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Abstract. In this paper the construction of the two-dimensional abelian Higgs
model begun in two earlier articles is completed. First we show how to remove
the remaining ultraviolet cutoff on the gauge field, then we construct the
infinite volume limit and verify the axioms of Osterwalder and Schrader for the
expectation values of gauge invariant local fields. Finally it is shown that an
auxiliary gauge field mass that was introduced to avoid infrared problems can
be safely removed.

1. Introduction and Notation

In this paper we continue our investigation of quantized gauge fields begun in
[1, 2] by constructing a cutoff free version of the abelian Higgs model in two
dimensions obeying all the Osterwalder-Schrader axioms (except possibly cluster-
ing) and therefore corresponding to a Wightman theory. From our study of the
theory on the lattice we have reason to believe that this theory in fact does have
exponential clustering for gauge invariant observables ; this is the well known Higgs
mechanism. In order to verify this for the continuum theory, one would have to
work harder than we do in the present paper and construct a convergent
expansion around some mean field theory in the spirit of [3]: the mean field
configurations would presumably be configurations of vertices.

The plan of this paper is as follows: After fixing notation we show stability of
the theory in a finite volume by an expansion that is, of course, inspired by earlier
work in constructive quantum field theory, in particular [4]. This is done in
Sect. 2; some technical matters concerning Feynman graphs are deferred to an
Appendix. The difficulty of the problem lies somewhere between the two
dimensional Yukawa model and the three-dimensional ¢* theory; the fields (in
particular the gauge field) have to be localized only in momentum space, not in
phase space. It is important to preserve gauge invariance in the form of the Ward
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identities at each step of the expansion in order to keep the cancellations between
divergent graphs and counterterms simple. A crucial réle is also played by the
diamagnetic inequality proven in [1, 2] (we use it to prove what is usually called a
“Wick bound”). Since the expansion requires estimating a large number of
Feynman graphs, we prove a general power counting lemma in the appendix ; it
covers the two kinds of boundary conditions that are used in the sequel to
construct the infinite volume limit: Periodic and mixed (half-Dirichlet for the
matter and free for the gauge field); free b.c. could be treated too but are not
needed.

In Sect. 3 we prove, using the stability expansion of Sect. 2, exponential (in the
cutoff volume) lower and upper bounds on the partition function. Some of the
methods used there might be slightly novel and of some limited independent
interest, but the main results of Sect. 3 have a technical flavor and the reader might
prefer to skip this section in a first reading. In Sect. 4 we prove existence and
Euclidean invariance of the thermodynamic limit of gauge invariant Euclidean
Green’s (Schwinger) functions. A verification of all Osterwalder-Schrader axioms
except clustering concludes that section.

In Sect. 2 through 4, the bare mass of the gauge field A4, is chosen strictly
positive (since the gauge group is abelian and A, couples to a conserved current,
the introduction of a bare mass in the gauge field propagator does not destroy
superrenormalizability. This is due to Ward identities which permit one to choose
the longitudinal part of the propagator arbitrarily). The mass in the 4,-propagator
clearly prevents any (spurious) infrared divergences. In Sect. 5 we apply the
correlation inequalities and the infrared bounds of Paper I in conjunction with an
adaptation of the stability expansion to prove that the limit in which the bare mass
of the gauge field tends to zero exists and that the physical (gauge invariant)
Green’s functions are free of infrared divergences. This might suggest that the
Higgs mechanism is at work. It is another confirmation of the experience that
constructive field theory methods seem to be particularly apt at avoiding artificial
infrared divergences.

It may be interesting to note that we can construct not only correlation
functions of gauge invariant local fields such as :|@|*: and F,, but also of so-called

_ y
“string” and “loop” observables such as :¢(x) (exp f4 ﬂdx;l) #(y):and :exp$A,dx,:

which might be more natural objects in gauge theories than local fields even
though an axiomatic framework for them is only beginning to emerge [5].

Let us now introduce some notation: A is a bounded open set in IR?, typically a
rectangle,

{(x,x,)eR?||x,|<3a,, p=1,2}.

A, is an abelian gauge field, ¢ a complex scalar (“Higgs”) field.

Covariances. C, is the kernel of (m*—4,)"*

2
(——AAE Y D% D, D, =0,—ied, u= 1,2)
n=1
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considered as an operator on L*(R?). Cp, ,, Cp , are the corresponding objects
with 0 Dirichlet and Periodic b.c. respectively

-2

Chy, 4%, ¥) = x4 (X)x4()27)

ip(x—y p}.p 1 —tp2
'fe”’( ))(5”_ p2+;12)})2+#2€ rp,dzp

is the covariance for the gauge field with “free” b.c. t parametrizes an ultraviolet
cutoff

Chrpaed)= oy 3 ey, - PR
v, P, A\ (271:)2 e Av (n) +’u

m2 2y~ 1,—1p’ a, a;
+
P+ pt)” % o

. . . . L 2 2
is the gauge field covariance with periodic b.c.; p™ = (—ﬂl1~1 —nn—z)

ay a

Gaussian Measures. dv (¢) is the (normalized, centered) Gaussian measure on
S'(IR*) with covariance C,,.
dm®(A®) is the Gaussian measure with covariance

Ci, —Cle-p (k=1,2,3,...).
(C19=0,t,,t, ...~0 is a monotonically decreasing sequence of positive numbers —
“cutoffs”.)
dm(A) is the product Gaussian measure

dm(A)= T dm®(A®).

We will use the same notation for the Gaussian measure with covariance C{) ,
because

fdmeo (A)f(4)= “—[dm“‘)(A”‘)) f(A4),

where in the right hand side
A=) A®
k
Let
1
A, o= D (5y...8)2AY  (5e[0,1],i=1,2,3,...).

i=1

dm(A) 1s the Gaussian measure with covariance C ;.

Interactions, Counterterms, Partition Functions, etc. V,=[:V($[*):d*x;
V(|¢|*)=0. V(|$|*) =0 is a polynomial of degree at least 2 4

om? =2 A2(0)dm,(A)=CY,_,(0).
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oml,=e*[ A2 dm(A). (These counterterms differ by an irrelevant finite term from

the ones defined in [2].)

EQ=e* [ d®xd*y[A,(x)A,W,(x—y)dm(A).

x,yeA

EA,s(l) =e’ j B dzxdzy I Au,s(l)(x)Av,s(l)(y)H ,w(x —y)dm(A),

x,ye

where I1,,, is the vacuum polarization tensor in second order, discussed in detail in

Paper II.
Tye e (O

Graphically,
EQ ., EY) , are defined analogously by replacing IT,, by the corresponding object
with periodic or 0-Dirichlet b.c., respectively.

z(A)=det™ ! (m?>—A)*(m*— 4 ,,)” {(m*— 4)'1?)
(this object was discussed in detail in [2]).

dow ,(¢)=2(A)dv ,(¢),

d:uA,A,t(gb) Ede(¢)e—VAe1/26m2/{;|¢|z;d2x % eb;‘:) ,

ZA, t = j‘ dmt(A) j d:uA, A, t(¢) .

Trace Norms. I ,(p 2 1) is the space of compact operators 4 on a Hilbert space such
that

|All,=(Tr (A*4)*) P < 0.

For more details see [6].

2. Stability in a Finite Volume

We develop a rather simple expansion that reduces the proof of stability in a finite
volume to certain plausible estimates on a finite (not particularly small) number of
Feynman graphs; their proof requires some machinery, however, and is therefore
relegated to the Appendix. The expansion as such is independent of boundary
conditions but in the appendix we prove the necessary bounds for periodic and
mixed (free-half-Dirichlet) b.c. since no other b.c. are needed. The volume, A, is
held fixed in this section, so we drop all subscripts, etc.

1. The Stability Expansion

The purpose of this expansion is to prove uniform upper bounds on unnormalized
expectations of observables, i.e., expressions like

(PONZy=|P(A, p)dp,($)dm, (A)=Fy,
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where P is a polynomial in the fields ¢, ¢, A. The idea is very simple : We introduce
a suitable sequence of cutoffs t,,¢,, ... (ty—0) and write Fy as a telescopic sum:

N
FN=Z(Fk_Fk—1)+FO (2.1)
k=1

Fo=<{P),Z, Ef P(A, ¢)duy(¢)dm(A). Then we bound each term in this sum in such
a way that we obtain absolute convergence as N— co. The differences F,—F,_,
are estimated by interpolation, using the interpolating fields 4. The first result is

Lemma 2.1. Let k>1. Then
1 1
F,—F,_,=[ds, ...{ds [ dm(A)
0 0

fdp,, K. K,P, (2.2)

where K |, ..., K, are functional differential operators acting on P (their action is to
be understood in the obvious “algebraic” sense). They can be represented graphically
as follow3'

1

o
—-;——(—-V)+¢ ﬂ\—‘(ﬁ'~w)
A
T TR
+ 0 %’{_d’*d—’ﬁq’“‘“u“w“ﬁ
A AA A AA A

(A' stands  for AS(,), 7‘: means N\ 5m2(~l) . The graphical
A A

notation is discussed in detazl in Paper 11 [2]; we do not repeat this discussion since

(2.3)

most readers are probably familiar with it.)

Proof. This is essentially an exercise in the application of the fundamental theorem
of calculus. The following formula can be proven by induction. For I<k:

1 1
F—F,_,=[ds, ...[ds|dm(A)
0 0

( Ay, .. 1. jduA(sl 1,0)
K K.P k—1 k—1—1
N l Y 1 .
The formula is trivial for /=0; to go from I to I+ 1 <k we write the difference of the
measures in (2.4) as

1 0
jdsl+1 P (dpggs,, .., s,H,1,...,1)_dﬂA(sl,...,s,H,1,...,1,0)) (2.5)
0 St Pt P e



358 D. C. Brydges, J. Frohlich, and E. Seiler

(note that the expression in brackets vanishes at s,, ; =0 due to the choice of
interpolating fields A,).

Now
5 - - '
65[4—1 duA(SU-..;SlaI;---) =(0 —;__ o ﬁ ¢) duA(sh"-Jsl*ll'")
A A A (2.6)

where the prime stands for

Si+1
Inserting (2.5) and (2.6) into (2.4) and integrating by parts with respect to the

free Gaussian measure dv,(¢) replaces

® '_i '¢"6%—¢ by Ky
A

A A
acting on the integrand; this gives (2.4) with I replaced by [+ 1.

Remark. We sketched the change of covariance and integration by parts here in a
slightly formal way; the procedure is justified in more detail in Sect. VI, [2].

