)] (Q, (=F ... [(=FOX)Q)  (10)
(with a similar improvement in the case of 2-particle states) and
Piyeeny T OUL|O(X)QD = [,ﬁl (r} —uz)} (Q,7,1...17,10(X)Q) (11)
etc. ... . An interesting special case is

0(X)= [ Ry(X)

go(ij) dx,...dx,, ¢eP(RY),

J

n
expi Y kix;
=1

where R,(X) is the generalized retarded operator corresponding to the cell &

and k;=p;+iq;, (1=j=n), q in the cone corresponding to &, (Zl qj=0).
=
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Finally we recall that, if »,,...,r,, (resp. i, ...,7},) are non-colinear, the am-
putated truncated chronological function

m
I—[(VJZ—/J H(rk c(rlﬂ' "rma—rlla--w —r;’)
j=1

is restrictible to the “mass-shell” manifold

m 3
{r,r'; Yo=Y =0, reV i ii=pt1<5j<m,
j:

where it coincides, in the sense of tempered distributions, with the kernel of the
connected S-matrix
Py ooy Ty OUt|ry, ., 7,100, .

References for the above mentioned facts are [16-18].

Expression of Asymptotic Completeness

Asymptotic completeness is equivalent to the set of all equations of the form

(Q, U(X)0(Z2)2)= Z [(Q, 0(X)|ky, ..., k,, in (out))

m=0
m

Lky, ..., k,, in(out)| (2)Q n —uA)O(k)d*k; . (12)

These equations can be transformed into equations involving the Green functions
of the theory by re-expressing the integrand with the help of the reduction formulae
recalled above: this was done in [19]. In this paper the difficulty that reduction
formulae may not hold at colinear points will not arise because only two-particle
asymptotic states will occur as intermediate states. More precisely we shall use
j (Q’ T(pl: ce pr)T(pr+2’ AR ppz)Q)‘¢(p1> (A pr)'IP(pr+ JERAR] pn) dp2dpn
= [[J @ (k) (=k)L T (P1s .., PIR) @(py, -, ) dp,y.-..dp,]
: [j (Q’ (kl)l(kl)l T(pr+ 15 =+ pn)Q) 1p(pr*!' 15+ pn) dpr+ 1-- dpn]
[T 6(k; —p*)0k)d*k; (13)

Jj=1,2
provided ¢, ye & with
Supp® C{(p1s -+ P); 0<(py +... +p,)* <9u?}

and

Supp®y C{(Py+1s - P); 0<(Bys 1 + ... +p,)> <’} .

The same relation holds with | replaced by 1. Note that the meaning of (13) is
that each square bracket in the integrand is restrictible to the 2-particle mass-shell
manifold, where it defines an I?-function; the product is defined as the product
of these I?-functions.
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The Four-Point Function

The domain of analyticity of H) is known [20] to contain a set of the form

N vk (kg +ky)?¢dp® +R*Y, (14)
where A" is an open complex domain containing the real set
R= {(kl, o ky)e RS i k;=0, keV* keV™,
j=1
kie V™, kyeV ™, ka <4u*, j=1,2,3,4,

(ks + ey 2 <122, (ks +k4)2<u2}- (15)

Since the holomorphy domain of H), is invariant under the complex Lorentz
group, .4 can be chosen to be invariant under L(C). It is also invariant under
the symmetries (k, —k,) and (ky—k,).

Z contains the real subset

4
&= {(kl,...,k4)e]R16; Y k=0, kykeV®,
j=1
ky, kee V™, misk}<mj, j=1,2,3,4},

where 0<m, <pu<m,, my—m,; <u, (e.g. m; = 2u, my=13u). In the variables

2
=3 (ks —ky) (16)

the set & takes the form
6= fio.p.ger'
2. (0 2 2 2. (9 g 2
mi =< 5 *Tp| =my,mi < D) *Tq) =my. (17)
Let u=(1,0)eR*, ¥, = {(o, p, ) C'?; a=]/§u}= {(o,p, 9)e C*?; 6=0}. Then

2
§ti= U to=/n0nx {p] pevtomis (§ o) s

Vse2my+ R
2
-{q;% tqeV*i mi< (g irq) §m§}~

Simple considerations of general topology about compact sets then yield:

Lemma. For every soe4mi+R*, there exists Q(l/%)>0 and a complex open set
Q(]/gg) in C*, invariant under the real orthogonal group O(3,IR) (i.e. real Lorentz
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transformations leaving u invariant), such that

1) Q(/s0) > (peR*:)/sout2pe V*, 4m? <(|/sou+2p)> <4mi}, (18)

2) A D{(o,p,q;0=zu,ze D, pec QRez), gc QRez)} (19)
with

D={zeC,2m, <Rez, |Imz|<gRez)}. (20)

If (ky, ky, ks, ky) is real and belongs to & [see (17)], the following equations
hold (in the sense of tempered distributions):

(Q, Tlky ko, by, eg) @R = (@, ks Lhgd T(ky, k) QR

4
=h(o +i0u, p, )8 (Z kj), (21)
Jj=1
(Q, T(ky, ky, ks, kg )Q)2mP=(Q, ky Ly | Tk, ky)Q)2m
4
= h(c —iOu, p, q)d (Z kj), (22)
j=1

(2, Ty, Koy Ky k@™ (@, Tl ke, ke, k)R
=(Q, Tlky, ko) T(ks, k)™, (23)
where we have denoted, for complex o, p, ¢

o o o g
h(o, p, q)—H(E L I i s —q)

and, for real (ky, ..., k,)e &,
ho +i0u, p, g)= lim h(o +in, p, q) . (24)
nev*

n—0
This last limit holds in the sense of distributions. In fact, owing to the domain

of analyticity described above, for every pe % *(R) with sufficiently small support I,
the limits

li_r% [ @()h(a +(t Lie)u, p, g)dt= [ @(t)h(c +(t £ iO)u, p, g)dt (25)

>0

exist as €® functions of o, p, ¢, holomorphic in p and ¢ in a certain domain:
if, in particular, ¢ =zu with real z>2m,, p and ¢ may vary independently in
() Q(z+1).
tel

