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Abstract. The present paper states and proves an asymptotic spin-statistics
theorem for composites consisting of electrically and magnetically charged
particles. We work in the framework of a nonrelativistic theory, taking as the
classical configuration space a U(l) bundle over the space of physical
configurations, and as the quantum hilbert space the homogeneous square
integrable functions on that bundle. The theorems are proved using a
formalism we develop here for treating “gauge spaces” — U(1) bundles with
connections; in particular, two products related to tensor products of vector
bundles prove to be extremely useful in displaying the structure of the gauge
spaces that naturally arise in this theory.

1. Introduction

This paper is a sequel to one in which we formulated a first-quantized theory of a
system of electric and magnetic charges interacting (non-relativistically) through
their instantaneous force-fields [1]. As the culmination of that paper, which we
call here “I”, we described — in special cases — the mechanisms by which both the
spin-type (integer or half-integer) of a dyonic composite and concomitantly its
asymptotic statistics (even- or oddness of the wave function under dyon in-
terchange) can be in effect the reverse of those given by the usual combination
rules (see also [2, 3,9]). We then sketched, and promised to prove, a more general
result which first would clarify in what sense dyons do behave in the asymptotic
limit just like ordinary particles whose degrees of freedom split up into internal
and external ones so that their spin and statistics can be reliably defined, and
second would confirm from this point of view that the above mentioned reversals
occur precisely when they “ought to”. The present paper undertakes these tasks.
In order to express and prove our results most clearly, we have to redescribe
the bundle of I in a coordinate free way, which unfortunately relies on a much
larger body of mathematics than figures in 1. Rather than obscure the simple
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outlines of our basic arguments, we have omitted from the main text most of the
mathematical preparation. To make up for this we include two Appendices in
which the various definitions and facts we need are systematically presented.
Because of the need to redefine most of the basic constructs, the present paper will
be virtually self contained. In a few places our present notation differs from that of
I, but we have tried to point out all such differences as they occur.

The paper proceeds as follows: In Sect. IT we construct the configuration space
IE of a system of e-poles and g-poles (electric and magnetic charges). IE is a U(1)
bundle with connection — a “gauge space” — over the space of physical con-
figurations of the particles, and it is constructed as a certain product (%) of the
gauge spaces corresponding to e-pole—g-pole pairs. The euclidean group (of
rotations and translations of IR®) and the group of like particle permutations are
then realized as groups of connection preserving automorphisms of IE. In Sect. III,
restricting consideration to a system of N identical e-poles and N identical g-poles,
we show that under certain circumstances the system can be regarded as consisting
of N e—g composites (dyons). Namely, in the asymptotic limit in which dyon
separation is much larger than dyon size, the configuration space IE becomes
isomorphic to a gauge space IE in which the external and internal degrees of
freedom of the N dyons are cleanly separated ; formally, we introduce a second
product ([x]) which lifts to gauge spaces the notion of cartesian product of
manifolds and then show that [E is the [x]-product of a trivial gauge space
representing the center of mass positions of the N dyons and of N 1-dyon gauge
spaces representing the internal degrees of freedom of each dyon. Realizations of
the euclidean group and the permutation group on IE are induced by the
corresponding asymptotic actions on IE. In Sect.IV we observe that the repre-
sentation of IE as a [x]-product of gauge spaces corresponds at the hilbert space
level to a tensor product of hilbert spaces which again represent the external and
internal dyon degrees of freedom. The realizations of the euclidean and per-
mutation groups on IE induce representations on the quantum hilbert space of
(homogeneous) functions on IE, and we find that a reversal of spin type and of
statistics occurs in dyon formation precisely when the electromagnetic angular
momentum of a dyon is a half-integral multiple of 4. For bosonic constituents, for
example, the representation of the euclidean group & is doubled valued - ie. is a
faithful representation of the double covering group & — if and only if the
interchange of two dyons is represented (on the quantum hilbert space over IE) by
(—1); and both occur if and only if eg=(n+ 3)%. Finally, in Sect. V we state the
generalization of these results to composites containing arbitrary numbers of
particles each having in general both electric and magnetic charge.

Finally, we would like to mention that for apparently very different reasons, the
procedure known as “geometric” or “Kostant-Souriau” quantization [4, 5] deals
with mathematical objects closely similar to what we are calling “gauge-spaces”,
and many of the results of that theory are useful here. Physically the difference
between “geometric quantization” and what we have done seems to be that
whereas they deal with a U(1) bundle over phase space and introduce their
connection A in relation to the symplectic structure of that space, our U(1) bundle
is an enlarged configuration space into which we introduce a connection to
describe the velocity dependent interaction between e-poles and g-poles.
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Nevertheless it is possible that the two approaches are more closely related than
the above would make them seem. At a minimum one could ask whether, by
subjecting to geometric quantization the classical version of our theory (as
described in Sect. 3 of I) one would produce the same quantum-mechanical hilbert
space and Hamiltonian operator as obtained in Sect.4 of I and in its Appendix.

II. The Gauged Configuration Space and Its Symmetries

Definition. A gauge-space E=(E,M,n,I", A) is a principal U(1)-bundle with bundle
space E, base manifold M, projection n:E— M, and U(1)-action I', together with a
connection given by a normalized equivariant 1-form 4 on E.

Accordingly,

Definition. A gauge-space morphism T:IE'—-IE’ is a continuous mapT:E' —E"
commuting with the action of U(1) [i.e. ToI"(u)=1I"(u)o TVue U(1)] and such that
the pullback T*(A")) of A” by T, coincides with A'.

If T~ ! exists and is also a gauge-space morphism then T'is an isomorphism and
IE' and IE” are isomorphic (IE' ~IE"). T'is then an automorphism if [E' =IE" ; we denote
by “Aut(IE)” the group of all such T’s. If T'is any gauge-space morphism then the
continuous map between base spaces, t :M'—M" given by ten’'=n"-T'is said to be
induced by T and T is said to be a lift of t.

Remarks. (i) We will usually omit explicit mention of I', writing I'(u)(X) simply as
uX ; thus we may speak of “the gauge-space (E, M, r, A)”.

(i) Except where there is danger of confusion or in formal settings such as in
the statement of a theorem, we will denote canonical isomorphism by “=

(iii) We identify U(1) with the unit circle C:={zeC||z|=1}.

Notice that in contrast to I we here do not include any metric g,, in the
structure of a gauge-space. Otherwise the definitions agree, although we here call
the bundle-space “E” rather than “B”. (“Eich” in German =“gauge”).

As discussed in I the relation (in which “d” is exterior derivative)

dA=7*(f) 2.1
defines on M a unique 2-form f=curv(EE).

Definition. For any manifold M the trivial gauge-space over M is the gauge-space
E =C x M with projection (u, x)—>x, U(1)-action u(u’, x) = (uv’, x), and connection 4
such that a curve (t)=(u(t), x(t)) is horizontal in E iff u(t) is constant. A trivial
realization of a group G on E is a realization which acts trivially on the fiber, i.e.
one of the form R=1xr. It is not hard to show (see for example the Lemma of
Sect. 5 of I) that any Te Aut(C x M)(C x M trivial) must be of the form

T=uxt (2.2)
for ueC.
The configuration space of a system of N, e-poles (of strength e, p=1,...,N,)

and N, g-poles (of strength g,, g=1,...N ) will be a gauge space, henceforth
to be called IE, over the space R3Me+No) of physwal configurations of the N,+ N,
particles. We will build [E from the gauge space (denoted ID,,,) appropri-
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ate to a single dyon (a pair of particles: one electric charge, ¢, and one magnetic
charge, g) with 2eg=#fc; and in terms of this construction we will realize the
pertinent symmetries of our system — namely, the inhomogeneous rotation group
and the group of permutations of identical particles — as gauge space automor-
phisms of [E.

The space ]D1/2=(D1/2, My, 7y, I3 Aypp) (introduced in I, Sect. 3, as the
bundle of a single dyon in its center of mass frame) is described in a covariant
manner in Appendix A. By introducing bases for the spaces X and V° of that
appendix, we here exhibit ID, , concretely, in a form which proves to be identical
to that given by Trautman [6]". To wit: D, , is a U(1) bundle over the space M,
=1R3— {0} of physical configurations of a dyon with fixed center of mass. It is
therefore four dimensional and can be identified with the nonzero elements of C?:

D, ,,=C>—{0}, 2.3)

so that a point of D,, is a pair &', I=0,1, of complex numbers. With U(1)
identified as C (the unit complex circle), one gets the action

L) & =ug', 2.4)

We can write ¢ in the form

(go ) Ve P eostp

1= i >

SO\ r e  sing)2

where r=¢°0 + 1€ and (y, 0, $) are the Euler angles of the element of SU(2) that

r 0
maps (IO/) to (él) Then the projection 7, ,, : D, ,,—M), takes & to the point of
R3 — {0} with spherical coordinates (r, 8, ¢). Finally, the connection 4 12 18 defined
by

Ay =Im(E0dE0 +E agn)/(E0e° + E1¢Y)

=3(dy—cos0dg) 2.3)
and its curvature is
1in0dO Addp=%F ; (2.6)

in Cartesian coordinates y* on IR3,

A

ﬁzx(y) = ‘Sml I.-}):T . (27)

To build E from ID,,, we will need to define a product of gauge spaces and
also to extend to gauge spaces the notion of the pullback of a bundle. Appendix B
establishes, in a series of propositions, properties of these spaces and of their

1 Infact, we differ from Trautman only in the sign of the angle ¢ defined below, or equivalently, in
the choice of orientation for M, '
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morphisms needed in the paper. In order to make the remaining sections more
comprehensible we repeat the key definitions here.