To complete the proof of the lemma, note that for I+ 1=k the second term in
(2.5) has to be omitted, so the last inductive step produces (2.2). [

From Lemma 2.1 and (2.1) we obtain the following expansion:

Theorem 2.2.
N

<P>NZN=<P>OZO+ Z

1=

1

1 1
gdsl ...gdsljdm(A)fdyAsmK,...KlP, (2.7)

where K, (reZ) is defined in (2.3); the prime appearing there stands for 62 :

¥

2. Convergence of the Expansion

The goal of this subsection (together with the Appendix) is to prove the following
bound on the terms of the expansion (2.1) or (2.7):

k
|F,—F,_,|=C,[logt, [ H t;(k lyreea(osti? (2.3)
i=1

for some constants Cy,c,,¢,#,p>0. This will imply convergence:

Proposition 2.3. Let tj=conste‘f'; (i=1,2,...;0<y<1). Then (2.8) implies con-
vergence of the expansion (2.7) as N — 0.

Proof (sketch). Under the assumption about {t;}:

k.
Fo—F,_ |SC ke 57 frheesk

& )
<C,exp {(ry+p)k10gk+c2k2y— mk/“}

=exp{—O0k'" )= |F,—F,_ /<. O
k=1
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The remainder of Sect. 2 is devoted to reducing the proof of (2.8) to certain bounds
on Feynman graphs which in turn are proven in the appendix.
First we use Schwarz’s inequality to obtain

Iy, K, - Ky PIS|2(4))

([ dva, |Ky o K PP ([do 027 ootz (2.9)
By the diamagnetic inequality (I, Theorems 2.3, 4.1 and Sect. 3, see also [7])
lz(4)=1. (2.10)

So (2.8) will be a consequence of the following three lemmas:
Lemma 2.4. E(s,, ..., s;,0,...)<a,(log,)*

Lemma 2.5. jdee"2V+5'n§(z>I=|¢lz=gexpaz(émf(,))z provided V contains a term
Al @)z, 4>0. Also

omi,=[A%(sy, ..., 0,...,0)dm(A) L ay|logt)|.

!
Lemma 2.6. {dm(A)[dv,|K,...K P|? gag(ﬂ tf) (IMPllogt, ™ for some §>0, p>0,
j=1
r>0.
Remark. The assumption in Lemma 2.5 that V contain a quadratic term could be
replaced by the requirement that V' contain an even power of || greater than two.
Lemma 2.5 would then hold with some other power of m? appearing on the right
hand side. (2.8) would still converge for an appropriate choice of ¢;.
Lemma 2.4 is a simple estimate on Feynman graphs, Lemma 2.5 is a

consequence of the diamagnetic bound [see (2.10)] and an easy P(¢), estimate,
whereas Lemma 2.6 contains the technical core of this paper. It should be rather

1
[TK.P
i=1
converging Feynman graphs — notice that all cancellations of divergent graphs
with counterterms have already been accomplished by the integration by parts in

subsection (1) ([2], Sect. II).
We shall not give a proof of Lemma 2.4 since it can be easily deduced from

1,,(k)=0(logk?)  (k*—o0).

2
plausible, though, since [dm(A){dv, contains only strongly (powerlike)

(Appendix A, [2]).
Proof of Lemma 2.5. By the diamagnetic inequality [1, 2]:

fda je= 2V Homba 101 < [y o= 2V omSw S 1417 (2.11)
So what remains to be shown is

Proposition 2.7. Let
V=2{:1¢I* : d*x—af:|p|*:d?x.

Then
[dvge™ " <expO(a?)

for o large positive. ( Similar results may be found in [8,9].)
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Proof. Without loss of generality we assume that |[A]=1. We split V:V=V,+V,
with

V=212 1 d®x)* — o[ :|¢p|? 1 d*x

V=2 :1p|*:d*x =5 :|p|*: d*x)*.

. =
Claim 1.V, = BENR

The proof of this is trivial.
Claim 2. [dvye™ "2 < 0.
Proof. This follows by Nelson’s argument [10]: In reference to this note that

@ Vo=l a2 2
= 116,505 —5C, 19, P+ 6
— (194207420, 16, Px -4
L8, (19,220 + 316,445~ 6C, 16, PP+ 4 C2
> 18C2 4 5C2
= —0log?) (=410 dvo);

in the last inequality we used
bz

ax®>—bxz — —.

4a
b) V2, = ValI>=0(<"")
for some ¢>0. This is a standard fact [16].
(a) and (b) together imply Claim 2 as in Nelson’s proof [10, 16] of stability in
P($),- O
Remark. A similar argument works for more general interaction polynomials.
Proof of Lemma 2.6. We begin by developing some notation to organize all the

terms that arise when the functional derivatives in K, are performed. First we split
K; as follows

Ki=q;+a; (i=1,...,]), (2.12)
where
— B
9= d(¥)f(x, ) 350 dxdy (2.13)

whereas a; is a multiplication operator (ie. it does not contain functional
derivatives). Explicit expressions for g;, g; follow by comparing (2.12) and (2.3). We
also define

Ko=qo+ay; qo=0 (fp=0); a,=P
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because then we can write
1 1 1
[TKP=[]K;= (]‘[ Ki>1
i=1 i=0 i=0

which will simplify many of the ensuing formulas.
Next we use Leibniz’s rule to write

1 1
[1K=2 (H (q“"af")), (2.14)
i=0 a,p\i=0
where f,€{0,1} for i=0, ...,/ and
i=qr® g0 o, ()e{0,1}.
i runs from O to [, r from i to [. Also
Y 0()=1-,.
All products are ordered according to the index of the factors, e.g.

14
[1K,=K,...K,.
i=0
In (2.14) g% is acting only on a’’. B
Notice that the degree of g%af* as a polynomial in ¢ and ¢ is bounded

uniformly in i=1,...,1L
We defer the integration over dm(A4) in Lemma 2.6 and estimate first
1 2\1/2
WMMHKJ =|[1Kil,- (2.15)
k=0
By Holder’s inequality and (2.14)
1
HHK,-IIZ = % '1—_[0 “qaiaﬂin(H 1 (2.16)

Now we use the well known “hypercontractive” estimate [10] for Gaussian
measures: If Q is a polynomial of degree ¢, then

Iel,=@—-1"*1Ql,. (2.17)
This allows us to bound (2.15) by

l
;(”)’C' sup I_—IO lg“all, . (2.18)

The supremum is over « consistent with 8, where r, C are some constants. Here we
used that the degree of ¢*%a” is bounded uniformly in i=1, ...,/ with an upper
bound depending only on deg V.

Expressions like ||g*a?"||% correspond to possibly large Feynman graphs (their
size depends mainly on o;) with external A-lines and internal lines corresponding



362 D. C. Brydges, J. Frohlich, and E. Seiler

to C, and C,. The next step, familiar in constructive quantum field theory, is to
bound large graphs in terms of a finite number of small ones. Because of our more
complicated interaction this requires some thought.

If we let an operator

- 0
Y=\ p(x)f (X, y) =—=—dxd 2.19
a() =[P ( b ks (2.19)
act on a Wick ordered monomial
1 m
P, =11 ¢x) kﬂ ) : Dy x5 Y)dxdy (2.20)
i=1 =1
(Wick ordering with respect to C,) it produces two terms:
an,m:f)n,m-l_ﬁn—l,m—l’ (221)
where ﬁn’m, P,_ 1,m—1 are again Wick monomials of the form (2.20), but with new

kernel functions
BamlXs )= 2§ D VDD 63 V1o o5 Vs - Vid AV (2.22)
=1
B 1o (X59)=20m(C 1), Y)
S S Py X X0 s X3 Y Vs s Y )AXAY (2.23)

S, (S,) symmetrizes over the x (y) variables and

(CNx,9)=[Cyx,2)f (2, y)dz.
According to (2.21) ¢ splits into two parts:

q=r+s, (224)
PPy =P, 1, (2.25)
P, =P, ., (2.26)

(i.e. r reduces the degree of Wick monomials, s leaves it the same; for m=0:
qP, ,=0, for n=0:rP, , =0).
The following estimates are straightforward :

Proposition 2.8.

5Pyl =mICY2f CL 2l a2 Pl 25 (2.27)
PPy lly < Vm | CH2f CL 2 s Pyl - (2.28)

Proof. Equation (2.27) is obvious for n=0, m=1. The left hand side is
(pO,lafCAfpo,l)ll,/zz = ”Ci/zf Cy 1/ch11/2170,1 = ”C,ilzf Cy 1/2||LZ—»L2|IPO,1 -

The restriction n=0 is clearly irrelevant ; the generalization to m> 1 follows from
the “functorial properties of second quantization” [11, 12]; it is also not difficult
to verify it directly.
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Equation (2.28) follows for m=n=1 simply from Schwarz’s inequality : The left
hand side is

Ij(CAf)(xs )/)p1, 1(x, y)dxdy| <|| Cilzf Cy 12 2]l C}i/sz, e
=I1CY*fCL P llus Py, il (2.29)
For general m, n the proof requires in addition very simple combinatorics which
we leave to the reader. []

Unfortunately (2.28) is not very suitable for our purpose because the Hilbert-
Schmidt norm will in general not exist for the operators g; we have to consider. To
get a finite estimate, we have to “borrow” something from P. In order to
systematize this we need some new definitions:

If P,, is a Wick monomial as before we define s,(f)P, , to be the Wick
monomial of the same degree with kernel function

m k
P59 = (1) S,5 LTS0SV B ]
(2.30)

where S, denotes symmetrization over the y-variables. Note that s,(f)=s(f)=s
(2.26). If k>m we make the convention that

si(/)P, ,=0.

We also define operators 5,(f) by interchanging the role of x and y variables in
(2.30): then obviously

[si(f), 5(9)]=0 (2.31)
for any f, g, k, I.
We now have the following estimate :

Proposition 2.9. For, n,m=1

, m - . _
ISg* I (FIP, 2 = \/;(kJr DICL 297 Cuf Co 2 s IS 1Py 2

where g* denotes the adjoint of g considered as a kernel.

Proof. Again the proof reduces for n=m=1, k=0 to a simple Schwarz inequality;
for general n,m, k the left hand side contains (n; 1) nm]/(n—1)(m—1) terms (all

equal) which are bounded by Schwarz’s inequality by the equal number of terms
on the right hand side. [

Remark. g will have to be chosen appropriately to make C;'?g~'C,fC'/?
Hilbert-Schmidt; a suitable choice is for instance g~ ! =CY2C**2C ! (>0).
Next we combine Propositions 2.7 and 2.8 to obtain

Proposition 2.10.

N-1
]_;!:) Q(fi)Pn,m

S N!m"sup [5(g*)P],
2 k

1

[T UICH2fC Pl a2 1127 CfiCl P s}

N-—
i=0
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Proof.
N —_

N-1 N-1 1
HO a(f)= Ijo (U +rh)= ) [ (S0 ).

