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Abstract. In this paper we prove the existence of solutions to a class of
boundary value problems for a singular nonlinear elliptic partial differential
equation in a half plane. By a recent paper of J. Glimm and A. Jaffe, this proves
the existence of multimeron solutions to the classical SU(2) Yang-Mills field
equations in Euclidean space.

I. Introduction and Results

In this paper we prove existence of solutions to a class of boundary value problems
for the singular elliptic equation

rPAp=yp -y (L.1)
62 2
in the half plane R2 = {(r,t)e R?|r >0}, where 4 = pr + Erex

is the Laplace-Beltrami operator for the Poincaré halfplane [IR% with the metric
r~2(dr*+dt?)]. The boundary values are specified by an increasing sequence
{t;]1 £i<2n} of real numbers and the requirement

We remark that r*4

limy(r, 0)=(—-1)y, <t<t,,,, i=0,..2n,
=0

(1.2)
m y(r,0)=1,
r, )= w0
where we have defined t,= — o0, t,,,, =c0. Our principal result is

Theorem 1.1. There is a function ¥, real analytic and satisfying (1.1) in R%, which
assumes the boundary values (1.2).

* Supported in part by the National Science Foundation under Grant PHY 77-18762
** Supported in part by the Icelandic Science Foundation
*** Permanent address: Department of Mathematics, Cornell University, Supported in part by Grant
DMR 77-04105
* Permanent address: [stituto Matematico G. Castelnuovo, Universita di Roma, I-Rome, Italy
** Supported in part by Grant MCS 76-06524

0010-3616/79/0068,/0259/$03.00



260 T. Jonsson, O. McBryan, F. Zirilli, and J. Hubbard

In the past few years considerable progress has been made towards the
understanding of classical gauge field theories, particularly for an SU(2) gauge
group in four dimensional Euclidean space. Various explicit solutions have been
found - the instantons, see e.g. [1-3], and the two-meron solution of DeAlfaro et
al. [4]. Instantons are characterized by having finite action and integer-valued
topological charge, while merons have topological charge density +3 con-
centrated at points, which leads to infinite action. In recent papers of Callan et al.
[5] and of Glimm and Jaffe [6], it is argued that merons might provide a
mechanism for quark confinement in non-abelian gauge quantum field theories.
Glimm and Jaffe [7] reduced the problem of finding cylindrically symmetric
multiple-meron solutions of the SU(2) Yang-Mills equations to the solution of the
above boundary value problem. The points {(0,¢,)} are interpreted as the location
of the metons, the r-axis is the axis of cylindrical symmetry and the r-coordinate is
the distance from this axis. Thus Theorem 1.1 proves existence of multiple-meron
solutions to the Yang-Mills equations with merons located on a straight line.

Formally (1.1) is the Euler-Lagrange equation of the functional

A(p)= | d*x{&(Vp)? +4r 2(p? = 1)?}. (1.3)
R?

However, it is not hard to show that A(yp) is infinite for y which satisfy the
boundary conditions. In order to employ variational methods to solve (1.1) we
define a renormalized action (energy) functional A,. Let ¥, be a C” function on
R? satisfying the boundary conditions (1.2). Then =¥, + ¢ is a solution of (1.1)
and (1.2) if and only if

Ap=[+r2{B¥5—1p+3¥,¢° + 4%}, (L.4)
and

lim¢(r,t)=0= lim ¢(r,1), (1.5)

r—0 (r, 1)
where

f==AY,+r 2(Pi-"P,). (1.6)

We observe that (1.4) is obtained by varying the functional

3Pe—
A= [ ior g g g1 (1)

Let {M, ,;":1 be a family of bounded open subsets of IRZ with the following
properties:
) M C]\/In+1
i) mf{r[(i teM,}>0.
i) oM, is smooth
iv) | M,=R2.
n=1

For QCIR? define
Aglp)= fdzx{ (V) + 1 22 = 1)) (1.8)

Then
Ag(P)= nhj{l [AMH('PO +¢)— AM,,(‘PO)] .
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This justifies the name renormalized functional. Throughout the paper we
consider a fixed family {M }*_, as above.