The completeness Eq. (13) yields, for (g +p, g—p, — % +q, — % —q)eé’,
4u* <o? <97,

h(o +i0u, p, q) — h(o — i0u, p, q)= [ h(c + iOu, p, — r)h(c — iOu, r, q)

15( )5 2+“—2— 2| g4y (26)
2 c-r r 4 u r.
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The meaning of thisequation is the following: according to the preceding discussion

h(c + iOu, p, —r), [respectively h(c —iOu, r, q)] defines an I? function of ¢ and r on the
2 2

manifold ¢-r=0, r> =— % +p?, with the measure 8(c-r)d (rz + % - yz) d*cd*r,

with values in the holomorphic functions of p and ¢. The integrand in the r.h.s.
of (26) is to be understood as the product of these I? functions, and the equality
of both sides holds for almost every o. Owing to the analyticity of (g, p, q) described
above, it can easily be shown that if we substitute ¢ = zu, then, for a.e. zin [2u, 3u],
the two sides of Eq. (26) define the same function of p and ¢ holomorphic in
Q(z) x Q(z), depending in a locally I? way on z.

The Two-Body S-Matrix
The restriction of h(a +iOu, p, q) to the real submanifold

24 e 4 e
S Ep) =0t |5 Eq) =u
g

2ipeV*, ;-T-f_-qu+

is the kernel of the two-body S-matrix. In this subsection we shall recapitulate
a well-known result [1-3, 5a, 6, 10] according to which elastic unitarity allows
this function to be analytically continued across the “s-cut” into a second sheet.
This recapitulation will serve to formulate our hypotheses with precision.

Let G, (respectively G) denote the real (respectively complex) group of rotations
(i.e. Lorentz transformations leaving u invariant), let n be the vector (0, 1,0, 0),
and G,(n)= {ge G,,:gn=n}. Let us denote

.72 ;72 2]7 'ZZ—
R A e L [Ca

2
(where I/ “Z — u? is defined to have a cut on z2e4u? + IR " and a positive imaginary
part in the cut plane). This is an analytic function of (z, R{, R,)eCXx G x G in

-2
{z, R,,R,:zeD, 22¢4,u2+lR+,Rj|/ HZ —,uzneQ(z),j=1,2}.

-2

For any S;e G(n), R;e G with R; “Z—,uzneQz, (j=1,2),

Kz(Rla R2)=KZ(R1S17 stz)-

According to the preceding considerations, for a.e. ze [2u, 3u], K. 4 ;0(R;, R5) is
a holomorphic function of R,, R, in the domain described above and

K. iRy, Ry)+K._io(Ry, Ry)= [ dRK, . o(R;, R)K,_;x(R, R,) (27)
G~

which can be rewritten, in case R,, R,€G,, as
(1+K. o)1 +K._;p)=1. (28)
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Here K. is the operator defined on I2(G,)n {f:f(RS)=f(R) for all ReG, and
all Se G,(n)} by
(K.f)(R)= | dR'K(R,R)f(R).
G-

Under the hypotheses of this paper, using T(X)=T(X)* and Egs. (21) and (22)
leads to
K. i0=K.:io*

and (27) just expresses the unitarity of the 2-body S-matrix in the elastic range.
This suggests studying (1+K.)™ ' and, more generally (1+K_, , )" ', where

KetaiolRoo R)=KAR L Ry L) Ry, Rye G Ly Ly G with L[ 5~ ine (o),
ze D, Imz 0. This inverse is obtained by the Fredholm theory as:
(A+K, 1,0) ' =14+D1 1,N. 1,

where D_ ; ,,=det(1+K_; ;,)and N_, ,, are holomorphicin z, L, L, in the
same domain.
We now make the following further assumption:

Hypothesis

For Ry, R,eG,, K.(R,, R,) extends to a continuous function of z, R;, R, in
{zeD,9u*>Rez?>4u? ¢ Imz=20} x G, x G,

fore=1and e=—1.

Physically this means that the 2-body S-matrix-kernel is supposed to be a
continuous function of all its variables. Actually it has been shown by Martin [6],
that this assumption is implied by the weaker assumption that the total cross-
section is bounded in this range, and as will be seen presently, leads to analyticity
of the scattering amplitude across the cut.

From this it immediately follows that K_(R;, R,) remains uniformly conti-
nuous in Ry, R, as z approaches from below (or above) any closed subinterval
of 12u,3u[ and therefore (due to Hadamard’s bounds on the Fredholm determi-
nants)sodo D, , , and N, , ; (R, R;)also. In particular D, , ;, ,, is continuous in z
and, since 1 + K, , ;o is invertible for a.e. real ze [2, 3u], D 1,; does not vanish
in this interval. By continuity, there is a complex subdomain 4 of D, containing
J4u?, 9u*[, such that D, ; does not vanish for z?e 4. Of course D, 4, ; does
not coincide with D__;, ; ;. In fact we have, according to (28), for almost every
ze 2u, 3p[ and hence in this whole interval, by continuity,

—n-1 — D*
Dz+i0,l,1—Dz—iO,l,l—D:-P-iO,I,I' (29)

Moreover, since D_{ | is holomorphic for z2e 4, Imz*> <Oaswellas N_ ; ; (R, R,),
the operator (1 +K,)~ ! is also holomorphic in the same domain and provides an
analytic continuation of the operator valued function (1+K,)jm.>0- Note that
our continuity assumption plays an essential role here since it guarantees that (29)
holds for all ze 12u, 3u[. Without this assumption, the Eq. (29) would not neces-
sarily hold in the sense of distributions, as Martin’s counterexamples show.
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It is now clear that (1+K,), originally holomorphic for z?e D, z*¢4u>+R*
admits (1+K,)"! as a meromorphic continuation from both sides of the real
interval z?e4u? 9u®[, ie. we have recovered the well-known two-sheeted
structure. We now propose to extend this property in several ways. We first note
that (1 + K,(R;, R,)) is holomorphic for z2e 4, R, R,€ G, and for z*€ 4, Imz* >0,

2

4

is also holomorphic in z%, Ry, R, in {z%e 4, R, ,€ V(z)}, V(z) being some complex
neighborhood of G, in G with G,V (z)=V(z). In particular K, , ;o(Ry, R;)is €* in z,
R, R, in 12u,3u[ X G, x G,, i.e. h(o +i0u, p, q) as a distribution has a restriction to

2 2
{a:zu, (— -I—p) = (E iq) =u?, g +pe Vﬂ; +qe V*} which is €~ for 4p* <z?

