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Abstract. The 1/n expansion is considered for the n-component non-linear o-
model (classical Heisenberg model) on a lattice of arbitrary dimensions. We
show that the expansion for correlation functions and free energy is asymp-
totic, for all temperatures above the spherical model critical temperature.
Furthermore, the existence of a mass gap is established for these temperatures
and n sufficiently large.

1. Introduction

It was noted by Stanley in 1967 [1] that certain lattice spin systems exhibit
considerable simplification as n, the number of spin components, becomes large. In
fact formally, as n— oo, these models become the so-called spherical model,
introduced and solved by Berlin and Kac in 1952 [2]. Their work should in fact be
considered the origin of the studies of large n behaviour of multicomponent
systems; it also provided motivation for Stanley’s work.

In 1973 Wilson [3] in the context of quantum field theory and Abe [4] and
Brezin-Wallace [5], in the context of spin systems, found that there is a systematic
way to expand in powers of 1/n. Subsequently these “1/n expansions” were used to
compute a variety of objects of interest, such as critical temperatures and
exponents.

Soon several other theories came into the realm of 1/n expansion. 1974 °t Hooft
[6] gave the solution of 2-dimensional QCD with SU(N) gauge group, as N — oo,
and Gross and Neveu [7] studied the 1/N expansion for 2-dimensional four-
fermion interactions (these had already been touched in Wilson’s work). More
recently the 1/n expansion has been applied ([8,9]) to CP" and related o-models
and it has been also suggested to be useful in 4-dimensional QCD [10].

There are several reasons why the 1/n expansion has aroused such an interest. It
is a non-perturbative expansion, typically each term being a (formal) sum of
infinitely many orders of ordinary perturbation theory. Already the zeroth order
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reveals non-trivial structure, e.g. in the case of the non-linear g-model the formal
n—oo limit is the spherical model, which exhibits a phase transition. In scale
invariant theories, such as QCD with zero fermion masses and various g-models,
there is no natural parameter in which to perturb and so the 1/n expansion is the
only expansion available. Finally 1/n expansion is expected to be' valid near the
critical point, providing thus among other things a computational tool alternative
to the e-expansion.

Very little has been rigorously proved about the 1/n expansion. The only result
known to this author is by Kac and Thompson [11], who proved that the limit of
the free energy of spin systems with spins of fixed length is that of the spherical
model as n— 0. However, their method does not generalize to higher orders in 1/n,
nor does one get any information about the critical temperature, fall-off of
correlations etc.

In this paper, we will be considering the 1/n expansion for n-component non-
linear o-models on a d-dimensional lattice with d =2 near the critical point. As
mentioned above, the formal n— co limit of these models is the spherical model,
which has non-zero critical temperature Tg in more than two dimensions and in
d=2, T;=0. We will study the 1/n expansion for T'above Ty and show that it is an
asymptotic expansion for correlation functions arbitrary near T. This is achieved
by obtaining an explicit expression for the remainder to k orders of the expansion,
which we show to have a bound proportional to n™*~ ! (Sect. 6). Moreover, spatial
behaviour of the remainder can be studied, and we will establish exponential falloff
in the odd sector and certain parts of the even sector. This proves the existence of a
massgap (in these sectors) for all temperatures T above Ty as n>n(T) (Sect. 5).

We note, that it has been previously shown using infrared bounds [12], that
the critical temperature T™ for spontaneous magnetization satisfies 7" =Ty in
dimensions d=3. If we define T{" to be the smallest temperature above which
there is massgap, our results imply that (to be precise, only in the above mentioned
sectors) T\ < Ty +an ™" where a, b>0. We also note, that the known upper bounds
for T™ differ from Ty by a numerical factor [13].

By the Mermin-Wagner theorem, there is no long range order in two
dimensions for our models. It is a conjecture, that for n>2T7 is zero. However no
rigorous results exist. Our results imply that T <a(logn)™# «, §>0.

The proofs of our results rely on the use of a “dual” representation of the model
(Sect. 2), in which the n-dependence is transparent. On the other hand most of the
estimates depend on the fact that in the original representation we can use
reflection positivity in the form of chessboard estimates. The interplay of the two
representations is the underlying philosophy of our approach.

In the dual representation the 1/n expansion turns out to be an expansion
about a saddle point of a certain infinite dimensional integral. The technical
problems with it are twofold. First of all, the integration measure is complex and
non-local. Secondly, local expectations in the original representation are non-local
in the dual representation. The second problem is solved using random walk ideas
of Brydges and Federbush [14] to reduce to local expectations. Their methods
play an important role in our work, allowing us to reduce the problem of proving
clustering to that of obtaining sharp pressure estimates. Due to the fact that the
measure is complex and non-local these are however nontrivial to prove. We
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control the behaviour in the neighborhood of the saddle point by using chessboard
estimates in the spin representation as a lower bound, which allows us to reduce to
finite volume in the dual representation. The integral away from the saddle point is
estimated using chessboard estimates in the dual representation (Sect. 7).

The main results can be found in Sect. 3.

Finally, we remark that results similar to those proved in this paper can be
proved for the (¢?)? Euclidean Quantum Field Theory (continuum) in two
dimensions. This will be discussed in a separate publication (see also [20]).

