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Abstract. In this article a series of results concerning Yang-Mills fields over the
euclidean sphere and other locally homogeneous spaces are proved using
differential geometric methods. One of our main results is to prove that any
weakly stable Yang-Mills field over $* with group G=SU,, SU, or U, is either
self-dual or anti-self-dual. The analogous statement for SO,-bundles is also
proved. The other main series of results concerns gap-phenomena for Yang-
Mills fields. As a consequence of the non-linearity of the Yang-Mills equations,
we can give explicit C°-neighbourhoods of the minimal Yang-Mills fields
which contain no other Yang-Mills fields. In this part of the study the nature of
the group G does not matter, neither is the dimension of the base manifold
constrained to be four.

1. Introduction and Statement of Results

The purpose of this article is to prove a series of results concerning Yang-Mills
fields over the euclidean sphere and other locally homogeneous spaces by using
differential geometric methods. Many of these results were announced in [7].

Our basic set-up is the following. We consider a compact riemannian manifold
M and a principal G-bundle P over M where G is a compact Lie group. On the
space %, of connections on G we consider the Yang-Mills functional

YuV)=1 [ IR"|?,

where R” is the curvature of the connection V in %, and where the norm is defined
in terms of the riemannian metric on M and a fixed Adg-invariant scalar product
on the Lie algebra g of G.

Critical points of the smooth function #.#:%,—R are precisely those
connections whose curvature tensors are “harmonic”. These critical points are
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called Yang-Mills connections and their associated curvature tensors are called
Yang-Mills fields. Of particular interest are those Yang-Mills connections which
minimize the functional locally, i.e., among nearby connections. At such a
connection V, the second variation of the functional is non-negative, i.e.,

d2
(1.1) —YMV) =0

dt =0
for any smooth family of connections I, |t]| <&, with V° =V. Connections with this
latter property (1.1) are called stable. This study was motivated by the following
result of J. Simons, announced in Tokyo in September of 1977.

Theorem A (J. Simons). There are no weakly stable Yang-Mills fields over the
euclidean n-sphere S" for n=5.

Recently much effort has been put into studying Yang-Mills fields over S*.
(This corresponds to studying fields over IR* with certain asymptotic behavior.) In
this dimension there are lower bounds for the Yang-Mills functional which depend
only on the topology of the bundle. This global lower bound is achieved, for
example, if the field R is self-dual, that is if *R=R where * is the Hodge star
operator on exterior 2-forms. (This is also true if *R= —R, i.e., if the field is anti-
self-dual.) Self-dual fields are known to exist. In fact there are now explicit
constructions of the moduli space of such fields when G is a simple group [2, 9].
One of our main results is the following (see Sect. 7).

Theorem B. Any weakly stable Yang-Mills field over S* with group G=SU,, SU, or
U, is either self-dual or anti-self-dual.

The corresponding theorem for SO, -bundles is proved in Sect. 8. Here the
conclusion of self-duality is replaced by one of two-fold self-duality which occurs
when the topologically determined lower bound for #.# is achieved. In Sect. 10
we prove similar results over general homogeneous spaces of dimension 4.

It is unknown at this moment whether there exist unstable Yang-Mills fields
over %,

The instability argument of Simons uses a space ¥~ of conformal vector fields
on §"in an essential way. This argument cannot be applied directly in dimension 4
because the functional #.# is conformally invariant. In this case we must use the
splitting of the field under the *-operator. However, here it suffices to use Killing
vector fields. This allows us to extend the results to general homogeneous
(orientable) 4-manifolds.

Theorem B'. Any weakly stable Yang-Mills field with group SU, on any compact
orientable homogeneous riemannian 4-manifold is either self-dual, or anti-self-dual,
or reduces to an abelian field.

The instability argument also breaks down on manifolds S"/I" which are non-
trivial quotients of the sphere (real projective space, for example). On each such
manifold S$"/I", n=4, we show that stable Yang-Mills fields exist (see Sect. 9). In
fact, these fields are strictly stable in the sense that the second variation is strictly
positive on a transversal to the orbit of the gauge group (the group of
automorphisms of P acting on %,).
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Our other main series of results concerns “gap-phenomena” for Yang-Mills
fields. This is one of the interesting consequences of the non-linearity of the Yang-
Mills equations. To state the results we introduce a scalar product (-, -» on g by
setting {4, B) = —Jtrace[9(A)-o(B)] where ¢ :g— sy, is any faithful representation.

Theorem C. Let R be any Yang-Mills field over S”, n = 3, which satisfies the pointwise
condition

(1) ||R||2§%<Z).
n

Then either R=0 or l|R||25%(2

Ifn=3 or 4, then either R=0 or R is the curvature of the tangent frame bundle of

S" with its Levi-Civita connection.
If n=5, then R=0.

) and R is parallel.

Theorem D. Let R be any Yang-Mills field on S*. If R™ satisfies the pointwise
condition |R*||*<3, then R* =0. The same statement is true for R™.

Note that in Theorems C and D there is no hypothesis concerning the bundle
or the group.

Theorem D gives an explicit C°-neighborhood of the self-dual (or anti-self-
dual) fields on S* in which no other critical points occur. (See [8] for a related
result.)

These theorems can be restated in terms of vector bundles with connection.

Theorem E. Let E be any riemannian vector bundle with connection over S", n=3 or
4, whose curvature R is harmonic and satisfies (t). Then either E is flat, or E=S®E,
where E, is flat and where S is one of the 4-dimensional bundles of tangent spinors
with the canonical riemannian connection.

If E is 3-dimensional over S* and if R is harmonic and satisfies the condition | R||?
<3, then either E is flat or E=TS? with its canonical riemannian connection.

The paper is organized as follows. In Sect. 2 we develop a setting for the Yang-
Mills functional using vector bundle theory. In Sect. 3 we establish the Bochner-
Weitzenbock formulas for harmonic forms with values in a bundle of Lie algebras.
In Sect. 4 we examine in detail some algebraic facts specific to dimension 4,
especially in relation to the curvature. In Sect. 5 we establish the Gap Theorems C,
D, and E above. In Sect. 6 we derive several versions of the second variational
formula.

The main arguments concerning stability occur in Sect. 7 where Theorems A
and B are proved. Experts interested in these results could begin reading here and
refer backwards if and when it becomes necessary. In Sect. 8 we give the examples
of stable fields over S"/I", n=4. We also prove that the index of T(S3/I') is exactly
one for any I'. In Sect. 9 we treat the case of Yang-Mills fields with group SO, over
an oriented 4-manifold. We examine the topological restrictions coming from the
Pontryagin and Euler numbers, and we develop the condition of double self-
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duality. The analogue of Theorem B for SO,-bundles is proved. In Sect. 10 we
generalize Theorem B to compact riemannian homogeneous spaces (Theorem B’).

We point out that Sect. 5 is completely independent of Sects. 6—10 and may be
skipped if the reader wishes.

2. A Differential Geometric Setting for the Yang-Mills Functional

For the entire discussion of this paper we fix a compact Lie group G and a
principal G-bundle P over a compact riemannian n-manifold M. We also fix a

G-vector bundle E=P x R", associated to P by a faithful orthogonal repre-
4

sentation ¢:G—0y. (Recall that if P is given by transition functions
9op:U,nUp—>G where {U,},., is an open cover of M, then E is given by the
transition functions geg,,:U,nU,;—0y.) We shall develop most of our ideas using
E rather than P since it is most often the vector bundle that is of central interest. Of
course this is also a matter of taste.

Recall that an inner automorphism of P is a G-equivariant diffeomorphism of P
which projects down to the identity on M. The group of all inner automorphisms
is called the gauge group of P and will be denoted %,. It can be easily identified with
the group of smooth cross-sections of the bundle of groups G,=P /ifi G. Related to

%, is the infinitesimal gauge group or gauge algebra, which will be denoted G . It is
the Lie algebra of smooth cross-sections of the bundle of Lie algebras g,=P x g,
Ad

where g is the Lie algebra of G. The exponential map exp:g— ® induces a natural
map expp:gp— Gp and, therefore, a mapping

expp:6p,— %

The gauge group can be easily re-expressed in terms of E. Let O, be the bundle
over M whose fibre at x is the group of orthogonal transformations of E,. Let so,
be the bundle over M whose fibre at x is the Lie algebra of skew-symmetric
transformations of E,. Then the representation ¢:G— Oy (used to define E) gives
embeddings G, 0 and g, —>so, which are homomorphisms on the fibres. We
denote the images by G and g respectively.

Of course, Gy~ G, and g~ g,. We may express the gauge group as the space
% of smooth cross-sections of G. Similarly the gauge algebra is just the space G
=Q%g) of smooth cross-sections of g.

Note that the fibre of G at x is just the group of orthogonal transformations of
E. which fix the tensors defining the G-structure. For example, if G=SU, and
0:SU,-0,, is the standard homomorphism, then there is a global complex
structure J:E— E(J?= —1), and a global nowhere vanishing section w of ALE. In
this case, the sections of G are those sections of Oy which commute with J and
fix w.

There is a similar definition of gg. Its fibre at x is just the set of skew-symmetric
endomorphisms of E, which, when extended as derivations to the tensor algebra of
E_, annihilate the tensors defining the G-structure. This vector bundle g, plays a
central role in the theory.
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We now set some notation. Given a smooth vector bundle F over M, let
QP(F)=T(A*T*M ®F) denote the space of exterior differential p-forms on M with
values in F. Note that Q°(F) is just the space of smooth cross-sections of F.

We want to study the space of connections €, on P, or equivalently on the
G-vector bundle E. Recall that a connection on P is conventionally defined as a
G-equivariant field of projections 7, :T,P—7¥,, pe P, where ¥/, is tangent space to
the fibre through p, i.e., the G-orbit of p. (The kernel of z, is the horizontal subspace at
p.) On the other hand, a connection on E is a linear differential operator
V:Q°E)—Q'(E) such that

(2.1) V(fo)=df Qo+ fVo

for all feC®(M), ceQ°E), and such that the natural extension of V to tensor
bundles of E annihilates the tensors which define the G-structure. These definitions
are related as follows. Given oe Q°(E), let V4o denote the evaluation of Vo on a
tangent vector X at a point x. Then

Vyo =1(T,(X)),

where 7 is the field of vertical projections on E induced by the trivial extension of ©
to P xIRY. Note that To maps T.M to T, E and the vertical subspace at o(x) is
identified with E_ by translation. In this paper we shall work exclusively with
connections on E.

One can easily see that the difference of two connections A=V—V' is an
element of Q'(g;). Indeed, for any tangent vector field X, A,="V,—Vy is a zero
order operator, ie., a bundle homomorphism A,:E—E which lies in g; because
both V and V' annihilate the tensors defining the G-structure. Consequently, the
space % of connections on E is an affine space with Q'(g;) as the vector group of
translations. In particular if we fix Vin €, then there is a natural identification

(2.2 Ti%,)= Q' (gp).

To each connection ¥ on E there is associated a curvature 2-form R” in Q*(g,)
given by the formula

(2.3) Ry y=[Ve: "1 =Vxm

for tangent vectors X and Y.
We note that there is a natural action of the gauge group %; on the space %;
given g in %; and V in 4 we define

2.4 Vi=golog™1.
Here g is considered as an automorphism of E. Hence,
V(o) =g(V(g™*(0)))-
One can easily verify that V'Y is again a connection on E. It is clear from (2.2) that

(2.5) R"”=goRog™'.
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We now observe that the connection V on E induces a natural connection on
gz Indeed for peQ%g;,) we define

(2.6) )=V, ¢],

1.e., V(p)(0)=V(¢p(0))— p(Vo) for any section ¢ of E. Similarly, the curvature of this
connection on g is given by the formula

2.7) R% v(9)=[R% v, 0],

where R” on the right denotes the curvature of E. The spaces Q*(g;) for p=0, 1,
and 2 are clearly of central importance here. For each connection V, there are
important operators d”:Q(g,)— Q" (g;), p=0, which we now describe.