Rl’zl/ Z———uzeQ(Rez), so that, by the “local tube theorem” (1+ K.(R;, R,))

2 2
<9u?.

Extension off the Mass-Shell

This allows us to give a straightforward meaning to
h((Z + iO)”’ D Q) - h((z - io)uv D, q)
1 2
=— [ h((z+iO)u, p, —r)h((z— iO)u, r, q)S(u-r)S | ¥* + 7 —p?dr (30)
z 4

2
at first in the case when, e.g. p is real and “on the mass-shell”, i.e. u-p=0, p? = —

-J>|N

+u?, 4u* <z*<9u?. Indeed the second factor in the integrand is restrictible as
2

a distribution on the manifold u-r=0, r*= —%—i—uz where it depends holo-

morphically on ge Q(z) [see Eq. (25)] and the first factor is ¥* on that manifold
in all its variables. Thus both sides of (30) are well-defined as distributions in z
depending holomorphically an ge Q(z) and ¥® in p (on “mass-shell”). The two
sides are equal because they coincide when integrated with test-functions in p
and z. But the r.h.s. is the continuous boundary value of a function, €* in p,
holomorphic in z and ¢ in {z?e4,Imz? <0} x Q(Rez). Hence (by Schwarz’s
reflection principle) h((z +i0)u, p, q) extends to a function €® in p, holomorphic
in z and ¢ in {z%e 4, ge Q(Rez)}. The same holds for h((z—iO)u, p, q). We now
repeat this argument with both p and ¢ off the “mass-shell” and thus prove:

Theorem 1. The function h(zu, p, q) admits an analytic continuation across the cut
4p? <z?<9u?, from both sides to a function holomorphic in
{z,p,q:2%€ A4, 22 ¢4> +R™, p, ge Q(Re z)} .

Remark. 1) 1t is clear that, in fact, h(zu, p, ¢) has a meromorphic continuation,
in the second sheet, in the whole of

{z2eD, z2?¢4p* + R™, p,qe Q(Rez)}

the only singularities being the zeroes of the (first-sheet) function D,=D_, ;.
These zeroes are resonances of the theory. It is their accumulation at the real
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interval 4u? <z?<9u? (here prevented by our explicit assumption) which might
prevent the analytic continuation of 4 to the second sheet.

2) D, is entirely determined by the S-matrix.

3) On the mass-shell, the domain D can actually be replaced by a quite sizable
domain, namely the “partial-wave analyticity” domain as obtained in [2, 21, 22].

4) The invariance of the domain of analyticity of h under the complex Lorentz
group L(C) allows an obvious extension of Theorem 1.

2. The Five-Point Function
2.1. Notations and Completeness Equations

We denote below

4 4
T(p1, P2 D3> Pa)= [n P - 2)} (P1> P25 P3» Pa) (Z Pj),
- : = (31)

i Y pyx;

TP1> P2» P3» Pa)O ( z Pj) = _fe It (X, Xg, X3, Xg)dX .. dXy
=

where 1, is the connected chronological function. In the real region of momentum
space where 0<p?<du®, (p;+p3)*<p?, (py+pa)*<u?, 4p* <(p,+p,)* <9,
T is the product of §(3 p;| by a locally analytic function ¢ (see Sect. 1). Hence

J
its essential support at any real point P in that region is the essential support
of the d-function, given by

ESp(:=(=1) = {(x1, X5, X3, X4):X; =X, =X3=X,} , (32)
where :=( )= is a symbol for T.
We denote similarly: F(py, ..., ps)=0 (

J =

Z pj) p1’~'7p5)5

5
f(pb' ’pS U p —Hu } c(P1a-~->P5),

the amputated Fourier transform of the S-point connected chronological function.
The region of interest will be a real neighborhood A4 (£) of the region:

R={(p1,...Ps): p;=p*j=1,....,5 peV™ for j=1,2,3, peV~ for j=4,5,
u* <(py+p,+ps)° <164} . (33)

In this region, f is the boundary value of a function (the momentum space analytic
function) analytic, near the reals, in

{Im(p,+ps)e V™, Im(p, +p,)e V™, Im(p, +p3)e V™, Im(p, + ps)e V+} . (34)

It is, as is well-known (see Sect. 1), restrictible to the (real) mass-shell region £,
(away from colinear points), and coincides there with the physical (connected)
scattering amplitude (4, 5—1,2, 3). We also need other boundary values of the
(amputated) momentum space analytic function in the region 4" (#) denoted

fi;(plw"»ps)’ (l,])=(1,2) or (173) or (273)
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=0 (ji Pj) i

The corresponding analyticity domain is (near the reals)

with

{Im(py+ps)e V™, Im(p;+p)e V™, Im(p;+pJe V™, Im(p;+pJe V*}
(i, J, k) being a permutation of (1, 2, 3). In A(£),

5

Fi(p)=F(p [H J F(Q, T(i, )T(k, 4, 5)Q).

5
- [[I v} —m] F(Q,ijIT(,4,50), (35)

The methods of [18, 12, 23] yield in a straightforward manner the essential
supports, at any real point P in %, of F and F;;. The following result [which
goes beyond (34)] is obtained:

ES(F)cC,uC,uCy, (36)
where, for any permutation (i, j, k) of (1~(3),
Cr={(X1, -+ X5)1 X4 =Xs5, X — X4 € V*,xizxj,xj—xke 728! 37

(see Fig. 1).

Fig. 1. The cone C4

Similarly
ESy(F;)CC,uC,uCy, (38)
where
Co={xy, ., X)Xy = X5, ;= X}, X — X4€ Ve, X —XjE V. (39)

(We recall that, so far, only microcausality and the spectrum conditions have
been used.)