2. The Model and the Formal Expansion

We will start by defining the model and giving a formal derivation of the
expansion.

Let A4 be a simple cubic, d-dimensional periodic lattice obtained from
(=1+%, l+2)"CZ" &, ....Y) by identifying points (i,....,I+3, ij4y,-..,1,) and
(s =I+5050 4, .0iy), j=1,...,d. We occasionally imagine A imbedded in the
(flat) torus T, obtained from [—I+3%, I+1]CIR% The non-linear s-model (the
classical Heisenberg model) is described by the random variables (spins) ¢ : 4 —IR"
whose joint distribution is

ai@=zoanp) oy T 604)

li=jl=1

T18(p2—mya e;, (1a)
ied
where Z,(A,n, ), the partition function, is chosen so that u, is a probability
measure on R™. =T~ is the inverse temperature. The normalization of ¢? can
be changed by scaling §; n turns out to be natural since it leads to a nontrivial limit
as n—oo. It is also convenient to rescale ¢— B~ /2¢, since in d=2 we shall be
considering f— co. Thus we will study the following measure

WOD=ZAnp exp(z D b)) [1067=nBd"g,. (1b)
i—jl=1 ied
We will usually suppress 4 in du“? and other expressions since the A—Z* limit
of Z(A) and correlation functions exists by standard arguments (see e.g. [15]) and
our bounds are uniform in |A|.
Let us study the characteristic functional S(g) of y, i.e. S(g) = <{exp(®,g)), where

(Dg={-du )
and (¢,9)=) > ¢rg%. After multiplying S(g) by 1=A4A4"' where
ied a=1
A=exp(—d—m?/2)np|A| and using ¢p>=np, we get
Sg)y=2; " [em 2@ ATmINT@D [T 5 (7 —nB)d" 3)

ied
where Z, is the integral with g=0, 4 is the lattice Laplacean, ie. 4;;=—2dJ;;

+ Y. 0, ;.1 and m? is at the moment an arbitrary positive constant. We can
[k =1
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write the numerator in (3) as

Q2m) Ml [[]d" ¢, [ dMlaeit@ > =) g~ 12(@.(~ 4+ m2)) o(6.0)
i

and a similar formula for the denominator. Now the gaussian integrals can be
performed and we end up with

S(g)=<exp3(g,(— A +m>—2ia)" 'g)),,
where (-, is the normalized measure
det(— A +m? —2ia) "2 e~ infuragilly = gnF@ gl 4)

Note, that the determinant in (4) doesn’t have any zeroes since —A+m? is a
positive definite operator and a is self-adjoint. We see from (4) that as n— oo one
could expect that the dominant contribution to this measure comes from the
vicinity of the critical points of F. The 1/n expansion is a formal loop expansion
about such a point.

Let us make a change of variables a—az where z=n"'/2. Thus defining

fla,2)=— gtr log(1—2izCa)— iz~ 'ftra, (5)
dii(a)= (j ef@a) gilg)=1ef@z)gidl g (6)

we get
S(g)= [expi(g,(— 4+m*—2iaz)~ ' g)dp(a), (7

where we cancelled the constant det(— 4 +m?)~ "2 and denoted (— 4 +m?)~ ! by C.
We will denote expectations in dji, the dual measure, by < - ).
The critical points are determined from df/da; =0, i.e.

(—A4+m?=2iza);'=p forall ieA. (8)
Let us try to choose m? such that a=0 is a solution to (8), i.e.
(—A+m?); =B (9a)
which in the A—Z* limit can be written as
f @—(2 i (l—cosp.)+m2>—1 =p. (9b)
[—n,7)4 (23— '

Let my(p) be the solution of (9b) when it exists. We see, that in dimensions d =3
there exists a 8, < oo such that m(fs)> =0, for  below g my(B)* >0, and for f> B¢
there is no solution my(f)?>=0. On the other hand in two dimensions as f— oo we
can always satisfy (9b) with some m?>0 since the integral has a logarithmic
singularity at m*=0. (9b) is the equation for the massgap m,(B) of the spherical
model [2] and fg is the inverse critical temperature of that model; so for d=2
Ty=p;5 ' =0.

The 1/n expansion can thus be considered as an expansion around the
spherical model. We will be studying the region < g so that my(f)*>0. We are in
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particular interested in T being close to T, i.e. my(f) close to 0. By a simple
computation one gets

ﬂll_p}o e*"Pmy(B) <00  d=2. (10)

In d=3 one obtains that my(f)~*(T— Ty) is bounded as T— T.
The expansion for ¢-expectations is now formally derived by performing the
dual transformation

(G($),=<G(a,2)
and expanding G and e’ in powers of z. Since the Taylor series for f at a=0 is
fla,2)~ —tr(aC)*+3 Y. 2ifk™* 2"~ 2 tr(aC)* (11)
k=3

one only has to compute gaussian integrals.
Let us consider e.g. the 2-point function which is

($idj>y=L(~A+ms—2iaz);'>=<{H,;;> (12)
by differentiating (7). Hence in this case

Gla,z)~ i Qiz)*[C(aC) ]

and we have to compute integrals of the form
[@CY[]tr(aC) dola),

where dpg is the gaussian measure on RM! with inverse covariance defined by the
quadratic form