While mathematicians generally study finite action solutions to elliptic equa-
tions, definiton (1.7) reduces the study of certain infinite action solutions of (1.1) to
the study of finite action solutions of (1.4). This trick, isolating the infinite part of
the action, is the mathematics of what physicists call vacuum energy
renormalization.

Our solution to (1.1) and (1.2) is obtained by choosing an approximate
solution, ¥, as above and then solving (1.4) by minimizing A, on a family of
Hilbert spaces. At the end we extract a solution to (1.4) and (1.5) by a compactness
argument. As an approximate solution we take

2n

Vo, t)zcos{ Y (1) arctan p Ii} (1.9)
i=1

which satisfies the boundary conditions (1.2). It is clear that the corresponding f'is

real analytic and in the Appendix we show that fis bounded and O((r> + %)~ 2) at

infinity.

Let QCIR2 be open and denote by C*(Q) the set of all C* functions on IR%
restricted to Q. Let CZ(Q2) be the collection of those functions in C*(Q) that have
compact supports contained in Q. We use the notation |-, [[-]/, , for the
LP-norms with respect to the measures d*x and du=r"2d?x, respectively (d’x is
Lebesgue measure), while || -], o [+1l,...0 denote the corresponding norms with
d*x replaced by y,d*x. Here j,, is the characteristic function of a measurable set
QCRZ.

Let WP 4(Q) denote the completion of C*(2) in the norm

bl = 2

’mz+ﬂ
, peZ”.

4.2

A

ot or

The completion of CF(€2) in the same norm is denoted W 4(Q). To simplify our
notation we write By, for W, -*(Q) and B, for B,, . We note that B,, is a separable
Hilbert space and there isa naturdl isometric 1mbedd1ng of B, into B, if QC Q. In
the sequel we use this imbedding without explicit notation.

Let QCIR? be bounded and define [|¢| =] V|, o for ¢e By The norms |-/,
and | -|, , are equivalent on B, (see e.g. [9]). We denote by B the completion of
CJ(R%) in the norm |[V(-)|[,. Then B,,CB for Q bounded.

Our main technical tools for proving Theorem 1.1 are the following two
estimates:

EL. There are positive constants C, and C, such that for all B
AP C 1913~ C

E2. If ¢eB is a smooth solution to (1.4), then
[rVp| < constant .

We show in the appendix that A, is strongly continuous on B,, provided Q is
compact in IR In Sect. T we prove that A is weakly lower semicontinuous on B,,
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under the same hypothesis. In Sect. II we also prove a stronger version of E1. The
estimate E1 and the weak lower semicontinuity imply that there is ¢,e B, at
which Ay attains its infimum on By, It follows that ¢, is a weak solution of (1.4) in
Q. Letting {M,}*_; be as above, the sequence {¢,, }.. is bounded in B and
therefore has a weakly convergent subsequence with limit @ say. The function @ is
a weak solution of (1.4) in IR%.

In Sect. 11T we show that @ is real analytic in R and ®—0 at the boundary of
R2. To prove the second of these statements we use E2.

I1. Existence of Weak Solutions

We begin by recalling some results of functional analysis. For a detailed exposition
of the techniques used here see ¢.g. Vainberg [8]. In the following, X will denote a
separable reflexive Banach space with norm | - .

Proposition 2.1. Let G be a weakly lower semi-continuous real-valued functional on
X such that G(u)— oo as |ul|—>oo. Then G(u) is bounded below and attains its
infimum on X.

For a proof see [8, p. 93].

We wish to apply Proposition 2.1 to the functional 4, on the Hilbert spaces B,
of Sect. I. The weak lower semicontinuity of 4, on B, is proven in Theorem 2.3.
Theorem 2.7, which implies estimate E 1, establishes that Ag(¢)— o0 as |¢| z— co.
Thus, Proposition 2.1 and Theorems 2.3 and 2.7 prove the existence of ¢,e€B,
minimizing A, on B,.

Proposition 2.2. A strongly continuous convex functional on X is weakly lower semi-
continuous.

For a proof see [8, p. 87].