These essential support properties show that near any Pe # with P;+ P both
F,; and F can be restricted to the submanifold {p,...,ps: Zp,\ , pE=ut,
pj u?} (where i=j, i,j=1,2,3). The insertion of a complete set of mcommg
2-particle states in (34), for (i, /)=(1, 2), and the use of reduction formulae show

that, in a real neighborhood of the region %, if p, +p,,

F(py, - ps)=F1 1(py, -~-7P5)+fT(P17P27 —ky, —ky)Fi ,(ky, kg, P3s Pas Ds)
-0(kT = p?)0(kS) 6(k3 — u?)O(k3) ik, dk, (40)
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and similarly for any permutation of 1,2,3. (For a general theory of these
formulae, see e.g. [19, 5b].) A graphical representation of this formula is:

EO=REEC= R C == (41)

Remark. Since t(p,, p,, —k,, —k,) has been shown to be real analytic in the
integration range, and F, is restrictible to the integration manifold, the meaning
of the integral in (40) is simply that of a distribution (F[,00) integrated with a
test-function (t), the result being then multiplied by 6() p i)

2.2. The Results

Under the same assumptions as in Sect. 1, we shall prove:

Theorem 1. Let P be a physical point of the process 4,5—1,2,3
5
(Pf:,uz,kzl,...,S, PY>0 for k=1,2,3, P<0 for k=4,5, ) Pk=0>
k=1

such that 4u* <(P;+ P;)* <9u* and (P;+ P;— P,)* = i* whenever (i, j, k) is a permuta-
tion of 1)-3). The essential support of F is contained in the cone C:

ESp(F)CC={(x1, ..., Xs)1X,= X5, X; =X, =X3, X, =X,V T}, (42)

Equivalently, f is the boundary value of a function analytic, near P, from directions
with imaginary parts satisfying

Im(p, +p,+p3)eV ™. (43)

Remarks. 1) The theorem follows from the essential support properties mentioned
above for T, F, F;; and from Eq. (40).

2) The complex Lorentz invariance of the analyticity domain of F com-
bined with (43) shows that f is analytic, near P, in directions satisfying Ims>0,
s=(p, +p,+p;)* This shows that non-linear properties yield not only analy-
ticity in “the second sheet”, but also improve the analyticity in the “physical
sheet”.

In terms of essential supports, Lorentz invariance replaces in (42) the condi-
tion x; —x,e V7' by: x; —x,=A(P, + P, + P3), .1 =0.

3) This analyticity shows that the restriction of F to the mass-shell is itself
the boundary value (from the direction Ims>0) of an analytic function, near
any real P satisfying the hypotheses of the theorem, an appreciable improvement
over the linear results of [18]. Furthermore the same method shows the same
analyticity for F;; [by inserting outgoing states in (35)] which is, therefore, also
restrictible to the mass-shell.

Proof of Theorem 1. The proof of Theorem 1 is based on the general mechanism
described in the introduction; however one application of this theorem, while it
does yield an increase of the analyticity domain of f; is not sufficient to give the
desired result, and two more iterations of the procedure will be needed. Since only
infinitesimal results are stated in the theorem, its proof is most conveniently
expressed in terms of essential supports. We shall apply general results on products
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and integrals of distributions, as stated in Theorems 10 and 11 of [23, pp. 326
and 3297, to the term :=(F—y— in (41).

In particular these theorems imply that the following “rule of the game”
can be applied in steps (i) to (iii) below: the only possible points (x, ..., xs) in

ESp(: 1) are those for which there exist (k,, k,) in the integration domain,
ie. k}=p? k)>0, j=1,2, ky+k, =P, +P,, and space-time points y,, y,. V3, Vs
e 0 ES o = (@da)
(%15 X2, Y3, YEESip, by, i, -1 (=), (44b)

Vi—Voa=A,k;, 44c)

Va—YVa=4oky, (44d)

where 4., 4, are real scalars.

We shall not go into the details of the proof of this “rule of the game” which
is a standard application of the theory of essential supports and is applicable
whenever P is not a u=0 point for the integral :=(F=y—:. [P is u=0 point for
this integral if Eq. (44) can be satisfied with x;, =x,=x3;=x,=x5=0, y,+0 for
at least one k.] In particular, it is applicable in steps (i)—(iii), where 4 < (P, + P,)?
<9u?, since the integration range does not include points where k; =k,.

In geometrical terms the rule means that (x,, ..., X5) is not in ES,,(::(}E})
if we cannot find two space-time configurations (y,, y,, X3, X4, X5) and (x, x,,
V3, Ya) representing points in the ES. of =(F=i and :=(J=, respectively,
at points (k, k,, P5, P,, P5) and (P,, P,, —k,, —k,), respectively, (k, k,) being
some point of the integration range, the two configurations being required to
“fit together” in the sense that y; (respectively y,) must liec on the space-time
trajectory parallel to k, (respectively k,) passing through y, (respectively y,).

As already mentioned, the proof will require three steps.

(i) First Step

Let P be any point in the region # [Eq. (33)] with P, + P,. From Eq. (40) it follows
that ESp(F) is contained in the intersection of C, U C, U C; (original information)
with the union of the E.S. at P of the two terms in the r.h.s. Since, at P, the E.S.
of T is given by Eq. (32), the “rule of the game” yields

ESp(:A(g=g=) € C5 vl s, (45)
where C5 arises from the corresponding part C5 of ES(:=(J=}), and
Clo={(xy,...,X5):x; =X5,X; =X, 3k, k;) such that
ky+ky =P, + Py, k2 =k2 =2 k2>0, k>0,
X3—X;=A.k;,3Ix suchthat x—x,=4,k,,
x—x eV, x=x;36V 7,2, eR, 1,eR}. (46)

As mentioned before, the essential support of F is contained in (C; u C, U C5)
N(C,uC,uC3)uC),],so that:

ES,(F)C C,uCyuCl, (47)
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where
Chy={(X1, .., X5)IX; = X5, X, =Xg, X3 —X,€ VT,
Ak, ky) with kZ=k3i=p k9>0,k5>0,
ki+k,=P +P,, suchthat x,—x;=72,k;,41,=20}.(48)

Here Cj is bigger than C} ,nC; and some information has thus been lost;
but this will suffice for our later purposes. Configurations (x,, ..., xs) occurring
in (48) are schematized in Fig. 2; x5 must be on a trajectory parallel to k,, passing
through x, =x,, and must satisfy x, —x,e V', x;—x,e V", x,=x5.