Deﬁnitiort. Given a gauge space [E=(E, M, «, I, A), a manifold J\ZI R aAnd a Poptinuous
map t: M— M, the pullback #(IE) of IE by t is the gauge space (E, M, #, I, A), where

E={X,%)eEx M|nX)=t3x)}, (2.8)
X, %) =%, [(u) (X, %)= () (X), %), and
A=T*A), (29)

with the map T:E—E defined by T(X,%)=X.
It follows from (2.9) that the curvatures of IE and #([E) are related by

curvt(E)=t* curv(E). (2.10)

Definition. If @, and @, are two circles acted on by U(1), their tensor product @
=P ®P, is the cartesian product @, x &, modulo the equivalence relation
(X , X))~ (X, uX,), X;e ®, ue U(1). Then @ is itself a circle acted on by U(1) via

X, ®X,)=uX)®X,=X,®uX,). (2.11)

The following gauge space product ¥ is akin to the tensor product of vector
bundles?.

Definition. Given two gauge space E,=(E;, M,, 7, I}, A;), the product E, VE, is the
gauge space (E, M, n,T", A), where

E={X,®X,|X;€E, and n,(X,)=m,(X,)}, (2.12)
M=M,nM,, n(X,®X,)=nr,X,)=71,X,), ') (X, ®X,)=(uX,)®X,, and where
A is defined by requiring

[A=fA1+§A2, (2.13)

7 71 72

for any curves y : I—-E, J,: I->E, such that Vt 7y (t) =7,(6) ®7,(¢).
It follows that on M
curv(E, ¥EE,)=curv(lE,) +curv(E,).

The generalization of the ¥-product to m gauge spaces IE; over base spaces M,
is immediate; [E,¥...¥IE, is a gauge space over M=M,;Nn...nM,,, and on M

curv (W ]Ek> =Y curv(lE,). (2.19)
k k
Finally, we define a corresponding product of bundle isomorphisms via

Fact 2.1. LetE, and IF,, k=1, ...,m be gauge spaces over M, and N,, respectively;
and let T, :IE,—IF, be gauge space morphisms, compatible in the sense that the
induced maps t;:M;—»N, agree on M=M n...0M,,:t,|,,=...=t,ly. Then

2 Infactif V; and V, are line bundles associated with principal U(1) bundles IE; and E, having the
same base space, then the product bundle ¥; ®V, is an associated bundle of E,¥ [E,
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N T,.: ¥ E,— X IF,, defined by
k k k
T,9.. . YTX,®..0X,)=T(X,)®...0 T,(X,)

is a gauge space morphism and is compatible with the T,. (This appears as Fact B9
in Appendix B.)

We can use the property (2.14) of the ¥-product to generalize ID;,, to a
sequence of gauge-spaces D, , defined over M, for all neZ and such that

curv(D, ) = gﬁ". (2.15)

To begin with we introduce
D_ 1/2=]]_)1/2a (2.16)

with bundle space, base space and projection identical to those of D, ,, but having
I ,wé=u""¢and A_, ,=—A,, (see also Appendix A). Then curv(D_,,,)=
—curv(ID, ,) (Eq. A28) and therefore satisfies (2.15) in the case n=—1.

We then define

(if n>0:)

D,,=D,,¥%...¥D,, (nfactors), (2.17a)
(if n<0:)

D,,=D_,,¥..¥D_,;,, (—nfactors), (2.17b)
(if n=0>)

D,=Cx M, (the trivial gauge-space). (2.17¢)

Notice incidentally that by Facts B8 and B6(ii) the ID,, form a group under ¥:
IDm/Z Wan/z =Wn+ny2- (2.17d)
We denote by
X=X, Xy, Xq5 0005 X5 (2.18)

the point of R*™<* ¥ representing a configuration in which the e-pole labelled by
pisat x,eR® (p=1,...,N,) and the g-pole labelled by p is at x; (p=1,..., N,). We
define also

Vo =Xp— Xz (2.19)

noting that y,, can be regarded as a linear map from R3>®<*¥) to R and that then
the restriction of y,; to

Mpa — {xe]R3(Ne+Ng)|xpﬁ + xé} (2,2())
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projects M ,; onto M, =R>—{0}. Finally we define in terms of the above

E= Y, 2.21)
pa
where
3= ypq( (o, /2) (2.22)

embodies the interaction between e, and g;. Here n(p, §) = 2e,g,/hc is necessarily an
integer and “y,.” really means the restriction y;|M ; of y,, to M ;. From (2.20)
and the definition of ¥, the base manifold of IE is

M= (\M,;={xeR*W"N)|¥p g, x,+x;} ;
rd
and from (2.15), (2.10), and (2.14)

f=curv(B)= Y. $n(p, 4 (7,5)* (F). (2.23)

In the “Cartan notation” (2.23) becomes
f= Z 1n(p, 4) F(,9),c4V,;®dY%;

which coincides with Eq. (69) of I, so that [E is a gauge-space with the same base
manifold and curvature as that introduced in I (and called there “G”). To confirm
that that it is indeed the same gauge-space we could exhibit an isomorphism in
terms of charts; but we should really ask more generally whether the curvature f'in
fact suffices to characterize IE. Were this not so our theory would be ambiguous;
for the construction in I (see especially Sect.4 and Appendix A) of a quantum
mechanical hilbert space and hamiltonian appropriate to a given system of e- and
g-poles required only that IE be a gauge-space over M with curvature f.
Fortunately one knows quite generally that, as long as the first homotopy group,
7n,(M), vanishes, any gauge-space over M is given up to isomorphism by its
curvature f. (See for example [4, Sect. 18].) And with the image in mind of a loop in
M as a motion of the e- and g- poles at the completion of which each pole has
resumed its original location, a little thought shows that indeed =,(M)=0.
Having thus established the uniqueness of our theory, and in particular of E,
let us construct the symmetries of IE which express respectively the homogeneity
and isotropy of 3-space, and the indistinguishability of similarly charged poles.
Turning first to the (proper) euclidean group & of (orientation preserving 3) rigid
motions of R3, or rather to its universal covering group &, we seek a realization
A:€— Aut(E). Now we built IE from D,,; and Appendix A supplies for (the
covering group of) the rotation group the realization R, , : SO(3)—>Aut(]D1 2)
whose induced realization r=r, , (acting in M) is just the covering projection of

3 Notice that spatial reflections are not symmetries of the physical system since precisely one of the
quantities e, g must be axial
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SO(3) onto SO(3), if we regard the latter as being a group of homeomorphisms of

M, In terms of the concrete ID,,, introduced above, R,,, is the action of

SO(3) SU(2) on ]Dl/z_(]',‘ —{0}, and r is the corresponding rotation of
M ~IR?®—{0}. Then Fact (2.1) (or, precisely, Fact B12) yields a realization

R,,=R,,9..9R,, (2.24)

such that r,, =r. By composing R, , with the map ¢ 5’——»80(_3) which takes an
element & of & into its “rotation part” we get a realization of & in ID,,,

Ay =Ry500, (2.25)
which induces in M/, the realization
Anj2 =T°0Q.

We now build A from the realizations (2.25).
If & is any element of & and e its projection into & then e acts on R3M<* 7o) (in
the obvious way) by taking x as given by (2.18) to

ME) (x)=(elx,), ..., elxg,)). (2.26)

Now fix p,§, let n=n(p,3), and notice that y, being a difference of points of
R3MNe*No) takes A|M,; into 1, in the sense that

RYIGEY SRR (2.27)

for every & in &.

Then fact (B4) with the replacements t—y,,| M ,;, M -M,,, M>Mp, E-D,,,
RoA, 5, 1 Ay P A M g, G—¢& furnishes a realization qu é”—»Aut(lE ) which
induces 1|M ;. Adopting the terminology of Appendix B and leaving 1mpl1cit the
restrictions of Vp; and A to M, we will write

A=V Any2) (2.28)

and call 4, the “pullback of 4,, over the pair (4,y,,)".

Since all 4,, thereby defined induce the same realization on M (namely A|M)
they are by definition compatible, and further recourse to Fact (B12) rewards us at
last with a realization on IE,

A= A,y (2.29)
pq

We turn now to the group of like particle permutations. Let (P, Q)eS X Sy
(where S, is the group of permutations of N objects) belong to this group $0 that
€p =€y 9o@=9; for all p,g. The corresponding permutation w= @(P,Q) of

particle positions on R3W¥<*No) js given by*
POy X )= (i) o X iy ) (2.30)

4 In I, P~ Y(p) was written “pP”. Also notice that “w” is a lower case pi
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Dn/z

vpa Tn/2

Here p'=P(p), 4'=8(§"
Fig. 1

We want to lift w to a symmetry II(P, Q) of IE. First note that @ gives rise to an
isomorphism I1,, : IE , »IEp, 55 as follows. The relation®

Voa=Yein @ (P, ) (2.31)

corresponds to a commutative diagram on the base spaces M ,;, Mp,) 5., and Mp,
as shown in Fig. 1. This diagram is a special case of Fig. 3 in which S is the identity
morphism, id(ID,,). Thus, because the pullback is a functor, there is a lift

1L, E = Epgy6a) (2.32)

of w which makes Fig. 1 commute. [In the terminology of Appendix Ba) II, is the
pullback of id(ID,,) over the triple (@, Yp 60 Vpa)s the pullback is glven con-
cretely by Eq. (2. 8)] Since @ and id(ID,,) are isomorphisms, I1,, is an isomorphism
as well.