Theorem 2.3. Let QCIR? be open and Q compact in R2. Then Ay is weakly lower
semi-continuous on B,

Proof. For ¢e B, we have

A= (P +fd+r 2 (30507 + Woi® + 50T Px— L[ r 2 W39 dPx.
Q Q

The first integral above is a convex function of ¢. It is also strongly continuous
since f, r~ %, ¥, are bounded functions on Q and Q is bounded, cf. Appendix. By
Proposition 2.2 we conclude that the first integral is weakly lower semi-
continuous. The second integral is a weakly continuous function of ¢, since the
imbedding

B,—LXQ)

is compact (see e.g. [9]) and r~?¥2 is bounded on Q.
Before proving Theorem 2.7 and the estimate El, we establish three
inequalities.
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u2
22

0 d 2 0
Lemma 2.4. If ue CZ((0, ), then | dr<a'§> 24 [dr
0 0

Proof. Integrate u?/r? by parts and use the Schwarz inequality.

Lemma 2.5. If ue C3((—n/2,7/2)), then for ae[0,1]:

n/2 2 /2
[ da ( ) > | defa*u®+(a—a*)u?sec?a}.
~n/2 —n/2

Proof.
/2 /2 /2 du 2
[ duusec’o)=—2 | du|utano|< | du { (~) +au2tan2a}.
-7/2 —m2 o |do -n/2 dot

The lemma follows immediately since sec’o= 1+ tan?a.

Definition. For />0, ¢>0 we define D, ;, on C§((—n/2,7/2)) by

/2
D, ()= | dou

—n/2

Lemma 2.6. There is an ¢,e[0,3/4] such that for ueCy((—n/2,n/2)) and
Jel1/2,3/4]

Deo. ).(u) g 0 .

duz 2 . ~1,02,2
T —(L+e)u”+(Asina+(24) " tu)*u”|.

Proof. We write u=u, +u_ where u, and u_ are even and odd, respectively under
the transformation o— —¢. Since the inner product in L2((— r/2, n/2)) between an
even and an odd function vanishes,

= [ du

(d”+) + (dﬁl>2 —(1+¢&) (> +u?)
~n/2 dor

+2A72 (Wt +ut +6uiu)+ A% sin?o(u? +u?)

/2

+sina(u® + 3uiu_)}.

Using 2ab> —c?a® — ¢~ %b?, we have
uru_sing= —{(24)"*ut +A%u? sina},
2wt u_sing= — {327 2udu? +25%u2 sin®a},
2ut +2%u? sin?a}.

Using the above inequalities in D, ,(u) yields
2 d 2
( ) + (_“;> —(1+o) (2 +u?)

do
+42%u% sino — A% sin? ou?

u? sinez — {14

/2

= | do

—n/2

The positive operator 4= —(d?/da?)+(1/3)A*sin*x is strictly greater than
—d?/do?* since A*sin*o is positive and the resolvent of 4 is compact.
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The minimum eigenvalue of —d?/d*a with zero boundary conditions on
[—n/2 7/2] is 1. Thus for some ¢, >0,

d du+ —(L+e)us +52%sin*au? | 20, if e<e, .
3

—n/2

The smallest eigenvalue of —d?/du? with zero boundary conditions restricted to
the odd subspace of L*((—mn/2,7/2)) is 4, so for e <3/4

2
f do [(du ) —(L+e)u =27 sin?ou?

~7/2
/2 2
> | do [(‘l“ ) —(1+ 22 +e)u? | 20

—rt/Z

This completes the proof of Lemma 2.6 with ¢, =min{e,, 3/4}.
Theorem 2.7. There are constants a>0, b>0 such that for ¢eB

Ar(@)za(|V3+ 113 )b

MERONS .

DL/L

Qq:L.JD‘
it

Fig. 1. The regions Q,, Q, and Q;

Proof. We divide the half plane IR% into three disjoint regions Q,, Q,, and Q, (see
Fig. 1). Let D,={(r,1)eR? |r* +(t —1,)* <5*} and define

We assume o < 1/2min{|t;—t]]i=]}. Let e= i%, with ¢, as in Lemma 2.6 and

define
Q,={xe(R2 —Q,)|¥Yix)>1—¢}.