2tr(aC)*=2(a, B" *a).
Thus e.g. the O(1/n) terms are
—4p~ ! f(CaCaC)U do(a)+8(3n)~ ! [ (CaC);; tr(aC)* do(a). (13)

In general the k :th oder in 1/n expansion for the 2-point function can thus be
expressed graphically as follows. Consider connected graphs made out of various
rings (Fig. 1), with up to 2k+ 1 external legs, and one chain (Fig. 2) with up to 2k
legs, by joining the legs pairwise. A ring with n legs carries a factor $(2i)"z" " ?and a
chain (2iz)". Straight lines represent C;; and curly ones 1B, » where (B~ b, i=(C; j)z.
Sum of such graphs with total power of z 2k and multiplied by numerical factors
constitutes the k:th order term in the expansion. The expansion has only even
orders of z. E.g. the expression (13) is represented by the graphs of Fig. 3. We take

$ 8% ¢ _a ™
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as the starting point of our analysis the dual measure dfi. The basic technical
properties of this measure are given in Sects. 4 and 7.

3. The Main Results

To state the results we need to introduce some notation. Let 4 be a finite set of
points in Z%, same point possibly occurring several times, and o : A—[1,2, ...,n].
Let {¢%> be the correlation function
<= ([0,
icd

Recall, that my(f}) is the spherical model mass gap; let us denote u,(f)
=cosh™!(1+1m(p)?). Theorem 1 proves the existence of mass gap in the odd
sector for T arbitrarily near T, — the spherical model critical temperature — as n is
sufficiently large.

Theorem 1. Let A=A, UA, where A, and A, are odd. Let d(A,, A,) be the distance
between A, and A,. Then there exist constants a,, a, >0, depending on the dimension
d, such that for all f<f, and n>a, my(f)™*

(9%,0%) SR, JADe oy,
where (B, n)>0 and moreover u(f,n)— py(p) as n—oo.
We will show that a, <6(d+2)+ 1 and also get an explicit bound for R (Sect. 5).

Let now ) s,(4,0)n™™ be the formal 1/n expansion for {¢%), derived in
m=0

Sect. 2. Theorem 2 gives a bound for the remainder of this expansion.

Theorem 2. Let f<pf, and n>max(8r,a, my(f)”*?), where a, and a, are as in
Theorem 1. Then

r—1
{P%p— Y s(A,)n™™ ZR(r,p,A,0)n"".
m=0
Thus, in particular, the 1/n expansion is an asymptotic expansion for cor-
relation functions (point-wise for T arbitrarily near the spherical model critical
temperature). We will get quite explicit bounds for R(r, §, 4, «), in particular in the
odd sector R has exponential falloff ¢ ~#A4(41.42) (see Remark 1 after the proof of
Theorem 2).
Also, the free energy is shown to have an asymptotic expansion in powers of
1/n (Remark 3 in Sect. 6).

4. Reflection Positivity of dji

We will now prove the basic technical property of dfi, reflection positivity. Since in
Sect. 7 will also need some related measures, we define in general a two parameter
family of complex measures on R

dp (@)=Z;} e’y (a) [ ]| h(a)da;, (14)

ied
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where y,(a) is the characteristic function of the cube g,/ <k, ie A, and
h(a)=(2d+mi—2iza)™". (15)

Z,, is defined so that [dfi, ,=1. The measures will be considered only for those
values of k,t when this is possible. We will later see, that this happens for t=0,
x>0 and for all ¢ if x > x(t, A). Expectation in dfi, , is denoted by < - >, ,. Note that
dit,, o=djt. We prove, that dj, ,, although complex, is reflection positive for
z=(integer)” /2. We introduce some notation. Let A, ={ie A|i,e[3,!—3]}, and
let 0 : A— A be the reflection in the x; =0 plane. Hence A=A, 004 .. For X CA let
A(X) denote the functions Fe S(R'*!) depending only on the variables {a;}; . We
define 7 : A(X)— A(X) by

(tF)(a)=F(—a).
We now extend 6 : A(X)— A(6X) by
(OF)(@)=(F)(0a), (Ba);=ay.
Then we have

Proposition 3. Let z=n""? neN and Z, ,+0. Then
(a) (FOF),_,=0 for Fe A(A.) (Reflection positivity).

Kt =

(b) Let‘fie A({i}) satisfy tf,=f;. Then

(T ad), [ TT(TT ffah

ied \jed Kt

(Chessboard estimates).

Proof. (a) We transform (FOF), , back to the ¢-representation. Let

Fig)=fetes 0 (%fa) T1 bt ada,

ied +

where a; is defined to be zero for ie A_. Then

CFOF), ,=<1(01))g ' CF(OF) D,
where (- ), is the normalized measure

m
expl(,49) [Te” > ',
ied

We denote the standard reflection operator in ¢-representation by 0, ie.

0¢ h(¢i) = h(d)oi)* .
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We get

9= et 0(e)0%) 2 (0) ] iz )i,

jebAa 4

L a\* -
— j‘ez(a,((?d) nﬁ»F<_E) sz(a) l‘[ ht(Z 1aj)daj

Jjed +

*
_ j‘e—i(a,(o(pz—-nﬂ))F(g) Lon(@) H h,(—z‘laj)daj

Jjed +
*
_ [j‘ i@ 062 =np) (g) %..(a) 1;[ h(z~ 1aj) daj
jed+
= F(0,¢)*
=(0,F)(9).