We can now use the characterization (2.21) of [E as a product of the [E;’s to
define the symmetry II(P,Q)e Aut(IE) as a product of the I1,,. Thus we set for
(P,Q) in the group of like particle permutations

n(p,0)= W (P> 0). (2.33)

It then follows from the functoriality of the ¥-product as discussed in Appendix B
[or from Eq. (2.36) below] that the II(P,Q) compose in the same way as the
permutations (P, Q):

H(Pp Ql)OH(P29 QZ) =H(P1 OP29 Ql °Q2)
and thus realize the group of like particle permutations.
5 With x,, v, and y,, regarded as maps from R*™<* ¥+ 1o R* the definition of (P, Q) becomes x,ow
=Xp-1(p OF equlvalently x,,(p)ow(P 0)= x, (and similarly for x,). Then [writing P(p)=p', 0@)= q]
Vg T =X, oW —Xg oW=X, = X3 =Y,
which is (2.31)
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An explicit form for II can be given in terms of the concrete definitions (2.8)
and (2.12), (see also Fact.2.1) of the pullback and the ¥-product. According to
(2.22), (2.21), and these definitions

E,,={({ x)e D, , x Mpqlnn/Z(C) =Ypa(¥)} (2.34)

and

E= {Cp? (Cpé’ x)pé

(X E,,q} , (2.35)

where the notation “({,x),,” means that ({, x) is the factor belonging to IE,,. Then
(2.33) becomes

(P, Q) (@ (g x),,@) = Q) (3 D(P. 0) (0 - (2.36)

1z

In concluding this section let us verify that the realizations A and IT just
constructed coincide with those introduced in I and on which we there based our
analysis of spin and statistical reversal. For A, the desired coincidence follows on
general grounds from the fact, demonstrated in Sect. 5 of I, that the group & has at
most one realization in any gauge-space.

As for II, the automorphism II(P, Q) was in I (and under the name “P”)
uniquely defined by requiring that it be the identity on the fiber 7~ *(x) over a
point x such that

a(P,0)(x)=x. (2.37)

But it is clear that II(P, Q) as given in (2.36) does have this feature. For both sides
of (2.36) are in essence products of the same set of factors { ;. If they differ, it is only
because the factors belong to different base-points in M, which occurs precisely
when (3.37) fails.

II1. The Asymptotic (“Dyonic”’) Configuration Space

To define composite particles in quantum mechanics, one separates the “external”
degrees of freedom corresponding to the position of the composites’ centers of
mass from the remaining, “internal”, degrees of freedom of each composite.
Ordinarily, this includes a decomposition of the configuration space into a
cartesian product

Mt MMt x L.ox M, (3.1)

say, of spaces representing first the center of mass positions and then the relative
positions of the particles within each composite system. And the corresponding
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decomposition of the quantum mechanical hilbert space, $, into a tensor product

H>HMRHT'®...QH", (3.2)
relies on the relation
I2(M x N)=I2(M)®I*(N). (3.3)

In our case, however, because the configuration space IE incorporates a gauge
degree of freedom, no decomposition of the form (3.1) exists. Instead, to obtain
analogous decompositions, we must first lift the notion of cartesian product to a
product of gauge spaces (which we will call “[x]”). Then, recalling from I that the
quantum hilbert space here is the space L;(IE) of homogeneous square integrable
functions on [E

L(E)={ye Z(E)|p(uX)=upX)}, (3.4)
we must — and do — find that
B(ERF) = BB)@L,F). (3.5)

Let us therefore define the new product, [x]:

Definition. Given two gauge space [E;=(E;, M,, n;, I}, A4;), the product [E, X][E, is the
gauge space (E, M, I', A), where

E={X,®X,|X,€E;}, (3.6)

M=M,xM,, 3.7
X, ®X,)=(nX,), n(X,)), I'u)(X,®X,)=(uX,)®X,, and where A4 is (again)
defined by requiring

fA=[A4,+[4,, (3.8)

v 71 V2
for any curves y: I-[E, 7, : I ->[E, such that y(t) =% ,(1)®@7,(t)Vtel.

The extension to a product of m gauge spaces is obvious. Properties of
needed in the text are established in Appendix B, and we repeat here only two
facts.

Fact 3.1.Let[E,, i=1,...,m, be gauge spaces over M;and letp, : M, x ... x M, —-M,
be the canonical projections. Then

E,=...JE,~p,(E)Y...9p,(E,).

Fact3.2. IfE; and IF,, i=1,...,m are gauge spaces and T; :[E,—~IF; are morphisms,
then ] T;: X IE,~ [X] IF, given by

T,E.. . BTLX,Q..0X,)=T,X,)®...0T,X,),

is a morphism.
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a) Definition and Symmetries

Let us assume henceforth (until Sect. V) that N,=N, =N and that all the e-poles
[resp. g-poles] have the same mass, m, [resp. m ] and the same charge e [resp. g];
then for all p,§ n(p,§)=2eg/hc= :n. We assume without loss of generality that
n>0 (the case n=0 is trivial).

In this section we want to show that there is an asymptotic region in which the
2N poles pair off into N e-g-composites or “dyons” which behave like “ordinary”
particles with kinematically decoupled degrees of freedom. To this end we will
define a gauge-space, IE, with respect to which the dyons behave precisely in this
way and then argue that the full gauge-space IE becomes isomorphic to IE as the
ratio of dyon size to inter-dyon separation goes to zero.

As in I we form the N dyons by arbitrarily pairing off the 2N poles in the
manner {1, 1}, {2,2}, ..., {N, N}, and let, for P any permutation of {1...N}, P be the
corresponding permutation of {1...N}. The group of like particle permutations is
now the full Sy x Sy [with the first (respectively, second) factor acting on the e-
poles (respectively, g-poles)], and its realization IT induces a realization
II,, : Sy— Aut([E) of the dyon permutation group via

II,(P)=II(P, P). (3.9)

We will derive the asymptotic (or “dyonic™) gauge-space from [E by omitting
from (2.21) the factors which couple the dyons to each other. Thus we define

E= WIE”, (3.10)
Ee=YE o0 (3.11)
p¥q
so that
E=EvVE®, (3.12)

where the “residual” gauge-space (3.11) accounts for that part of the structure of [E
due to inter-dyon couplings. Corresponding to this decomposition of IE there are
decompositions of the realizations A and II. For A we merely factor (2.29) as

A=A A" (3.13)
with
A= W App (3.14)
A=7 A,,. (3.15)
r¥*q

Similarly, in the case of IT;, we decompose, for any PeS,, the expression (2.33) as
[see (3.9)]

I1,(P)=I1(P) ¥ IT***(P) (3.16)
where
I(P)= W 11,,(P, P) (3.17)

1I(P) = W (P, P). (3.18)
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Observe that the last two expressions are in fact well-defined as automorphisms of
IE and [E™* respectively since (P, P) acts the same on the hatted and the unhatted
indices. By (3.16) and Fact B 12 we have decomposed IIj, in the form

I, =T~ 1T (3.19)

with IT and IT™** given by (3.17) and (3.18) respectively. .

We turn now to the study of the dyonic gauge-space IE. In order to expose its
structure let us define M***=IR3¥ and over it the trivial gauge-space (as defined in
Sect. 2)

F*t=C x ]R3N (320)

introducing as well

M™=M,x...xM, (N factors) (3.21)
and the gauge-space over it

E*=D,,X...D,, (N factors). (3.22)

We will also need the projection j : M —M™ which takes xe M _to the N-tuple

(y11(x), ..., yy5(x)) and the projection Z : M — M*** which takes xe M to the n-tuple

(z,(X), ..., zy(x)), where for each configuration xeIR®",
z,=z,(x)=(mx,+m,x,)/(m,+m) (3.23)

is the center of mass of the p'* dyon.

Lemma

E~EXRIE™, (3.24)
Proof. The correspondence

(0 X5) A2, Vgg) (3.25)

identifies M to M x Mt and given this identification the restrictions j,, = ypp|M
are just the projections from M to the M in (3.21). Thus (Z, J’uw . Vng) are the
projections of M =M®x M, x ... x M, onto its factors. Now Z(E®!), being the
pullback of a trivial gauge-space, is itself trivial (Fact B3). Hence Fact B6(ii) allows
EE as defined by (3.10) and (2.22) to be put in the form

E=ZE™) ¥ (Wypp(ﬂ)n/z)) (3.26)

which by virtue of Fact 3.1 becomes
]E:]EeXt (]])n l)
P

as asserted.

The lemma just proved effects a decomposition into internal and external
variables and we want to show that the realizations A and II decompose
correspondingly. Beginning with the former, we can substitute (2.28) into (3.14) to
get (using also the definitions of ¥ and )

/~1 = W i;p(/ln/z) .
)4

(3.27)
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Deﬁmng further A as the trivial realization 1 x A°, where 1°(é) takes z, to e(z,),
and Z(A°*Y) as the pullback of A over the pair (4, 2), and referring to the Remarks
following Fact B4 and Fact B13 gives A in the form corresponding to (3.26)

/~1=§(A“‘)WW §,,,~,(An,2)].

Finally, because of Fact3.1 and the functoriality of pullback and ¥ (the
consequence of which could be called “Fact 3.1 in morphism guise”) there
corresponds to (3.27)

A=A A (3.28)
AM=A4,,H...[4,, (N factors). (3.29)
For IT the situation is roughly analogous. We define a trivial realization on [E*
T =1 x @

where @™(P) (zy, ..., Zy) =(2p- 11> ---» Zp- 1ay))- We also define on [E™ the realization
IT"™ which permutes the factors I, D, , of (3.22) in the sense that it takes the element
Of IElnt

X,0..0Xy 10 Xpoi(y®...@Xpo1gy)- (3.30)

 is the identity map of the p" factor onto the

ie. II"(P)=[ T, where T,
P(p)** factor in (3.22)}. Noting that the pullback, J(IT™™), of IT'™ over the pair

(w(P), 7) (as defined in Fact B4) is just 1 [as follows for example from the concrete
forms (3.30), (2.36) (or rather its p=gq part) and (B1); see also (B8)] and that 21
and H(IT™) both induce w in M we can, as before, invoke the Remarks following
Facts B4 and B13 to get in turn

ﬁ ~ ‘E—(Hext) Wfﬁ(ﬂint)
whence
I =[x I (3.31)

IT* and IT'™ may be said to permute, respectively, the external and internal dyon
degrees of freedom.

b) Asymptotic 1somorphism With IE

We saw in [ that a certain sub-gauge-space of [E in which the internal dyon
degrees of freedom were frozen out becomes trivial in a certain asymptotic region.
We are now prepared to generalize this by demonstrating that [E™ is asymptoti-
cally trivial, from which it will follow that IE and IE are asymptotically isomorphic.
Then the decomposition (3.24), (3.28), (3.31) of dyon variables into internal and
external (as opposed to the suppression of the former in I) will make asymptotic
sense in IE and will thereby give meaning also to the notions of asymptotic dyon
spin and statistics.
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In order to render our notation of “asymptotic” more precise let us arbitrarily
fix a minimum separation between dyons®, I, and define for 0<¢< oo

(ROY), = {xG]R6N}maX(l, m;ix ||ypﬁ||) garglgl ”Zp—Zq”}.