Let F be any vector bundle over M. Then for each linear connection V' on F we
define an exterior differential d”: QP(F)—QP*1(F), p=0, as follows. For each real-
valued differential p-form « and each section ¢ of F, we set

(2.8) d®0)=(d)@c+(—1)Pa@Vo,

and extend the definition to general we QP(F) by linearity. Note that d"=V on
QO(F). It is an easy excercise to prove that

(2.9) (d"(d"0)) x.y=R% y(0)

for any ce Q%(F). More generally, for any pe QF(F),

(2'10) (dV(de))Xl,...,XpH= Z RXcr(l) Xo(2) wxc(s) ---on'(p+2))
0eCp 12

Consequently d"-d"=0 if and only if the bundle F is flat.

Suppose now that F is furnished with an inner product preserved by V. We
define an inner product in A’T*M®F . by setting
(2.11) Po>= T Werery P

i1<...<ip

where (e, ..., e,) is any orthonormal basis of T, M. Integrating this pointwise inner
product over M gives an inner product in Q?(F). (Integration on M shall always be
with respect to the riemannian volume measure.) We then define the operator
87 QP {(F)— QF(F), p=0, to be the formal adjoint of the operator d".

The connection ¥ on F together with the Levi-Civita connection D in A?T*M
induces a natural tensor product connection in A?T*M ® F which we again call V.
Using this connection we have the following simple formulas. For e Q?(F),

p
(2-12) (dV(p)xo,,,,,xp= Z (_ I)k(Vx,ﬁD)xo,,,.,Xk,m,xp,
k=0
(2.13) (5V¢)X1,...,Xp_1=_ z (Vej(/’)ej,x, ..... Xp-1°
j=1

where (e, ...,e,) is an orthonormal basis of T,M at the point x in question.

We now introduce an inner product on the bundle g as follows. Recall that we
have g;Cso,, the bundle of skew-symmetric endomorphisms of E. Given two
endomorphisms A and B of E,, we define

(2.14) {4, B)=3trace(A'>B).
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For the purposes of the theory, any metric on g, defined by an Ads-invariant inner
product on g would do. Our choice is adapted to the bundle E, in accord with our
general emphasis. We shall discuss this inner product in detail at the end of this
section.

Given a connection Ve, we now have defined a sequence of operators (and
their adjoints)

(2.15) Q%sy) _"Q (9g) == Q7 (gE)—>

Given an element o€ Q°(g;) =~ ®,, consider the corresponding curve g, = Exp(ts) in
%,, and note that (d/dt)V*|,_,=[V-0]=V(c)=d"(c). This means that the tangent
space to the orbit of the Gauge group at V, considered as a subspace of Q'(gp) = Ty,
is exactly the image, d"(Q°(g)). Hence, the infinitesimal variations of connection in
these directions are infinitesimal variations through gauge equivalent connections.
A transversal subspace to image(d”) in Q(g;) is given naturally by ker("). These
infinitesimal variations slice across the orbits.

(2.16) Definition. The subspace ker(6")CQY(g,)=T,%; is called the space of in-
finitesimal deformations of the connection V (Fig. 1)

Fig. 1

Note that ker(d") can be thought of as the tangent space of 4/%, at [V].
Recall that the curvature 2-form R is an element of Q3(g). This tensor satisfies
the Bianchi Identity

(2.17) 'RV =

since d’R"=d"sR"—R"-d"=(d")®—(d")>. By (2.12) this means that for all tangent
vectors X, Y, Z

(2.18) (VxR)y, 2+ (" Rz x+(VR")y y=0.
We now present the concepts central to our paper.
(2.19) Definition. The function % .# :%¢;—R defined by
yaW)=3 IRV
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is called the Yang-Mills functional. A critical point Ve%y of the Yang-Mills
functional is called a Yang-Mills connection. The curvature R” of a Yang-Mills
connection is called a Yang-Mills field.

Note that by (2.5) the functional #.# is clearly invariant under the gauge
group ¥, acting on %;. It is, in fact, invariant under an “enlarged gauge group”
which we shall discuss presently.

Fix Ve % and consider a smooth family of connections V¥, —e <t <e, such that
VO=V. The statement that V is a critical point of #.# means simply that
(d/dt)% M (V*),=,=0 for all such families. We write

Vi=V+ A,
where A'e Q'(g,) for |t|<e¢ and A°=0. The corresponding curvature is given by
(2.20) R"'=R'+d"A'+1[ A" A 41],

where we define the bracket of gz-valued 1-forms ¢ and y by the formula
(o Avly y=[@x wyl— ¢y, wx]. The following basic fact is an immediate con-
sequence of (2.20) and the definition of the adjoint of an operator.

(2.21) Theorem. The first variation of the Yang-Mills functional is given by the
Sformula

d

Sy = | <FRBY,
dt t=0 M
where
d
B= o L

Consequently, V is a Yang-Mills connection if and only if
(2.22) 0"R"=0.

This equation is non-linear in V. Using the Bianchi Identity (2.18) and the
compactness of M we see that (2.22) is equivalent to the condition that

(2.23) A"R"=0,
where
(2.24) A"=d"6" + 6"d"

is the generalized Hodge-deRham Laplacian for vector bundle valued exterior
p-forms. Any form ¢@eQP(g;) satisfying the equation A"p=0 will be called
harmonic. Thus, Yang-Mills connections are connections with harmonic
curvature.

There is another second order operator V*V, called the rough Laplacian,
defined on gg-valued differential forms. It is given by the formula

(2.25) Vvo=— Y (V2 .0,
i=1
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where
(2.26) V)?’ y=VxVy =V

is the invariantly defined Hessian operator. The operator V*V is symmetric and
non-negative. Its kernel is the space of parallel forms. The operators 4” and V*V
have the same principal symbol, and their difference is of zero order. The
relationship between these operators will be crucial in this paper.

In the case that M is an oriented manifold, we may introduce the Hodge star-
operator *:QP(g;)—Q" ?(g;) into our formulas. In particular we have that on

Qp(gE)a
(2.27) (—1)pH1ghox =%*o6V

Moreover, the Yang-Mills functional can be rewritten as

(2.28) YMWV)=% [ (RPA*R"),

where the notation (@ Ap) for ¢, pe A*T *M ®g,; means exterior product on
A'T*M tensored with the interior product on g.

We now return briefly to the inner product defined on the bundle so, (and
thereby on g;) by formula (2.14). Recall that there is a natural bundle isomorphism
A*E—=-sp, determined by the requirement that

(2.29) (wAv)(w)=u,wiv—<v, wiu

for u, v, we E,. In the metric (2.11), the elements {¢; A ¢}, ; form an orthonormal
basis of (so0;), whenever (g, ...,¢y) is an orthonormal basis of E,. This scalar
product is related to the standard Killing form K on the bundle of Lie algebras so,
by the formula K(A, B)= —2(N —2)<{A4, B).

(2.30) Lemma. The norm | - || induced by the inner product (2.14) has the property
that

ILA, BI|<)/2)4] | B]

for all A, B with equality if and only if the pair A, B is orthogonally equivalent to the
pair of Pauli matrices (Fig. 2)

0t -5 0

-t 0 0 0 0 s

0 t 0 s O 0 0
-t 0 0 -s
0 0 0 0

Fig. 2
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Proof. Maximize the function (A4, B)>|[4,B]|* under the constraints | 4|2
=||B||?=1. At any critical point, we find that

(ad B)2A= A
(ad A)?B=puB

for multipliers A and u. An easy calculation shows that A=pu= —|[[A, B]||% Put B
in (skew) diagonal form and examine the first equation above. The remainder of
the argument is straightforward and we omit the details. []

(2.31) Note. Recall that in so, ~IR? the Lie algebra product is equivalent to the
classical cross-product in R3, Thus when dim(E)=3, the inequality (2.30) can be
improved to: |[A, B]|| = | A|||B|, with equality iff ALB.

We finish this section with a word concerning the enlarged gauge group. We
define an outer automorphism of P to be any G-equivariant diffeomorphism of P,
and we denote the group of all outer automorphisms by Diff;(P). Every outer
automorphism f:P— P projects to a difffomorphism 7(f):M— M. This yields an
exact sequence of groups:

(2.32) 1—% ,——Diff,(P)-=>Diff(M) .

Given a connection on P and a vector field X on M, we have a unique lifting of X
to a horizontal vector field X on P. Let ¢, §, be the 1-parameter groups of
diffeomorphisms generated by X and X respectively. Since X is G-invariant, we
have that @,o.g=g-, for ge G and for all t. Hence, {,€ Diff;(P) and clearly n(®,)
=¢, for all t. From the work of Thurston [15] we know that the difftfomorphisms
belonging to flows generate the identity component Diff°(M). Hence, the image of
contains this group and we have the short exact sequence.

(2.33) 1—% ,——Diff%(P)— Diff’(M)—>1 .

Any connection on P determines a splitting of the sequence of vector spaces
(2.33), obtained by differentiating (2.33) at the identity. It is given by the cor-
respondence X —X constructed above. Conversely, each splitting of (2.33),
determines a connection on P. Hence, a connection could be defined as such a
splitting.

The entire group Diff4(P) obviously acts on the space %, of connections. A
subgroup which always preserves the Yang-Mills functional is the group
4 ,=n"1(I,,) where I,, denotes the group of isometries of M when n=4 and the
group of all conformal transformations of M when n=4. We call &, the enlarged
gauge group of P.

It is interesting to consider the variations of connection that come from
Diff,(P). Fix Ve % and consider a vector field X on M. Then the infinitesimal

. . d . .
variation of connection B= i VY, where V"=V and where @, is associated to
~ t=0
X as above, is given by the formula

(2.34) B=iyR’,
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where iy denotes contraction with X. For a quick proof of this, let 7: TP— 7" be the
G-equivariant field of projections along the horizontal subspaces 2 onto the field of

. . . d . .
vertical subspaces 7. The tensor B is nothing but —@*n|  viewed as a linear map

dt -
from 2 to ¥~ where each 7/, is canonically identified with g (and with the

= — L¢(n) where 84 denotes the Lie
t=0 ~
derivative. Furthermore for any tangent vector field Y on M let Y denote the
horizontal lift to P and note that

(251 (1) = L5(x ) — (23 )
=[X,n¥]-n(X, 7))
= —n([X, Y])
ot —RX,Y= —(ixR)y.

d
corresponding fibre in gp). Of course Zﬁ(ﬁ,*n

These last remarks add insight to the discussion of Sect. 7.

3. The Bochner-Weitzenbock Formulas for Lie Algebra-Bundle-Valued Forms

The purpose of this section is to establish formulas relating the Hodge-de Rham
Laplacian and the rough Laplacian of gz-valued 1- and 2-forms. They involve
both the curvature of the riemannian base manifold and of the bundle with
connection. We deduce from them an algebraic expression of the rough Laplacian
of a harmonic gz-valued p-form (p=1 or 2). These formulas are of fundamental
importance in the theory.