Xy= Xy

Fig. 2. The Cone (% X, = Xg

Permuting 1, 2, and 3 we obtain, for any P in #:

ESp(F)CCiluCyuCy if PP, i0,j=1,2,3, i%], (49)
ESp,(F)CCiuCyuCy if Pi=P;+P,, {i,j,k}=1{1,2,3}. (50)

These results, in turn, together with Egs. (40) and (45), also yield information on
Fi: ESy(F,)CCLuC,uCs if PP, ij=1,23, i%). (51)
ESp(Fi)CcCiuCuCy if Py#P,, Py=P; (i=1 or 2). (52)

(ii) Second Step

In this second step we again use Eq. (40), (i.e. first concentrate on F 1), and consider,
asin the 1. step, any real P in the region £ such that P, + P,. But, in the evaluation
of ESp (i%?), we shall now use the new information (51), (52) on Fi,;
Eq. (51) will be used for all (k,, k,) in the integration domain such that k, & P5,
k,= P5; Eq. (52) will be used for the points (ky, k,) such that k;, =P, or k, =P,
if they exist.

Remark. The occurrence, in the integration domain, of points k,, k, such that
k, =P would be excluded if we supposed (as in Theorem 1) that (P, + P, — P3)?
+ 12, But this assumption cannot be made at this stage because the results of the
second step will have to be reinjected into the third step.

According to the “rule of the game”, a point (x, ..., X5) may be in the essential
support of ‘T o= if: 3k, kye V' with ki =k3=pu? k, +k, =P, +P,, 3y, e R*,
y,eR* A,eR, A,eR such that:

X=Xy, Xy =y =4k, X; =y, =4k,
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and
(Vi V2s X3, X4, X5)e CLUC,UCy il kyFPyFk,
1592, X3, X4, x5)e CLU C, Uy if ky=PyFk,.

If ky # P3+k,, the contribution of C5 is again in C5 and the contribution of C,

or (' is contained in the set of points such that, for some ;e R™, k\e V¥, khe V™,

with k) +ky =k, + P3, k? =k =2,

Xy =Xp, Xy =Xz=Atky, X, =y, =Ayky, X3—y, = K€V, y—x,e V5, X4=Xs.
In the case k, = P;, the contribution of C5 is in C3, the contribution of C

and C, are contained in

(X150 X5), Xp=X5, X4 =Xs5, X1 —X3=AP3, X3 —Xx,€ I7+} .
[This situation occurs only if (P, + P, — P3)* = u?.]

Intersecting these sets with C, uC,uUC; gives [with again some loss of
information in (54)]:

ES,(F)C C,uC,uC}, (53)
where C%=C} uég, the term 53’ being absent if (P, + P, — P3)? % u?, and where
Cl={(xys .. X5)1Xy=X5, X, =X5, X3— X,V x3—x,€V 7,
I, k, with K2=ki=2 k00, k30, k, +k,=P, + P, ,
Ik, with KZ=kZ=p2, KO0, k>0, k, +ky =k, + Py,
JyeR* such that x,—x3=4,k;, 1, =0
x3—y=A41k}, 4120
Xy —y=72yk;, 4,20}, (54)
ég={(x1, e X5) Xy = X5, X =Xg, X3 — X,V X —x3e VT,
X, —x3=iP3 (A=0)} . (55)
By permutations, this yields
ESp(F)CCluC,uCy if P,4P,+Py+P,. (56)
Also
ESp(F;)CCiuCiuCy,(i,),k)=(1,2,3) if P +P,+P;=*P,. (57)

(iit) Third Step
Now we assume that, for all permutations (i, j, k) of (1, 2, 3)
Pi:FPja (Pi+Pj_Pk)2:‘:.u2'

This allows the application of the “rule of the game” together with (57) to the
determination of ES, ({_Jx=:). The contribution of C} or C} consists of the
points (x,, ..., xs) such that there exist k,e V", k,e V™', with k, +k, =P, +P,,
k}=k3=p? y,eR* y,eR* 1, eR, /,eR such that:
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1) If (k,+P3;—k,)*+u*> [note that k;+P; because of the condition
(P, +P,—Py)?#pu?]: thereexist kie V', khe V', kie V', kieV ™, zeR*, 1 eR",
JERY, JeR, with K2=k2=K2 =k =2, K, +Ky =k, + Py, K+ Ky =K, +k,.
such that , ,

Xg=Xs5, Xy =Xp, Yy =Xz, X; =Xz =A1ky, X; =y, =4yk;,
Xy— YV, =Mk eV, y,—z=KleV*, x;—z=1kheV*. (58)

If (xy, ..., x5) is furthermore required to be in C, U C, U C;, the conditions (58)
are supplemented with: A, k,e V™. In this case we thus have the kinematical
situation pictured in Fig. 3.

Xy = X

Fig. 3 X, = Xg z
L]

However a well-known theorem (one proof can be found e.g. in [24]) asserts
that [in view of the restrictions (k, + k,)> =(P, + P,)*> <9u?, (K, + k5)* = (k, + P;)*
<9u?, (k7 +k3)? =(Ky +k,)*> <9u?] such a situation is impossible unless 4, =0,
Le X; =X, =X3, X3— X4V, X, =x5. (59)
2) If (k, + Py —k,)* =y, there exists A} 20 such that x, =x,, x; —x3=4,k,
Xp=Yy=loky, X3 =y, =21k €V, y, =X, CVT, x4=x5.

But this implies (4, —A))k,=A14,k,, hence, since k,+k,, 1, =(1,—4])=0,
so that x must again satisfy (59).

In conclusion, for Pe Z with P;%P;, (P,+P;— P,)* + %,

ESp(F) C {(Xys ..., Xs), X =Xy =X3, X, =Xg, X3—X,€ V). (60)
This concludes the proof of Theorem 1.