7e{0, 1}V i=

We claim

N-1
l_[ (S(fi)l - yir(fi)y‘)Pn,m
i=0 2

N—-1
=N!m" [] {IC¥*fC; “Zuiz‘zizuc,;”Zg‘chfic,:”zllif.s.}
i=0

N
15,00 @ Pyl 2 (y,.e{o,l}, =0, N=1;y(N)= ¥, v) (232)

i=0

The proof is by induction with respect to N, using Propositions 2.8 and 2.9.
For N=1 it follows from (2.27) and Proposition 2.9. We assume (2.32) true for
N=N,. We obtain

No

[T G 7P,

i=0 2

No
N - — i - - - 1
SNolm™ Hl {ICfCI P 15211 €1 g™ M C i fiCL P Il s )
i=

8,000 G*)s(Fo) " T 7r(fo) Pyl - (2.33)

We commute § through s and use Propositions 2.8 and 2.9 to estimate the last
factor; we obtain

1/2 -1/2)1- 1- a & 0
ICY = foCy M2 Ml 252(m—,) yo( W Z Vi>
i=0
NCL 297 C i foCoa 2 15 15, g9 P2 - (2.34)
Using the inequalities

Yo
o=y (%) <

No 70
( Z Vi) SNy+1
i=0
and inserting (2.34) in (2.33) proves (2.32) for N=N,+1.
Using

”Ey(NO)(g*)Pn,mHZ g Sll:p ”gk(g*)Pn,mHZ

and summing (2.32) over {y} completes the proof of Proposition 2.10. []
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Now we are ready to estimate (2.18) and thereby (2.15):
Proposition 2.11.

!
[Tlgual|, <+ 1)!
i=0

!
H “Cl/zfl 2 P llpan e+ 1C 2 _ICAfC 1/2”1-1 }1 &

1

1 sup [5.(9%)aill

i=0
a; is to be understood as having been expanded in normal ordered (with respect to
C ) polynomials.

Proof. This follows directly from Proposition 2.10 if we recall that
qai = q\}ll(i) e q?'(i) 9 Z OCr(S) = 1 - Br * D
s=1

Corollary 2.12. For some constants c,r >0,

1 I+1

<Cl Iy H

2 i=0

{ICHHCL P iamna + 1 €2 P €A Pl + S0P 5™l

a; is understood as having been expanded in normal ordered (with respect to C,)
polynomials.

Proof. This follows from Proposition 2.11, (2.18), and the identity

N N
al Pibfi= [] (a,+b). O
B0, BN i=1 i=1
We have now achieved the objective of bounding large graphs by small graphs
because Corollary 2.12 only involves L, norms of polynomials of low degree in ¢
[occurring in 5,(g*)a,]. Unfortunately we have to normal order the a; with respect
to C, and calculate L, norms with respect to dv,(¢). This means our Feynman
graphs have C, propagators as well as C,. We now develop some operator bounds
to control C, by C,. The end result is found in Proposition 2.16.
We specialize now to the choice

g =CAC55— I/ZC; 1/2 .
Proposition 2.13.

(@) [CH2ACLPISICYPCo I IC 2 CPIICY 2 /Cq 2l (2.34)
(b) [C3 297 CufiCy P s =1Co* T hCL P s,
S[ICPCH 2 IICE £ Co P s, - (2.35)

©  I5dg*)Py mllz,c, SICHCo 2"
NCq 2 7EC4Co 215U C o Pl 2, o - (2.36)



366 D. C. Brydges, J. Frohlich, and E. Seiler

Remark. | -| denotes the operator norm denoted before by | -|l12np2 15,
stands for the L*-norm with respect to the Gaussian measure with covariance C,,

ie.,
IFl5,c, = dva(@NF(@)*)?
(denoted before simply by |- ||,).

Proof. (a) and (b) are trivial; (c) can be reduced to the case k=n=1, m=0; in this
case it simply says

(p1,0,CAC0_1_2£CAp1,0)_S_(p1,oac(1)_2£p1,o)|lco_1/2—£CAC(; 1/2”“2- O

Proposition 2.14.

@) [CL12C2 I =1+e|ACH?,.

(b) [Cq'PCY2 =146l ACH|,.

(€) ICg 27*C,Co 2o (1 +e]| ACE )

AL +em™ || AC2 72 ,)? +em™* Cy274(0- AN CE* 7% 1},

where || -||, (p=1) is the I, norm ( for operators on L*(IR?)).
Proof.

() CY2C;'CY2=1—CL(4,— A)CL?=1— CL(—ieAd—iedA +e* A>)CY2.
Taking norms and using ||0C}/?|| <1 we obtain

ICE12C2 )12 =1+ 2e| AC 2| + e[| C2 A2 Ci||
S1+42e|ACH? |, +e?| Cy? A2 C? [, =(1 +e] ACE | ,)*.
(b) CY2C71CY2=1—CY2(A—A,)CY?> =1+ CY*(—ieAd—iedA+e>A?)CY?
—1—CY*(+ieAD ,+ieD ;A— > A*)CY/>.

Taking norms as above and using in addition the diamagnetic inequality C ,(x, y)
< C,(x,y) we obtain the same bound as above.
(c) Using C,=Cy(4,—4)C,+C, we obtain
Co— 1/2 _ECAC(; 1/2+e _ 1 + C(l)/z—z(AA _ A)CAC(; 1/2+¢
=1+ C}? % —2ieAD ,—ie(0A)+e*4*)C,Cy 12+,

taking norms

ICo 12 75C, Cy M < 1+ 2e €2~ A | €Y Co 12+
+ [ C2* A2 CY2 7| + e CH2 @AY 1| CY> 5 V2|
<142¢ CY2 A (1 + e ACK?| >
[ CY2 A + € CH2H@ACY2 1,11+ e ACK? | Jm ™
<(L+m™ e ACY> 7 (1 +¢[ ACY?])
e[ CYPA@AC 21+ ACK2 | Jm .

(here again we used the diamagnetic bound). [J
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We now improve Proposition 2.13, Part (c) by removing the requirement that
P, ., be C, normal ordered — an obstacle to applying the lemma to a, We
temporarily conflict with previous notation by taking P, , to be un-normal ordered
and use ::,, ::, to distinguish C,, C, normal ordering.

A version of Wicks theorem says

©
Z nmA’

where r, is defined in the same way as r (2.25), (2.23) but C,f is replaced by
C,—C, in (223). By convention r/ annihilates P, , if j>n or m. Repeated
application of Proposition 2.9 shows that we can bound each term on the right
hand side according to

||§k(g*)r{4 :Pn,m:AHZ,CAéc“C; Uzg_l(CA_Co)Cil/zné
: “§k+j(g*) :Pn,m :Anz,cA‘

¢ is a constant depending only on the degree of P, .. By substituting cur choice for
g and applying operator bounds very similar to those used in the proof of
Proposition 2.13, we bound the I, norm by a polynomial in

ICACH ), 1C5T 2 Al 1C2 Al (2.37)
What we have obtained so far is that
I5:(g%) Py miolla,c = sup I5kg*) 1Py miall2, c ,Q(A) (2.38)

where Q is a polynomial in the above norms (2.37). We wish to apply this bound to
a; [the sum of terms not involving functional derivatives in (2.3)]. Therefore we

write a;= 1a;:0+ 1ty

(which defines :t4a;:0). We take P, ,,=a, and t,q; in (2.38) and estimate the right
hand side using Propositions 2. 13 [Part (c)] and 2.14. The conclusion is:
Proposition 2.15. For i=0,...,1, k=0,1, .

I5:g%)aill2,c., = {SL:P 15:(C8) a2l 5,00+ sup 15(C5) <100 Nz,cg} o(4).

Q(A) is a polynomial in

IACE 4 1G5 " Al €52 THOAICE? ™ # Iy, €52 T2 AN, 1ICRACE ]
In this proposition and from this point on until the end of the section, “::” denotes
C, normal ordering.

Now we combine Propositions 2.15, 2.14, and Corollary 2.12 to obtain

Proposition 2.16. For some constants ¢,r >0

l
I1K;P
i=1

1

<y I]

2,Ca i=0

'{HC(I)/ZfiC(;”z“ + ”C(l)/zﬂfic(; 1/2”2 + st;p [5:(Co ) 2032115, ¢

+ Slip [5:(Cq ) s toa;: Hz,co} Q(A)l+ !
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where Q(A) is a polynomial in
IACH? 14 1ACG ™4y 1€ ~HOAICT > %1, 1 C2 T2 Al 5, 1 CHACG ],
which depends on P. ( f,=0, ay=P; f, a; defined in (2.12), (2.13).)

Proof. Bound the right hand side of Corollary 2.12 using Propositions 2.15 and
2.14. The common factor Q(A)' can be extracted by taking Q(4)=1. []

Now we can substitute this bound into the left hand side of Lemma 2.6 and
start to consider the dm(A) integration. We use Schwarz’s inequality to separate off
the Q(A4) factors.

Also recall that A has to be read as A(s))= A(sy, -..,5;,0,0, ...), therefore has a
cutoff ¢,

Proposition 2.17
j‘dm(A)(Q(A(Sla LY Sb 07 [ '))2(1 h é Clllogtllrl(l!)p
with some integers r,p.

Note. We use the letter C for various constants appearing in our estimates, i.e., it
can change its meaning from estimate to estimate.

Proof. By Nelson’s hypercontractive estimate (2.17), we only have to estimate the
integrals with respect to dm(A4) of

AS)Co 113 1AG)CH > ~#11% 1€ ~H0A)ICs> %113,
[CE> A3, 1C5AE)CE 3.
In the third norm, use the bound,

04| <5(1+(04)%).

(2.39) corresponds to small graphs likeg::O::j s @ . Some of these

graphs, such as the second, may be estimated by the power counting lemma of the
Appendix. Others, like the first, are to be estimated directly. All are (for small
enough ¢) less than O(log®t)|4]. [

For the other factors in Proposition 2.16, we use again Hdlder’s inequality and
the hypercontractive bound (2.17). This reduces our task to the estimation of
expressions like

(2.39)

fdm(A)ICy2f,Co V25 ete.
We claim:
Proposition 2.18. For some 6>0
fdm(A)|Cy2£,.Co 215,
JdmA|ICy £ Co 23,
SlipfdM(A)lﬁk(CEa) 1a;:03, ¢

sup §dm(A)[15(C5 ) 20213, o »
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are all bounded by expressions of the form Ct?, uniformly in i and in the interpolation
parameters s, that appear in them through the dependence on A(s)).

Proof. All these expressions reduce to a finite (not particularly small) number of

convergent Feynman graphs; each of them contains at least one aiA which
enforces an upper ¢-cutoff ¢, ; by a power counting argument given in the appendix
the proof is completed.

Combining Propositions 2.16, 2.17, and 2.18 finally completes the proof of
Lemma 2.6 and in (2.8) and therefore proves convergence of the stability
expansion. []

We close this section by showing in more detail the graphs that arise from the
expressions appearing in Proposition 2.18.