To begin we define a basic (zero-order) operator 8":Q'(g,)—Q'(g;) by setting
(3.1) K@)y = ‘Zl (R, x P,

i=

where R” denotes the curvature of the connection Von E and where (e, ..., ¢,) is an
orthonormal basis of the tangent space T, M at the point x in question. Recall
that the Ricci transformation Ric: T, M —T.M is defined by

Ric(X)= ), Ry . e
j=1
where R here denotes the riemannian curvature tensor. Given ¢ in Q'(g;) we
define
(@oRic)y = Ppie(x) -
We recall that on the standard sphere Ric(X)=(n—1)X.
(3.2) Theorem. For any ¢ in Q'(g;), we have
Ao =V*Vp+ @-Ric+ K").

Proof. Fix a point x in M and choose X, ey, ...,e, in T .M so that (e, ...,e,) is an
orthonormal basis. Extend X to a local vector field and (e, ...,e,) to a local
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orthonormal frame field so that (DX)(x)=(De,)(x)= ... =(De,)(x)=0. Then, at
the point x,
63) @00l =Tye0) == x| 3. 0, k)
=~ 3 ok
and
(3.4) L=~ 3 40, x

j

Ve AV, 0)x—(Vxo), }

Jj

{( e ®x— (V2 x9)e,}-

||M= ||M= ||M=

j

Adding (3.3) and (3.4) we find that
(3.5) A7)y =(V*Vo)x + ). (R, x®).,
ji=1

(here we keep the notation R” for the curvature of the connection on the bundle
T*M ®gq, induced by the Levi-Civita connection D on the base and the connection
V on the bundle E).

The operator R” acts as a derivation. Hence (R y),=[R% y, ®;]— @ry 42
Applying this formula to the second term in (3.5) gives the result. []

(3.6) Corollary. If ¢ is a ggz-valued V-harmonic 1-form on the standard sphere S",
then

V= —(n—1)p—Ke).

Similar calculations can be carried out for any p-form. Of particular interest
here is the case p=2. In analogy with (3.1) we define 8":Q%(g,)—Q*(g;) by

(3.7) KMo)x,y= Z {[ReJ x> Pe;, vl— [RZJ,Y’ (Pej,x]} .

j=1

For a linear map w on 2-vectors we define
(3.8) (pew)yy=3 Y, P, ox e,
ji=1

(this is indeed the composition of w and ¢ viewed as maps from A>TM to gy).
Notice that with our convention @y y=@(X A Y).

Notice then that the extension of the Ricci transformation to 2-forms as Ric A I
is given by

(3.9 (RicA D)y y=Ric(X)A Y +X ARic(Y).
(3.10) Theorem. For any ¢ in Q*(g)
Ao =V*Vw+ ¢-(Ric A g+2R)+ K").
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Proof. Fix x in M. Choose X, Y,e,, ...,e, in T.M and extend them as in the proof of
Theorem (3.2). Then at the point x

(3.11) (d0"p)x y=(Vxd"p)y — (Vy0 @)y

- Vx(ﬁl (Vejq))ej, Y) + Vy(

= Z (V2 o;®e, v — V3.0 0)e, x}

j=1

i (Ve,co)e,.,x)

j=1

and
(3.12) (5VdV(P)x,y - Z (V d"p) e, X, Y

== '21 Vej{(VejQD)X,Y+(Vy§0)ej,x+(Vx(P)Y,e,}
i=

= %2 0+ 72,100 = P20,

Combining (3.11) and (3.12) we find that
(3.13) Ay, y=(VVo)x y+ Z {(R, x®)e,, vy — (R, y@)e, x} -

Jj=
By using the identity
(R% yP)z.w= [RY v> ®z,wl— Pryyz,w ~ Pz, Rx yW>

Equation (3.13) can be expressed as
(AV(P)X, y=*Vo)y y+ RV(QD)X, ¥ T Pricx), ¥
- Pep R, x¥ ~ Pricr), x T ) Pej Re, vX
j=1 j=1
By using the first Bianchi identity
Ry yZ+Ry X +R, yY=0
together with the Definitions (3.8) and (3.9), we get the expected relation. []

Remarks. i) The sign in the formula of Theorem (3.10) in front of & may change
with conventions.

ii) This way of expressing the formula has the advantage of incorporating the
influence of the curvature of the base manifold into one term. This is especially
interesting in dimension 4, where one can check (cf. [5]), by decomposing the
riemannian curvature into irreducible components under the action of O, or SO,
that RicAI+2R does not involve the Ricci traceless part of the riemannian
curvature. For an application see Sect. 5.

(3.14) Corollary. If ¢ is a gg-valued harmonic 2-form on the standard sphere S", then
V Vo= —2(n—2)p — K" ¢).
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Proof. On the standard spheres S”, we have
Ry yZ=—-X r"Y)(2)=(Y, Z)X —(X,Z)Y.
Therefore,
(RicAT+2R)y y=2m—2)X A Y. [J
We conclude this section with an elementary fact that will be of use in Sect. 10.

(3.15) Proposition. Suppose e Q*(g;) takes values in a 1-dimensional subbundle of
O, i.e., suppose ¢ = f®ac where fis a scalar-valued 2-form and where o is a section of
g with || o|*=1. Suppose further that R(¢)=0. Then ¢ is harmonic if and only if f is
harmonic and o is parallel.

Proof. A direct computation shows that
(3.16) Ve =(D*Df)®c—) (D, )@, 0)+ f®(V*V5).

J
The term K(¢p) in Theorem (3.10) vanishes. Thus, since ¢ is harmonic, we have
that

(3.17) V*Vp = — @o(Ric A I +2R).

Taking the derivative of the condition ||¢||*?=1, we find that (Vo,a)=0.
Consequently,

(V*Vo,0)> = —Z<V‘fj,eja,a>zz<l7€ja, v, o>=|Val|?.
7 7

From (3.16) and (3.17) we then conclude that
(3.18) V¥V, @) =<(D*Df,f)+ f*| Vo
= —{fo(RicAI+2R),f>.

The Bochner-Weitzenbdck formula (3.10) applied to scalar-valued 2-forms (let g
be trivial), states that APf=D*Df + fo(Ric A [+2R). Therefore, (3.18) can be
rewritten as:

KAPLf>+ f*Ve]?=0.

Since 4° =0 on M we conclude that A?f =0 and that Vo =0 away from the zeros

of f, [

4. Some Algebraic Facts Specific to Dimension 4

When dim M =4, the Hodge Star operator * is an involution of A*T*M, giving
rise to the decomposition

AT*M=A"T*M DA~ T*M

into eigenspaces for the eigenvalues + 1. Hence, for any vector bundle F over M,
every ¢ in Q%(F) can be written uniquely as ¢ =¢* + ¢~ where

(4.1) p*=3(Id+%¢
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and
4.2) ot =40p*.

If p=¢7, then ¢ is called self-dual.
If p=¢7, it is called anti-self-dual.
From (2.27) and (4.2), we have the following.

(4.3) Lemma. On a compact oriented 4-manifold M, a vector-valued differential
2-form ¢ is harmonic if and only if both ¢ and ¢~ are harmonic.

Any vector bundle E over a compact oriented 4-manifold M has associated
with it a number p,(E) called the Pontryagin number of E. This number is a
topological invariant of E and can be computed by the formula

1
(4.4) py(E)= 4—n2§4 (R"AR",

where R” is the curvature of any connection V on E. Writing R"=R"* +R"~, we
have

<RV/\RV>=<RV/\**RV>=<RV/\(*RV+—*RV_)>=||RV+||2—||RV—H2.

Of course ||[R"|?>=|R""||*+ |R"~|% Consequently, we have the fundamental
inequality

(4.5) An?lp (E) =% .u(V)

with equality attained if and only if R” is either self-dual or anti-self-dual. In
particular, the self-dual (or anti-self-dual) curvatures realize an absolute minimum
of the Yang-Mills functional. Such curvatures are, of course, Yang-Mills fields.

All these facts are by now quite standard.

Further topological restrictions of this type for SO, -bundles will be presented
in Sect. 8.

There is another algebraic fact which seems less well known, but will be at the
heart of our proof of the stability Theorem B: the SO -bundles A TM and A~ TM
are both irreducible and their tensor product is isomorphic to the SO ,-bundle S5TM
of traceless symmetric 2-tensors. We will use it in the following form (which after a
moment’s thought is equivalent to the preceeding statement).

(4.6) Lemma. Let ¢t and ¢~ be respectively a self-dual and an anti-self-dual
(vector-valued) 2-form on R*. Then for wvectors X,YeR* the quantity
4

> (p;: x®@,, y is symmetric in X and Y. For ordinary forms, the resulting map from

=1
JA*]R“@A“]R“;Hom (A*RY A™R*) to S§R*={he Hom (R* R*): h is traceless
and symmetric} is an SO -isomorphism of SO,-modules. Its inverse is given by
h—%h A I where, after restriction, the homomorphism h A I gives a linear map from
ATR* to ATIR*,
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Proof. We can suppose that X and Y are unit vectors orthogonal to each other. We
then pick the orthonormal basis (e¢;) such that e, =X, e, =Y. Then

4
+ -+ - + -
'Zl (pe],e1®(pej,ez - ¢e;,e1®(pe3,e2+ (0e4,e1 ®(pe4,e2 .
j=

From the equalities analogous to ¢, , =¢. .. ¢, . =¢. ., we get the an-
nounced symmetry. The map considered is obviously an SO,-map. Since its image is
non-trivial and S§IR* irreducible, the map is surjective. Since both spaces have
dimension 9, it must be an isomorphism. One then checks that the inverse is indeed
given by the extension to 2-forms of a symmetric transformation. [

This fact has the following consequences for the riemannian curvature. Viewed
as an operator on 2-forms, the curvature splits into three irreducible components
under the action of O,(n=4): the Weyl conformal curvature tensor W, the Ricci

traceless part (whlch is leco A1 if Ric, is the traceless part of RIC) and the

constant curvature part. In dimension 4, the Ricci traceless part anticommutes
with the Hodge Star-operator *; the other parts commute with *. This fact allows
us to identify again the traceless symmetric 2-tensors with linear maps from
AT TM into A~ TM, giving another viewpoint on Lemma (4.6).

In fact, more is taking place: there is a further decomposition under the group
SO,. The Weyl part W splits into W*+ W~ (where W* operates trivially on
AFTM). This gives rise to a special family of Riemannian 4-manifolds the half-
conformally flat spaces. Among them we find some complex manifolds such as CP>
with its canonical metric for which W~ =0, or the K 3-surfaces with their Ricci-flat
metrics for which W* =0. (For more on these spaces, see [3, 5].) As a consequence
in the Weitzenbock formula for anti-self-dual 2-forms on CP?, the contribution of
the curvature of the base is diagonal as on the standard sphere. This contribution
even drops out on self-dual 2-forms on a Ricci-flat K3 surface.

5. Isolation Theorems

In this section we prove a series of isolation results for Yang-Mills fields. The basic
idea is to exploit the non-linearity of the Bochner-Weitzenbock formula (3.14). For
¢ =R, this formula implies that

(5.1) {V*VR",R"> = —{R">(Ric AT+2R),R"> —o(R"),
where
(5.2) oR)= ) ([R .,Rl IR, ..

i, k=1

When n=4, the analogous formulas hold with R” everywhere replaced by R"*
which we abbreviate R*. Recall that R* is harmonic and so formula (3.14) applies
[see Lemma (4.3)]. We then examine the last term R(R™) of this formula. Writing
R"=R™* + R~ gives a splitting of this into two terms, the second of which is of the
form

R—(R+)X,YE Z {[Re_j,X’Ret,Y]—[Re_j,Y5R:j,X]}'
=1

j=
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By Lemma (4.6), this expression vanishes. We conclude that (R(R*),R*>=0(R")
and so formula (5.1) holds for R™ as claimed. Of course, by the same argument (or
by a reversal of orientation) we see that this formula also holds for R™.