For small ¢, (R®Y), is a set of configurations in which dyon diameters are much
smaller than dyon separations; we will refer to this as the “dyonic regime” and to
the ¢—0 limit as the “dyonic limit”. For any gauge-space IE' such that M’ CIR®N we
define the sub-gauge-space [, by setting M.=M'n(R"), and E,=7'"'[M]
[equivalently IE,=j(E') where j is the inclusion of M’ into M]. Similarly for
morphisms 7" and realizations R’ whose induced maps on base-manifolds leave
M invariant, we define the restrictions 7, and R;.

For gauge-spaces IE, IE” such that M’, M"e RV, [E' ~IE” will mean that for ¢—0
there is a bundle isomorphism T{(e) : E.— E, which becomes an exact gauge-space
isomorphism in the dyonic limit. [By this we mean that for sufficiently small ¢,
T(e) is a U(l)-bundle isomorphism and that V6>03e¢,>0 such that
e<ey=|T(e)*(A))— A.|| <. Here the argument of ||| (call it “4A4”) is the
difference of two connections and therefore the lift of a unique 1-form 4a on
M. CIR®¥ and ||44| can be taken to be the largest absolute valued assumed by any
cartesian component of 4a.] Similarly R'~ R” will mean that as e—0, T{(¢) carries
R’ over into R".

In order to produce an asymptotic isomorphism [E~IE we write, by virtue of
Fact B6(ii),

E,=IE¥(Cx M,)
and compare this with

E, =IE, WIS (3.32)
[from (3.12)]. In view of (2.14) it is plain that an asymptotic equivalence

o C x M (3.33)
will imply that

E~E. (3.34)

To establish (3.33) it suffices in turn to prove an exact isomorphism for ¢=0.
[Strictly speaking we should, because IEg* is not compact, estimate the deviation of
[E:*® from [Ef* for small ¢; but this was done in effect in I (see Sect. 7b) thereof) and
Aa shown to be O(g/l).] Thus we are reduced to proving

Lemma. IE* is a trivial gauge-space :
Ey*~C x Mg® (335)
6 We need I only to exclude from the dyonic limit configurations in which separations between

dyons go to zero. Without such an exclusion, and with the definition of asymptotic isomorphism used
below, our proof of (3.33) would fail
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Proof. From the Definition (3.11) of IE*¢, we have’
= (W Ep@) = ¥V ([Eyy)o-
p¥q 0 p#q

This can be rearranged as

Egs= X/ Ef(p,q), (3.36)

p<q

where by definition

EG*(p, q)= (E, 2o W(]Eq p)o . (3.37)
We claim this last gauge-space is already trivial. To verify this, notice first that for
XEMG®, Ypu=Vpe= —Vep= —Vgp SO that, on M,

Yop=0°Vpy
where 0:Mp,—M, is inversion in the origin (6(x)= —x). Hence inserting the
Definition (2.22) of [E,, into (3.37) and using Facts B2 and B11 gives

E5*(p,q) = [j;pq(]Dn/Z) W(.)7,1;;(]1);1/2)]0

= [(qu(]Dn/z Wg(an/z))]o . (3.38)

Finally we can reduce the argument of y,, to a trivial gauge-space as follows by

appealing in turn to (2.17a) and Fact B11, to (A29), to Fact B 8, and finally to
Fact B6(ii) [see also (2.17c),d))]:

n

D, , VD, ,) = ¥ (D), wO(D,,,)) (3.39)

= ? (]Dl/z VID_ 1/2)

=N/ (Cx M)p) (3.40)
1
=CxM,. (3.41)
Hence (3.38) becomes by Fact B3
Ef(p, q)=C x M*, (3.42)

as claimed, whence likewise the triviality of (3.36) as required.

With the proof of (3.33) we are prepared to discuss asymptotic dyon spin and
statistics. But before concluding this section let us summarize its main conclusions
in a series of asymptotic decompositions of [E, 4, and IIj,.

For the gauge-spaces themselves we had in (3.12), (3.24). (3.22)

E=EVE"™ (3.43)
IE:_ IEextIEim (3443)
E™=D,,x...xD,, (N factors). (3.44b)

7  The second equality is an example of the type of relation whose proof we are usually leaving
implicit but which could be derived rigorously using facts from Appendix B in this case it follows from
Fact B11 and the definition of (-), as a pullback
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Corresponding to these we found in (3.13) (3.28), and (3.29) for the realizations of &,

A=A A% (3.45)
;1=AextAint (3‘468,)
Aint =A,,/2...A,,/2 (3.46b)

and in (3.19), (3.31), and (3.30) for the realizations of Sy,

HD=ﬁWH'eS (3.47)
ﬁ =[]ty [Tint (3483)
IT'™ =“permutation of the factors of (3.44b)”. (3.48b)

Finally we found in (3.33)
B~ Cx M™ (3.49)

without however proving any corresponding facts for A™* or II"*,

IV. The Persistence of the Spin-Statistics Connection
a) Quantum Interpretation of Previous Results

The last section showed in effect that in the dyonic regime — and with respect to IE,
A, and IT — our N dyons behave kinematically as particles whose external and
internal degrees of freedom can be entirely disentangled, the only unfamiliar
feature being the involvement of a gauge degree of freedom in the internal dyon
configuration space, ID,,. In this way the notions of dyon spin and statistics
become unambiguous and correspond, as we will shortly confirm, to the
realizations A and IT.

For the constituent e- and g-poles these notions are not so clearcut.
Nonetheless the realizations A and I are physically natural (as discussed in I)
and will provide unambiguous quantum definitions of total (linear and) angular
momentum and of e- and g-pole statistics. To study how the spin and statistics of a
dyon relate to the spin and statistics of its constituents amounts then to studying
the relation of the above realizations to each other.

Before proceeding with this study let us complete our formal framework by
introducing the quantum mechanical hilbert spaces — and associated unitary
representations of &, S, x Sy, and S, — with respect to which questions of spin and
statistics can be properly posed. Although this “quantization” is logically nec-
essary, it proves to be but a mechanical translation which, at least for our purposes
here, adds nothing to the already classically significant structures introduced in
Sects. 2 and 3.

As in effect given in I this “translation” converts gauge-spaces into hilbert
spaces and realizations into unitary representations. Specifically if IE is a gauge-
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space and IR : G- Aut(F) a realization, then we define® the hilbert space

()= {ye IXE)|VX e E, Yue C, p(uX) = up(X)} 4.1)
and therein the unitary representation R : G— Aut(LZ,,(IfZ)) given by

R(9)p=wRg™") (42)
for geG and yel, (). [In Appendix B, R is denoted “LZh(R)” to emphasize the
“functorial” aspect of quantization.]

For our full system of 2N e-poles and g-poles, quantization produces a hilbert
space IZ(IE) and unitary representations A and IT describing respectively the
quantum mechanical rotation and translation operators and the physically
natural e- and g-pole permutation operators. All this assumes however that the e-

and g-poles are in themselves spinless. In order to relax this restriction we could
augment I5(E) to

BB (095,85, @

with $, (resp. §,) being the internal (“spin”) hilbert space for a single e-pole (resp.
g-pole), and correspondingly extend A, IT to unitary representations on (4.3). But
since the extra degrees of freedom thereby introduced would never interact with
the gauge-space degrees of freedom, their spin and statistics would only combine
in the usual way with each other and also with those of the gauge-space degrees of
freedom. Rather than augment our hilbert spaces, then, we will stick with I(IE)
and merely augment our final results to the general case of e- and g-poles with

spin.
Now from the asymptotic equivalence (3.34) it follows that asymptotically
L)~ L(E). (4.4)

But I[E decomposes as in Sect. 3, and we claim that to describe L(FE) from the point
of view of (4.4) is to describe our system as a collection of N kinematically
decoupled particles, or “dyons”.

Theorem 1. The “dyonic hilbert space” IZ(EE), to which IA(IE) is asymptotically
equivalent, can be written in the standard form

L)~ (é) sp) ®2R™) (4.5)

with the first (resp. second) factor representing the internal (resp. external) dyon
degrees of freedom. The internal or “spin” hilbert space 9y, is Lh(IDn/Z) with the
associated unitary representation of SO(3) being R, , (see (2.24)) and given this, A
and I are respectively the standard action of & and the standard particle
permutation group in an N-particle hilbert space.