(FO,F>
Thus (FOF) = ¢.70>
us < >K,t <10¢1>0 =

by Reflection positivity of (- >, and by assumption <f0¢ iy+o0.
(b) Chessboard estimates are a consequence of (a) by the general theory of
reflection positivity [16]. [

0

5. Mass Gap

In this section we will establish the existence of a mass gap in the odd sector for all
B< B, as n>n(p).

Let us consider the correlation functions {¢%)> defined in Sect.3. Let
A;=o"1(i). We can transform {¢%) to the dual representation by using (7).

@p=(M#a)=_ 3 (11 11 ). (16
i=1 {pieP(4:)}) \i=1 (jj'dep;

where P(4,) is the set of pairings of the elements of A; and the right hand side of

(16) is defined to be zero if any A, is odd. As in (12) H=(—4+mj—2iaz)™ .

As it turns out all estimates of correlation functions such as the ones occuring
on the r.h.s. of (16) can be reduced to pressure estimates, namely upper and lower
bounds for the partition functions Z, , occuring in (14). In this section we will in
particular need bounds for

£0)= lim, Z,, (4)M

= lim, [j el@? IHA h(a)da,|"'M. (17)

Let also ¢ denote the formal z—0 limit of £9(z):

— 1 41, o= tr@C)>1/14]
¢ /tll_pgd[_fd ae A

The proofs of the following basic results are deferred to Sect.7. Recall that RP
implies that ¢®(z)=0.
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Proposition 4. There exist constants y, and y,, depending only on d, such that for
n>y,0,(B) and o, (B)=my(f) 2@+ 91

£z 0 —p,(6,/m'*),

for all B< B, where 6, =mga,(logn)***3.

Proposition 5. There exist constants y, and 7y, such that for n>vy0,(f) and

(B =mo()
)< EQd+md) (1 s %)

where &, =mqx,(logn)*.

Remark. Note that the upper bound, Proposition 5 is much sharper than the lower
bound. The lower bound thus determines our bounds for critical temperature,
physical mass etc.

We will now bound the expectation in (16). The crucial idea is to expand H;;.
=(—A4+mj—2iza);" in powers of the off-diagonal part K of —4=2d— K. Such
an expansion has been previously used by Brydges and Federbush [14]. Since
| K|l =2d and m(f)* >0 for < fB,, the expansion converges for all a. Using the fact
that K generates random walk we get

H;= Y []Qd+mj§—2iza) P, (18)

. w:i—j ked
where w runs through the random walks on A from i to j and n(w, k) is the number
of times the walk w visits the site k.
Let us denote

n(B)=my(p)~ 0“1, (19)
We can now prove

Proposition 6. There exists a constant s, depending only on the dimension d, such
that for n>y.n(p)

(M) = 11 Cop (i,

a=1

where C(m?)=(—A+m?)~Y and the physical mass m?*(B,n)>0. Moreover
lim m(p, n)=mq(B).
Proof. Using (17) and recalling (15) we get

()= 3, i)
=) <H M, k)(ak)>

{wa}

¥

where t(w, k)= n(w, k).

a=1
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Since th,,=h,, we can apply chessboard estimates (Proposition 3b) to obtain
(we take the A—Z¢ limit)

r é(t(w,k))( )
<az];[1 Hiaj“> é z I—[ :

{we) keZd 4 (O)(Z) ’

Combining Propositions 4 and 5 we can find a y;>0 such that as n>y,n(f)

(20)

£9z) _
Sy S
for all t, where m*@B,n)>0. We can choose lim m?(B,n)=m,(B)> since
. (5 )
ln;lgupéo—)((z)) <(2d+m3)~". Thus
<n Hi.,,ia> < Y [[@d+my) == C, ;(m*). O
a=1 {we} k,o a=1

As a consequence of Proposition 6 we obtain the

Proof of Theorem 1. In (16) each term in the sum includes at least one H;;, such
that je 4, and j'e A,. Proposition 6 therefore implies the claim since C(m?) has the
desired exponential falloff. [

We would in general expect that truncated correlations {¢% ; ¢°2)> decrease
exponentially in the distance d(4,, 4,), for f<f, and n>ysn(f). Proposition 6
however will not permit us to perform the necessary cancellations required by the
truncation. We thus get exponential clustering only when the truncation is trivial,
1.e. also in certain parts of the even sector. However it is possible to extend this
result to certain non-trivial truncations using Ward identities as follows.

Let (-),, be the expectation in the (normalized) measure e~ '/>@-*)dy(¢),
where ¢;;=¢,0,;, ¢,>0, and -}, in the corresponding dual measure. Of course

(04,:=C" D4 We thus get “Ward identities”

d d .
0= d—8k<F(¢)>¢,e= i (Fa,2)),

which by simple computation can be written in the form (H® =(H ' +¢)™?)
dF n A
N Mg py
<d8k>8 2<Hkk9Fe>a 0 (21)
In particular let F =H,;; so

dF®
de,,

and thus inserting in (21)

= _Hikaj

=0

2
(Hye; Hypp == CHyHj
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Hence
25 D @55 = (Hygs Hypd +2CH, Hy >
=2<1 - %) (HuH» (22)
and we were able to perform explicitly the cancellations in this non-trivial
truncation. The right hand side of (22) can be bounded as before by
2(1 - %) C;(m?)C;(m*) and we get the desired exponential falloff.