In Sect. 8 we show that when n=4 and G=S0,, there is a further decom-
position of the curvature, R"=R} +R* +R; +R_, into harmonic components.
Since [R,, R_7=0 and since R*=R{+R7*, we see easily that (]R(RT), RI)
=o(R7}). It follows immediately that R} (also R7, etc.) satisfies (5.1).

Now we examine the term ¢ given by (5.2). For any Lie algebra g with a fixed
invariant inner product <, -», we have the associated fundamental 3-form @,
given by

o (U, V,W)=<[U, V], W)

for U, ¥, Weg. Now there is a canonical isometry A?>TM = sp,, given by (2.29) and
so we may consider R as a linear map

R:spy,—gg.
In sp,, we have the identities:
(5.3) [e;ne e ne]=0e,Ae;+0,e,Ae+0,e;ne+0,e A8
for all i,j,k, . Hence, we may rewrite (5.2) as

(54) Q(RV)_ Z dﬁ (Rel ej’ eJ ex’ ng e,)

i,j,k=1
n
Y (R™*®, )(e;ne,e;nee ne)
ijik=1

=(R™®, _,®

a5> Psore) s

where, for notational convenience, we define the inner product in A3so¥ by

(@,%)= ; ®(er, B, )w(, B, 7)
a ?
where a, 5, and y each run over an orthonormal basis of S0y
Combining (5.1) and (5.4) and integrating by parts gives the following basic
result.

(5.5) Theorem. Let R” be a Yang-Mills field and let A be the minimal eigenvalue of
the operator Ric A I +2R on 2-forms over a compact riemannian manifold M. Then

JIVRIIZ< — [ {AIR")* +(R™®,, D, )} -

M M
When n=4, this formula holds with R” replaced by R"* and with 1 replaced by A%,
the minimal eigenvalue of Ric AI+2R on A* TM. (The corresponding statement
holds with +’s replaced by —’s.) If, in addition, G =SO, the formula also holds with
R replaced by RY, RY, etc.

We now observe that the term o(R")=(R"™*®__ &, )is a homogeneous cubic

SE> 7 soMm

function of R”, whereas ||R"||? is homogeneous quadratic. For R” sufficiently small
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and A>0, this quadratic term will dominate the right hand side of formula (5.5)
causing it to become negative. (This, of course, is not possible.) The point at which
| R"|? dominates the expression can be estimated concretely, and in some cases,
quite accurately. To do this we want to estimate (L*®,, @, ) in terms of IL|?
where L:so,—g is a linear map and where g is any Lie sub-algebra of so,. Recall
that the inner product on g is induced from the canonical one on so, [defined by
(2.14)]. Consequently L*® =L*®_, and for the moment we can ignore g.

(5.6) Proposition. Let L:so,—soy be any linear map. If |\L|\2§%(g>, then

(L*@,,,, D, ) S2(n—2)| L]

SON?

If n=5, this inequality is strict.

When n=4 (respectively n=3), equality holds if and only if there is an
orthogonal splitting RN =S,®S, (dimS, =4) with respect to which L=0®c where
o is one of the two irreducible spin representations of so, (respectively where ¢ is the
irreducible spin representation of so;).

When n= N =3, the inequality holds for ||L|*< <g) =3. In this case equality is

attained if and only if L:so,—so; is a Lie algebra isomorphism.

. . . n\ .
Proof. Note that it suffices to prove the inequality for |1L|[2=%(2), since for
0=t=<1 we then have that

2An—2)tL|*=2(n—2)*||L|* Z *|(L*®
=[(L)*®

)|z 2(L*D,,,, D, )l

SON? su" SON?

soN? son), = (([L)* cpsoN’ ) .

To compute we let {e; Ae;} denote the standard orthonormal basis of

50, =~ A?R". Then

i<j

ILIZ = [IL(e; A €)l|?

i<j

and

(L*@,, ., @, )= Y <[Lle;ne).Lie;ne)],Lie, ne)).
i,j,k=1
We now introduce the (n x n)-symmetric matrix o =((s;;)) with non-negative entries
5= ]ﬁHL(ei A e;)]. By assumption

trace(c?)= i L=4|L|*=n(n—1).

i, 1

We claim that it suffices to prove that

trace(c®)= ) 58S =nn—1)n-2)
i,j,k=1
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with equality if and only if s;;=1 — 9;;. Indeed if this is so, then by Lemma (2.30) we
have that

n

(5'7) (L*@soN’ ¢son)§ . .;_ l<[L(el A ej)7 L(ej A ek)])L(ek A ei)>l
< 3 0L n ehLie, el 1Lie A€l
< V2L n e 1L A )] [Lie, e

=7 Y SiSpsus<2mn-2)L|>.
i,j,k=1
Suppose now that we have equality in each line of (5.7). From the last line we get
thats;;=1—0,;, and so ||L(e; A e))| =1/ ]/§ for i#j. From the first and second lines
we conclude that, when i,j, k are distinct,

[L(e; A€y, Lie; A e)]=t;3L(e, Ae)

;e > 0. Taking the inner product with Z(e, A e;) and using the (term by term)
equality in (5.7) we see that ¢, =s, 5,5, =1. Hence, we have

(5.8) [L(e; ne)), Lie; A e)]=Lie, Ae) for all i,j, k distinct.

where t,

This equation has a number of consequences. For example,
(5.9) (L(e; ney,Lie;jne)y=0 forallijk
since, setting L;;=L(e; A e;), we have that
<Lij’ ij> = <[ija Lki]’ij> = —<Ly; [ij’ ij]> =0.

More generally,
(5100 (L(e;ne),Lie, Ae)y=—<Lie,ne)Lie;ne)y forallijk,l
since

<Lij’ Lkl> = <|:ij’ Lki]’ Lkl> = <ij= [Lki’ Lkl]> = <ija Lil> .

Another consequence is that setting o, ;,=[L;;, Ly,], we have

ijs
(5.11) O+ % 0y, =0  for all i,j, k, [ distinct.
To see this, note that

[Lija Lyl= [Lij: [L;; Lik]] =[L; [Lij> Ly 11+ [Ly [ Ly Lij]]

=[Ly L]+ Ly Lyl

We now see that o, has the first two symmetries of a Riemann curvature tensor.
A standard argument proves that it therefore has the third symmetry, ie.,
Oy = 0y However, from the definition we see that o ;= —o,,;, and so we
conclude that

(5.12) [L(e; ne)), Lie, Ane)]=0 for i,j,k,I distinct.
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Comparing (5.8) and (5.12) with (5.3) we conclude that L : so,—so,, is a Lie algebra
homomorphism.

Finally, we observe that by Lemma (2.30) each pair(L(e; A €)), L(e; A €))), for
i,j, k distinct, is conjugate to a pair of Pauli matrices. In particular, each of the
endomorphisms L(e; A e)) is supported in the same 4-dimensional subspace, and
by (5.8) each triple (L(e; A e)), L(e; A ¢,), L(e, Ae))for i,j, k distinct is orthogonally
equivalent to the standard orthonormal basis of Pauli matrices. The conclusion for
n=3 and 4 now follows easily.

For n=5 the situation described above is impossible since there exist no non-
trivial homomorphisms so,—so, for n=5so, being simple. To see this directly
we note that if n>5 and if i,j, k,| are distinct, then

(5.13) (Lie, ne), Lie, A €))=0.

This is proved by choosing m distinct from i,j, k,! and using (5.11) and (5.10) as
follows:

0=<[Lij Lyuds Lyi> + <CLits Ljds L) + L Ly j1s Loie>
=< Lyjs (L Lyt ] + {Lipy LL js L1 + <Lijy [Lger Lin 1>
= <Lij’ Ly +<Ly, ij> + <L1j> Ly
= — Ly, Llj> + <Lil’ ij> + <sz: Ly
= <Lil’ ij> =- <Lij9 th> .

It follows that if n=5, the matrices {[/iLi Vi< are orthonormal. In particular, L is
injective and L :s0,—s0, is impossible.

In the case where n=N =3, we can improve (5.7) by using the refinement of
Lemma (2.30) given in (2.31). The conclusion in this case is easily obtained.

To complete our proof it remains only to establish the following.

(5.14) Lemma. Let 6=((s;;)) be a symmetric n xn matrix with s;;20 and s;=0. If
trace(c?)=n(n— 1), then

trace(o3) <n(n—1)(n—2)
with equality if and only if s;;=1-0,;
Proof. To find the maximum of the function F(¢)=trace(s>) on the space of
symmetric matrices subject to the constraints: trace(s?)=n(n—1), s;;=0 and s, ;=0
we look for all critical points. By the usual Lagrange multiplier technique the

matrix ¢ is critical for F if there exist real numbers, 4, 1; (1<i<n), and J;
(1=i<j=n) such that

(5.15) a?=lo+ ) hef®e+ ) AfefQe;+ef®e),

i<j

where 4,40 only if s5;;=0. (This is the boundary effect.) We conclude that F(a)
= Atrace(c?)=An(n—1).

Our objective is therefore to show that 1 is bounded by n—2.

We first note that the multipliers 4;; are unnecessary when one is interested in a

maximum. Indeed suppose o is critical and lies on the boundary {s;;=0} of our



Stability and Isolation Phenomena for Yang-Mills Fields 209

space of matrices. Then the matrices o, defined for =0 by
2t*

1
[ * nn—1)

1/2
o, =0+lef®e;+ef®e)

are non-negative and satisfy the constraints. Moreover, we have
22 132 n
{1+m} F(O't)=F(O')+6t ; Sjkski'

Note that by (5.15), we have 4;;=(c?),;= Z Sy Assuming A;;>0, we see that F(q,)

> F(o) for all ¢ sufficiently small. Consequently, if F(0) is a maximum, all 4;; must
vanish.

By a permutation of indices we can reduce ¢ to a block matrix 6=0,® ... @0,
where each block ¢; of size n; cannot be further reduced in this fashion (see [11,
Chap. III], for example). It is clear that each block satisfies the equation

(5.16) ol =Ao;+4;,

where 4; is a diagonal n; x n; matrix. Notice then that 4, is in fact a scalar matrix
wl smce 4;and o; commute and o, is irreducible. Taking the trace of (5.16) we get
that u;=(1 /n ) tracea (since traceoJ—O) On the other hand, since ¢, is a solution
of a polynomlal equatlon of degree 2 with scalar coefficients, o; has at most two
eigenvalues, say «; and f8;, which necessarily have opposite signs. We suppose
o,;<0.

! By the Perron-Frobenius theorem (cf. [11, p. 53]) the positive eigenvalue of GJ
must be s1mp1e Therefore, f;=(n;— o, and A=0;+ ;= —(n;—2)a;, and traceo;
=njn;— l)oc

Consequently, n;>2 (since A>0) and traceo; =[n n;—1)/(n;—2)*]4%. It fol-
lows that

1_ % 2 nin,—1) , 2
(5.17) n(n—1)=tracec’= ) traces; = Z LI 2> kA%
j=1 j=1 ( )
From (5.17) it is clear that A is maximal when k=1. In this case A=(n—2) as

expected.