Recall that graphically, for i#0, (f,=0),

(N N

. 0 . .
where the prime stands for 5 Inserting this in [dm(A)| Cy/2f,Cq */?||3 produces

many topologically distinct graphs which, however, may be estimated in terms of

the following three:
@ (2.40)
if we use

[dm(4)| Cy21,Cq 12|13 = 8[dm(A)(|| C52g,C 2115+ 1 Co*hiCq V2 12) (2.41)

and estimate the second term by a constant times
(fdm(4)| C5"h,Cq 213) (2.42)

using | -|,=| -, and the hypercontractive estimate (2.17).
Note that in each graph of (2.40) at least one of the lines is differentiated with
respect to s;. The quantity

Jdm(A)|C5>*£,Co 12113

S

where —{— stands for C§* 2.

produces the graphs



370 D. C. Brydges, J. Frohlich, and E. Seiler

The most complicated expression in Proposition 2.18 is

sup Jdm(A)[5(Cq ) :a;:13, ¢, - (2.44)

Recall that graphically, for i=0, (a,=P),

A A A
¢_§_¥_¢+5W¢H¢ﬁ—§_’ o
A A A A A A A A

A AA A

For the special (but typical) case V(|¢|) = A|¢|* we have listed below the graphs that
arise from (2.44). We have used the bound | |,=| |, together with hyper-
contractivity (2.17) which accounts for the appearance of the 6th graph instead of
four graphs with four vertices.

0O ® G 34
3 @
0 @

(2.45)
where in each graph the lines have to be interpreted as either Cy~ %% or C,,.
In addition there is the term [: 4,11, ,A4;: |2 which may be represented as

@ (2.46)
In Proposition 2.18 we also have

sup Jdm(A)5(Cq ) toa;: 13, -
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This gives rise [for V(|¢])=4$|*] to the graphs
.,

It is now easy to apply the power counting lemma of the Appendix to the list of
graphs contained in (2.45), (2.46), and (2.47).

3. Volume Dependent Bounds

In this section we employ periodic and mixed (free-half-Dirichlet) boundary
conditions and their convexity properties in the volume to prove upper and lower
bounds on partition functions of the form expO(|4]). It is convenient to slightly
change the energy counterterm used in the stability expansion to the so-called
matched counterterm introduced in [13] which has the advantage of being

a) independent of boundary conditions

b) exactly proportional to the volume |A|.

In the introduction we defined the energy counterterm

EQ = | d*xd*yII%(x,y)CO(x—y) (3.1)

x,yed

(X stands for the boundary conditions F, P or D). The “matched counterterm” is
EQ =140 =141 [ 41T, (CL0) (3:2)

[where we wrote Hﬁv(x) for Hﬁv(x, 0)]. We can replace E by E because we have the
following
Lemma 3.1. For X=F, D or P

(1) |EQ,—EQI=Cy,
where C , is a constant dependent on A but independent of e.

2 }1_{13 (EQ ,— E®)  exists.
Proof (Essentially in [13]).

a) X=F

EP 4= ]Rjz I (x)Ca(x)g (x)dx ,
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where

9 A%) = 14x+ Y1)y

o)
1

ER j~a,a,6"=a,a, | Hffv(x)CfIi(x)dx
R\24

N )
a, ay a,

which is easily seen to be bounded independently of ¢ because
[ITE (x)| < const|x] ~2

(see [2], Appendix A). Convergence follows easily by the dominated convergence
theorem.

b) X=D,P.
In Appendix B of [2] it is proven that
(T, ~ II;,)(x,y) and
(I12,— IF )x,y) arein LYA4xA),

The discussion there actually shows that the above expressions are in L' *? for
some 0 >0 (by a direct computation with image charges the reader may convince
himself that this is true by virtue of

1

=yl Ix=31°
where j is the location of the image charge closest to y). By the dominated
convergence theorem it is then easy to see that EQ ,—EY , converges as t—0
which is sufficient to complete the proof of b). [

From now on we understand the partition functions Z, , and Z, , to be
defined with the energy counterterm E, instead of Ey , Then the following
theorem holds:

(T, — IT}, )(x, y)| < const

Theorem 3.2. Let A be a rectangle of sides L>36 and T>36 (6 >0). Then there are
constants ¢,c,,c_eR; K,K_,K_>0 such that

a) Zp 2K_e& T,
b) Zp <K e,
c) ZD,A§Ke“(L+T)ZP,Z,
where A is a rectangle of sides L—9, T—9.
Proof. a) For
L, T235, Zp ,<conste"T, (3.3)
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The lattice analogue of (3.3) is proven in [1], Corollary 2.9 and follows from the
fact that the periodic partition function can be written as a trace of a power of the
transfer matrix. In the continuum we have to be careful to use the right
normalization for the partition function. Formally

Tre THr.L  Tre~LHer

Tre THP.L = Tee LHE T’

(3.4)

ZP,A=

where Hp ; is the Hamiltonian with periodic boundary conditions on the interval

L L . o .
[~ 505 ; H,O,’ ;. the corresponding free Hamiltonian. We give some arguments to
show how a formula like (3.4) can be justified [8, 14].

As in the proof of O.S. positivity in [2] we have to introduce a somewhat
complicated lattice approximation: We use two rectangular lattices; for ¢ the
lattice constants are ¢, in space and ¢, in time direction, for 4 they are ¢, and ¢; and
we assume that the A-lattice is a refinement of the ¢-lattice. Then it is
straightforward to see that the lattice partition function with the appropriate
normalization for the continuum limit can be written as

T
&8 Tr(TL,a,a’) Je
P, A Tr(mg,g')T/Et

(e=(es € =(ey, &),

(3.5)

where T, , . is the lattice transfer matrix for translation by e with periodic
boundary conditions; 7;°, ,. the corresponding operator for the free theory. T and
T° are defined up to a normalization factor which will be chosen in a way that
makes the continuum limit easy.

By Gaussian integration

Tr(T7, )" =(det(— 4, +m?) ™ £, (e)"*
aa’*ai’ 1/2
5\;/1 - A£: + “2

-| det
— A, +p?

g,(&)", (3.6)

where f,, and g, are the above mentioned normalization factors to be chosen
below; 0, 4, are the (periodic) finite difference gradient and Laplacean, re-
spectively. Computing the 2 x2 determinant indexed by v, 4 we obtain

Tr(T2, )" =(det(— 4,+m?)~ *(det(— 4, +pu?)"*?

()T (o) g, () (3.7)
In view of this, we will choose
g,(&)= 12N w) =M (3.8)

Limits should be taken in the following sequence: We should modify the
determinant coming from the 4-integration by introducing an ultraviolet cutoff of
the kind used in the stability expansion; then we send &—0, £,—-0, ¢,—0, &,—0 (in
that order); finally the ultraviolet cutoff is removed. This ultraviolet cutoff is
irrelevant here and we ignore it in the sequel to avoid overly clumsy formulas.
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In [2] we had ¢, =¢;; ¢,=¢,, but by the methods used there it is straightforward
to establish that the partition functions with the correct continuum normalization
have the same limit if we remove the lattice in the order just described.

So we are reduced to studying

det(— 4, +m*) "1 f @)=  (f=f,)- (3.9)

By explicit diagonalization

L/2¢s T/2¢
det(—4,+m*)= []

r=—L[2es+1 n=—T/2¢+1

-<m2 + %(1 —coszmas> + 32(1 —cos 2"7’,’8‘» (3.10)

L s

s

L T . .
(we assumed — and — to be mtegers). We now claim:

2¢, 2e,
o T/2¢ ) dne\\ /2
lime “Te’ ] <w2+ 7(1—005 T ))
e>0 n=-Tj2e+1 €
0 oT 2
=wTe *T —| |=1—e"°T. 3.11
o (i ) =1 619

Proof. The last identity is just the canonical product decomposition of 1 —e~*T

(see [26]). To prove the first identity, note that

T/2¢ 2Tcn8 1/2
I1 (82602 +2—2cos —)
n=—T/2e+1 T

T/2e—1 2,2 T/2e—1

B — 2w B 21ne
_gw|/4+3 w nlz_ll 1+~——27cn3 n]'=_[1 (2 2COS—T ) (3.12)

' . . = T\? .
The first factor is easily seen to converge to [] (1—1— (ga) ) by taking the
n=1

logarithm and using the dominated convergence theorem. The second factor is
equal to T/2e because of the identity

Nﬁ1(2—2cos7;V—n>=N. (3.13)

n=1

(3.13) can be proven in various ways [15]. One way is to note that

N-—

N—-1 -1/2 1 No1
n - - — - 2 2
[T (2 2COSN) =@2n) 2 fdV~txe 12, B, G E RO T
n=1

1 . .
which equals _N by the semigroup property of the heat kernel. (3.13) inserted in

(3.12) completes the proof of (3.11). [



Quantized Gauge Fields. 111 375

If we now set

2 2nre
kI =m?+ S (1— 1.
o, (k) m+82( cos 7 )

LIf we were making the U.V. cutoff explicit, it would modify this and ensuing w’s]
and

L/2¢es
fo= ] g reest® (3.14)

r=—L[2gs+ 1
it follows from (3.10) and (3.11) that

lim lim f(e)"/* det(— 4,4+ m?*)~*

£s—0 &—0

28]
= [] (1—e Tot)=2
r=—o

~TH?
=Tre P,L(m)’

2 .\ 2
where w(k!P)? =m? + (%) and HJ ;(m) is the Hamiltonian of the complex free

. L L
field of mass m with periodic b.c. on | — > 5].
Remark. 1t is not hard to see that
L/2¢
Y wk")=c,Le”*+c,Lloge+0(1)
r=—L/2e+1

for ¢—0; this implies that

— -2 —
St 2LT/eteseZC1LTss +2chTlog£sdet(_As+m2) 1

has a finite limit as ¢,—0 and then ¢,—0. The asymmetry of this expression in &
and ¢, shows that the order of limits is essential. This asymmetry was also noted in
the context of dual string theory [15] as “noncovariance of divergent parts”.

We have not quite established (3.4) since we did not construct H, | ; this could
be done, but at this point we only need the following two facts which follow from
what we have proven, namely that after all limits have been taken

THP, L)

1
T(log Zp 4+logTre”
is decreasing in T and

—LHB,T)

1
Z(logZP’A+logTre

is decreasing in L (the second statement follows from the first by Nelson’s
symmetry proven in the next section).



376 D. C. Brydges, J. Frohlich, and E. Seiler

These two facts imply (3.3) (log Zp 4 <c, LT +const) for L, T=1; for 36<L,
T <1). (3.3) follows directly from the stab1hty expansion which produces bounds
uniform in 30 <L, T<1. This completes the proof of (3.3).

b) Z, 4=consteC~ T, (3.15)

This follows by a similar method. Formally we have, using “Nelson’s sym-
metry” [8, 16]
., e—THD’LWL)
(2, e~ THB.y?)