Finally, Q,=R% —(Q,0Q,).
For Q a measurable subset of RZ and ¢eCy(IR%) define

Eg(d)= [ d*x{5—8e)(Vd)* +r 2[3BWPE—(1—4e)p> + W > + 1o ]}
Q
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Since CJ(IR2) is dense in B it suffices to prove the theorem for ¢e Cy(R%). By
Lemma 2.4,
3
A D)z Y Eq(d)+ | d*xfo. (2.1)

i=1 R2

We bound each E,, (¢) from below. Consider first a half disc D;CQ, and introduce
polar coordinates (o,«) in D;:

r=0cosu, =t;+osino

0<p<d, —nf2<o<m/2.
Note that in the disc D,

Y,=tsino+h(g,a),

where [jh], , -0 as §-0.
Hence,

Ep(9)z g d*x{(3—82) (V)* +r 2[3(3sin’ o — (1~ 4e))
—1 l(sino) 3|+ 2p* —3|hsina p* — [hp3|]} .
We choose ¢ so small that [/h] :,,_Dé% for any ie{1,...,2n}. Lemma 2.5 with
a=1/2 implies
g d>x[4e(Vp)* —3r~ 2|hsina|p?] =0,
while! from the Schwarz inequality and Lemma 2.5 we have

gv d*xr 2 | <20 bl p, |V, p 1112 ., -

Consequently,
Ey (@)= | d*x{(5—12e)(V$)* + 1 2[5(3sin o — (1 —4e))?
D,

~lsinw) | +3¢*T} =3Vl 5 p D12 0, - (2.2)
Now, with v=(1+2¢)''? and
o=il=v= 2~f4g

we have
1(3sin?a—(1 —4e)p? — |sinag’ |+ Lop*
=(v|(sino)p | — v 1% +adp* — (1 —4e) (cos?a)Pp?.
Inserting the above identity into (2.2) and using r<g yields
Ep (@)= | ododa{(;—12¢e) (Vh)* — (3 —2e)0 2¢p*

@)z
b,
+o 2P2(vising] — (2v) D} +alldllS, . p,
=3elV2,p, 110132, p, -
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By the definition of ¢ and the fact that ¢, <3/4 one obtains
ve(l,3/2)
and
($—2e)(3—24e) 1 <1 +e.
Thus, we can apply Lemma 2.6 to conclude
| edodo{(5—240) (F$)* — (3= 2¢)0 " 2dp* +0 7 2¢*(visinal — (2v) " '[p])*} 0.
D,
Hence,
Ep (9)Z1261V13 o, + 01015 0, 361V 12,0, 1813,
Z Z(H Vd’”%,ul + ”(bl]i,u,b) .

This argument can be repeated in each disc D, so

Eq ()2 (17813 0, + 1913 0. 23)

Next we consider region Q,, where Y3 =1—e. Since |V | <1,

B2 [ x|t =saor+r2 1+ 5700 +10°

2;
A\ 1
24801713 0,41 (145) 16120,

2 U120, + 1913, .0.)- (2.4)

O ™

Finally,

Eo($)2(G—82) V)30, — 7 1913,,.0,
—1bl2,0, 1015 0, + 21015 0,
2(G-8) 73,0, 51015 0, = 31913, 0, -

Applying the Schwarz and Minkowski inequalities we have

16113, 0, SHQ) 2 [D113 0, S35 115 40, + 101(Q5)

SO
Eo (@) 21517115 o, + 1117, 0,) —251(Q;5). (2.5)
Now, ||rf]l, <o (see Appendix), so
| def(b\ slrfla el =20 f1L Vel 5. (2.6)
R 2
by Lemma 2.4.

Combining (2.1) and (2.3)-(2.6), there are constants a>0, b> 0 such that 4(¢)
Zza(|o|5+¢l%.,)—b. This completes the proof.



An Existence Theorem for Multimeron Solutions 267

Corollary 2.8. The estimate E{ of Sect. I is valid.

Proof. This is an immediate consequence of Theorem 2.7.

Proposition 2.9. Let QCIR2 be open and Q compact in R%. Then there is a function
o€ By, that solves (1.4) weakly in the region Q.