We have now deduced that if F(o) is maximal, then the minimal polynomial of
o is p(6)=(c—n+1)(e+1), and the eigenvalue (n—1) appears with multiplicity
one. The matrix ¢+ I has only ones on the main diagonal. Moreover, its rank is
one, so that for each i,j (i) there must exist non-zero real numbers f;, f; so that

(e+ Zskek)+ﬁ (e+ Zskek) =0.

k*i
Consequently, we have that
Bisiy+B;=0
ﬁ' + B]S]t - 0

Since s;;=5;,20 we conclude that s;;=1 for all i=j. This completes the proof of

Lemma (5.14) and of Proposition (5 6) dJ
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(5.18) Remark. The proof of Proposition (5.6) also shows that if 0<||L|? <%(Z>

then (L*®,, , @, )<2(n—2)|L|>
Combining Theorem (5.5) and Proposition (5.6) gives the following immediate
results.

(5.19) Theorem. Any Yang-Mills field R on S", n=5, which satisfies the pointwise

. n L. .
estimate ||R||2§%<2) must vanish identically.

Proof. By Proposition (5.6) the integrand on the right in (5.5) is =0 since
A=2(n—2) on S". Hence, this integrand vanishes identically (as does VR). By
Proposition (5.6), this implies R=0.

(5.20) Theorem. Let R be a Yang-Mills field on S* If R* satisfies the pointwise
condition |R*||*> <3, then R* =0. The corresponding statement holds for R~ .

Moreover, if the group of the field is SO, and if R} satisfies the condition
|R¥|?<3, then Rt =0. The corresponding statements hold for R*, R7, R~ (see
Sect. 8).

Proof. One argues as in (5.19) with R replaced by R*, R, RI, etc.
Theorem (5.20) gives an explicit C° neighborhood of the self-dual fields on S*
in which no other Yang-Mills fields appear. The self-dual fields are “isolated”.
We next examine what happens when equality is allowed in the condition
[R||*<3 on S* To state the result it is nice (although not necessary) to mention
the associated bundle E.

(5.21) Theorem. Let (E, G, V,R) be a Yang-Mills set-up on S* such that R satisfies
the pointwise condition || R||*> <3. Then either E is flat or E=E,®S where E,, is flat
and where S is one of the (two) 4-dimensional bundles of tangent spinors with the
canonical riemannian connection.

Proof. Arguing as above we see that either R=0 or |R||?=3 and VR=0. In the
latter case, Proposition (5.6) implies that there is an orthogonal splitting E=E,®S
where E|, is flat, where § is 4-dimensional, and where — R : s0,,— sog is one of the 2
fundamental spin representations ¢* or ¢~ at each point. Let us assume that it is
the positive one at each point. (The other case is similar.) Then R~ =0 and
— R :s0,;—s0g is an isometric bundle injection which, since V(R)=[V,R]=0, is
connection preserving. Hence,

(5.22) $0g =50, Ps0,,

where so; denotes the flat bundle. (Note that so, corresponds to a parallel
quaternion structure on S.) Equation (5.22) implies that S, pulled back over the
principal Spin,-bundle of $%, is canonically trivialized and transforms according to
the representation ¢. This completes the proof. [

The same argument can be applied to R~. We conclude that if [R™|[2 <3, then
either R~ =0 or the following is true. There is an orthogonal splitting E=E,®V
where V is 4-dimensional, and

—R7 130y, —90, Cgg
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is a connection preserving bundle isometry. (Recall that since dim V=4, there is a
canonical splitting so, =so, @sp;,.) This means that E, is self-dual and that

+ -
S0, =50, S0y,

where so;; is also self-dual. It follows that the principal Spin,-bundle of V can be
written as a Whitney sum

(5.23) Pgyin(V)=Psy, ®Pgy,(S7),

where S™ is the canonical spin bundle above and where the connection on Py is
self-dual. This is one of the connections satisfying the minimum conditions (8.7).
From (8.12) we see that 1p,(V)— x(V)=2. (The reader should consult Sect. 8 for
fuller details.) Summarizing the above gives the following.

(5.24) Theorem. Let (E,G,V,R) be a Yang-Mills set-up on S* and assume that R
satisfies the pointwise condition |R™|* <3. Then either E is self-dual or E=E,®V
where E is self-dual and where V is a 4-dimensional bundle satisfying (5.23) and the
connection on the first factor is also self-dual.

A corresponding theorem for R™ is obtained by reversing orientations.
We now consider the 3-sphere. Here the results are simple to state.

(5.25) Theorem. Let (E, G, V,R) be a Yang-Mills set-up on S*. If |R|* <3, then E is
flat. If ||R||*<3, then either E is flat or E=E,®S where E, is flat and S is the
4-dimensional tangent spin bundle with the riemannian connection.

If dim(E)=3 and |R||* <3, then either E is flat or E=TS? with the riemannian
connection.

Proof. The argument for the first part is entirely similar to the argument for
Theorem (5.21). For the second part, we use the last statement in (5.6) to conclude
that if R=40, then —R:sp,,—s0, is a connection preserving bundle isometry.
Hence, taking the composition

TM —> A2TM =50, — so,=A’E % E

gives an equivalence TM =E, and the proof is complete. []

In order to be able to apply Theorem (5.5) for general dimensions n we need
Ric A I+2R to be a positive operator. This is insured for example if the curvature
operator of M is positive (see [6, p. 74]). In this case it is known that M must be a
homology sphere by a nice theorem of Gallot and Meyer [ 10]. The results we just
proved still hold with the uniform bound on ||R"||? reduced to
nn—1) ,,

L.

IR <45 5

The 4-dimensional case is more interesting since one can consider separately
the positive and the negative 2-forms. In particular we have the following.

(5.26) Theorem. Let M be a compact riemannian 4-manifold which is half confor-
mally flat (say, W~ =0) and has positive scalar curvature k. Then any Yang-Mills
field R on M which satisfies the pointwise condition

IR™II1?<gx



212 J.-P. Bourguignon and H. B. Lawson, Jr.

is self-dual. ( A similar statement with —’s replaced by +’s is obtained by reversal of
orientation.)

This theorem covers the case of €CP? with the Fubini-study metric where
K=24,

It is a theorem of N. Hitchin that half conformally flat Einstein manifolds with
positive scalar curvature are isometric to either S* or CP2. It is conjectured that
this conclusion remains if one supposes the manifold to have non vanishing
signature and the scalar curvature to be constant.

6. The Second Variation

In this section we establish the second variational formula for the Yang-Mills
functional at a critical point, i.e., at a Yang-Mills connection. In fact we shall
derive three distinct formulas. The first is completely general. The other two are
valid only for infinitesimal deformations of the connection, i.e., for elements
Be Q'(g,) = Tv% ; which satisfy the transversality hypothesis 8"B=0 [see (2.15) and
(2.16)]. However, in these latter cases the formula involves an elliptic second order
operator.

We shall work in the general setting developed in Sect. 2. We suppose that V*,
|t| <e, is a smooth family of connections on E where V'=F? is Yang-Mills, and we
write

(6.1) V=vV+4',

where A'e Q'(g;) for each t. Letting R* denote the curvature of V¥, we then have
(6.2) R'=R'+d"A'+1[A' A A1]

[see (2.20)]. The infinitesimal variation of connection associated to V' at t =0 is just

_aa
B dt t=O.

Note that Be Q'(g,), and thereby we have the natural identification: Q'(g;) = T,%.
We have defined an endomorphism K" of this space by setting

(6:4) K= Y. R0 0,)

(6.3)

for e Q*(g), where (e,, ..., e,) is any orthonormal basis of tangent vectors to M at
the point in question. Our first version of the formula is as follows.

(6.5) Theorem. Suppose V=V° is a Yang-Mills connection. Then the second
variation of the Yang-Mills functional is given by
2

Y MV"),~o= | (6"d"B+K"(B),B),
dt M

where B= % V=0
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Proof. It follows immediately from (6.2) that: }(d*/dt*)||R"||?|,—,=<d"B,d’B)
+<{d"C+[B A B],R"y where C=(d*/dt*)V"|,_,. Integrating (by parts) and using
the condition

(6.6) 0"R"=0,

we see that the term involving C vanishes. (This was expected since at a critical
point the Hessian of a functional is intrinsic and hence depends only on the first
order part.)

(6.7) ([BABL,R")=} <2[B,,B, 1R, .>

i<j

=Y <B.,[B, R, 1>
= ¥ (B,,N(B),>
— (B, SV(B)),

and the formula is now obvious. []

We now restrict our variations to those whose first order part is transversal to
the orbit of the gauge group. The next result follows immediately from
Theorem (6.5) and the Bochner-Weitzenbock formula (3.2).

(6.8) Theorem. Suppose V=V° is a Yang-Mills connection and B= Edf o
Suppose also that 6"B=0. Then
2
S YMP_o= [ (SB)BY,
M
where
S (B)y=A"B+ ]"(B)
=V*VB+ B-Ric+28"(B).
(6.9) Corollary. Let V and B be as in (6.8) and suppose M is an Einstein manifold
with Ric=k-1d.. Then
2
F@ﬂ(V’)L:O = A&(V*VB+kB+2RV(B), B>.

Observe that the operator &” is elliptic and self-adjoint, and that the operator
V*Pis 20. It follows that the restriction of #” to the subspace T =ker(5") C Q' (g;)
has eigenvalues 1, <4, <...— o0, with associated finite dimensional eigenspaces
E,,E,,, .... We can therefore introduce the following concepts from Morse theory
(cf. [13, 14]).

(6.10) Definitions. The index of a Yang-Mills connection V is the dimension

i(V)=dim(@ E 1)- The nullity V is the dimension n(V)=dim(E,).
A<0
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Certainly one of the major problems in the field is to understand the
relationship of these numbers to the topology of the gauge group %;. The Yang-
Mills functional descends to a function

(6.11) YM° %/, ~R

and, roughly speaking, the space ¥/ %; can be identified with the classifying space
B%;. [In some cases, for example that of a non-trivial SU,-bundle over S, we
actually have 4/%;~ B%,. However, in general one must worry that the action of
9, on € is not free, ie., that there may exist Ve, and ge %, g=1, such that
V9=V. In this case we note that Vog=g-V, ie., V(g)=0, which implies a reduction
of the structure group of E.] Nevertheless, a naive application of standard Morse
theory to the function (6.11) gives direct relationships between the topology of B4,
and the number of critical points of #.# with a fixed index. Just recently
Uhlenbeck [16] has succeeded in establishing the analytic tools required for an
appropriate Morse theory when dim(M)=2 or 3. If the Morse theory can be
successfully completed, Atiyah and Bott have shown that one obtains new proofs
of a number of profound results in algebraic geometry.

The fields of interest in this paper are those which are local minima of the
functional. Thus we introduce the following notion.

(6.12) Definition. A Yang-Mills connection V is said to be stable if i(V)=n(V)=0,
that is, if

[ <#"B),BY>0

for all non-zero Be T9 =ker(6").

(6.13) Note that if #7>0 on Q!(g,), then ¥">0 on the subspace T}, and V is
stable. We caution the reader to note, however, that the second variation is given
by &7 only on the subspace Tp.

(6.14) Note that weak stability (second variation =0) is equivalent to the
condition i(V)=0. Thus, in particular, stability implies weak stability.

7. The Stability Theorems

In this section we shall explore the structure of weakly stable Yang-Mills fields on
the euclidean n-sphere S” = {xelR"*!: | x||=1}. It turns out that on S” there is a
finite dimensional family of vector fields which tend to decrease the energy of any
Yang-Mills field. Using this family we find strong restrictions on any weakly stable
field on S*. In particular, when G=SU,, SU, or U,, we show that any such field is
either self-dual or anti-self-dual.