In a similar way we can deal with the expectations <(¢>§}’)2; I1 ¢jff> and we get
j

exponential falloff.

6. The 1/n Expansion and a Bound for the Remainder

We shall in this section derive the 1/n expansion in a nonperturbative way and
bound the remainder.

The expansion is generated by “resolvent” expanding H’s in (16) and integrating
factors of a by parts in the dual measure. We rewrite the f of (5) as

fla,z)=—tr(aC)*+g(a,z)= —(a, B~ *a)+g(a, 2) (23)

thus defining g and B~ !. We need the following elementary Lemma, whose proof is
given in the end of this section:

Lemma 7. B~ defined in (23) is a strictly positive operator, whose inverse B obeys

|B,j| S bm2e~woli~Jl

2
m
with o and b constants and p,=cosh™! <1 + 70)

The integration by parts formula is (we denote 0;=0/da))
<aiF>:%ZBij<(aj+ajg)F>' (24)
J

0,9 is easily computed from (5):
dg=iz ' trP,H—iz"'f+2trP;CaC
=4iztrP;CaHaC, (25)

where P, is the projection onto the j : th coordinate and we used the saddle point

condition C;;= . 0, thus has an explicit z factor. Note that in perturbation theory
0,9 is O(z). In (24) we may also encounter J;H:
0;H=2izHP,H (26)

The “resolvent” formula for H is:

H=C+2izCaH. 27



284 A.J.Kupiainen

As an example of above let us derive the O(1/n) reminder for the two-point
function (H,;>. We first expand (H) = C+2izC{aH) and then integrate the a by
parts to obtain

1)
(Hy=C+ e

where
RM =4 Z CP,B,{H tr(P,CaHaC))
Kl
~2Y CB(HP,H).
k,l

In the general case (16) we proceed in the same way. We first expand an H
using (27). In terms having a’s we always integrate by parts. In terms having no a’s
we expand an H. When no H are left we have generated a term in the expansion.
The remainder has an explicit n~* factor and involves products of C;s and B,/’s
contracted to expectations of the form

<gai I1 Hkl> (28)

<k, 1>
which we now bound.

Lemma 8. Let n=max(41, ysn(f)). Then

(1=

iel a=1

T ey [1C 007,

where b is a constant and m?* is as in Proposition 6.

Proof. Using (18) and recalling (15) we get

Kl_[ a; <H (ia;) H By, (@) >‘

kol o

(w o}

where we inserted a factor i'fl. The summand is again of the form <]_[ G(a)\, and
1
since G/a) is (ia)*h(a) for some s and ¢ we have tG,=G, Using chessboard

estimates it is bounded by <H G,(a,)>’” 11 If =0 we can use Proposition 6.

Thus it suffices to consider s+0. Then

Kﬂ Gz(a,)>’ <|[e/da|" ' (2d+m2)~* [ &/ ] |a]da, .
The last factor equals

{da]]las||det(1 —2izCa)| ">

= (da]]|as| det(1+4z2C**aCaC/?)~"*, (28)
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Since CY2aCaC''* z ¢,C**a*C''* where ¢, =infspecC=(2d+m3)~* and since by
minimax principle, if 0= 4 < B, det4 <det B, we get

det(1+4z2CY2aCaCt?)~"/2

<det(l +4c,z>CM2a*CY?)~ "4 = det(1 + 4¢yz*aCa) ™4

4 —n/4
<det(l +4ciz2a?) " =] (1 + Ecgaf) .

ied

Since s -~ (28) is now by explicit computation bounded by

]! bS where b,

(2d+m0)b2 and b, is independent on f. We can now undo Y, as in
()
_l 1,

Proposition 6, and we get the claim since [ (1/2s) and by

Tsi=11]
Proposition 4 [j e/]7 1 is bounded by a constant (detB< oo even at ;). []

We are now in a position to prove Theorem 2:

Proof of Theorem 2. From Lemma 8 and the discussion preceeding it we see, that
the estimate for the remainder to k— 1 orders of the expansion of (16) is a sum of
terms of the form

Py

-d(k B Y A TT 1T C:is oy (29)

{1k} Gy kj=0

P
where C*) is either C(mg) or C(m?), {I(k;)} run through XZ* and A()) is a graph

with P=Y p; external legs and lines B;; and C;; with CC and CCB vertices, such
that each connected component of 4 contams a leg I(k;). We defined [(0)=; and

l{p;+1)=j. Since C and B have exponential falloff, sg)p A(l)<oo. The claim
follows. []

Remark 1. The » and f§ dependence of R(r, B, A, o) are easy to study. Note that if we
formally let z—0 in our remainder, all H’s turn into C’s and we are left with

expectations <ﬂ ai> in the gaussian measure with covariance 3B, which produce
0

iel
el (l l) terms. The remainder then turns into the corresponding term of the
expansion. Thus from Lemma 7
R(r, b, A,0) SR (r)R,(B, A, )
where R,(r) <b} R,(r), R; being the number of graphs in the r:th order term.