Proof. By Proposition 2.1, Theorem 2.3, and Corollary 2.8 there is a function
¢ o€ B, that minimizes Ap on By, Let we C3(Q). Since

Ag(po+w)Z Ag(dg)

the term in Ax(¢,+w) that is linear in w vanishes. Hence,

[@Px{=dpodw+wf+wr 2 [B¥*—1)po+3¥,pa+ 31} =0.

Let us denote ¢, by ¢,
Proposition 2.10. The sequence {¢,}>_, has a weakly convergent subsequence in B.

Proof. The Banach space B is obviously separable. It is reflexive, being isometri-
cally isomorphic to a closed subspace of L*(IR%) under the mapping ¢ —|Ve|. It
follows that bounded sets in B are weakly precompact so it suffices to show that
{¢,}= | 1s bounded in B.

n=1

By Theorem 2.7,
I, l2<a™ Y(Ag(¢,)+Db) for any n.
On the other hand
Al¢,)= (ﬁi?gh Ag(d) = d)iSBfl Ag(P)=Ag(9,).
since B, S B, for any n>1. Hence, ||§,|5<a” (Agx(¢,)+b)

forany n=1.
We can assume without loss of generality that {¢,},~ ; is weakly convergent.
Let @ denote its weak limit.

Theorem 2.11. The function ®€B is a weak solution to (1.4) in R?.

Proof. Let weCg(R2). Choose n, so large that suppwCM, . Then, by
Proposition 2.9,

| dx{=o,aw+wf+wr2[BY]—1)$,+37,4; + 1} =0

My

for all nzn,. Now let n—o0. Since {¢,} converges weakly to @ in B, {¢, w}
converges weakly to @w in B, . The imbedding

Bng ’_")Lp(Mng)

is compact for any pe[1, o) (see e.g. [9]), so {w¢?} converges strongly to wd? in
L'(M,,). Since ¥, and r~ 2 are bounded on M, , it follows that

[ d®x{=dAaw+wf+wr 2 [BY—1)P+3¥,d? + &3]} =0.
RZ
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I1. Regularity of Solutions

We begin by proving interior regularity of the weak solution @ obtained in
Theorem 2.11 which follows by standard estimates. Regularity at the boundary
follows from an a priori estimate on V.

Theorem 3.1. The function @ is real analytic in R2.

Proof. Let Q be a compact subset of R?2 with a regular boundary. Since @ is a
weak solution of (1.4), A®e L*(Q). Thus @ is in the Sobolev space W2 3(Q). By
Sobolev’s Lemma ([9, p. 97]), e C°(Q). Repeating this argument for derivatives of
® we obtain ®e C3(Q). By a standard theorem it follows that @ is real analytic ([ 10,
pp. 170-180]) in Q.

To show that @ tends continuously to zero at the boundary of R2 we prove a
simple property of the Banach space B.

Theorem 3.2. Let ¢pe B with |[rVp| . <c. Then

lirrol ¢(x)= lim P(x)=
Proof. Suppose on the contrary that there is a sequence x,e R2 with [¢(x,)| >¢ and
either r,—0 or |x,|— co. Choosing a subsequence, if necessary, we may assume that
discs of radius r,/2 about x, are non-overlapping. Let D, be the disc of radius Jr,

about x,, where 6 =min{l/2,¢/4c}.In D, r=r,/2 so | Vqﬁﬂ, p, = 2cr, 1 Thus for
xeD, and L a straight line from x, to x,

(B001= [ + ] POt |
38—20” (efdc)r,=¢/2.

ns

This contradicts the assumption that ¢ e B since it implies that

161328 | PP 2Y ] e

D,,

giz )2 (3r,/2) " 2(e/2)* =

n

Lemma 3.3. Let e C*(R?2) be a solution of r*Ap=y>—1y in R, Then
Il 51w’ vl +4lyl .. (3.1)

Proof. To estimate Vip(x), x =(r, t)eR%, we use the Dirichlet Green’s function g for
Laplace’s equation in the closed disc D of radius r/2 and center x:

g(x',x")=(2n)"? {ln X' —x"*|—=In|x"—x"|—1In % +In|x"— x]} , (3.2)
X' —x [r\?
where x"*=x+ W(E) . The function y satisfies the identity
p(x)= [ d2x"g(x',x")r" "2y  (x") — p(x")
D
. J‘ ds// Cg(X > X ) u](xu) , (33)

D on”
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where @/0n” denotes the outward normal derivative. Differentiating (3.2) with
respect to x’ and setting X' =x we obtain

1
VRX) = o (X =X| 2 =4 ) (= x)
2n
and differentiating with respect to x” gives

v

on”

(X, XN reop =81 1r (X" —x).