LHp,T

ZD,A=

— (”T) e

0 ,—LHY
(”Tae BT

Nr)

(3.16)
n7)
with some “idealized vectors” n,,n? etc. (products of & functions enforcing

boundary conditions, see [12]). This means that e.g. ,(e)=e~#2.2yy, (formally) is
a bona fide vector in the physical Hilbert space for ¢ >0, but ling 1.(e)]| = 0. The

justification of (3.16) goes along the same lines as before; the crucial facts are:

logZ,, ,+log(ng,e” THB, 1) 0)
is convex in T and

log Zy, ,+log (e~ =579
is convex in L, where

(ng, "By =[] (1= W) "2 21 (3.17)
[16, 17]
rm\?
(kP2 =m? + (-[:—) (r=1,2,3,..).

Next we claim that for sufficiently small rectangles A Z, ,>0 (the stability

expansion for Z), , converges uniformly in L, T< 1, cf. Appendlx) We introduce a

t-cutoff in the covariance of 4 ; then obviously lhlr\r,l Z® ,=1. On the other hand
A\O D,4
the stability expansion shows that by choosing ¢t small enough,

|Z§ ,—Zp 4l<e forany e>0

(uniformly in A for |A|<1); therefore Z;, ;>0 for small 4| and Z}, ,—1 as [4]—0.
A simple argument using convexity then shows that Z;, ;>0 for all rectangles
and

LT 0
logZ, ,2—5 5 log Z ). 5 s—log(n3, e~ THP1y))

L . -
+ Llog g e TBonf) — Slogng, e BiR)

LT 0
+ =5 log (1, e~ b en) (3.18)
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from which (3.15) follows if we use (3.17) and the fact
N R R
[13] which can be easily deduced from (3.17).
c) Zp sSKZp ettt D, (3.19)

This is essentially the fact that the trace is bigger than any expectation value. Note
that all the manipulations in the following use only O.S. positivity which follows
from the lattice approximation [2]; we use the formal objects like #, etc. only to
make the argument more transparent.

Zy 4=y (0),e” T 221y (5))
-(ng, e~ THbEyd) !
<Tre” T 29Her|n, (9)]2, (3.20)
where we used (3.17). The trace in (3.20) can be expressed in terms of a partition

function Zj, p.; r_,; which has periodic b.c. in time and (half)-Dirichlet b.c. in
space or its “Nelson transform” (time and space interchanged) Zp ). +_ 5 .

—(T-28)Hp,L __ —(T-28)HD 1.
Tre =Tre XZp piL.T-25

=Tre 7~ 2é)lﬂg”LZP,D; T—26,L
=Tre "~ 26)H%’L(’71— e FHRT20L 00
(19507 MR 2eY )7 (3.21)
If we estimate this in a way analogous to (3.20) we obtain
Tre™ T 29Ho.r i 5(6)112
'Tre_(L_Zé)Hg’T_MZP;L—za,T—za- (.22
Finally, using (3.20) once more for the rectangle with sides L,d we obtain

_ 0
In,(8)11>= Zp, Ani.e 29HD.Ly0)
< |n(0)] > Tr e~ 20HD.s(0 o= 20Hb.y0) (3.23)

where we also again used Nelson’s symmetry. Now by standard properties of the
trace [used already under a)]

L—26
Tre™E729Hp.s <(Tre~%Hps) o (3.24)
and by the explicit formula (3.17) it is seen that
(1§, e 2B ) = o0 (3.25)
[13] so that
I 3)1* = lIn5(8) [ 2 e (3.26)

with some constants c,, c,. Inserting (3.26) together with (3.22) into (3.20) gives

Z, <Z, ~cleLtD
which is (3.19). D, a=4p, A%

This completes the proof of Theorem 3.2 []
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4. Thermodynamic Limit and Osterwalder-Schrader Axioms

In this section we first prove some properties of the finite volume theory, namely
Euclidean covariance (that is independence of what was called the 1 direction in
the cutoff for 4,) and bounds on expectations of observables that are independent
of the volume.

The correlation inequalities of [1] are then used to construct a unique infinite
volume limit of the Half-Dirichlet expectations of a certain class of observables.
The verification of the Osterwalder-Schrader axioms [18] for the Schwinger

functions of :|¢|*: and F=e, F,, follows as a corollary.

1. Euclidean Covariance

In the stability expansion we used a sequence of cutoff covariances with Fourier
transforms

. 1
Bi0) = (B ) e, @)
14 w p2 +'u2 p2 +:u2
We want to show that we obtain the same expectations in the limit t—0 if we use
instead P 1
ﬁt,ﬁ =[5 — ur'y e—t((p; cos0+py sin0)2+pu2) ) 4.2
,,v(P) ( o p2+,u2)p2+,uz 4.2)

This implies in particular Nelson’s symmetry as used in the previous section. As in
Sect. 2 we consider unnormalized expectations of an observable P(A4, ¢). Let us
denote by Z, ,(P), , the unnormalized expectation with respect to the measure
using (4.2) for the A-covariance. Then

Theorem 4.1. lim (Z, ,{P), ,—Z, (<P, ,)=0.
t—=0
Proof. We introduce an interpolating covariance
sD° A+ (L—95)D% =D, (s). 4.3)

and use the fundamental theorem of calculus, the change of covariance formula
(see also [2]) and an integration by parts to obtain, exactly as in Lemma 2.1

1
Z, P>, g—Z, o{P), o= ds|dm(A)[du,,KP, 4.4)
0
where K is given by an expression analogous to (2.3), ie.,

' 5 ,
K=o —;——— 5¢-V)+¢ #(W-V)

A

'—!—ﬁdﬂ'&;%ﬁdw&:AuﬂwA(ﬁ .
AA A A AA A
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d
The prime now means 75 %54 ; A(s) is the Gaussian random field with covariance

5¢
(4.3). (4.4) is the unnormahzed expectation of a new “observable” KP. So if we do a
stability expansion for this expectation we obtain a bound, as in Sect.2

(Proposition 2.16), of the form
const {szp I5(Co %) :KP: |5 ¢, +51;p [5(Cq %) :toKP: ”2,C0}' (4.5)

We claim that this goes to 0 as t]0. The reason is that (4.5) gives rise to a number of
Feynman graphs with good power counting, but at least one of of the photon lines

. d S .
is E_D‘”(S) which is the Fourier transform of
s .
pupy | €™
<5 _ _*“Li)_z—i(e—tplz_e~—t(p1c056+pzsin9)2)
Pt pttu
and it is easy to see that

'e—tpf_e—r(plcos0+pzsin0)2lS(tpl)a (46)

for 12020, (consider separately the cases tp?>=>1, tp*> <1). Choosing >0 small
enough, so that the power counting of the Feynman graphs is still good, we see
that (4.5) goes to 0 as t*. [

2. Volume Independent Bounds
There is a well known machine for establishing such bounds [19] based on the
chessboard estimate (see [19] and [1]). There are, however, a few extra subtleties

in our case.
We define the norm

A=Y (a2

on measurable functions on R?. {4,} is a set of disjoint open unit cubes filling IR

Theorem 4.2. Let fe LA(R?), g, with |||gl|< oo, be real or complex valued and

supported in A. Then for X =P (periodic b.c.) or X =D (half-Dirichlet b.c.)
<eF(f)+:|¢|2~'(g)>X M éel/ZHfH%*'aIHng2 ,

where a is some (A independent) constant.

Proof. Without loss we may assume f, g real valued. By the infrared bound of [1]
(Theorem 4.3 and remarks following it) which carries over to the continuum,

F(f)+:|¢)2: 1/2 2/ 1912
e ) +:1o| (g)>x,/1§e / l|f|I2<e |¢l (g)>X’A

so that we may assume f =0. By the correlation inequalities of [1] [Theorem 6.2,
(1) and (3)]

<e:l¢|2:(g)>D’A < <e:I¢I2=(y)>P’A (4.7)
ifg=0

<e:l¢12:(g)>D’A > <e:l¢|2:(g)>P’A (4.8)
if g<0.
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Soifg=g,—9g;9,,9-20
<e:I¢|2:(y)>X’A < <e2:I¢l2:(g+)>}1J{§1<e— 2:|¢1>Izz(g-)>;(/3/1 (4.9)
for X=P,D.
We claim that
<62=|¢|2:(g+)>P L= el @p,a2g+ (x) —ap, 4(0))dx (4.10)
1
1]
action modified by replacing m? by m? — 2¢. (4.10) is a standard application of the

chessboard bound (see [14]).
We now claim:

where ap 4(0)=-——logZ, ,(0), Zp 4(0) is the periodic partition function with the

ap 4(0)—ap 4(0)<ac?+blo]| (4.11)

with constants g, b that are independent of A (for L, T=1). This may be seen as
follows:
Firstly for fixed A4
ap 4(0)Sa 0% +c,. (4.12)

This follows essentially from Proposition 2.7. It has to be remembered, however,
that ¢ will also enter the graphs of the stability expansion for Z, (o)
=exp {Aap 4(0)}. This dependence on ¢ can be tracked from Proposition 2.16
(where it occurs in a,) and bounded by including an extra factor ¢* on the right
hand side of 2.8 and then 4.12 follows from Propositions 2.3 and 2.7.

Secondly, as already used in Sect. 3

ap, 4(0)+ flj—,log Tre™ THE.x
is decreasing in T and
1 i
tp 4(0)+ ﬁlogTre LAp,T
is decreasing in L, hence for L, T=1
ap 4(0)<ap ,+const. (4.13)

(4 is a unit square) because 0 < Ll—Tlog Tre™ THP.L <const for L, T=1 (Sect. 3).

Equation (4.13) shows that in (4.12) a,,c, may be chosen independent of A.
Finally we use the fact that «; ,(o)is convex in ¢ (which is well known and easy
to prove). This implies that for |o|<1

“P,A(O') —0p, A0= |0'|(°‘p, AD— Up, 40)
or, using Theorem 3.2
op 4(0)—ap 4(0)=const|o] (4.14)

for |o|£1 (const independent of A). Combining this with (4.12) (a,,, ¢, independent
of A) gives (4.11).
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Now we can insert (4.11) into (4.10) to obtain
<62:|¢|2:(g+)>x Aéealllg+llll' (4.15)

Note that the || || norm dominates || ||, and || |,.
It remains to estimate

{e” 2: I¢I2:(g—)>x 4
We claim
<e—2:[‘15|2:(g—)>X’Aéealily—lll2 (4.16)

for some (new) constant a.
Because of (4.8) we only have to consider X =D. We decompose R? into the
unit squares 4; and write

9= ) 1a9-- (4.17)
i=1

Now let {p;};2, be the sequence of (possibly infinite) numbers [llg_ll/lllg - x4/l
Obviously

M
| =

=

=1, pzl (=12..). (4.18)

i=1 Vi

So we may use Holder’s inequality to deduce

s

-9 2. — . 2. ;
(e 2:1¢] .(g—)>D’A§ e 2p::|ol -(xA.g—)>%)/,z;i_ (4.19)

Il
—-

By a correlation inequality of ([1], Corollary 6.3, (2)) we may replace A by 4; on
the right hand side of (4.19):

-2 2. — ie 2. .
(e~ 2ol ~(g-)>D’A§ (e~ 2piclel ~(XAfg~)>11)/,zzl_

—e

Il
-

i

(4.20)
From the stability expansion we can deduce (see below)
e pilolt a0y Un <expO(pillxs9-13)- (4.21)
Now
Y pillnag-13=llg_II> (4.22)
i=1

so that (4.20) and (4.21) imply our claim (4.16).