8  In order that I2(IE) make sense, M must be endowed with a volume element (from which one on E
follows immediately). Since for us M is always a subset of R¥ (for k=3, 3N or 6N) we can always use the
volume element induced therefrom. (This is equivalent to — but not quite the same as — what was done
in I)
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Proof. According to Facts B14 and B15 a [x]-product at the gauge-space level
translates into a tensor product at the quantum level so that (3.44), (3.46), and
(3.48) give rise respectively to®

BB~ BE® | 1D, (46)
corresponding to which
. N
A=A"® @Am} (4.7)
1
and
0=~ (4.8a)
where
II'" =“canonical permutation of the last N factors in (4.6)”. (4.8b)

Because of the Definition (2.25) of 4,,,, R,, is indeed the internal dyon rotation
group in (4.7) and we will be done if we show that

LZh(IEext) — LZ(Mext) (49)

and that then A% and IT°** act in the standard way by acting on the coordinates of
M =1R*¥, But by definition [E**, A°*, and IT®** are trivial. Then in the first place
we can display the required isomorphism (4.9) as p<¢ via

(U, x) =ud(x). (4.10)

Given this and the definition in §3 of A°™, for example, as 1 x A°*, it follows
immediately from (4.2) that A2~ ).y =1o(1 x 1°*Y(&)) corresponds to ¢oA*(&) as
asserted.

The hilbert space I2(IE) comprises the asymptotic states of the system which
make sense in the dyonic limit just as, for example, in scattering theory a free-field
fock space describes the “in” and “out” asymptotic states. Theorem 1 then
suggests that we regard A as giving the operators of dyon rotation and translation,
and IT as giving the operators of dyon exchange. Indeed if we accept this
interpretation of A then that of IT is unavoidable ; for to say that a unitary group is
the group of particle permutation operators for a hilbert space in the form (4.5)
with linear and angular momentum given by (4.7) is precisely to say that the group
acts in the way described by equations (4.8)!°.

9  Notice that, as required by Fact B14, the volume element on M is equal under the identification
(3.25) to the product element on M x My x Mpx ... x M,

10 Notice that the fact that the dyon position operators z,, acting in the second factor of (4.5) and
giving the centers of mass of the e-pole-g-pole pairs, are correctly permuted by II is also a consequence
of (4.5) and (4.8)
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Hence we can establish both the interpretation of A and that of IT by showing
that the physically correct represention of &, namely A goes over into A under the
asymptotic isomorphism (4.4), which we now undertake

Notice first that (4.4) — or rather (3.34) — is in more detail the string of
equivalences

E=EVE*~EY(C x M)=IE. (4.11)

The corresponding string which we seek to establish is

A=AFAS~ AT (I x ) =4, (4.12)

of which the first is (3.45) and the last is the Remark following Fact B13. Finally in
order to prove the central equivalence we must show that A™* is asymptotically
trivial. But the dyonic limit of A is trivial:

A =1x Ay, (4.13)

if only because both members of (4.13) realize & and gauge-space realizations of &
are unique. (See I, first footnote to Sect.6.) [Alternately the analogue of the
computations made below for IT"** would prove (4.13) directly.] From the exact
isomorphism (4.13) follows, as before, the required approximate triviality of A™* as
e—0:

A~ 1% A, 4.14)

b) Reversals of Spin and Statistics in Dyon Formation
On the basis of the interpretations just given, we are able to deduce (asymptotic)
dyon spin and statistics from those of the constituent monopoles.

Let us ask first whether the dyons’ spin-type is integral of halfintegral.
According to Theorem 1 this depends on the representation R, ,, and in fact on
whether the latter is faithful or not of SO(3). By (4.1) and (4.2) R, , is faithful iff R,
is itself faithful, which it surely is (according to Appendix A) when n=1. Now let
(27)e SO(3) be the 2n-rotation, and set T=R, ,(27). We claim T= — 1. In fact the
induced map t: M,—M), is by definition the identity, and then Te Aut(ID,,,) and
T?=1=T=+1;butif Twere + 1 then R, 12 would not be faithful. Hence by (2.24),

R, ,(2m)= 1% T=(—1)" so that R, , is faithful precisely for odd n.

Inasmuch as our elementary e- and g-poles have been treated as spinless, the
ordinary rule for combining angular momenta would predict integral spin for the
dyons. When n is odd this naive expectation is reversed and as discussed above this
reversal persists if we endow the poles with intrinsic spin of their own; that is

Theorem 2. Consider a system of N identical e-poles of charge e and intrinsic spin s,
and N identical g-poles of charge g and intrinsic spin s,. Then a reversal of spin-type
occurs in dyon formation iff n=2eg/hc is odd.

To determine the relation of dyon statistics to the statistics of the constituent
poles we will relate IT to IT p by studying IT**s. To begin with, IT defines the
individual e-pole and g-pole statistics, with the former (latter) given by the

Il We could also found our mterpretation of A directly on the uniqueness of realizations of & (see
below); but the present reasoning will help prepare our discussion of dyon statistics



Spin-Statistics Theorem 181

behavior of weZ(IE) under permutations in Syx {e} ({e} xSy). Thus a wave
function y which is of pure type (i.e. either bosomc of fermionic) with respect to
both kinds of poles will also be of pure type with respect to IT,, and that type will
follow by the usual combination rule (odd x even=o0dd, etc.) from the types of the
e- and g-poles. For example, a y describing fermionic e-poles and bosonic g-poles
would be odd under IT,. However it is not IT,, but II which, according to
Theorem 1, determines asymptotic dyon statistics. J ust as with A and A, My and IT
are related by (3.47); but for the group S, we can conclude from the asymptotic
triviality of [E"* only that IT™ is asymptotically either trivial or the odd character
of Sy. [See I, the discussion surrounding Eq. (77).]

It is precisely when IT™* is not asymptotically trivial that a reversal of statistics
occurs. For, writing, in correspondence to (3.49),

HI'CS NX X wres

where y : Sy— C is either 1 or the odd character (— 1)*, we learn from (3.47) and the
definition of ¥ (see Fact 2.1, also Fact B10) that there corresponds to (4.11) the
chain of equivalences

[Ty = [T 1T~ FT9( x 07) = 11
After quantization this becomes, in virtue of (4.1) and (4.2)
I~y

so that statistics according to IT agrees with statistics according to IT,, precisely
when y=1, that is, precisely when II*** is asymptotically trivial. We are now ready
to prove

Theorem 3. A reversal of statistics occurs in dyon formation iff n is odd.

Proof. As just shown a reversal fails to occur iff II"* ~ 1 x @™, equivalently iff IT§*
=1 x @y*. Thus a reversal is equivalent to IT5%(P)=(— 1) x @, where we hereby fix
PeSy as the exchange (1+2), and correspondingly @ as wg*(P). Writing for brevity
T= H“"S(P) and T,,=(IL,(P, P)),, we have from (3.18), the definition of IT5* as a
pullback, and the commutatmty of pullback and ¥ (Fact B11)

T=XT,. (4.15)

b*q

[See the discussion around (2.32) for the definition of I1,, and §3b for the “( ),”
notation, of which “IT§*” and “(I1,,(P, P))O” are 1nstances]

Equation (4.15) corresponds to (3.11) but by rearranging it suitably we can
write T as a product of morphisms, each of which acts on a trivial gauge-space:

T=T12W(ﬁ T) (W ) (4.16)

2<p<q

\I;Vher%;;),q= T,,¥ T, and T,=T,,¥T,, According to (2.32), (3.37) and Fact 2.1 (or
act

T,,€ Aut(EG(p, ) (4.17a)
T,e Aut(Eg*(1, 9) VEL(2, 9)). (4.17b)
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To evaluate (4.16) let us refer to the concrete expression (2.36) for I1(P, P), or rather
its analogue for T=IT§%(P),

Igf)q (ép@’ x)qu»x]@ ( y w(x))p’é’

[where p'= P(p), q’=I3(Q)=P/(E)]. Since the the base-point x plays no role in the
following considerations, we can omit it and write the action of T simply as

Q) Eop)pa™ & Epdya - (4.18)
p*q p¥*q

Now since each of the T, T, is an automorphism of a trivial gauge-space over
Ms, each is (2.2) of the form u x @ for some ue C, and T is therefore nontrivial iff
the product of the u’s is — 1. Moreover each T, or T,, permutes a finite subset of the
factors of (4.18), and we will evaluate in turn each of the cases indicated by (4.16).
Consider first T;,e Aut(EF*(1,2)). In Sect.3 we reduced IEf*(1,2) by a suc-
cession of isomorphic replacements first [in (3.38)] to ‘f(]D,,,2 W@(Dnlz)) where
t=(y13)o=y13|My*, and then to the trivial gauge-space (3.42). Since this suc-
cession renders IE{*S(1,2) explicitly trivial it must convert T;, into an expression
u x w as discussed above. Moreover (3.38) and (3.39) imply (see Fact B10) that the
factor u in question is 6" where ¢ is the factor for n=1. For this case the successive
replacements in question are
P —
(1D, ,)¥0-1(ID, ,)
=7[1D1/2 W‘gﬂDuz)]
27[D1/2 ¥D_,),]
=f[CxMp]. (4.19a)

The isomorphism 5(]])1 2)=D_, , is given, according to (A30) by

(1, v)—6(n), neD,,, veMy;

(In terms of the concrete D, , of §2,

om°=n", O =-n)
and the isomorphism D, ,, ¥ID_, ,=C x M, is given, according to (B5) by
ERL—¢ 1L,

where, for éocl{eZ~C? ¢:{eC is the unique solution of £=(£:{){. Then the
replacements for an element of IE5*(1, 2) corresponding ta the isomorphisms (4.19a)
are

& x)®(n,x) [where t(x)= 7751/2(6) = 751/2(’7)]
H(E®(n, 1(x)), x)

H(E®O(), x)
(& : O(n), x). (4.19b)
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Or dropping the x as was done in (4.18), and consolidating, the replacement which
converts IE{%(1,2) to trivial form becomes finally

@=L 0(n). (4.20)

Now by definition [see (4.18)] T, ,((®#n)=n®¢E. Under the replacement (4.20) this
becomes

E:0(n)—n:60(8). 4.21)
But we claim that
$:0m=—1:0(). (4.22)

In fact if £=u®(y) then from the Theorem of Appendix A and the conjugate
linearity of @, O(¢)= O@(uO(n))= —ium, whence (since = 1/u)n=—uO(£), whence
n:0()=—u as claimed. Thus (4.21) is the map —1 when n=1, and T,
contributes in general a factor (—1)"

Consider second T, or for concreteness T;. According to (4.17b), (3.37), and
(4.18) this is the permutation

RNMRRP—~{R®PRERN. (4.23)

Now with (4.20) applied to both EfS(1, 3) and EF5(2, 3), the LHS of (4.23) reduces
to [£:0(m)]®[L:O(F)], and under the further reduction (Cx M)W(C x M)
=Cx M, [see Fact B6(ii)] it reduces further to the numerical product
[E:0m)][L:0(B)]. It follows that (4.23) is simply the identity map so that T,
contributes a factor of 1.