Thus, differentiating (3.3) at x’=x and taking sup norms yields

Wp)l =5 Hw =l p+4r il . ops

where we have used r"=r/2 for x"eD.
Let us denote ¢,+ ¥, by v, and let ¥=¥,+ .

Lemma 3.4. The function vy, satisfies ||, » <1

Proof. Suppose there is x,eM, such that |y, (x,)|>1. By the argument of
Theorem 3.1 y, is real analytic in M, so there is a neighborhood of x, where

[p,|>1.

Let Fe CY(R) satisfy

1) FQ)=cif |[<[=1,

i) [F(O<|Slif &> 1,

iii) |F'(¢)) <1 for all (eR

It follows from i), ii), and iii) that A4, (F-yp,)<Ay (p,). We have Ag(¢,)
= Ay, (p,)— A4y (¥y) so defining ¢,=F-y,— ¥, one obtains

Ag(,) < Ag(9,). (3.4)
We claim that ¢, B,, which contradicts the fact that ¢, minimizes 4, on B, and
the lemma follows. To verify the claim we use a trace theorem for Sobolev spaces
(see e.g. [9, p. 216]). The mapping

v WI'Z(MH)‘-?WLZ’Z((;M")

defined by y(u)=ul ¢M, is continuous. The kernel of  is precisely Wy *(M,)=B,.
Now, ¢,€B, s0 ¢, 0M,=0a.e. Hence, ¢, 0M,=0a.e. and ¢, W"*(M,) by (3.4)
50 y(¢,)=0 in W''**(éM,) which implies ¢,€B,.

Theorem 3.5. The function V¥ satisfies |P| , <1.

Proof. Suppose there is x,eIR? such that |¥(x,)|>1. Then there is a neigh-
borhood, ¥, of x, and ¢>0 such that [¥(x)| > 1 +¢, for all xe V. Let ge CZ(V), g =0,
g=%0. Since {¢,} converges weakly to @, we have

[g,d*x—> [gPd’x as n—w0,
v 14

and consequently

[ glp,—W)d?x—0 as n—cx.
14
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This is impossible, since ||y,|| , =1 which implies |y, — P|>¢ on V.

Theorem 3.6. The function ® satisfies ||rV®| , <2n+ 6, where 2n is the number of
merons.

Proof. We apply Lemma 3.3 and Theorem 3.5 to ¥ obtaining
PP, <319° = Pl +41 ¥, <6.

o =3
Theorem 3.6 follows immediately, since |[rVP |, <2n.
Corollary 3.7. The function & satisfies
lin% &(x)= lim &(x)=0.

Theorem 1.1 of the Introduction has now been proven. It is a restatement of
Theorems 2.11, 3.1, 3.2, 3.6, and Corollary 3.7 for ¥ =¥, +®.

Acknowledgement. We would like to acknowledge helpful conversations with Arthur Jaffe and (in the
case of J.H., O.McB.) with Lars Wahlbin. We are also indebted to Bradley Plohr for pointing out an
error in the original version of this paper, and to David Groisser for careful reading of the manuscript.

Appendix

Lemma Al. Let [ be defined by (1.6) and (1.9).
Then,
i) fis O((r* +1t2)"2) at infinity,
i) f is bounded,
iii) rf e L*(IR%).
2n —t.
Proof. We have ¥ =cos0, where = ) (—1)'f,, 0,=arctan (t r[').

i=1

Let f, t be unit vectors in the r and ¢ directions, respectively. Then

VO0,=[r?+(t—t,)*] "} (rt—(t—t,)f) (A1)
and

40,=0.
Hence,

APy = — P (VO)?