We add a few remarks about the proof of (4.21):

We consider the term p;:|$|*:(x,g_) as part of the interaction V. This
produces changes in Lemma 2.5 (and Proposition 2.7) as well as the graphs of the
stability expansion.



382 D. C. Brydges, J. Frohlich, and E. Seiler

The appropriate generalization of Proposition 2.7 is
Proposition 2.7, Let
V=2{:Ipl*:d*x—o [ :|p|*: d®x + [ :|p|*:gdx  (9=0).
A

Then [dvye™" <exp[0(e?)+O0(lg|3)]-
Proof. Using Schwarz’s inequality this follows from Proposition 2.7 and

fdvge 219798 <exp (| g3) . (4.23)

(4.23) is true because Gaussian integration gives for the left hand side
[det,(1+4C"2gC"?)]~ " which is bounded by expO(|CY?gC"?||%) by a well
known determinant inequality (see for instance [20]) and |C'2gC*? |
=const|lg||,.

In the stability expansion there will be some extra graphs involving y,g_,
namely

O 0D o

where ——<— stands for p;y, g; [the last line of (2.45)]. It is easy to see that these
graphs may be bounded by p?|x 49— |3 times some other graphs with good power
counting, and this dependence is also majorized by the factor expO(|p;x,9_|3) in
the bound for (e~ 2Pel#P:(cag-)y -

This completes the proof of Theorem 4.2. []

Corollary 4.3. For fie L*(R?), g, with ||g,Jll < o, supp f;C A4, suppg,CA (i=1,...,n;
k=1,...,m)

<UI FR 1 :l¢|2:(gk)> <CM ) A m )12 x ]j 17 TT gl -

Proof. This is a standard consequence of Theorem 4.2 which follows by a Cauchy
estimate. [

3. Infinite Volume Limit and Osterwalder-Schrader Axioms
In [1] it was shown that for g=0
(e I#1H@FDY,
is decreasing in A (this follows directly from Corollary 6.3 of [1] by taking the
continuum limit). A simple and standard consequence is
Theorem 4.4. For an arbitrary sequence of rectangles A,TR?; f,ge #(IR?)
lim (e~ :I¢|2:(g)+F(f)>D,A = e IO TEUY

n—w

exists and is independent of the sequence (A,).
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Corollary 4.5. (¢~ 1¢1*@O*FWDY s Eyclidean invariant.

Corollary 4.6. The infinite volume Schwinger functions

< > o0 1 F(f,-)>

k=1
obey all the Osterwalder-Schrader axioms except possibly clustering.

The proof of the theorem follows from the uniform bounds of Theorem 4.2 and
the monotonicity result quoted above together with Vitali’s theorem by well
known arguments (see [21]).

Writing g=¢g_. —g_, 9., g_ =0 we see that

{Fn(fl, fz, 63)} = {<eC1F(f)+§z=l¢lzi(g+)~€3=I¢l2:(g—)>D,A"}

is a normal family of entire functions that converges as n— oo for Im ¢, =0, £, <0,
¢, 20, therefore by Vitali’s theorem for &, &,, £, C uniformly on compacts to a
limit independent of the sequence {A,}. Corollary 4.5 follows then from this
independence of the sequence {4,} and Theorem 4.1. Corollary 4.6 is also a
standard consequence :

Temperedness is Corollary 4.3 (the restriction on the supports of f;, g, can be
eliminated by a density argument);

Symmetry is trivial;

Euclidean invariance has just been proven;

Osterwalder-Schrader positivity has been proven in [1] (Theorem 5.5) for the
cutoff theory and carries over by taking limits. []

We close by remarking that we can also construct infinite volume expectations
of so-called loop observables

i [ Audx+
e G

and string observables
iiA,,L(x’)dx’“

P(x)e o)

The loop observables have in fact already been constructed because
| A,dx*=[ Fd*x (G a reasonable region). The string observables can be treated
oG G

by methods analogous to the ones above, ie., chessboard bounds and pressure
estimates coming from the stability expansion. We leave the details to the reader.

5. The Limit y*—0

Here again the correlation inequalities of [1] come in handy. It was proven there
[Corollary 6.3 (1)] that for f, g real,

(e~ HIHOHFDY (5> 0) (5.1)
is increasing and

(@D (5>0) (5.2)
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is decreasing in the covariance of the measure dm(A4) (this requires of course to
choose the counterterm 6m? independent of the covariance). Therefore these
expressions will have limits as u?>— 0 (because as u? decreases the transverse part of
the A-covariance increases; the longitudinal part is irrelevant because of Ward
identities), provided there is a uniform upper bound on (5.1). It suffices to prove
such an upper bound for

(eT IOy 0 (920), (5.3)
where A, is some suitably chosen rectangle, because by the infrared bound of [1]
(Theorem 4.3)
(e~ IBB@HFWDY ée1/2||f||§<e—:|¢!2:(g)>D’A
and (e~ 191 decreases in A (for g=0) by correlation inequalities, as noted in
the previous section.

Not surprisingly, an upper bound on (5.3) independent of u? can be proven by
the stability expansion. There is a subtlety, however, because

p).pv

1)\2 D lv_p2+ 2

diverges as u?—0.

In order to get an upper bound on expectations we need an upper bound on
unnormalized expectations and a lower bound on the partition function. The
upper bound is easy, since

<e—:!¢12:(y)D’AZD’A
= j e :|¢Izz(g)dﬂA, 4,p(@)dmC,(A)

is decreasing when the covariance C,, of dmC, (A) is increasing ([1], Corollary 4.2;
we should regard :|¢|?:(g) as part of the interaction because Corollary 4.2 is stated
for partition functions).

It only remains to show that for a suitable 4,

Zp 4, 26>0, (54)

where ¢ is independent of u? for, say, u><1.

There are three principles that facilitate the proof of (5.4). Denote by Z,, , (C,,)
the partition function with half-Dirichlet b.c. and A-covariance C,,.

(@) Zp, 4,(C,,) is decreasing if the covariance C,, of the Gaussian measure
dmC,,(A) is increasing ([1], Corollary 4.2).

(b) Zp, 4,(C,,) depends only on the values of C,(x) for xe A,.

(©) Zp 4,(C,,) does not change if C,(x, y) is replaced by C, (x,y) +ad,,. (a) and
(b) are clear; (c) follows from gauge invariance if we note that the change

A~ A+ /08, (cx), (5.5

where (c;,c,) is a bair of independent centered normalized Gaussian random
variables just produces the desired change of covariance, by (b) the function (c-x)
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may be cut off outside 4,. Now let
L T
Ap= {(xa yeR?|x| < 2 Iyl < 3},

and let 4y be the Laplacean with Neumann b.c. on d(24,); P the projection in
L*(R?) on the orthogonal complement of the null space of 4,. From gauge
invariance and (a), (b), (c) we obtain the following string of (in)equalities:

ZD,AO(CﬂV) = ZD,AO(‘SW( -4+ ﬂz)_ 1) = ZD,Ao(éuv( — Ay +ﬂ2)_ 1)
=Zp 40— Ay+1H)7'P) by (c)]
2Zp 4(0,(—4y)" 'P)
=Zp, 40 (= 4y +1)710,0,) (= 4y)"*P). (5.6)

The last expression contains a covariance that is already suitable for the stability
expansion. It might be somewhat easier instead to use the bound

L= AN Plao S ol = A+ D) pge eta (= A+ 1) 04, (5.7
With this bound we obtain from (5.6) [using (b), (c) and gauge invariance]:
Zp 4l C)ZZpy 40— A+1) He(—A+1)7?)

=Zp 40 +(= 4+ 17100 (= A+ 1) 4o, (—4+1)7). (5.8)

The last expression contains a covariance that is, up to more regular terms,
identical to the one used in Sect. 2. The bound Z}, 4, (C,,)Z¢&>0 follows now as in
Sect. 3. The bound (5.7) is not very hard to prove: By explicit diagonalization

(=) ' PS(—Ay+ 1) T Ho(—dy+1)72 (5.9
with some constant ¢ that is uniform for A4,C4, 4 a unit square
(—Ay+1)"'=(—4+1)"'+R, (5.10)

where R has a kernel that is C* in 34, [possible singularities lie on 9(24,)].
Integration by parts shows that for ¢pe L?, supppCA,

(@, Rp)=const [[(-4+1)"'¢]3

or
AR, Sconst (—A4+1)72. (5.11)

Similarly
(—Ay+1)"2=(—4+1)"2+R (5.12)

with a R that has a kernel that is smooth in 24, ; therefore again
Y Roq, Sconst (—A4+1)72, (5.13)

(5.9)5.13) obviously imply (5.7). The fact that there are no infrared divergences, as
shown in this subsection, may be taken to be a hint of mass generation by the
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Higgs mechanism; note, however, that we did not use any special “double hump”
form of the potential. To really show the existence of a mass gap will require the use
of expansion methods. But we want to stress that we have here another instance in
which Counstructive Quantum Field Theory shows its aptness at dealing with mass
zero situations that are tricky in perturbation theory ; earlier examples are the Sine-
Gordon theory [22] (bare mass zero) and the critical P(¢), theory [23] (physical
mass zero).

Appendix
Estimation of Feynman Graphs

In this Appendix we prove the estimates on Feynman graphs that are used in
Sect. 2 to prove convergence of the stability expansion ; see the end of that section
for a list of the graphs in question. The Appendix is organized as follows: First we
sketch how to estimate the graphs corresponding to periodic and mixed (free-half-
Dirichlet) boundary conditions in terms of graphs which can be written in
momentum space with continuous momentum (momentum is discrete for periodic
b.c’s) and momentum conservation at vertices. The main part of the appendix
proves a power counting lemma for graphs of this type, making use of the
machinery developed by Nakanishi [24] and Speer [25].

At the outset we need to make it clear that our estimates as stated will only be
finite when applied to graphs with the property that every subgraph is convergent
according to “power counting”, i.e. the quantity K(G) defined in Lemma A.4 and
(A.17) below must be strictly negative. In our stability expansion we have three
graphs or subgraphs which violate this condition, namely

_Q,

O

This pair is always to be added together. The result, denoted I1,,, has been
discussed in Appendices A and B of [2], to which the reader is referred for the
estimate

and

11,,(k%)= 0 (log k?)

by which the graphs in (2.46) can be estimated directly. The first graph is finite only
because we work in a gauge wherein the 4 propagator is approximately
transverse. To see it is finite one can use the principle of “shifting” derivatives
which the reader will find described under (1) (b) below. We leave it to the reader to
verify that all graphs occurring in (2.40)~(2.47) which have

N
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as a subgraph are convergent according to naive power counting after the
derivatives have been shifted. We require this operation to be performed on all
such subgraphs before applying the estimates described below.