We begin with a general observation. Fix a Yang-Mills connection on a
riemannian manifold M and consider a 2-form @e Q*(g;). Then for each tangent
vector field V on M, the contraction iype Q'(gy) defined by setting

(7.1) (iv@)x= v x
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is an infinitesimal variation of the connection. Suppose now that V is of gradient
type, i.e., that

(7.2) (DyV,Y>=(D,V,X> forall X,Y,

where D is the Levi-Civita connection on M. [Condition (7.2) is equivalent to the
fact that the dual 1-form w(-)={V, -) is closed.]

(7.3) Lemma. Let B=iy,¢ where peQ*(g,) satisfies 6"¢p =0 and where V is a vector
field of gradient type. Then 6"B=0.

Proof. Fix xe M and let (e, ..., e,) be a local orthonormal tangent frame field such
that (De;)(x)=0 for each j. Write D, V=) a;;e;, and note that a;;=a;, for all i,j by
(7.2). Consequently, at x we have

'B=—).(V,B),=—.V.(B,)
; j
=— ; Ve (@v.e)
== A0+ 0n,v.0)
=—(0"p)y + izj;aijq)e,,ejzo

since "9 =0 and ¢,, , is skew-symmetricin iandj. [
We now consider on S" the special, finite-dimensional space of vector fields

¥ ={gradf:f=F|g. and F:R"*'>RR is linear}.

There is a natural isomorphism R"** 5%~ which associates to each VelR"*! the

vector field V given by

(7.4) Vix)=v—<{v,x>x
for xe S". Note that V'=grad f where f(x)=<v,x).

(7.5) Lemma. Each VeV~ satisfies

() DyV=—fX,

(i) D*DV =V,
where D denotes the Levi-Civita connection of the standard metric on S" and where f
is as above.

Proof. Let D denote the riemannian connection on R""! and let
(~)T:T)L1R”+1—>TxS" denote orthogonal projection. Then it is standard that
DY =(DY)” for any tangent vector field Y on S". It then follows from (7.5) that

DyV =[Dy(v—<0,x)x)]" = —{0,x)X = — f(x)X

since v is parallel in R"*! and since x is normal to S" at x. This proves (i). For (ii)
we fix xeS" and choose a local frame field (e, ...,e,) near x. Then, D*DV
=—3D,D,V-D,, V)= ) <vee;=v" =V, and the proof is complete. []

ey e
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(7.6) Remark. The vector fields belonging to ¥ are exactly the gradients of the
eigenfunctions of the Laplacian corresponding to the first non-zero eigenvalue on
S". 1t follows immediately from 7.5(i) that these fields are conformal. In fact ¥ is
the orthogonal complement to the Killing vector fields in the space of all
conformal vector fields on S".

Note that the isomorphism R"* % ¥~ transfers an inner product to ¥~ which is

invariant under the natural action of O, ;.
We are now in a position to state one of our key results.

(7.7) Theorem. Let (E, P, G,V) be any Yang-Mills set-up over the euclidean sphere
S", and suppose pe Q*(g;) is harmonic, i.e., 8" =d"¢ =0. Associate to ¢ a quadratic
form Q on ¥ by setting

0,(V)= @J%(V')I, 0>
where V'=V +t(iy@). Then
trace(Q,)=2(4—n) | llol*.
o

Proof. By Lemma (7.3) we know that 6"(iy¢)=0 for all Ve ¥ and so we may use
formula (6.8) for the second variation. Consequently

trace(Q,)= | trace(q,),
$n

where g,(V)={Siyp),iyp). To compute the trace of g, at a point xe & we
choose an orthonormal basis (g4, ¢, ...,&,) of ¥” adapted to this point. We let
€gs ---» &, cOrrespond, under the isomorphism ¥"~R"*!, to the vectors x,e,, ...,e
where (ey, ...,e,) form an orthonormal basis of T'S". We see from (7.4) that

n

(7.8) go(x)=0,8,(x)=¢y, ...,e,(x)=e,.

To apply the formula (6.9) we need to compute V*F(iy¢) for Ve?". Choose
local orthonormal tangent fields ¢,,...,¢, on §" such that (Dg;)(x)=0, and let
X =) ag; be any linear combination of these fields. Then at the point x,

(7.9) [F*V(iy@)lx=— X[V, g,(lvfp — 2V, 7 ive)lx
=- Z{ lv(P)x] -V, qu))Da x}
= z [ ivo)x]— (lv(l’)pc xJ
= Z gj[ ej(‘Pv,X) (pV,DEJX]
== Vs,-[(Vsj‘P)v,x + (PDEJV,X]
=(V*V o)y x—27, (Vaﬂ’)pejv,x + @pepv,x -
Consequently, using (7.5) and the fact that 6"¢ =0, we conclude that

(7.9) (M*V(iye)xy="*Vo)y x+ oy x-
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Since Ric=(n—1)Id. on S", we have from (6.9) and (7.10) that
Fiye).=(V*Voly . +noy +2 ) [R,, . ¢v.]-
i=1

Since ¢ is harmonic, we have the following Bochner-Weitzenbock formula [see
(3.14)]

(V* V(p)V,‘ == 2(n - 2) (pV Z {[Re‘ v <0e, ] [Re, R) qDe,»,V]} .

Combining these two equations we see that

(7.10) Siyp)=(4—n)iyo— .; {[RC, > P, v]+ R > 0., 1 -

Therefore, we have at x that

n

trace(q,) = Z I, 0) 1,00 =E=1) 3 Y <P, 00 Peyer) -
j=0 k=1

Note that the contribution from the second term of (7.11) drops out because we
have taken the inner product of a symmetric and a skew-symmetric form.
Using (7.8) we finally obtain at x that

trace(g,) =24 =) T 9., |7 =2(4-nlo.
J
This completes the proof of Theorem (7.7). [

Note that in the proof of Theorem (7.7), the introduction of the integrated
quadratic form Q , was used only to get an interpretation in terms of the second
variation of #./. In particular, we insist that in dimension 4 we get the vanishing
of the density g,

Since ¥ is a Yang-Mills connection, we can always choose ¢=R" in
Theorem (7.7). Thus we have the following immediate consequence.

(7.11) Theorem (J. Simons). There are no weakly stable Yang-Mills fields on S" for
nz=5.

Note that when n=4, Theorem (7.7) asserts that trace(Q,)=0. Using this fact
we now prove the following.

(7.12) Theorem. Any weakly stable Yang-Mills fields on S* with structure group
SU,, SU, or U, is either self-dual or anti-self-dual.

Proof. Consider a weakly stable Yang-Mills field with group G on S*. Let .#(B, B)
be the quadratic form on Q*(g;) given by the second variation of the functional at
this connection. Since .#(B, B) =0, we see that #(B, B)=0 if and only if B is in the
null space of this quadratic form. In particular, if #(B,B)=0 and 6"B=0, then
#"(B)=0. Consequently, Theorem (7.7) implies that if peQ*(gy) is harmonic and
Ve, then

(7.13) Siyp)=0.
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It follows immediately from Lemma (2.31) that since R” is harmonic, so are
R*=(R")* and R~ =(R")". Consequently, by (7.13) we know that

(7.14) FHiyR*)=0

for all Ve #". (The corresponding statement is true for R™.) Using (7.9) and writing
R"=R* +R~, we conclude from (7.14) that

4 4
(7.15)  (V*VR™)y y+4Ry y+2 3 [R] xRS y1=~=2 } [R] v, R; y]
j=1 j=1

j=

for all tangent fields X, Y on S* The left hand side of (7.15) is clearly skew-
symmetric in X and Y. By Lemma (4.6) the right hand side is symmetric in X and Y.
Consequently, the g-valued tensor

VR

Tx,y [R; xR. v]

ji=1

vanishes for all X and Y, i.e., t=0.

(7.16) Proposition. At each point xeS*,
[R;,Ya RZ_, wl=0
for all X,Y,Z,We T S* Consequently, at each point xeS*,
[a,a;1=0,
where af C(gg), is the Lie subalgebra generated by the curvature transformations
Ry y for X, YeT,S*

Proof. This proposition can be deduced from the second part of Lemma (4.6) as
follows. Since 1=0, 7 A I=0. However, one can easily see that

GEaADyp, ZAWY=[R{y,R; y].

For the convenience of the reader who is uncomfortable with abstract linear
algebra, we offer a second, more elementary proof.

Let (ey,...,e,) be an orthonormal basis of T,S* and for convenience set
R =R, . To begin we consider the quantities

Ciu=[Rj, Ry1=Cy

for j k=1,...,4. Since T=0 we know that ZCjk=O for each k, i.e., we have that
J

C,+C3+Cy,=0
C,+Cy3+C,,=0
Ci3+Cy+C5,=0
Ciy+Cy+C5,=0.

(7.17)

Using the fundamental identities

(7.18) Ri_'—2=iR3i4, Rli3=iR4iz’ Rf:4=iR;_’—35
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we see that

(7.19) C12=-—C34, C13=—C24, C14:“C23-

Combining (7.17) and (7.19) shows that C; =0 for all j, k. Thus, using (7.18) we
have proved that

(7.20) {[R%R,-‘k]=0 for all j,k

[R;;., R;1=0 when i,jk,| are distinct.
It remains only to show that
(7.21) [R5,R;1=0 when ijk are distinct.

It clearly suffices to establish (7.21) for the case (i, k) =(3, 1, 2) since we are free to
permute our indices. Note that

11, =[R31, R51+ Ry, Ry,1=0
13, =[R{3 R 1+ [R3;3, Ry, ]
= [RI(3’ _R2_3] + [Rfaw R2_4]
== [R;uRa_zj + [RL’R;z] =0.

Consequently, [R3;,R5,]1=0 and the proposition is proved. []
The next step in our proof is the following observation.

(7.22) Lemma. Let a* and a~ be subalgebras of a Lie algebra g such that
[a*,a™]=0. If g=su,,su, or u,, then either a* or a~ is abelian.

Proof. In each case it is straightforward to check that the centralizer of any non-
abelian subalgebra is abelian. []

Note that if g is the Lie algebra of G, or if rank(g) =3 then Lemma (7.22) is
false since g contains an so, subalgebra (see Sect. 8).

We now consider the g;-valued 4-tensors C* =[R*,R*]and C™=[R",R7]
on §* (Thatis, Cx y , w=[Ry y. Rz 5] for X, Y, Z, We T,S*) It follows from (7.16)
and (7.22) that either C* or C~ must vanish on some open subset ¢ CS*. For the
sake of argument, suppose C* vanishes on . Now C* is an algebraic function
of a solution of the elliptic equation AR =0, and the Aronszajn theorem on
unique continuation of solutions to elliptic systems [1] applies to prove that
C*=0on S$*

We now observe that, since [R*,R™] and [R*,R*] both vanish on S*
formula (7.15) [and also the Bochner-Weitzenbock formula (3.9)] for R* becomes

V*VR* +4R* =0.

Since V*V =0 on $*, this implies R* =0. (The argument in the case that C~
vanishes on ¢ is completely analogous, and shows that R~ =0.) This completes the
proof of Theorem 7.12. []
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8. Principal SO ,-Bundles

We now focus our attention on the interesting special case of SO ,-bundles over a
4-manifold. Here there is an additional topological constraint on the Yang-Mills
functional. There is also a generalization of the condition of self-duality which
occurs if and only if the minimum values permitted by the topology are attained.
We then extend Theorem (7.12) to this case; that is, we prove that any weakly
stable Yang-Mills field with group SO, on the 4-sphere satisfies this condition.
Each SO,-bundle over S* carries a large family of these minimizing connections.