Finally the factors such as Ty, act as

E®n—L{®n

which under the replacement (4.20) evidently amounts to nothing — or rather to 1.
Thus the T, for 2<p<gq also contribute factors of 1.

Corollary. A reversal of spin occurs in dyon formation iff a reversal of statistics
occurs iff eg/hc is half-integral.

Proof. Immediate from Theorems 2 and 3.

Corollary. Dyon formation preserves the connection between spin and statistics.

V. Summary and Final Generalization

We began by introducing a certain gauge-space E to represent the degrees of
freedom of a system & of (spinless) point e- and g-poles; and we found natural
realizations in IE of the symmetries of & corresponding to translations, rotations
and permutations of identical monopoles. In a certain asymptotic regime — which
exists if we assume e, =e, m,=m,, g, =g, m,=m,, and N,= N, = N —IE decomposes
as a product E~E™XE™ where E*'=C xR*" and E*=D,,...xD,,, so
that S appears as a system of N composite “dyons”, each with external degrees of
freedom IR, as usual, and internal degrees of freedom ID, ,.
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Our realizations A and IT,, of & and S, CSy x Sy, respectively, agree with this
asymptotic decomposition of [E except that, when n=2eg/hc is odd, II,, differs by
the odd character y from the standard form JI, which by definition is simple
permutation of the (internal and external) dyon degrees of freedom. Moreover the
gauge degree of freedom embodied by ID,,, means that “internal” dyon angular
momentum can be other than purely “orbital” and consequently can assume half-
integral values. Again this happens precisely when n is odd. Interpreted in terms of
the quantizations scheme of I, these facts mean, as we have seen, that in the
“formation” of composite dyons from point e- and g-poles (possibly with intrinsic
quantum mechanical spin), a reversal of spin-type and statistics-type occurs if and
only if n is odd. Since the reversals always occur together, the composites obey the
spin-statistics connection if the constituents do.

Within the restriction to a non-relativistic, first-quantized theory the above
work falls short of full generality in three ways: the constituents are assumed to be
either pure e-poles or pure g-poles; all composites are taken to be identically
constituted ; only dyonic pairs (as opposed to singlets, triplets, etc.) are considered.
Dispensing with these limitations, one can still carry out an analysis closely similar
to that of Sects.2—4, and we conclude by sketching it.

Let there be N dually charged monopoles (“point dyons”) with dual charges
(€p 9p) p=1...N.(We need only one sort of index now.) Define as before M, x,, y,,,,
and set

E= VE,,,
p<4q
where

Ep=3p(Djp.0)

and where j(p,q):=(e,g,—e,g,)/hc must be of the form n/2 for some integer n

(“Dirac quantization condition”). Just as before there are in IE natural realizations

A of & and IT of the subgroup SCS, which exchanges only like monopoles.
Now let us group the point dyons in any way whatever into K disjoint sets and

consider as before the limit where each set forms a composite particle whose

diameter is much smaller than its separation from the other composites.

In this limit we have as before E~E™[XE™ with [E™ = [] [E7‘being a product of

I=1
gauge-spaces each of which describes the internal degrees of freedom of one of the
composites. (E*** is no longer trivial*however.)

Again there are natural realizations A%, 4™ of & and IT**, IT"™ of the group
S, CS of elements of S which keep the dyonic composites together, and again

ANAextAint
but
HDNXHextHint

where II),:S,—Aut([F) is the restriction of II to S,, and y:S,—»{+1} is a
character.
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For a particular composite — say the I'* — its acquired spin is given by the
action of SO(3) on [Ei™ and its acquired statistics by the sign of y(P) for any PeS
which exchanges it with another composite of like composition. The main
conclusion is just as before : For a particular composite a spin reversal occurs iff a
statistics reversal occurs iff, among the pairs formable from its constituent
monopoles, an odd number have half-integral j(p, q).

Appendix A. The One-dyon, One-twist Gauge-Space

After introducing the notion of, and notation for, SO(3)-spinors, this appendix will
construct the gauge-space ID, , and the “inversion” @, deriving in particular the
equality @?= —1 to which is due the “reversal of statistics in dyon formation”.

Of the many available descriptions of ID, , ([6-8]; see also the presentation in
terms of coordinate charts in I (§3)) that given in part (b) below seems to us to
contain the fewest extraneous elements.

a) SO(3)-spinors
Let X be a 2-dimensional complex vector space and X* its dual:
Z¥=2(2,0). (A1)

Let X (the “conjugate” to X) be X itself only with elements of € acting as their
complex conjugates. By this we mean that any element {e X can be regarded at the
same time as an element ¢ of 2 and that

zE=%E (A2)

for all zeC, £é€Z. In representing tensors formed from X, 2*, etc. we will use the
“abstract index” notation so that &4, &, &4, &, are elements of X, X*, Z 5=
respectively. (We identify Z* to 2*, X to 2** etc.) Thus for example, if £ 2%, 1162
and {=(@neX*®Z, we write (& —éAn and express :=CE®1 as z, —5,1 8.

We assume henceforth that X has a distinguished positive-definite hermitian
metric G, and define its inverse G**' by

G Gp=05¢. (A3)
We will also write the metric, whose hermiticity appears in our notation as

Gyp=Gpy, (A4)
in the index-free manner

&y =E"G g pn”. (A5)

By definition the group Aut(Z ; G) of invertible linear operators S, which preserve
G, p, ie. such that

Gaa gAlB' S45=Gpp, (A6)

is isomorphic (as an abstract group) to U(2), and we may as well denote it by the
same name. Clearly (A6) is equivalent to the condition ST=S"! where we define
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for any Se £(2,2)
(SHY4,=GA4'S¥ .Gy . (A7)

We will call 2 with its distinguished hermitian metric a “space of SO(3)-
spinors”!2, The relation of spinors to vectors emerges if we consider the complex
vector space

V={vp|v" =0} (A8)
and the bilinear form thereon given by

(v, w)=Ftrow=21v1, w8, (A9)
The subset of hermitian [in the sense of (A7)] elements of V,

Vo= {veV|vi=v} (A10)

is, together with the metric (A9), a real 3-dimensional euclidean vector space. In
fact V° is an oriented 3-space because setting

1
8(”1,1)2: 1)3)= Etrvl[vp 03] (All)

defines canonically a 3-form on V°.

The prescription

P& =288 Gy p— (& G p )5, (A12)
defines a map from X onto V°, and under this correspondence, Se Aut(X) goes into
the linear operator

p(S)={v—>SvS~ !} (A13)

[ie. p(S)- p(£)=p(SE)=Sp(&)S~1]. Plainly (A 13) is a rigid rotation [it preserves the
metric (A9)], and in fact the p(S) exhaust the rotation group of V°, which we may
as well call “SO(3)”. When restricted to the subgroup of U(2),

SUQ2)={Se Aut(X)|detS=1}, (A14)

p expresses that SU(2) is the universal covering group, SO(3) of SO(3).
In what follows we will need a 2-form (skew tensor) ¢, and its inverse &
defined by

4Cs . =54, (A15)

B

Since X is 2-dimensional such an ¢ 5 is unique up to a complex factor. We can even
normalize it in magnitude by requiring

648G, Gyp=t15 (A16)

12 One might want to include a distinguished 2-form ¢ 5 in the definition of “SO(3)-spinor space”.
This would reduce Aut(2) to SU(2) and allow a “geometrization” (up to sign) of SO(3)-spinors
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but the phase of ¢, remains arbitrary. [ Notice that the LHS of (A16) could be
regarded as (detG)e, 5, and the positivity of G, , entails that of detG. Thus the
sign in (A 16) is not arbitrary.]

Also for future use we evaluate the norm of p(¢). From (A12) and (A9) [and
writing J¢]>=<¢, &> and ||v|>=(v,v)]

Ip(E)? =324 E% Gy y— |E1*63) QEPEX G ., — €7 65)
=Q2-1-1+1))g* =g,
P =8> =G 4. g EE. (A17)

Finally let us relate our notation to one which might be more familiar. To this
end we treat the inclusion of V into Y®2Z* as a linear map, o. Regarded as
belonging to V*®2®Z*, this map has the index structure ¢ 2., where lower case
Greek indices refer to the vector space V. In terms of ¢ the metric (A9) on V
becomes

gaﬂ=%0aABO-ﬂBA7 (A18)

which can be used to raise and lower Greek indices, and we have then the
identity'3

g0, 50, p=20505—06405. (A19)
From (A19) follows
p(é)a = gA' GA'AO-aAB éB (AZO)

which will look still more familiar if we define

(€N =& Gyy> (A21)
and suppress the spinor indices so that (A20) appears as
p&),=¢&a,&. (A22)

We will also nced the identity
eV v = Ouns (A23)
which follows from tro=0 and the general relation ¢*2¢., = 5465 — 540L.