SO

=190 s %)

By the mean value theorem,

10,(r,6)—0,,_(r,0)| =|4t]  sup

t'eft,t+ 4t]

a !
5021'("71‘)* B

where At=t,,—t,,_,. Denote (r*+1?)"/? by R. Then for R large
10,5, 1) = 05—, (r, )] SO(1)rR 2.
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Similarly, for R large,
[VO,(r, )=V, (r,t) SO(HR ™2
It follows that
[r~2sin?0—(V0)?|=|r~ 20> —(VO)* |+ O(R ™)

M=
M=

"_2(921"‘ 05— 1)(62,'— 02,‘- N

[0

1

i=1j

—(V0,,—V0,,_,)(V0,,—V0,, )| +O(R™°)=0(R™%).
Since |¥,| <1, this proves i).
Let ¢>0,
B,={(r,0)eR% 12 +(t—1,)* <&?}

and

2n
U= | B,.
i=1
We see from (A1) that (V6)? is bounded on the complement of U. Furthermore,
0(r, t)=O(r) for r small and (r,t)e R2 — U so f is bounded on the complement of U.
Now focus attention on one of the half discs B,CU and assume ¢< rrim [t~
i*j

Then 0=0,+ ¢ where ¢ has a continuous extension to the closure of B; in R?. We
observe that (V&)? is bounded on B;. Now introduce polar coordinates in B; so that
0, is the polar angle. Let ¢ denote the radial coordinate. Then

r~2sin?0=(g* cos?0,)” 2 x (sin*0, cos* ¢ + cos? 0, sin? ¢
+2sinf; cosf;siné cos &)

and

(VO +2V0,-VEi=9 242 ) ——%Q

i %)

To prove that f is bounded on B; we therefore need to show that

tan?6,cos? & +sin? ¢ +2 tan,sin & cos & — 1

r 4 (t—t)(t—t,

By Taylor’s formula

sin?é=1+0(?%, cos*é=0(r?)

=0(0?).

so we only need to show

- rR—t)(t—t,
tang;sin¢ cos¢ — ZA_J)

& =t =0(¢%). (A2)
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We have
t—t

i

tan0, =

and sinc¢cos¢

. i r T r
=sin| + - — arctan——|cos| + — — arctan ——
(_2 2 twtj> ("2 2 tw)

JFi Jj¥i j

_ r 2

J

so the left hand side of (A2) becomes
¥ [t—ti B P (—t)(t—t)

2 2
t—1t; (1))

+0(¢*)=0(0%).

JjFi
This proves ii) as the above argument applies in each of the discs B..
Finally, 1) and ii) imply iii) since
j” ,.2f2d2x — f r2f2d2x+ j l'2f2d2X
R? R<Ro Rz Ro

’.2

<|fI12 | rPdx+0(l) | —5——55d*x

R=Ro RZ=Ro ("2+t2)4

and both the integrals above are finite.

Lemma A2. Let QCIR2 be open and Q compact in R2. Then Ay is well defined and

strongly continuous on By,

Proof. Let ¢ e B, Then there is a sequence {¢,}._, CCy (L) converging to ¢ in the

Bg-norm. We shall verify that Ag(¢,) is Cauchy in R. We have

A6 A= | | {456,730, + 716,

3P|
5 @0 = b+ Pold) —do) +ildr — b3
S35V, Ve, 0 1V, =Vl 0+ 1 f 5.0 16, — ¢l
+%“(3lp(2)— 1)1'_2[1 0,02 ”d)n‘}_(l)mHZ,Q ”¢n_¢m|]2,9
Hr 2ol o (@n + Db+ D20 0 00— bulls.0

_+_r'—2

3l + b+ Db+ D)2 0 1Py —Dulla o lF 2l a0

There 1s a constant C, such that
Ve, 02 Clols.q
for all ¢ e B,. Hence,
|AR(},)— Ag(d, )| =const]d,— [ 5
since [V, + Vo, 0, (4, +¢)l2. 0
D7+ 6,0, +d)ls 0 and  [($)+id,+d,bn+ s e

are all uniformly bounded.
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