Let M be a compact, oriented 4-dimensional riemannian manifold, and
consider over M an oriented 4-dimensional riemannian vector bundle E (ie., a
bundle with structure group SO,). Then there are Hodge operators

*:N2TM—-A*TM and Y% :A’E—A’E
with corresponding decompositions
8.1) ATM=A*"TM®A"TM and A’E=A"E@®AE,

where TM denotes the tangent bundle of M and A* denotes the + 1 eigenspace of
the star-operator. For any SO, -connection V on E, the curvature R can be
considered as a bundle map

R":A’TM—A’E.

[Recall the isomorphism A?E=xso, given by (2.34).]
It can therefore be decomposed as

(8.2) R'=R} +R*+R;+R-

with respect to the splittings (8.1). Since these splittings are orthogonal, we can
write the Yang-Mills integrand as

8.3) IR"|2=[RYI2+ [RTI*+IRTI?+ R

Since E is oriented and of dimension 4 over a 4-manifold, it has two
independent characteristic invariants, its Pontrjagin number p,(E) (cf. Sect. 2), and
its Euler number y(E). By Chern-Weil theory these numbers can be computed by
integrating certain universal polynomials in the components of the curvature
tensor R. From these standard formulas it is a straightforward calculation to show
that:

1
(8.4) py(E)= 4—nz§ {IRTIP+|RZI?>~RT|*—IIRZ|?}
M
and
1
85) HE)= g [ (IR = [R* |2~ |R >+ R”|1%}.
M

Both of these numbers are integers, and both may be either positive or negative.
From (8.3), (8.4), and (8.5) we immediately conclude the following.

(8.6) Theorem. Let E be an oriented 4-dimensional riemannian vector bundle over a
compact oriented 4-dimensional riemannian manifold M. Let p=4xn’p,(E) and
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x=8n*y(E) denote the (renormalized) Pontrjagin and Euler numbers of E re-
spectively. Then

Y M(V)Zmax(|pl, )

for any SO ,-connection V on E. Furthermore this minimum value is attained if and
only if :

RZ=R;=0 if  pzlx,

RI=R;=0 if  xzlpl,

RI=RI=0 if —pzly,and

Ri=R™=0 if —z2pl.

(8.7

For the sake of exposition we briefly present some examples.

(8.8) Example. Suppose the structure group of E can be reduced to SU,. In this
case —3p,(E)=x(E)=c,(E), the second Chern class of E. Here Theorem (8.6)
asserts that #.#(V)=4n?p,(E)|, the minimum allowed value, if and only if

R=R?* if p(E)=0
and
R=RZ” if p,(E)=0.

(8.9) Example. Let M =S* and let E=TM, the tangent bundle. Then p,(TM)=0
and y(TM)=2. For the canonical riemannian connection, the curvature

R:A’TM—-A*TM
is the identity map. Hence,
RY*=R;=0

and RI:A*TM—>A*TM is the identity map. (Thus |RI[|*=[RZ[*=3.) In
particular, by Theorem (8.6) the Levi-Civita connection on TS* achieves an absolute
minimum of the Yang-Mills functional.

Recall that on a 4-manifold, a curvature tensor R” is harmonic if and only if the
components R and R~ are harmonic. We have the following analogue.

(8.10) Proposition. Let E and M be as in Theorem (8.6), and let R” be the curvature
of an SO ,-connection V on E. Then R” is harmonic (i.e., Yang-Mills) if and only if
each of the components RY, R*, R, and RZ is harmonic.

Proof. If each component of R” is harmonic, then clearly R” is harmonic. On the
other hand suppose R” is harmonic. Then R* and R~ are harmonic by (2.31).
Furthermore, R* =R} +R¥ and R} =3(1+%)R™*. The corresponding statement
is true for R™. Now the operator ¥ : A?E— A?E is parallel, i.e., V(¥%)=[V, % ]=0,
since ¥ is defined in terms of the metric on E. It follows directly from definitions
that d”and 6" (and therefore 4") commute with v¥. Thus 4(R =5(14+¥)4"R™ =0
and 4"(R7)=3(14 ¥%)4"R™ =0. This completes the proof. []
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We are now ready to prove the main result of this section.

(8.11) Theorem. Any weakly stable Yang-Mills field on S* with structure group SO,
satisfies the condition (8.7) of two-fold self-duality.

Proof. From the arguments of Sect. 7 [see Proposition (7.16)] we know that the

endomorphisms R, and R”. commute at each point of S*. We now observe that

under the natural 1dent1flcat10n A*Ex~so,, given by (2.34), the decomposition
ATE@A™E corresponds to a decomposition

s0, =50, @0y ,
where soj are bundles of sub-Lie algebras pointwise isomorphic to su,, and where
[sog,505 1=0.

(This corresponds to the decomposition so, = su,@su,.) Consequently, at each
point of S* the endomorphisms (RY). .,...,(RZ). . mutually commute.

We now focus attention on the harmonic so, -valued tensor R, =R} +R7.
Since so; is a bundle of su,-algebras, the arguments of Sect. 7 can be applied
directly to prove that either R* or R vanishes on S* The same arguments
applied to R_=R? + R prove that either R* or R vanishes on S*. Therefore we
are in one of the four cases of condition (8.7). Which case or cases occur is now
completely determined by the topology and the formulas (8.4) and (8.5). This
completes the proof. []

We now show that each SO,-bundle over S* carries a large family of
connections satisfying condition (8.7). To begin we look at the topological
classification of these bundles. Note that since S* is 2-connected, any SO,-bundle
carries a unique spin structure, i.e., we may replace the principal SO ,-bundle Py,
with a principal Spin,-bundle Py, ., and an equivalence Py /Z,= Py, . Since
Spin, =SU, xSU,, there is a splitting of Py, into a Whitney sum

Py, = Pgy, X Pgy,
of principal SU,-bundles. (Otherwise said, we lift the classifying map S*—~BSO,
for Py, to a map S*— B Spin, =~ BSU, x BSU,.) Each of the bundles P{_ over S*
is classified by its first Pontryagin number p® e Z. There is exactly one such bundle,
up to equivalence, for each integer. Consequently, the principal SO ,-bundles over
S*, up to equivalence, are in one-to-one correspondence with pairs of integers (p',p")
according to the prescription above.

Suppose Py, corresponds to the pair (p', p”) and let E be the associated 4-plane
bundle over S*. Then it is not difficult to show that

p(E)=2(p'+p")

(8.12)
wWE)=p'—p".

We now recall that the principal SU, bundle with Pontryagin number p#+0
carries an (8|p| — 3)-dimensional family .#» of non-gauge-equivalent connections
which are self-dual or anti-self-dual depending on whether p is positive or negative
[2,3,9]. (By convention, we let .#, denote the class of the flat connection of the
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trivial bundle.) Suppose then that Py = Pg,, X Py, corresponds to the pair of
integers (p',p"). Choose connections VYe.#,; and introduce the direct sum
connection V'@V"” on Pgy, X Pgy,. This descends to a connection on Pg,, and on
its associated 4-plane bundle E. The components R, and R_ of the curvature of
this connection correspond exactly to the curvature tensors of Pg,, and Pg;,
respectively. Consequently, this connection satisfies (8.7). We have proved the
following.

(8.13) Theorem. Let E be an oriented riemannian 4-plane bundle over S*, and set
p=3p,(E) and y=y(E). Then there is a family M of gauge-inequivalent connections
satisfying (8.7) on E where

Mp+x+lp—xh—6 if p*+ty
dim(A)=Mp+x+Ilp—x)—=3 if p=+yx+0
0 if p=x=0.

Given a riemannian 4-plane bundle E over $*, we now consider the bundle S,
of unit spheres in the fibres of E. The total space of S is homeomorphic to S7 if
and only if y(E)=1. However, S; is difffomorphic to S” only if, in addition, we
have a condition on p,(E) ((p,(E))>=4mod277, see Milnor [12]). In any case, a
riemannian connection on E induces a field of “horizontal” planes on the manifold
Sg, i.e., a field of 4-planes T everywhere transverse to the fibres. We lift the metric of
S* to 1 via the bundle projection 7:S;—S*; we introduce the obvious euclidean
metric (induced from the inner product in E) on the fibres; and we declare 7 to be
orthogonal to the tangent spaces to the fibres. This gives a metric on Sy defined
canonically in terms of the connection on E. This metric always has positive Ricci
curvature. However, one can show, by building on arguments of Weinstein [17],
that these metrics are never of positive sectional curvature.

9. The Stability of T(S"/I")

We have shown in Sect. 7 that any Yang-Mills field on S”, n=5, is unstable. This
applies in particular to the Levi-Civita connection on the tangent bundle TS"
which is clearly Yang-Mills since DR=0. In contrast to this we now prove the
following result.

(9.1) Theorem. Let I' be a non-trivial, finite group of isometries acting freely on S”,
nz4, and consider the quotient manifold S"/I" with its “quotient” metric of constant
sectional curvature. Then the Levi-Civita connection on T(S"/T'), considered as a
Yang-Mills field, is strictly stable.

We know that the standard connection on TS* is weakly stable. This follows
directly from the fact that on TS* this connection actually minimizes the Yang-
Mills functional [see (8.9)]. One wonders whether the Levi-Civita connection is
minimizing in all the cases T(S"/I') of Theorem (9.1).

We shall also prove the following.

(9.2) Theorem. The Levi-Civita connection on TS3, or on T(S3/I') for any I' as
above, is unstable as a Yang-Mills field. In fact its index is 1 and its nullity is 0.
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Note that since T(S3/I') is topologically trivial, (note that S3/I" is orientable
since I' acts without fixed points) the minimum of the Yang-Mills functional in this
case is zero and is achieved by the flat connections.

We point out that recently Uhlenbeck has proved the weak compactness
theorem necessary to do Morse theory for # .4 :€¢,;/%,—R in the case of
3-manifolds.

Both Theorems (9.1) and (9.2) will be proved by explicitly computing the
operator

©9.3) P =D*D+(n—1)I+28

on Q%(so,) (see Sect. 6). Note that Q'(so;) is just the space of smooth sections of
the bundle T*®so,, where T=T(S"/I') and where so,~ A>T,

(9.4) Proposition. There is a natural orthogonal decomposition
T*®so,=F,®F,®F,,
where F,~T* and F,~A3T*, such that ¥(I'(F JEI(F)) for each j. Furthermore,
S =D*D—(n-3) on I(F,),
S =D*D+(n—5) on I(F,),
S =D*D+(n+1) on I(F,).

Proof. We shall work at a point xe §". For Be T*®so,_and Xe T, we let By:T-»T
denote the corresponding skew-symmetric linear map. For convenience we set
F=T*®so,. Then the decomposition of F at x is given as follows:

F,={BeF:3Ve T such that By=X AV}
F,={BeF:By(Y)= — By(X) for all X, Ye T}

F,=The orthogonal complement of F,®F, in F.
The map X A Vis defined by setting (X A V) (Y)=<X, YoV —<(V, Y>X. Observe that
F,LF,, since for B¥e F, we have

(B,B">=} ) <B.(e)en<B.(e). e

i j<k

=13 (e A V)(e). BLe))
,J
=1 Z {<enep<V,B,(e;)> +<{V,ep<B; (e e} .
1,J
Similar calculations show that

F3={BEFZ > B, e;=0and {(ByY, Z)+<ByZ,X)+<B,X,Y)=0 for all X, Y>}

j=1

(Note that we have dropped the parentheses for B.)
We now have an orthogonal decomposition F=F, ®F,®F,. The map

9.5) TSF,

defined by Vi—B", where (B"),=X AV, is a bundle isomorphism. Furthermore,
one easily sees that D(B”)=B®"), ie., this isomorphism is connection preserving.
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Similarly we have that the map

9.6) A3T*>F,

defined by ¢—B?, where (B%Y,Z) = (X, Y, Z), is a connection-preserving bundle
isomorphism. This proves the following fact.