In terms of any orthogonal basis for 2 the metric G, , becomes the identity
2 x 2 matrix, V becomes the set of traceless 2 x 2 matrices, and (A7) becomes
hermitian conjugation. Hence V° becomes the set of traceless hermitian 2 x 2
matrices, and if we determine a basis for ¥ by requiring that the ¢,*, be the Pauli
spin matrices, we recover the standard isomorphism between 2x 2 hermitian
matrices and IR*; under this isomorphism the 3-form ¢ defined by (A 11) becomes
the usual alternating symbol for which ¢;,;=1.

13 To prove it use (A 18) to show that the LHS of (A 19) is the orthogonal projection of ¥ ®2* onto V
and notice that the RHS is this same projection
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b) The Gauge-space D, ,,

We know from I that ID,,, admits a faithful realization of SO(3), and we have just
seen that the space 2 of SO(3)-spinors also admits such a realization. Is it
surprising then that we look to X as a basis for constructing D, ?

Definition. We imploy the notation just introduced. D, , =(Dy,,, My, 7,5, I,
A,),) is the gauge-space with D, =% —{0}, M,=V°—{0}, m, , =p, (I ,(w) (&*)
=ué4 for ue C, and connection given by

A1/2-5=Im§§:§i (A24)
where ¢ is a tangent vector at éeD, /2 )

(Because D, , is naturally a subset of the vector space Z we can represent ¢ as
itself a vector in X.)

Inasmuch as we have defined 4, in a fully SO(3)-invariant manner, without
having preferred any direction in V°, the associated curvature f=f,, must be
sperically symmetric. Direct calculation shows

Fp©)=%e,5,07 0] T3 =1F,,(v) (A25)

[with e,;, given by (A11)] and thereby justifies our appelation “ID;,”.

Consider now the symmetries of ID,,,. Because SU(2) as defined in (A 14)
preserves all the structure involved in defining ID; ;, (SU(2) C Aut(X)) it induces in
2—{0}=D,,, a group of gauge-space automorphisms. Thus identifying (A 14) with
SO(3) as discussed above gives the (by definition faithful) realization

R, ,:SO(3)— Aut(ID, ,)

in terms of which dyon angular momentum is defined.
Although ID,,, admits proper rotations as symmetries, we should not expect
the same for orientation reversing “rotations” of V'° such as inversion in the origin;

for the product eg= ghc is an axial, not a polar, scalar. Rather, if 0:V°—V° is

inversion in the origin ((v)= —v) then we should expect a lift of 6 to change the
sign of 4 (and hence of the curvature). And in fact the conjugate-linear map taking
e to

O =E G 4 pe® (A26)
is such a lift for any ¢ 5 normalized according to (A 16). To see this notice first that
since O is conjugate-linear it clearly takes fibers into fibers and reverses the action,
I}, of U(1). Moreover if n=06({) then by (A16) and (A4)

' =7"G 4y =E5Gpp ' Gy g

=8 Gyt Gy =E 4y (A27)
so that

A B__ £C A rt _BD
n' g0, gn"=E% 00, 5E e

= an(SDBUaABsAC) &= — &yl e
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where the final step used (A23). This confirms that @ induces 6 on M, Similarly
one can verify for the pullback that @*(4,,,)= —4,,,, which is almost obvious
anyway since © has been defined (up to a phase) solely in terms of the structure of
D, ,.

We can also view (A26) as the linear map @ : X—Z given by

&=0(9).
In this sense it expresses an isomorphism of ID,,, and D_, , where we define

D_ 1/2—(Z Mp,p.I_ )5, —Ay),)
with [(I"_ ,(w)E]Y =u&* =ué” for EeX (recall that X=5 as sets). Observe that
A~1/2= _A1/2:>

curv(D_, ;)= —curv(ID, ,). (A28)

We remark that according to its definition, ID_, , coincides with the opposed
gauge-space D, ;2 as introduced in Appendix B. Also, since the lift
T, /2(0) 19(11)1 12)— 1Dy, (again, see Appendix B for terminology) induces on M, the
same inversion 6 as does @, the composition

@°n1/2(0)3 ( 1/2)_’]D~ 1/2=1D1/2 (A29)
is an isomorphism which induces the identity map on M, In terms of elements
(A29) is [for p(&)= —v]

(& v)—0(%) (A30)

which for fixed v maps [(g(nl/z)]_ '(v) onto (m_,,,) " (v).
Finally let us exhibit the crucial minus sign:

Theorem. &?= —1.
Proof. If n=0(() and { = 6O(x) then, in light of (A26), (A21), (A27), and (A15),

CC=77TA£CA2688AB£CA: _ﬁc'

Appendix B. Products and Pullbacks of Gauge-Spaces

In this appendix we define, and collect some relevant properties of, three
operations on gauge-spaces, whose explicit use greatly clarifies the relations
presented in the body of the paper.

a) Pullbacks

Given a gauge-space IE=(E,M,n,I', A), a manifold M and a continuous map

M —M. one can define the pullback of E by ¢ as the gauge space IE
—(E M, #,I", A) where E = {X, x)eExM[n(X)—t( )}, #(X, £)=% for (X, %)e E and
() (X, %) = (T (1) (X), R). Plamly the map T: E—E given by T(X, %) =X commutes
with the action of U(1) as given by I',T, and we define A to make Ta gauge-space
morphism: 4= T*(A). In this situation (see Fig.2) we use the notation E=%(E),
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E=TE), #=%n), [ =I'), A=1(A), and T=7(r). Notice that ¢ is the map on base-
spaces induced by T; so our notation is consistent.

Fact B1. curv({IE)) = t*(curv(IE)).

Proof. With notation as above and f=curv(E) d4=dT*(4)= T*dA)= T*(z*(f))
=(weoT)*(f)=(t-R)*(f)=7*(t*(f)) so that t*(f) fulfills the Definition (2.1) of
f=curv(E).

It is also easy to verify that

Fact B2. 't, ~t,(IE)~¥,{,(IE) (canonical isomorphism).
The notion of trivial gauge-space was defined following Eq. (2.1) and the follow-
ing follows straightforwardly from the definitions.

Fact B3. The pullback of a trivial gauge-space is trivial. In the above situation
with [E the trivial gauge-space Cx M, the isomorphism E~C x M is given by
((u, x), X){u, X).

Let us recall from the theory of principal fiber bundles (in particular U(1)-
bundles) another result which extends readily to gauge-spaces. To this end
consider (Fig. 3) a pair of gauge-spaces IF;(i=1,2) and of maps t;: M;—M;, and
retain the notation f,(IE;) =IE,, etc.
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If“(S, §) 1 (my, t 1)—>(7z2,t2)” means that S:IE 1y, 8t :M,—>M, and st,=t,8
(where, as always, s is the map induced by S) then given (S, 3) : (n 1 )—>(7c2, t,) there
is a unique gauge-space morphism S: i,(E,)—1,(IE,), inducing § and such that
Sott,(t,)=1,(t,)S. We will refer to S as the “pullback of S over the triple (5, ¢,,t,)”,
and the use of this expression will entail that (S,3) : (n,,,)—>(r,, t,). In concrete
terms S is just the function

X, X)—(5(X), 5(%)) B1)

for (X, x)eE

Furthermore, if E, is a third gauge-space and 0 is the pullback of Q :IE, -,
over the triple (4, 5, t2) then Q oS is the pullback of QS over the triple (§°8, t5, t;).
Finally if [E, =IE, =IE, M M =M and S =id([E) and §=id(M) are both identity
maps, then plalnly the pullback of S over the trivial triple (8, t, t) is itself the identity,
1d(H(E)).

The facts recounted in the last two paragraphs can be described as the
functoriality of the pullback. From this functoriality follows readily

Facts B4. Let t : M—M, where M is the base-manifold of a gauge-space IE. If R, 7,
#, realizing the group G in IE, M, M respectively are such that R induces r (as
1mphed by the notation) and tof=rot (for all geG) then the prescription
“R(g)= pullback of R(g) over the triple (#(g),,)” lifts 7 to a realization R of Gin
(), and 7(t)°R = Ro7(t).

We will call R the “pullback of R over the pair (7 t)”, and denote it by “HR)”
(omitting reference to 7).

Remark. In Fact B4 if [E=C x M is trivial and R is also trivial (in the sense that
R=1xr for some realization r) then #(R) is also trivial.

b) Products

If @, (i=1, 2) are gauge-space fibers [equivalently circles acted on by U(1)] then we
define their tensor product ®=&,®@®P, to be their cartesian product &, x @,
modulo the equivalence relation

(qu,X2)~(X1, “X2)

for ue C, the unit complex circle. Then @ it itself a possible gauge-space fiber since
it is topologically a circle and is acted on by C=U(1) via

uX ; ®X,)=uX,)®X,,

where we have written “X,; ®X ,” for the equivalence class of (X;,X,). Using this
construction we can define two closely related types of gauge-space product.
The first of these extends to gauge-spaces the notion of cartesian product for
manifolds. For an arbitrary pair [, (i=1, 2) of gauge-spaces let E=IE, x][E, be the
gauge-space whose fibers are the tensor products of the fibers of IE; and IE, and
whose projection is therefore the map n:E—-M,x M, given by nX,®X,)
=(n,(X,), 7,(X,)). This gives [E as a principal U(1)-bundle (the definition of its
topology and the proof of its local triviality being straightforward) and we define
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the connection A4 which renders it a gauge-space by requiring

[A=[4,+[4, (B2)

v 71 72
for any curves ¥ : I-E, §; : - E; (where I=[0,1]) such that Vt5(¢)=7,(t)®7,(t).