Remark 2. As for the  dependence, we use the fact that the remainder consists of
graphs of the expansion with some B lines removed. E.g. for the two-point function
the largest terms are those with maximal number of a factors, graphs such as in
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Fig. 4, where dots denote a’s. These are proportional to

(C3 2r+1 (Z IBij|)2r+ 1 NH’I(; 2(2r+1)
J

by using Lemma 7. These claims can be established by an analysis similar to the
one sketched in Sect. 8.

a a o

Remark 3. Theorem 2 allows us to prove that the expansion is asymptotic to the

Fig.4

free energy p= Alinzld p, where

Boy o
—|A]" log[e2 ™" ' T] 47 1 5(p2 - n)d" ¢,

ied

and A, is the area of n—1 dimensional sphere of radius n. Namely

d
pa(F)= j i ”A(’”— dj <¢é¢§,> (30)

and we can now expand the right hand side of (30) in powers of 1/n. As f—0 (high
temperature) we only need to note that f~ mo(ﬁ)2—>constant [from (9)] and that
the b in Lemma 8 is bounded byo, +o,m]. It is now easy to verify that the
remainder to k— 1 orders is bounded by R,(f)fn"* uniformly for fe [0, f].

We now prove Lemma 7.

Proof of Lemma 7. Positivity of B~* follows from
(a,B"*a)=trCa'Ca=trC?a'CaC'? 20
since a*Ca is a positive operator by the positivity of C.

As for the exponential falloff, recall that

. ki)
BU 1{(2 )d (j de(p)C(p k)) )

where

d -1
€)= (2 3, 1—cosp)+ 2coshif)- 1)

and I,=[—n,7]% Now (C xC) (k) is periodic in Rek, and analytic in k, for [Imk,|
= uo(ﬁ) because Re[ C(p) C(p— k)] is strictly positive there. Thus we can Shlft the k,
integration to [ — =, m] +i(p, — ¢) and hence obtain falloff in the 1-direction and by
symmetry to all coordinate directions. Taking geometrical means and estimating
the overall constant gives the claim. []
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7. Bounds for the Dual Measure

This section proves the basic pressure estimates, Propositions 4 and 5.

For large n (small z) we expect our measures dji , to get their main
contribution from the vicinity of a=0, the critical point. Thus we expect Z, , to
depend very little on «k as the following lemma shows.

Lemma9. Let ¢, (A,z)=Z, (A,2)"/". Then

4K2 —n/4 B
I s2<1+—) (2d+mgy)~".

= n(2d+m2)?

Proof. Let k be such that £, #0 (if ¢, ,=0 for all k we are done ; however, e.g. £, ,
>0 since in the ¢-representation the corresponding single spin measure is
positive). Recall that £, , >0 by Proposition 3.

Kt =

Defining
0 (a)=d(a+x)+da—x)
we compute
A _y -1 N
S (ol

=€K.l : <5:(ai)>!c,t ’

where we used translation invariance in the second step. Since 5" =57,
Proposition 3 gives (by a limiting argument)

[1 6:<a,>>
led K,t
= }f H 5 (@)ha)e’ @y (a)da

e/ @ [T ha)

led

1/]4f

dk

=&

1/]4]

<2 sup il (31

a;i=tx

where in the second step we cancelled ¢, , and in the third step noticed that there is
no integration left. Recalling that

/@) =det(1—2izCa) "2~ hira
we get
/@2 < det(1 +422C'2aCaC?) "2

and using minimax principle as in Lemma 8

4 2,2 —njA]/2
det(1+422c1/2aCac1/2)—"/2g(1+ ( il )

2d+mj)? (32)

since a?=xk?. Inserting (32) to (31) we get the claim for & _,#0 since |h,(a))|
<(2d+m,)~". By continuity the claim holds for all . [
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Lemma 9 enables us to reduce the study of £ in Propositions 4 and 5 to the
study of the cutoff partition functions Z, ,

Z, (A, z)= [/ “?y (a)[] h(a)da,.

ledA

We wish to bound Z, (4,z) in terms of lin(l) Z,[(A,z). Let us define for

ke[0, o]
A, 2)=Z, o(A,2)M, (33a)
E(9)= lim &,(4,2), (33b)
£ A)= lim E,(4,2) = (J ™€ g, (@)da)! 14, (33¢)
&= lim &,(4). (33d)

In (33¢) we denoted explicitly the A dependence of C,=(—4,+myB, A)*)~?,
where we recall that m is also A dependent since it is a solution of the saddle point
condition (C);;= fp (9a).

Proposition 5 is now rather easy to prove:

Proof of Proposition 5. We can estimate &, , by taking absolute values:
£ A DA S 2+ md) =4 [ eReS @y (a)da, (34
Now from (5)

1
Ref(a,z)=Re (g [ dstr[2izCa(1 —2izsCa)~*]—iz" 'p tra)
0
1
= —tr(aC)* +8z* Re | dss® tr(Ca)*(1 — 2izsCa) ™ !, (35)
0

-where in the last step we used C;;=f5. Inserting (35) to (34) and choosing z < % we

obtain
Ee A, 2) SE (M) (2d+md) " expdz kA" tr CF. (36)
Using the Fourier representation of C we get
1
I—/Titer§b1m‘(‘)"8, (37)

. 1 ?
where b, is independent on A. Let us now choose « such that — ——K—7 =logn.
4\2d+mg

Then from Lemma 9 we deduce

|£(2) = Co(2)] = limsup €, (4, 2) = £, (4, 2)]
2

1 K b
< U — z2
_b2 eXp( 2 (2 (2))2) n2 . (38)
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(36)—(38) give now the claim, since n~ *(logn)*m{~® <¢ can be solved by n>ym~?°

uniformly in . [J
We will now turn to the lower bound, which is more subtle because of the
complexity of the measure.