(9.7) Lemma. Each of the subbundles F;, j=1,2,3,is preserved by the connection. In

particular,
D*D:I'(F)—-I(F)

for each j. Moreover, for j=1 and 2, the bundle isomorphisms (9.5) and (9.6) take this
operator to the corresponding operator D*D defined in terms of the Levi-Civita
connection on T=T* and A3T* respectively.

We must now examine the operator & Recall that on §"/I" the curvature tensor
of T, considered as an element in A*T*®so,, is given by

9.8) Ry y=XAY.
Consequently, for X, Ye T and Be F we have
©.9) KB)(Y)= ) [R,, x B, 1(Y)
j=1
= Z [ej/\XaBej] (Y)
j=1

== X {leAX) (B D)= B (e, AX) (1)

- j; {<X, B, Yye;~ e, B, Y>X

—<X,Y)B,e;+<e;, Y)B, X}

VP

{e;AB, X +B,e;AX}(Y).

ji=1

Case 1. Suppose BeF, that is, By=X AV for some Ve T Then
Y Boe=Y(e;A V) (e) =T {le2V = (Ve =tn—1)V,
and so ) B, ¢; AX =(n—1)V AX = —(n—1)By. On the other hand,
Yle;n B X)(V)= Y (e DIBX —(BX, Ve )
=BYX——;<(ej/\ V)(X), Ye,
=(Ya V)(X)—;{@,-,XXV, Yy (V. X)<e; YDle;

=(LXOV ALKV XY -V DX +VXOY

=X AV)(Y)
=B,Y.

Consequently, R(B)= —(n—2)B.
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Case 2. Suppose BeF,, that is, B, Y= — ByX for all X, Y. Then clearly ZBeje =0,
and so

K(B)y(Y)=){<e;, Y)B, X —<(B,X,Y)e}
=B, X +) (Bye, Y)e;
— —B,Y—Y (ByYepe,
— _2B,Y.

Case 3. Suppose BeF, that is, suppose )’ B, ¢;=0 and
j

(BxY,Z)+{(ByZ,X)+<{B,X,Y)=0
for all X, Y, Z. Then as in Case 2,
K(B)(Y)=ByX — )’ (B, X,Y)e;
j

=B, X+ Z {(BxY,e;»+{(Bye,X)}e;

=B,Y.
g izing, h that
ummarizing, we have tha —(m—2) on F,
9.11) K=7-2 on F,
1 on Fj.

Combining (9.11) with (9.3) completes the proof of Proposition (9.4). []

Proof of Theorem (9.1). From Proposition (9.4) and Lemma (9.7) we conclude that
the Levi-Civita connection on T'=T(S"/I') is strictly stable if

9.12) D*D>(n—3) on T*
and
9.13) D*D> —(n—>5) on A3T*,

where D*D is defined using the natural extension of the Levi-Civita connection.
Note that condition (9.13) is satisfied whenever n= 5. (When n=35, we observe that
D*D >0 since its kernel consists of parallel 3-forms.) On T* we have that 4=D*D
+ Ric=D*D +(n— 1) where 4=dd + d is the Hodge Laplacian. Consequently, for
n=5 we have stability if

(9.14) A>2(n—2) on T*.

Let 4,(S"/I') denote the k'* eigenvalue of 4 on T*. Then A,(S"/I') = A,(S") if I is non-
trivial, since the first eigenspace of 4 on T(S")=~ T*(S") is exactly the space ¥~
defined in Sect. 7 and no element of ¥~ is I'-invariant. One computes easily from
[4] that A,(S")=2(n—1). This proves Theorem (9.1) for n=5.

When n=4 we have a connection preserving bundle isometry *:T*— A3T*,
and conditions (9.12) and (9.13) coincide. The argument in the paragraph above
shows that D*D =3, and the proof is complete. []
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Proof of Theorem (9.2). Since n=3 and D*D=1 on T we know from
Proposition (9.4) that >0 on F, and F,. The bundle F,~A3T* is trivial and
D*D is equivalent to the standard Laplace Beltrami operator on functions. Its first
non-zero eigenvalue is = 3. However, it has a 1-dimensional null space generated
by the volume form *1. This corresponds to the element Be T* ®so, defined by
setting

By(Y)=*X A Y),

where *:4%2T—T is the Hodge star operator. Clearly DB=0, so, in particular,
0B=0. From (9.4) we know that

S(B)=—2B.

Since the next eigenvalue of D*D on F, is =3, we know that >0 on the
orthogonal complement of B. This completes the proof. []

10. Results on General Homogeneous Spaces

Many of the ideas developed in Sects. 6 and 7 for §” can be carried over to any
homogeneous riemannian manifold. This contradicts the long-standing belief of
the authors that the noncompactness of the conformal group of the sphere was
crucial in the proof of the Stability theorems. We begin by proving the following
generalization of our fundamental result, Theorem (7.12).

(10.1) Theorem. Let M =K/H be a compact orientable homogeneous riemannian
manifold of dimension 4. Then any weakly stable Yang-Mills field over M with group
SU,, is either self-dual, or anti-self-dual, or reduces to an abelian field.

Proof. Let K be the group of isometries of M and let x be its associated Lie algebra
of Killing vector fields. There exists on x a K-invariant inner product such that for
each point xe M, the natural map

&x
KT M,

defined by ¢ (V)=V,, is an isometry on ker (¢,)*. We fix this inner product on x.

Consider now a weakly stable Yang-Mills field (E, P, G, V) over M, and let
peQ*(g;) be a gg-valued 2-form. Then we defined a quadratic form Q,20onkas
in Theorem (7.7). By formula (6.5) we know that

(10.2) 0,(N= Ag (Hiy )iy @)

for Vek, where
(10.3) Fr=5"d"+ K"
The key fact is the following lemma whose proof we shall postpone.

(10.4) Lemma. If ¢ is harmonic and if Vis a Killing vector field, then
Py P)x=— 2 ARE s Pe, 1+ IR 0 1)
J
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This lemma is valid in general dimensions. In dimension 4, we can choose our
harmonic form to be ¢ =R™. Then, writing R"=R* + R, we see that

(10.5) FHiyRY)y=—2 Z [R;, v RZ 1.

We now take the trace of Q . We move the trace under the integral sign and use the
fact that for each point xe M, we can choose an orthonormal basis (V}, ..., V) of k

such that
Vix)=e, ...V (x)=e,, Vs(x)=...=Vyx)=0,

where (e, ...,e,) is an orthonormal basis of T, M. This gives

trace(Q,)=—2f Y <[R., ep R e RS o>

Mi, jk

We know from Sect. 4 that the right side of (10.5) is symmetric in X and V.
Consequently, trace(Q,)=0, and since Qq,>0 on x (because the field is weakly
stable), this means Q,, —0 on k. Finally, since the field is weakly stable, this means
i, R*)=0 for all Verc ie.,

(10.6) Z [R. v, ;j,szo

for all tangent vector fields X,Y on M. This was precisely the hypothesis of
Proposition (7.16). We conclude that [a*, a~]=0, where at each point xe M, af is
the sub-Lie algebra of (g;), generated by the transformations R y for X, Ye T,M.
Consequently, by arguing as in Sect. 7 we conclude that either [a*,a*]=0 or
[a~,a”]=0 on M. In fact, from the elementary properties of the Lie algebras we
know the following.

Suppose G =SU,, and suppose that both a* and a™ are not zero. Then as we
saw in Sect. 7, neither can vanish on an open subset of M. Consequently, both a™
and a~ are abelian at each point. Since [a*,a”]=0, we conclude that a=a* +a~
is also abelian everywhere on M. In particular, dim a <1 everywhere on M. If R is
not identically zero, then an open dense subset of M we can write

R)V(,Y=‘Px,y®‘7’

where ¢ is a scalar 2-form and ¢ is a section of g; of unit length at each point.
Proposition (3.15) now implies that ¢ is parallel and ¢ is harmonic. On a compact
4-dimensional homogeneous space, every harmonic 2-form is parallel. (Check
case-by-case.) Hence o is a globally defined, parallel section of g,. At each point
peM, a, is an endomorphism of the fibre E,~C? with eigenvalues 4 and — 4.
(These eigenvalues are non-zero and constant on M.) The corresponding eigen-
bundle decomposition E=E,®E_, is parallel, ie., is preserved by the con-
nection. This gives the desired reduction to a U, -structure group, i.e., to an abelian
field. [

Proof of Lemma (104). Fix a point xe M, choose X, e,,...,e,e T.M so that
(eq, ...,e,) is an orthonormal basis. Extend X to a local vector field and extend
e, ....e4 to a local orthonormal frame field so that

(DX) (x)=(De,) (x)= ... =(De,) (x)=0.
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Since ¢ is harmonic we have

0" @)= — Y7, @), x=0
@ @)y, v,z2=5 @)y, z+(Vy@)z x +(V20)x,y =0

for all X, Y, Z. Set =i, ¢. Then at the point x,

(10.7) )=~ L0 o,
=- g{vej(d@,,x)—d@pe,,x—d¢epex}
==LV 0x~ 50
== XV F 0= B, x = Va(00) + O}
== ; Ve Ve(0v. x) = @v b, x = Vx(Pv.e) + v Dye,}
=- ; Vej{(Ve,‘P)V,x T @p,v,x— (VX‘P)V,e,- —Ppyv.e;)
== ; Vej{(VV(P)ej,x +¢p,v,x— ‘Pbxv,ej}

=- Z{(Vej(VV(p))ej,X + (Veﬂ’)pe)/,x +¢nz,.v.x
J

- (Ve_jgo)xV,ej - (ngj,xV,eJ}

= —Z{(Vei,v(P)ej,x"‘(V equ))eJ,X-l'(VeﬁD)DejV,X
J

+ Pp2 v, x~ Ppz, XV,ej} .

Since 69 =0and Ry y =V y— V7 y, we have
Z (Vezj, Vﬁo)ej, x= Z (Rer, V‘/’)ej, X
J J
= Z {[RZJ-,V7 q)eJ,X:I - ¢Rgl,vej,x_ (pEj,ReJ,Vx} :
J

Furthermore since V is a Killing field it satisfies the following equations:
Djj,XV= R, vX
D*DV = —ZReJ,,VeJ: Ric(V).
j

Substituting these last three equations back into (10.7) gives:
(10.8) 0" d"P)y=— Z [sz,V’ (Pej,x] - Z [(VD,_,JVq))er,X + (Veﬂ’)nqv,x} .
J J

A Killing vector field ¥ has the fundamental property that (D, V,Y) = —(D,V,X)
for all X, Y. Writing DejV=Zajkek we have that a; = —a,;. Substituting this into
k
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the second summation in (10.8) gives:

Z {ajk(Vek(p)ej,X + ajk(VEj(p)ek,X} = 0 .

Jk
Consequently, we have that
(0"d"¢)x = — Z [sz, V> Pe,, x]-
J
By definition we know that

K@)y = Z [Rer, X @ej] == Z [sz,Xa Pe;, v].
J J

Adding these last two equations proves the lemma. []

(10.9) Remark. Theorem (10.1) can be easily generalized to fields with group U,
SU; or SO,. A detailed statement will appear in a forthcoming note by the authors
(to appear in Annals of Math. Studies volume edited by S. T. Yau).
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Note added in proof. The result obtained by N. Hitchin on half conformally flat Einstein manifolds
with positive scalar curvature has been obtained independently by T. Friedrich and H. Kurke from
Berlin (GDR).