The second product essentially takes gauge-spaces IE; over a single M and
produces a gauge-space [E over the same M, whose curvature is the sum of those of
the IE; (In particular the Chern class of [E will be the sum of those of the IE,.)
However it proves useful here to allow the base manifolds M, to differ and define
the product only over their intersection. Thus we define for arbitrary gauge-spaces
E,, E,, E=E, VIE, to be the gauge-space over M =M "M, whose fiber over
xe M is the tensor product 7; '(x)®7n; '(x) of the fibers of IE, and [E, over x. In this
case IE is, so to speak, the point-wise tensor product of I, and IE,. To specify the
connection on E, ¥WE, we again use (B2) where now the 7, (and therefore ) must
be lifts of the same curve y: I1—M.

We can summarize the two definitions as follows:

E,KE,={X,®X,|X,cE}
E,VE,={X,®X,|X,cE, and m,(X,)=m,(X,)}.

That [x] and ¥ are similarly defined is apparent, and in fact either can be expressed
in terms of the other using pullbacks. To express ¥ in terms of let
i:M,nM,—M, xM, be the canonical injection, i(m)=(m, m). Then

E, VE, ~i(E,xE,) (canonically). (B3)
Conversely if p,: M, x M,—M, are the canonical projections then
E,XE,~p,(E,)¥p,(E,) (canonically). (B4)

Because of (B3) and (B4), a result in terms of one of the products has usually a
directly equivalent form in terms of the other product. When this happens in the
sequel, we will state the equivalent form only if it is needed for the body of the
paper.

Fact B5. curv(E; VIE,)=curv(E,)|,, +curv(E,)|,,, where M =M ,nM,,and f|,, is
the restriction of f to M.

Proof. As above let 7, 7, and =%, ®7, be lifts of the same curve y and assume
further that y is a loop bounding the surface S in M and that the curves y; bound
lifts S; of S in E;; then 7 also bounds a surface § in IE; ¥IE, whose projection onto
M is S. We have

$4,=[da,= | f,
Vi S, S,
$A=[dA=|/,
v S S

whence from (B2)

[(fi+f,—-N=0.

N
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Since S is arbitrary, the integrand vanishes.
The following comes straightforwardly from the definitions:

Fact B6. Let IE; be any gauge-space over M, and E,=C x M, the trivial gauge-
space over M,, and let p, : M, x M,—»M, be the projection. Then
(i) E,XIE,~p,(E,) (canonically) via

X ®(u, xp)(uX 1, (m,(X ), X,))
(i) E, VE,~[E,|(M,nM,) (canonically) via
X, ®(u,x)uX, .
(Here “IE|N” denotes the restriction of IE to NCM, that is [E|N =j(IE) where
j:N—M is the inclusion.)
Definition. Let E=(E, M, n,I', A). Then the opposed gauge-space is
E=(E,M,n,",—A) where I'WX=I(u"")X

Fact B7. curv(E)= — curv(EE).

Proof. Clear from (2.1) and the last definition.
Fact B8. E¥E~C x M (canonically).

Proof. Let &=n" 1(35), and &=7"!(x). By definition both these fibers are equal as
sets and we write “X” for an element of @ regarded as belonging to . Then the
desired isomorphism restricted to ?Q @ takes X ; ®X, to

PX,®X,):=X,:X,,x)eCxM, (B5)

where X : X, is the unique ue C for which I'()X , =X . The map y will be well-
defined iff for all ue C, w(I'(u) (X )®X,)=p(X  ®I'(u)(X,)), which is equivalent,
since T(u)(X,)=T'u"")(X,), to [TwX,)]:X,=X,:[[u ")(X,)], ie., to the
relation,

I(u) (X ) =T (W) (X )X =T (w)oI(u"") (X)),

whence to I'(u)~ ! I'(w)=I'(w)I'(u~ '), which is true for the abelian group C. It is
also straightforward to verify, using A = — A, that 1p takes the connection on [E ¥IE
to the trivial connection on C x M.

We consider now the ¥-product of gauge-space morphisms as needed for the
body of the paper. For i=1,2 let EE; (resp. IF,) be gauge-spaces over M, (resp. N,)
and let T;:E,—IF, be morphisms such that ¢, |M =t,|M where M=M,nM,. We
will call such morphisms compatible. The obvious presription (for X, ®X,eE, ¥
E,),

X, 0X,~TIX )®T,(X,), (B6)
defines a gauge-space morphism

T, 9T, :E, VE,~IF, ¥F,,
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as is not hard to check. Moreover if S; :IF,—@G; are also compatible morphisms
then
(S1°T)V(S,°Ty)=(S, ¥S,)(T, ¥T3) (B7)

(functoriality). (In particular the ¥-product of isomorphisms is itself an isomor-
phism.) More generally we can state the following self-evident result.

Fact B9. LetE, and IF, for k=1...m be gauge-spaces over M, and N, respectively;
and let {T;} be a collection of compatible gauge-space morphisms T, :IE —~TF,.

Then the obvious extension of (B6) defines a morphism ¥/ T, : Y]Ek—» ?]Fk.
k

If the T, are all isomorphisms then so is their product.

Fact B10. For u,eC, X (u,T,)= (H u}.) (W Tk)
k j k
In particular ¥’ u" =u'u"

Remark. The equivalent results for are precisely analogous, except that no
compatibility of morphisms need be assumed.

Fact B11. Let |, k=1...m be gauge-spaces over M, and let t,: M,—M, be
mutually compatible: t,|M =...=t, |M =t where M =nM,. Then

Y/ 1, (E,) :?(W lEk) (canonically).
k k
In other words ¥ commutes with pullback.

Sketch of Proof. The following is a well-defined isomorphism:
@& ﬁ)«—»(@X o x) (B8)

where necessarily 7,(X,)=#Z) for all k.
Again there is an equivalent result for [x].
The following are immediate corollaries of the functoriality of ¥ and [x].

Fact B12. Let [E, k=1...m be gauge-spaces over M, and let R, : G— Aut([E,) be
compatible realizations [i.e. the R,(g) are compatible for each ge G]. Then R= ¥/
k
R, given by R(g)= \/ R,(9) realizes G in \/ [E, and is compatible with the R,.
k k

Fact B13. If, for k=1 to m, R, realizes G in [, then the map [x]R,
taking ge G to [x] R,(g) realizes G in [x]E,.
k k

Remark. Let E, and E, be as in Fact (B6). If R, (i= 1, 2) are compatible realizations
of G in [, of which the second is trivial (R,=1xr,) then clearly R; ¥R,
corresponds to R, under the isomorphism (ii) of Fact (B6).
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¢) The [x]-Product Under Quantization

Assume henceforth that [E, and [E, are gauge-spaces whose base-manifolds M,
M, are endowed with volume elements yu,, u, and let M, x M, have the product
volume element p=u, x u,. Then [E,, for example, inherits a natural volume
element fi, in terms of which one can define /2(E,) and the subspace I2([E,) of I?-
functions which are homogeneous in the sense of (4.1). We have the following
isomorphism (in which ® is of course the hilbert space tensor product).

Fact B14. L(E,KIE,)~ L(E,)® L;(IE,) (canonically).
Proof. Let w;e G(IE,) (i=1,2) and let y be the function on E=E,XE, defined by
P ®X,) =9, (X )p,(X,). (B9)

The homogeneity of v, and 1wy, ensures that y is well-defined and itself
homogeneous, so that we I5(IE). Moreover since the mapping (y,,w,)—y is
bilinear it defines a linear map f3, from the algebraic tensor product of IZ(IE,) and
L(IE,) [itself a dense subset of the hilbert space product I(IE,)® I5(IE,)] into
L(IE). Let us show that g, is an isometry onto a dense subset.

Firstly if <, is the hilbert space scalar product then

P1@Y,, 01 ®P,> =<y, > <Yy 2>

= 1:5 IPl(Xl)¢1(X1)d,‘71(X1)Ej P,(X,) $,(X,)di,(X )

while by (B9)
Pol1 @), Bo(¢1®¢,)> = 1{ 1 (X )P, (X5) 61 (X 1) (X)X ®X ).

The homogeneity of the y’s and ¢’s reduces the integrals to ones over M, x M,
whence their equality because du(x,, x,)=du,(x,)du,(x,). Hence B, is an isometry.

Secondly the question whether the image of 8, is dense in L(IE) can be studied
in a coordinate patch, and there a favorable answer would follow from the full
result (ie. Fact B14 itself) formulated for trivial gauge-spaces. To establish the
latter we need only write

L(CxM)E(Cx M,))=L,(Cx M, x My)=LE(M,; x M,)
=M )QI(M,)=L(CxM)QL(CxM,),
where the first isomorphism follows from Facts B6(i) and B3, the second and

fourth are obvious [see (4.9), (4.10)], and the third is well known.
It follows that f, extends to an isometry

B+ L(E)@LE,)~ L(E).

Just as a gauge-space (with volume element) IE gives rise to a hilbert space
L(E), a (volume preserving) realization R on IE gives rise, via the natural
prescription

[L(R) (9] w=w-Rg™"), (B10)
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to a unitary representation I2(R), acting in I5(IE). [In the body of the paper this
process was used to derive A= I3(A), I1 =I3(II), etc.] As for the spaces, we have
also for the realizations,

Fact B15. If R, and R, are volume preserving realizations of G in [E, and E,
respectively, then under the isomorphism of Fact B 14

L(R,KR,)~L(R)®IA(R,).

Proof. Let f be the isometry constructed in the last proof. We must show, for each
gea,

BoLL(R)@® L, (R,)g)]= L, (R, I R,)(g)f -
Applying this to an arbitrary ¢, ®y, (and suppressing g) reduces it to

B, Ry ®@y,°R;) =By, @,)°(R,;KIR,)

which itself, when applied to an arbitrary X,;®X,eE,x]E, reduces to
w1 o R )w, o R, (X ) =By, ®p,) (R (X )OR,(X,)), which — at last — is im-
mediate from the definition of .
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