1. Reduction to Standard Feynman Graphs

a) Periodic boundary conditions: Here the momentum space Feynman integrals
([2], Sect. VI) become sums; we will, however, still interpret them as integrals
where the momentum space covariances (=propagators) and factors of p coming
from derivative couplings are replaced by piecewise constant functions.

To be more specific, let A be the rectangle
{(xy,x,)eR?||x,|<1/2a,,|x,|<1/2a,}. Furthermore let y be the characteristic
function of the interval [ —1/2,1/2]. We then replace the Fourier transform of the
periodic covariance of the matter (“Higgs”) field by

1 a,p a,p
C 171 202
oP)= (2m)? (,,l,nzz:)ﬂzx( 2n n1>x( m
‘ (2nn1)2 N (27m2>2 o -1
a, a,
We also have to consider photon lines with t-cutoffs; for periodic b.c. we may
replace their Fourier transforms by

~ 1 ap a,p
t _ w1 282
Clv,p(p)—(zn)Z (nl,nzz)eZZX( 2” n1>X( 277: ”2)

-P,, [(Znnl)z + (?)2 +/JZ}_1 e“((sz)z “‘2), (A.2)

(A.1)

a, 2
where
n 2nn, 27n,\? -1
P, =0, —4n>"% ) 2 ,
e a, av[( a; ) +< a, ) +'u} (a3

in a similar way we also make factors of p piecewise constant. Obviously the
periodic expressions (A.1), (A.2) differ from their free analogs only by a shift in the

. 2n 2n .
arguments; the shifts are at most . in p, and —-np,.
1 2
The graphs we have to estimate also contain photon lines differentiated with
respect to an interpolation parameter s,, therefore we also have to compare
C;v » @f{v’p with the corresponding “free” expressions.
The relevant bounds are contained in

Lemma A.1. For 05t<1
1

1 ¢ ,(p) S const C(p)=const —— @ @

2 ¢ »(p)— cv »(p) = const (C'—C")(p)(t<t)) where we (fudging the difference
between u and m) put Cﬂv p_PMC; etc.

Remark. The constants in this lemma depend on a,, a,.
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This lemma is a direct consequence of

Proposition A.2. For 0=t<1 and
2
[0,/ —(u=12).
a,

(1) C(p+6)<const C(p).
(2) e~ +61)2+u2) _ e t(p +61)2+p2)
<const (e” V2 TR _ o= 120w %) (£ < t')
(3) e~ p1+81)2+u?) <conste” 1/2u(p} +n?),
Proof. (1) follows from the fundamental theorem of calculus and the fact that the

logarithmic derivative of the right hand side is uniformly bounded.
(3) follows from the obvious fact that for 0=<t=<1

U(py+3, +12)— 5 (03 + 1)

is bounded below by a constant independent of ¢ and p,.
(2) can be seen as follows: The left hand side is

o
((p1 +51)2 +‘u2) j‘ dre 1 +0)2 +p2)
t

<, +251)2;":“2 (e~ 121+ 1) _ p=1/2¢ 02 +u))

- pit+u

(y 0.+
pi+u

bounded  uniformly, as can be seen from the fact that

where we used (3) and the fundamental theorem of calculus.

<const. []

0

)a—pl log (p7+4?)

Lemma A.1 shows that any absolutely convergent periodic Feynman graph
may be estimated in terms of a free one with half the value of the t-cutoff. Vacuum
graphs are automatically proportional to the volume |A] and this property is
preserved by the estimate that replaces periodic by free propagators.

b) Mixed (free-half-Dirichlet) boundary conditions: If there were no derivative
couplings in the model, we could eliminate the Dirichlet b.c. simply by the remark

that
Cp=Cr 4=14Crx4 (A4)

both in the pointwise sense for the kernels and in the sense of quadratic forms (Cy
is the covariance with free b.c.). ,
To deal with the derivative couplings we need in addition
l6,Cpll=1 (A.5)

and
[C5Co %=1 for 12az0. (A.6)
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(A.5) follows from (A.4); (A.6) follows from (A.4) combined with the fact that
operator inequalities such as (A.4) are preserved by the operation of taking
fractional powers of both sides. To see that these three estimates suffice we have to
make use of the “principle of shifting derivatives” through vertices which comes

from the fact that we use a covariance C,, for A, that is “essentially transverse”,

ie., 0-A has a covariance that is so well behaved that it doesn’t give rise to any
divergent graphs. To see how this works, let us look at the following example,
which is actually essential for the functioning of our stability proof: The graph

N (A7)

contains the somewhat dangerous looking expression
[f)g()C,(x =)0, 0, ,Cp(x, y)dxdy.

However, integration by parts removes the derivatives from C,, and moves them
onto the functions f, g, in addition producing some terms involving the harmless
covariance of (0- A).

In short, the “shifting of derivatives” is nothing but the application of the
trivial identity (to be read as an operator identity);

0,4, +A,0,=24,0,+(0-A)=—(0-A)+20,4,.

Let us apply this principle to the more complicated graph

Shifting the derivatives onto the horizontal lines produces the harmless graph:

O

— where ———— stands for the covariance of 0-A4 — and the expression
fdxy ...dx,Cp(x;,%,)3(0,Cp(x5,x3))
(0,Cpx1, x))Cp(X3, X4)C,, (x5 — X)

which can be interpreted as the trace of a product of 4 operators with kernels Cj,
0,Cp, CpC,,, 0,Cp,. Now we can use (A.5), (A.6) and then (A.4) to bound (A.8) by

(A.8)

uv

( | dxldeC(xl—x2)6)1/2(AfAdx3dx4C2(x3—x4)Ciu(x3—x4)>”2

AxXA

which has good power counting.
As a last example, which requires a slightly different argument we consider

IC5*{0, A3CH 1%
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[which gives rise to two of the graphs of (2.40)]. We claim that this again can be
bounded by the analogous expression with free instead of Dirichlet boundary
conditions:

[|CL2{a, A}CH?||3=Tr C}/*{d, A}Cp{0, A}C {0, A}C {0, A}C {0, A}CL?
<TrC}?{0,A}Cp{0, A}Cp {0, A}C{0, A}C?
=Tr Cy/%{0, A}C {0, A}C {0, A}C {0, A} C}%
<TrCy/%{0,A3Cp{0,A}Cp ,{0, A}Cp{0,A}C}2
=Tr Cy*{0,A}Cy {0, A}Cp{0, A}C;y 4{0, A}C}/?
<TrCy*{0,A}Cy {0, A}Cy ,{0,A4}Cp 4{0,A}C}?
S IICHA{0, A}CHAIL,

where we used cyclicity of the trace and (A.4) four times in the quadratic form
sense.

These fairly typical examples should suffice to indicate how all our graphs with
Dirichlet lines may be estimated by similar ones containing only free propagators.
We leave it to the reader to check that this can be done for all the graphs occuring
in the list of Sect. 2.

There is another point, however, that has to be discussed: We estimated the
mixed b.c. graphs in terms of graphs with free propagators and a volume cutoff y ,
at each vertex. Put differently, these graphs do not have momentum conservation
at the vertices because y, acts like an external field. They correspond to
expressions of the form

jG(Pl, oo PV))%A(PI) "‘)ACA(PV)

14
5(2 pi) 2P,

i=1

(A9)

where G is the standard Feynman amplitude with external momenta P,, ..., P,
flowing in at the vertices.

In the case of periodic b.c. the estimates involved simply G(0, ...,0)|4|. Here we
use instead

14 14
Proposition A.3. |[G(P, ..., Py) [ 7,(P)d ( Y P.d* P| =const |G| ,]Al.
i=1 i=1

Proof. 1t suffices to show that
14
[P ... 4(Py)S ( Y P,.) d?P =const|A|.
i=1

This follows from a simple scaling argument. []

The rest of this Appendix is concerned with estimating || G| » ; the main result is
contained in Lemma A.4 below.
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2. Estimation of the Feynman Amplitude G(PI, v Py)
For the sake of estimates we may eliminate all internal indices by Schwarz’s
inequality, replacing e.g.
8,,— (kK*+u*)"1k,k, b 2
12 Y e r 12

or

P, 1
5—— by ———.
pm+tm V/p*+m?
In the course of the stability expansion we had to introduce lines correspond-
ing to Cy ™%, C§~¢; so we consider now more generally Feynman graphs composed
of “Higgs lines” corresponding to C% [or (p>+m?)™* in momentum space] with

0<a =1 and “photon lines” with t-cutoffs, corresponding to either sums of terms
of the form

B (p) = (p? 4+ pu2) Mo PO _ M) 0 T<130<BS1)  (AL0)
or

CPi(p)= — Chi(p) = (p? + p?)~Pem 01w (A.11)

depehding on whether the photon line had a derivative with respect to an
interpolation parameter s; or not.

For the sake of estimates we may set T=0 in (A.10) and t=0 in (A.11). If we
also assume for simplicity u* =m? (obviously no real loss of generality) we are left
with two kinds of lines : Higgs lines and undifferentiated photon lines correspond-
ing to C* (0<a=1) and differentiated photon lines corresponding to

ClO=(p? + ) (1 — e 0T 1), (A.12)
We represent now

C* by

and

A

CPo by Wmf

A typical graph would be for instance

P, %3 Py

where P, ..., P, are the momenta flowing into the graph at the four vertices.
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We need a little bit of graph theory which can be found in the book by
Nakanishi [24] (see also [25]).

A graph G is a collection of vertices {v,, ...,v,} and lines {/,, ...,I,} such that
for each line /, there is an initial vertex v(k) and a final vertex v f(k) (we actually
have two subsets of lines: {l,...l,} are the lines corresponding to C°;
{l,41, .1} are the lines correspondmg to C?).

We have occasion to use Euler’s formula [24]: If C(G) is the number of
connected components of G, V(G), and L(G) the number of vertices and lines,
respectively, and h(G) the number of independent loops (i.e., the first Betti number),
then

nG)=L(G)—V(G)+ C(G). (A.13)

If G is connected, a tree T in G is a subgraph that is connected, has V(G)
vertices, and has no loops (A(T)=0). A tree contains V(G)—1 lines.

We also need the concept of the circuit matrix C=(c;) of a graph. This is a
L(G) x h(G) matrix defined as follows: Pick h independent (oriented) loops'. Then

1 if the ith loop contains line ! with positive orientation

Cy;

;=1—1 negative orientation

0 otherwise.
Now we can define the momentum space amplitude corresponding to a graph

G as follows: To each independent loop ¢; we assign a loop momentum k;, to each
C#:° line I, a momentum p, (i=1,...,p), to each C* line I, a momentum D;

(i=p+1,...,L)and toeach vertex v;an external momentum (1ng01n g P(i=1,...,V)
such that
h | 4
p=2 kit Y Py (A.14)

or in matrix notation
p=C,+AP. (A.15)

(We have changed our notation somewhat: We use now lower indices to label the
different momenta and upper indices for the components.)