Proof of Proposition 4. We start by bounding &,(z) and then use Lemma 9. Let us
transform £, (4, z) to the ¢-representation:

'f A Z)_<ngn i >1/|AI
ied 0,4
where the expectation is in the gaussian measure on R" with the covariance

@1 C,= @(—AA+mo(ﬁ,A)2)‘1
and
9.(@7)= | daet= @m0, (39)

Let A,CA be [—L+%, L+17% We will choose L later. Since g, is real and |4,
even, we obtain using chess-board estimates in the reverse direction (by RP
everything is positive)

¢4, 2)= < [} g.(¢? >1/|/10|
Hence

Cl2)= lim ¢(4,2)= < [T 9.(¢; )>”’A°' (40)

ieAo
where the covariance of - ) is now @ C,, with mass my(f) = Alin%d my(f, A). To get

lower bound for (40) we transform the right hand side of (40) to the a-
representation :

—ig— ra
(1L adol) =[dlag, () det ~2izCa)e =,
iedog 0
where a is the matrix

=6 if ied,

a
a;=0 if i¢A,.

Recall that by the saddlepoint condition (9) C;;=p for all ieZ’. We can thus
compute:

<ﬂm@§

ieAo

1
= [d“lay, (a)exp (g {dstr2izCa(1 —2izsCa)™* — iz~ ' tra)
0

1
= [d“lay (a)exp ( —tr(aC)? — 4iz | dss* tr(Ca)>(1 — 2izsCa) 1) :
0
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2
To estimate the integral in the exponent, let 2| Cllzk <3 ie. zk < —49. Then

Wi N

1
[dss? tr(Ca)* (1 —2izsCa) ™| £ 1> tr (P, C)>.
0

We denoted the projection onto A, by P,. Since (as in the previous proof)
tr(PoC)? <b, 7 3md ™ 6|4,
we get by fixing |4,| such that

2

27 imi O olz = % (41)
the result

fx(z) >2- 1/21Aol(§ Xx(a)e““‘“C)Zd‘/‘f"a)m"D'. 42)

Note, that the last factor in (42) is not £ (4,) since it involves C instead of C, — the
periodic covariance in A, with mass mj(B, 4,). Let C be the periodic covariance in
A, with mass mj(p). Since by the method of images (see [17], Chap.IX)

(Ao) —
Cio= Z Cijrark
kezd

we get denoting (6C);;= ), Cj;,,yy that

kez4\{0}
IX e—tr(aC)ZdIAola>e—xz(tr(6C)2+2uC6C)
K =

| yeem @’ qq, (43)

Now for L>mgy ! we estimate
0§tr(5C)2+2trC5C§b4ng|6/10]=b5m52|ilLo—'. (44)
(42), (43), and (44) give

log2 2, —27-1 — tr(aC(40)2 ,1L
¢ (2)=exp —m—bsx my 2L ([ xee da)l 4ol , (45)
0

Note, that C“*® has the same mass as C. In Lemma 10 below we show that

N

e_(m>z + _éﬁ'.'L

=bs myL|’
0

(46)

Choosing x as in (38) and combining (45), (46), (41)
£o(2)> &, (1+beg’), (47)

where ¢,=m, " %logn)?*3/?z. The claim is now obtained as in the previous
proof. []
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Let us denote ([ y(a)e @ qldolg)l/idol by p (A,). Only (46) remains to be
proved:

Lemma 10. There exists a constant by such that

K

!éw—m(/lo)lél%( Lz FColmL)” )

Proof. By translation invariance

dndAo) _

e =M A0)<0 (@) o (48)

In 48) ()., is the expectatlon in the normalized measure
exp(— tr(aC“9)?)y (a)d*'a and as in Lemma9, §}(a)=5(a+x)+da—x). In
order to be able to use chessboard estimates we defme the expectation

C em=M(Ag, m) 101 [ - det(1 — 2izC A0 q) /2
-7 pwactio) gldol g (49)

defined for n large enough. We now write

<5:(a0)>n,oo = '}Ln;) <5: (a0)>;<,n . (50)

Note, that {-»,  is none of our earlier expectations since C{{'”+f in general.
However, we can still perform the transformation to the ¢-representation :

<5: (a0)>K,n = <dl:— (¢é)>¢,x,n ’ (51)

where (-5, is a reflection positive measure. We can proceed as in Lemma 9 to
deduce from (50) and (51)

4 2,.—1 —1/4n
1(40) <3, (2,)) < lim z(1+ < )

(2d +mj)?

2 L (52)

=L2CXP|-————>551.