Remark. As it was pointed out in [18], the Steinmann identities allow a decompo-
sition (near points of Z) of the various boundary values f, f;;, of the momentum
space analytic function into six functions which we denote g7 (k=1, 2, 3). Each
gi¥ is analytic in the intersection of a neighborhood of # with the tube

R'®+iCf ={(p+ig):q;+q,€V*, ¢;+qeV ™', g+ qeV ™)
(k, 7, j) being any permutation of (1,2, 3), and

f=> 9" fi=9 +9; +ar .

1

HMw

k

It is possible to give a proof of Theorem 1 by using these functions: it turns out
that each of them has the analyticity asserted for f by Theorem 1.
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3. The Six-Point Function

3.1. Notations and Completeness Equations
In this section, we consider real points (P, ..., Pg) (with P, +...4+P,=0) in a
real neighborhood A (#) of the set
R={(py, ... pe)iPi =1 k=1,..,6,pe V™ for j=1,2,3,
peV™ for j=4,56, 9u*<(p,+p,+ps)<16p’}. (61)
The condition that (p, +p, +p;)* <16u? ensures that for any triplet k,, k,, k;
with k,+k,+ks=p,+p,+ps, ki=p> kY>0 for all j, the inequality (k, +k,)?

<9u? holds.
We denote

F(py. ..., po) ==& —O(Z p,) (P1s - Do)

6
p)—[l:[ pi—u)| %

the amputated Fourier transform of the 6-point connected chronological function.
In a neighborhood of %, f is the boundary value of the 6-point momentum space
analytic function from the directions verifying

(62)
P15 Do)

{Im(p;+p)e V", Im(p,+p)eV ", Im(p,+p,+pe V",
for every permuation (i, j, k) of (1,2, 3) and (/, m, n) of (4, 5, 6)} . (63)

The restriction of f to the mass-shell region £ at non-colinear points, is the
connected scattering amplitude for the process (—ps, —ps, —Pe) = (D15 P25 P3)-

The conditions Im(p,+p;+p,)e V" in (63) are due to single particle poles.
These can, as is well-known, be extracted in many ways (see ¢.g. [Sb]) and we
choose the following. Let

F)= i € PP 0) = B B 0N
( —Lz) d Nt —ipx
%‘T(aﬁ) W B e
L =p?+i0) " = (p* =L +i0)" d*p,
F(x)=0(x°)F " (x)+0(—x°)F~(x) (64)
. ’—(qu_Lz)N d \V-1 o i
Fr="n20) (E) W =L) s le
[0(p* —u?)—o(p* — 2)]0(p°)d*
F ()=F*(—x).

Here L>4yu, and N>0 is an integer so large that F*, F, are several times
continuously differentiable. F, will serve as “propagator” in the Feynman-like
diagrams we shall need. In particular we define

EOZIS ORI o o (65)
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(Here the indices i+ take the values 1, 2, 3, m=n take the values 4, 5, 6 and there
are 9 such pole terms.)
For example

== = [ T(p5. p3. p6» —K) T(k.py, py. ps)
T2 =Y (k2 — 2 +i0) " ' (k* — 2 +i0) "N d*k
=U(p3, P3» Pes — K1k, Py, pas ps) (0> — LW
6
.(k2—u2+i0)‘1(k2—L2+i0)’N5(Z pj) (66)
j=1

[in the last expression, k stands for p, +ps+pe=—(p, +psa+ps)]-

The term {7 in (65) can be written 5(}_p;) f,(p), where f, is the boundary
value of a (partially) one-particle irreducible analytic function from the directions
satisfying

{Im(pl+pj)e V+s Im(p(+p)11)e V_a
for all permutations (i, j, k) of (1-3) and (/, m, n) of (4-6)} . (67)
We shall also need the distributions given by

O = F(Q(T(1,2,3,4,5,6)— T(i. ) T(k, 4, 5, 6) @™

=F(Q,iljl T(k, 4,5, 6)Q)™°, (68)
TEQE =7(Q,(T(1,2,3,4,5,6)—-T(/, 1, 2,3) T(m, n))Q)2"?
=7 Q,mIntT(/,1,2,3)Q):m. (69)

In a real neighborhood of the region £, they are equal to 4() p;) multiplied
by boundary values of the momentum space analytic function from the directions
satisfying, respectively,

{Im(p;+p)eV ™, Im(p;+pJe V™, Im(p;+p)e V", Im(p, +p)eV ",
Im(p,+p,+p)eV —,V(r,s)C4,506), r*s

Vi=1,2,3}. (70)
and
{Im(p,,+p)e V™, Im(p,+p,)eV ", Im(p,+p)eV ", Im(p.+p)eV "™,
Im(p,+p,+p)eV* V0,s)C(1,2,3), rks
Vi=4,56). (71)
Correspondingly

3 T @)

with a similar identity for 7=g1)— .

t
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The distributions =(1= and ={r}= are equal to §(3 p,) multiplied by b.v.
of the (partially) one particle irreducible function in domains larger than the
corresponding domains (70) and (71), namely those obtained by striking out,
in (70) [respectively (71)] the conditions of the type Im(p,+p,+p)e V™~ (respec-
tively V' 7). These properties will be fully described by stating the essential supports
of these distributions in the region Z.

The results of the linear program [18] give, for Pe £,

ES(E)= U C. 73

where e.g.:
Ci={(xy, ... Xg)i1X; =X3, Xs =Xg, X; —X3€ V', x3—x4e VT, x,— x5V} (74)

the other C¥ being obtained by independently permuting 1,2, 3 and 4, 5, 6. Con-
figurations occurring in C% are schematically represented in Fig. 4.

Xi= Xy
Fig. 4. The cone C3 Xg= Xg
Similarly
ESp(Zg=) ¢ U (CluChudy, (75a)
t=4,5,6
ESp (=) ¢ (Clucoucy), (75b)
s=1,2,3
where, e.g.