The matrix 4 =(a,,,) is partially determined by the requirement that the sum of
all line momenta and external momenta going into a vertex is zero (for details see
[24]). The amplitude corresponding to the graph is then given by

G(Py, ... Pysty, oty
hG)

=111 %, I (p2md) = 1107+ % [Ta=e o) (a16)
i=p+1
Remark. When we do the stability expansion for the proof of Theorem 4.1 we will
encounter graphs where p{! is replaced by cosOp{" +sinfp!® (i=1, ..., P); and p{®
is also rotated. A glimpse at (A.16) shows that there is no 8 dependence SO we may
safely replace 6 by 0.

1 Ie., a basis of the first homology group of the graph
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The naive power counting (usually called the “superficial divergence”) K(G) of
the graph G is given by

K(G)=2h(G)-2 Z o—2 Z B:. (A.17)
i=p+1
We can now state the main result of this Appendix:

Lemma A4. Let G be a connected graph. Assume that for each subgraph H of
G,K(H)<O0, and let K(G)= sup K(H). Furthermore assume that max(t,...,t,
HCG
<min(ty,...,t,) xconst, O0=t,...,t,<3 and p;>0 (i=1,...,p), >0
(i=p+1,...,L). Then
IG(P,, ..., Py; t, ..., 1) Sconstty/?,

where ¢ < —1K(G).
Proof of Lemma A.A4. First we rewrite (A.12):

ch O(p)— i fdt 6 e T2 tuY oj? duuP L~ up?+12) (A.18)
0
and we also write
Ca _ d -1 —s(p2+m2) )
*(p)= @) j ss* " le (A.19)

Postponing the t', u, s integrations, we have to consider amplitudes where the
differentiated photon lines are interpreted as

§e~f?<p.“’2+u2>—m<p3+m’) (i=1,...,p) (A.20)
t;. > b o
and the remaining lines as

e Swrm)  (j=p41,...,L). (A.21)

The corresponding amplitude is

Y2 7. .
H(Py, ... Pyt oty Uy oo Uy s Sy gy 5 Sp)

0 - F st - §oueited - § e
ade:.)h(G)ke r=p+1 e r=t e r=1 i (A.22)

13

1l
i :(u

Inserting (A.14) or (A.15) and using the Gaussian integration formula
fd"xexp{—3(x, Ax)+y-x} =n""*(det A) " exp {3(y, 4 'y)}

twice, once with x=(k{", k%", ...) and once with x=(k{»,k?, ...) we obtain

0 ) (detCTSC)~Y*(det CT(S+ T")C)~ 112~ B MP)

H:Tc—h(G)(ﬁ W

i=1 i

L
w2 5 s—u2 et
P

e e AT (A23)
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where

S=2 d . T'=2 ? . (A29)

M=1A47(S—SC(CTSC)"1CTS)A
DLAT[S+ T —(S+ T)C(CTS+T)C) 'CT(S+T)JA.  (A25)

In [24] the following remarkable formula is proven:

Proposition A.5. det(C"SC)= Y [] (su,) where the sum is over all trees T of G ; I
T LU¢T
labels the lines corresponding to C” 0 I the C* lines.

We need two more propositions:
Proposition A.6. For 0=t},...,t, <3, geR, uy, ..., u,, 5,4, ...,5, 20
k

AR T T)C) ¢
}0t§1...8t§k (detCHS+T)C)

1
< T(§ + T)C)~¢
Zconst T S Ay (detC'(S+T")C)

Proposition A.7. For 0=<t), ..., t, <3, Uy, ...ty Spy -5, >0

1
(wy, +1;) .o (uy, +13) )

k
4 -(P,MP)| <
ot, ...0t, -

151 ° ik

Two obvious corollaries are

Corollary A.8.

0
ﬁe‘(P'MP)(det CT(S+T)C)~ 1?2

)4
<const H

= i 1

_(detCT(S+ T')C)~ 112,

Corollary A.9.

1
|H| < const(detCTSC)™ Y2(det CT(S+ T")C)~ 1/21—[

u;+1;

=const H

21 51“1'>_1/2

u;+t; (T LUET

(3 I st )2

T LU¢T

L
Y osi—p? g: (ui+1))
p+1 i=1 .
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Proof of Proposition A.6. By Leibniz’ rule

ak
— L (detCT(S+T")C) 1
v o (A.26)
Sew I [ I1 —aTdet(CT(S + T’)C)} (detCT(S+T")C)~ 2 ",

{P} k=1 LrePyx r

where the sum is over partitions {P}= {Pl, . nm} of the set {i,...,i}. Now
since by Proposition A.5 detCT(S+ T")C is a polynom1al inuy+1t,...,u,+t, with
positive coefficients

T2 detcm(s+ T’)C| <const [] (u,+£)~ ' det(CT(S + T")C)

rePj a ¥ rePy

which, inserted into (A.26), yields Proposition A.6. []

Proof of Proposition A.7. From the definition (A.25) of M it is clear that M >0
(using the polar decomposition of |/SC it is seen that |/SC(CTSC)~ 1CT]/§ is the
projection onto the image of ]/SC). Furthermore

0(t')=M detCT(S+ T')C

is a polynomial of at most first degree in each variable ¢ ,...,t,; it follows (by
taking expectations) that all its coefficients must be positive semidefinite matrices.
Because of Leibniz’s rule it suffices to prove

ak
’ar .ot

i1° i

1
(P, MP)I <const H —7 —(P,MP).

Again by Leibniz’s rule and Proposition A.6 this will follow from

ak k

11 r

But this is true because (P,QP) is a polynomial with positive coefficients in
uy 1ty u,+t, O
Now note that the relation between the amplitudes G and H is

1

el 7 ( H Jasst 1)
(15[ O(fdu ub- ) I tgdtg)H. (A27)

i=1

Insertion of Corollary A.9 into this formula produces a bound for G. It i
convenient, however, to break up the region of integration over u,, s U, =
Sp+1> >S5, =5 as follows: Let © be a permutation of {1,...,L}.

u,



396 D. C. Brydges, J. Frohlich, and E. Seiler

Define
”(S')z{unzr::n(r)ép (r=p+1,....,L)
_ [Sewy in)>p
”(“’)={un§,§:n(r>gp =t ep)
E.={ueRY0=n(u,) < ... Sa(u,)<7ls,, )= ... =n(s)}.  (A28)

It is clear that | JE,=R% ; E.NE,, is a null set for n4n'.
By Corollary A.9 and (A.27) we now have

|G| <const Y F, (A.29)

with

F= [] - [T
" i=p+1 (o) i=1 F(ﬁi)

p

[ duds
Eﬂ

-~

li‘l ui‘l“t:

e

L p
T s [
i=1 i

i=p+1

O =y

1

]

L Rz
Tos—p2 S (uitth
=p+1 i=1

L(A.30)

- N\ — —n?
(Z I1 Sl“z') UZ(Z sy +)) " 2e
T LUET

T LU¢T

The idea is now to estimate the sum over trees by the contribution of a single
“leading” tree T which leads to integrals that are easy to estimate. The possibility
of finding such a “leading” tree is the content of

Proposition A.10. To each permutation 7 of {1, ..., L} there is a tree T, such that for
u,seE_

IT s = 11 sy (A.31)

Ll'eT Ll'eT

Proof. There is an obvious choice of a tree with the smallest possible values of
s, U, ; it 1s easy to see that it obeys (A.31). We leave the details to the reader. [

For (u,s)e E, we now use the estimate

> I s +4)= [1 s(u+1) (A.32)
T LU¢T LU¢Tn
and similarly
) spp = [ sy (A.33)
T LI'¢T LU¢Tx
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Inserting this into (A.22) gives

II/\

i :ﬁ

L
:l;,-Ilr(O()

i)E,r T

dt] ﬁ p (A.34)

L )4 p
IT se=t [Tu ' ]
i=1

i=p+1 i=1

O ey

T )2 TT s Y2y 1) 712

LU¢Tn LU¢Tx

—w2 5 smwr §

.e i=p+1 i=1 .

Next we estimate the result of the ¢-integration using
t 1 1+90 1 d+e
fl——=| dr=const|-| ¢
o\utt u

if €>0,6=0,u=0,t=0.
We omit the easy proof. Insertion of this proposition in (A.34) yields

Proposition A.11.

F, <const | dudse **Xu+Ls)
Ex (A.35)

Alsp=tTTupm 7o TT ()™
j i

LU¢Tr

for some ¢;>0 (i=1,...,p) to be chosen presently.
The right hand side has the form

Lo(1\ime §n
i) et s
... Svp i=1\Y

after the variables u,;, ...,s,y, are relabelled as v,,...,v;. By discarding all
exponentials except e”#"°L and performing the integrals in the order v,,v,, ..., we
see that (A.36) is convergent provided

inf ) ¢,>0. (A.37)
rsL i=1

We compare (A.36) with (A.35) in order to find the g;’s and thereby see that (A.37)
reads

inf (Yo + Y(B,— ) — LIH\T,) >0, (A.38)
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where H, is the subgraph of G that contains the lines associated to the first »
variables in the list u, ), Uy (5, -+, Sy, and the sums extend over the «’s and f’s
associated to the lines in H,. We relate this criterion to power counting by noting
that

LH\T)=L(H,)—V(H,)+CH,)

because by the definition of T, (see Proposition A.10) T, intersects each connected
component of H, in a tree of that component [below (A.13)]. By the Euler relation
(A.13), L(H\T,)=h(H,) and so (A.38) can be rephrased as

inf [~4K(H,)—Y&]>0. (A38))

So we collect (A.35) to (A.38'), use our hypothesis on ¢,, ..., ¢, and find that
F_<constt; if e<—1K(G).

Summing this over 7 (A.29) completes the proof of Lemma A4. [J

From the reduction carried out earlier in this Appendix it follows that Lemma
A.4 implies the following theorem (that contains what was used in the proof of
Proposition 2.18):

Theorem A.13. Let G, be a connected vacuum Feynman graph with free, periodic or
mixed b.c. in a rectangle A. Assume it is convergent according to power counting

N 0
(K(G)<0) and contains at least one covariance of gA. Then

12

|G .| <const|A|t?
Sfor some 6>0.

Remark. The reader should refer to the discussion of “shifting derivatives” at the
beginning of this Appendix before applying this theorem to the graphs produced
by our stability expansion.

Proof. This is just a compressed formulation of the content of this Appendix ; note
that condition

max(t,, ..., t,) Smin(t,, ..., t,) X const

occurring in Lemma A.4 is trivially fulfilled if we choose p=1 (if there is more than
one differentiated line we may estimate it by C*). The condition 0=¢,, ..., tp§%
also occurring there is irrelevant here because G, is certainly bounded uniformly

int, O
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