P ((2d+m3>2>

(48) and (52) hence give us

K 2
(Ao~ (A Sbex -(—) 53
N(Ag) —1(4g P~ 157 Tl (53)

We are left with estimating

M2(A0) = Eool =& [1 =1, E M. (54)



292 A.J.Kupiainen
Note that 77, and £, involve gaussian integrals ; denoting as before (C{)* = (BY);; !
we have
__L 1
NolAg)es ! = lim, (detB) 71T (det B 140

1 2 d
=D [[dplogfdkc k) C(p— k)—Z({—) 1og<k;<%) C(k

p

Clp— k)} ; (55)

where the sums run through {% meZ°, lmalgL}. The difference between a

Riemann sum and integral in (55) is easily estimated. We add and subtract in the
exponent

[20n) " {dplog 3.7 | o Clo— .

Since C(p)~(p*+mg)~ ! for p small, we can choose ¢, such that for L>c,mg ' e.g.
the term

|5|—|jdkC<k>C(p b= (5] cocio-k)

k
< I 5 dk|V(C(k)C(p— k)|
and thus easily
1 o
m)_dfdplépl §czmo 1L ! .
Hence

S | antog kU Clp—-toe (2| T e cto—)
Seamg 'L
The remaining terms in (55) are similar and we obtain for myL <1
=1, (4)E5 | ScsmoL) ™ (56)
(53), (54), and (56) imply the claim. []

8. Discussion

The bounds for the remainder of the expansion derived in Sect. 6 are in dimensions
d=3 qualitatively what one would expect; our remainder is approximately the
sum of the absolute values of the next order graphs (slightly different graphs
however, since some lines are missing). In 2 dimensions we have reasons to expect
that the true behaviour is qualitatively different from this because of certain
cancellations in the expansion, which we will now explain.
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Let us consider first the O(1/n) term for the self energy (mass correction), Fig. 3.
Near T,=0 we can for simplicity assume the propagator is C(p)=(p?+m3(f))~?,
with some f-independent cutoff. The discussion also applies to the renormali-
zation of the formal expansion for the continuum theory, where m is fixed and we
vary the cutoff. We use both languages freely.

Note that both graphs of Fig. 3 have quadratic divergence in the cutoff, since
the ultraviolet behaviour of B(k) is k*. In other words the graphs are O(1) in m; *
~e*™ (10). Thus it appears that the physical mass m*(8)=m3(B)(1+n~* 0(e*™*))
and hence logn> f would be the region where the expansion could be expected to
be valid. This is also essentially our bound since we require n~*mg* to be small.
However the graphs of Fig.3 cancel almost completely. This can be seen as
follows.

Let G, be the “self energy insertion” Bk, C,, occurring in the graphs of Fig. 3 and
G, =G, —8,,G(0) the substracted G i.e. in momentum space

(p) =G(p)— G(0).
Then the second graph can be written as

ZBCCG_ZBCCG

ij il ij~jk

+ ZB” C;,C;G(0)= Z B,;C;,C;,Gy,+G(0),
where we used (B~ !);;=(C;,)*. Thus the difference of the graphs is that of Fig. 5 i.e.
G is replaced by G*. The quadratically divergent G has been substracted at zero
momentum; G* is only logarithmically divergent. The expansion thus regularizes
itself!

In terms of the field theory logarithmic divergencies are what one on formal
grounds expects, since the only counterterm for the Lagrangean L=(d, ¢)? with
¢? =constant is L itself; there should only be wavefunction and couphng constant
renormalization. We thus expect the difference of the graphs to be proportional to
m¢ logmg ~ mZ, which is confirmed by explicit calculation. Hence the relevant
small parameter would seem to be f/n and not e**#/n.

%—éwéﬁwea - 9

G, (p) G2(p) =G2(0)
Fig. 5 Fig. 6 Fig.7

It is in fact easy to prove that these cancellations occur in all orders of 1/n.
Namely, by powercounting we see, that the only quadratically divergent sub-
graphs are the self energies in Fig. 6. We also note that each such insertion also
occurs in the graph of Fig. 7. Let us check the combinatorics and relative signs. Let
G, be an insertion to tr(aC)", n>3 and hence G, is an insertion to tr(aC)"~*; all
other parts of the graphs are the same. Recall, that tr(aC)* carries the factor
1(2i)*k~ 1. There are n (n—1) ways to insert G, (G,). Thus the graphs have the
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factors n-n~1(2i)*(3)® and (n— 1) (n— 1)~ *(2i)"* 2% -3+ (2)° where we recall that each
B has to be multiplied by %. Hence the two graphs have same combinatorical
factors, but opposite signs. For n=3 G, is a part of G, and for insertions to (Ca)"C
same argument works. Thus repeating the argument above

G.(p)— G,(0)=G3(p)— G3(0),

where
Gi(p)=G,()+G,(0) and G

includes G instead of G,. The G, insertion is substracted at zero momentum. We
can hence assume that all such self-energy insertions appear in substracted form.
Standard renormalization theory can now be applied to show that the terms in the
expansion have only logarithmic divergence.

Finally we remark that there is further heuristic evidence that f/n is the correct
small parameter in d=2. Renormalization group calculations [I8, 19] give
explicit n,  dependence for the mass. If this is expanded in 1/n, f/n appears
naturally.
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