4 Yy — v _ - . 7=y - 7+

Ci-={(X1y o0y Xg)i X =Xy, Xs=Xg, X; —X3€V , Xx3—X4€ V7,
X, —xseV7*}

4- =, -, (76)

Cy ={(x1,..0r X)X =X, Xs =Xg, Xy —X3€V , Xx3—x,e V7,

X,—Xs€V 7).
It follows that, for any permutation (i, j, k) of (1,2, 3) and (¢, m, n) of (4,5, 6),
the distributions ‘ o o J

as well as their non-irreducible versions can be restricted to the manifolds
{p:p}=pj=u>} and {p:ps=pi:=p*} near points P in #, with P;%P; or P, +P,
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respectively. Our assumptions imply that the following equations [analogous
to Eq. (40) of Sect. 27 are satisfied in a real neighborhood of %

EOSENE GRS O/ o= I by I8 (7
CE R i =00F i PP, (78)

These equations make sense because of the local analyticity of the 4 point
function in the integration range. Equations (77) [respectively (78)] is obtained
by inserting a complete set of 2-particle ingoing (respectively outgoing) states in
(the untruncated version of) Eq. (68) [respectively (69)]. Other equations of the
same type can be obtained by exchanging the words “ingoing” and “outgoing”.
Explicitly, in the above formulae, we have, e.g.,

0o = [ T2~k k)| (K= 0 1)
6
[U MeXpl kiyi+kay,+psxs+...+peXe)

(2, y1ly, L T(xs, oy X6)Q).dy dy,dx; .. .dXg
-0kt —p?)0(kS) d* ke 0(k3 — p?) 0(k3) d* ke
Equations (77) and (72) yield
EOSRE (SRS == (79)
where :@: (the discontinuity of =(=) satisfies

[The other pole terms in (75) have no discontinuity in the channel (1, 2).] Similarly

=OF! - i - S0 - 3 b (80)

ko123

Further expansion of (79) gives

G - - TR 000 @)
and similarly for (80).

3.2. Triangle Graphs
We now introduce auxiliary “six-point functions” generalizing Feynman integrals
associated with triangle graphs. Their chronological boundary values, denoted
Gi, (k=1,2,3,/=4,5,6)are given, in x-space by
GZZ«X(XI’ e fTam (X1> X2, Y15 V2) TP (X3, X4, V35 Va) Te P (X5, X5 Vs V)
Fo(y,=y3)F(ya—ys)Fo(y1 —ye)dyy...dys . (82)
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The Fourier transform G% of G% in momentum-space is represented diagram-
matically in Fig. 5.

¢ —N 3
. 2
Fig. 5. Diagram for G% zm 1

The integrand of this expression is well defined (provided N has been chosen
sufficiently large in the definition of F ). The integration over the y-variables
exists in the sense of a “weak adiabatic limit”. This means that, if we introduce
an extra factor g, (y,, ..., V¢)=g(ey1, ..., £V) into the integrand, with ge #(IR?%),
g(0)=1, the limit exists and is independent of g. It defines the chronological b.v.
of a 6-point-function with all the standard linear properties. These facts as well as
the correct definition of the other “boundary values” and, actually a general
theory of such Feynman-like diagrams can easily be derived from the ideas
sketched in [15, Sect. 6]. The momentum space analytic functions so obtained
coincide with the G-convolutions defined and studied by Bros and Lassalle by
means of integrations over complex “contours”. General results on analyticity
of the latter in the primitive domain have been obtained in this approach in
[5, 25]. More refined results that go beyond the primitive domain, such as the
derivation of the detailed analytic structure in terms of the Landau singularities
which are specific of a given diagram, have also been established in certain cases,
in [Se,26] and entail in particular the results below on triangular diagrams.
A short alternative treatment of these triangular diagrams, sufficient for our
purposes, is given for completeness in the Appendix. It yields, in particular, the
following results (in momentum space)

ES,(ixCOx:)CCs if PeZ (83)
ESP(iﬁ‘) CC34VE if PeR, P, +P,, PPy, (Ps+Ps— P> 4 (84)
with
Cha={(x1, ..., X6); X1 =X;, X3 =Xy, X5 =Xg, 3k;, ky, ke VT,

ki=ki=ki=u? A, A,, ;3¢ R* such that

ky+ky=P+ Py, ky+ky=—(Ps+Pg), ky + Py=k;—P,,

Xy —=X3=Arky, Xy —Xs=A,k;, X3—Xs=2A3k3}

U {(xy...X6); Xy =Xy =X3=X4=X5=X¢} (85)
(see Fig. 6) and

E={(X1, ..., Xg)1X{ =X, =X3, Xy = X5 =Xg, Xy —X4€ VT }. (86)

Remarks. 1. A more detailed analysis shows, as it also follows from [5e, 26], that
in fact, for points P satisfying the conditions of (84) the set E can be omitted in
the r.h.s. of (84), i.e. ESP(G;‘)CCQ’ 4+ This is not needed for the purposes of this
paper.

2. Points in C 4 (other than x, =...=x,) are represented in Fig. 6. The con-
ditions on P in (84) ensure that given ky, k,, k; on the mass-shell with k, +k,
=P, +P,, k,+k;=—(Ps+ Pg), the functions t associated with each bubble are
locally analytic at the respective points (P, P,, —ky, —k,), (k;, P3, —ks, P,),
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Xy = Xo

Fig. 6. Configurations in C% 4 Xg = Xg

(ky, ks, Ps, Pg). The cone Cj 4 then coincides with the essential support of the
corresponding Feynman integral where these functions ¢ are replaced by constants.
The other result we need (see the Appendix) is

ES, ({0t - i) c O it Pe PykP,. ()

3.3. Results
Let A be defined by

(88)

Then:

Theorem 2. At all points Pe R satisfying, for every permutation (i, j, k) of (1,2, 3)
orof (4,5,06), P+ P, (Pi‘*"Pj—Pk)Z:*:/JZ,

ESp(A) C{(X1, s Xg)1X [ = X3 =X3, Xg=X5=Xg, X, =X,V 1}, (89)

Remark. The Lorentz invariance of the analyticity domain of the momentum
space analytic function associated with A4 then shows that this function is analytic,
near P in the directions satisfying Ims>0, s=(p, +p, + p3)>. or, equivalently,

ESp(A)={(x1, .0, Xg):X{ =X, =X3, Xy =X5=Xg, X; —Xg=MUP; =P, +P3), 120} .

Proof of Theorem 2. 1t will suffice to prove that, for Pe £ satisfying the conditions
of the theorem,

ESP(I‘l)C U {(xla"';x6):x1:x2:x33xé’:xma xn_X/€V+a
([’,m,n};(p:‘r?.\ét)ations X —X,€E I7+} ) (90)
Since the same methods will obviously give a similar result with the roles of the
variables (1,2,3) and (4, 5, 6) exchanged, the result (89) is obtained by inter-

section.
By Eq. (81), for each i=1, 2, 3.

23 [0 - o9
22 5O O1)

toiss
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The proof of (90) is carried out in three steps completely analogous to those
of Sect. 2. The cones C,, C,, C5 of Sect. 2 are replaced now by
CG= U C., k=123 92)
t=4,5,6
(i.e. the point x, =Xx5 of Sect. 2 is now replaced by
U {(X4,X5,X6); Xy =Xy Xp— X,€ I7+})
(¢,m,n) = permutations

of (4,5,6)

The points P considered in these three steps are such that, for every permutation
(¢,m,n) of (4,5,6), P,+P, and (P,+ P, — P,)*+u*. Moreover P,, P,, P; satisfy,
at each step, the same conditions as in Sect. 2. In the first two steps information
on A follows from (91) together with (83)-(87) and yields [by (81)] information
on ﬁ The result (90) is the outcome of the last step. The cones C;, C/, C,”
appearing at each step differ from those appearing in Sect. 2 in the same way as
the corresponding C;, as explained above. The supplementary terms in the r.h.s.
of (91) do not modify the situation: indeed, in view of (83)—(87),

ESn(G)CC;, PeR
ESp(GYCC;,  PeR, P+P,
ES P(Gi) CCi if P satisfies the conditions of Theorem 2,

and the bracket term in (91) has its essential support in C; for P;=+P,.

Appendix

We give here a short account of the properties of triangular graphs needed
in this paper, based on “discontinuity formulae” which follow straightforwardly
from Sect. 6.6. of [15]. To describe diagrammatically these formulae, we shall
use the following conventions:

:@i stands for the “chronological b.v.” of a
general n-point function, amputated in all
its variables. It could be denoted {(T(X)>.

8} & {a  The corresponding { T(A4)T(B)).
Bg e QS ;A The corresponding {T(X)— T(A)T(B)).
An F_ propagator.

Y, 3, F*(y, —y,) or equivalently, in the present paper,
1
2n)?

[ o(k* —u®)0(k°) exp [ —i(y, — y)k1d*k .

—— Momentum space version of the preceding.
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We consider now a diagram of the form

2| 0=k | = o X s

and ask for the corresponding

in the sense defined above. This is given, in momentum space, when p,= Y p;

satisfies p,e V*, p3 <9u? by Jed
- B 3%{ A
co | XPCE S
c8 | OQE | a (A1)
o | O—(CE |
RE == I
<8 ) ARCE | (A2)

Remark. In the general case, individual terms appearing in such “discontinuity
formulae” only make sense before taking the adiabatic limit (while their sum
always has a well defined adiabatic limit). In the cases occurring in this paper,
however, all terms make sense and the formulae hold in the adiabatic limit.

In order to apply these formulae to G%, we first note that, for the 6-point
function defined by a pole term,

the (1, 2)-channel “discontinuity”
O3
vanishes in the relevant region, i.e. at points P satisfying
P +PeV* (P +P,)*<9u? Pi=p? j=3,..,6,
Py,eV*, P, Py, PieV™

Hence applying (A1) yields
Q) SRR =y, SR =S G (A4)
Note that, for 4u% <(P, + P,)* <9u?,

and that X (when all the variables are on the mass-shell, not at thresholds) is
locally analytic. Hence the last term in (A4) is obviously well-defined, and the

first is equal to oo

so that it is also manifestly well-defined.
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It is easy to see, by the same methods, that the momentum space analytic
function associated with G% has no discontinuities (near real points Pe %) in any
of the channels: {1, 3}, {2,3}, {4,5}, {1,3,4}, {2,3,4}, {1,2,4}, {1,2,5}, {1,2,6},
{1,3,5}, {1,3,6}, {2,3,5}, {2, 3,6}. As a consequence, for Pe £,

ES,(G¥Hc s (AS)
while the “boundary value” & = ZEF: satisfies
ESp(G4-)CCs- . (A6)

According to (A4), for Pe R, (P, + P,)* >4p?,

& O - o= (A7)
& 00 - OO (A8)

Hence
8.6 ol oo (A9)

Equation (A9) implies Eq. (87) since it can be rewritten
T - - XGRS

Indeed the application of the rule of the game shows that (for P, +P,, Pe %)
both terms in the r.h.s. have their essential support in C5-.
We now derive Eq. (84). First consider the expression

Py % P3
D = p 3 t.
[ 2

at a point (ky, ks, p3, ..., pg)€ Z such that (Ps+P¢)?>>4u?, (Ps+Pg—P,)* +u>.
These conditions imply that the bubble on the left is locally analytic, and so is
the bubble on the right when k; = —(Ps+ P¢+k,) is on the mass-shell, in which
case

ES ;5. 2o (D) CLV1s 25 X35 -5 Xg)5 X5 =X6 =3,

Xg=X3=Y, X3—Xs=0ks, 020} (A10)
(1, y, being the variables conjugate to ki, k,). If k; is not on the mass-shell
then ES(D) is simply {x:x,=x,=...=X,}, unless (k; — P,)* =4u?, hence k, =P;,
in which case
ESikops...pe(D) C{(y1Y2X3, - 0s X6)5 X5 =X6 =y, =Xy,
X3=Yy1, X3—Xx4=0k; =0P3,020}. (A11)

Applying the “rule of the game” leads to corresponding information on
‘== - The Eq. (84) is then obtained by intersecting C% with

C3-VES,( 5= ).
and by using arguments similar to above (and somewhat simplified) on the
equation analogous to (A9) that relates G5 and G5 .
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