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Abstract. We consider gradient systems of infinitely many particles in one-
dimensional space interacting via a positive invariant pair potential ¢ with a
hard core. The main assumption is that @ is strictly convex within the range R
of @ (where R is a fixed number < 00). Under some technical conditions we
prove the following theorems: Let the initial distribution be given by a
translation invariant point process ¢ on R'. Then there exists only one extreme
equilibrium state ¢ with a given intensity I(g) satisfying I(¢)=R ™!, and all
ergodic initial distributions ¢ with an intensity I(¢)=R ™! converge weakly as
t— o0 to the extreme equilibrium state with the same intensity.

1. Introduction

In classical statistical mechanics one considers configurations of many particles,
which in the mathematical idealization means infinitely many particles, moving
according to Newton’s equations

(L) X()=— ;grad@(xi(t)—xj(t))
J¥1
with ie N, x,eR%deN) and a pair potential @. Only recently [1] has a non-
equilibrium existence proof for (1.1) in the case d =1, 2 been found, and in the series
of papers [4] the equilibrium states are characterized as Gibbs measures
corresponding to the potential &. However. the problem of the asymptotic
behaviour of the system (1.1) is not understood as yet (apart from some cases with
a degenerate potential @ there are no results as yet). For a survey on the present
state see [2].
Related to (1.1) is the system of stochastic equations

(1.2) dx ()= [— Y. grad d(x,()—x,(1)|dt + f~2dooft) (ie N)

with independent Wiener processes w,(t) and the inverse temperature (> 0). As
follows from [9] the Gibbs measures for the potential 2@ are equilibrium states
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for (1.2). In the limit B— oo we get from (1.2) the following system of first order
differential equations (gradient system):

(1.3) x(0)=— Y grad®(x()—x (1)), ie N, x;eR* (deN).

JjFi

Our aim is to study this system. The first order Egs. (1.3) are more accessible to
mathematical treatment, firstly because one knows Liapunov functions, and
secondly because it is possible to exhibit equilibrium states explicitly. If, for
example, d=3 and @ is rotation-invariant and convex, there exist several entirely
different candidates for ground states, i.e. equilibrium states with minimal energy :
Since there are different possibilities to superpose plane layers of closely packed
balls (see e.g. [6], p. 41) there exist different close packings of balls in space such
that the centers x; of the balls satisfy the equilibrium condition

(1.4) > gradd(x;,—x,)=0 forall ieN.
JijFi

In statistical mechanics the term equilibrium state has a somewhat different sense,
so in the following we will use the term rigid state, when (1.4) is statisfied. Since
(1.3) results (formally) from (1.2) in the limit f— o0, one can hope to find
connections between the problem of phase transitions for Gibbs measures and the
existence of different ground states in the system (1.3).

In this paper however we will confine ourselves on the study of the asymptotic
behaviour of (1.3). Since we will get complete results in the case of

(1.5) dimensiond=1,

we will consider in the following only this case.

As regards asymptotic behaviour, (1.3) is related to the following system of
deterministic equations for infinitely many particles x,e R'(ie Z, x,<Xx; ,), which
was introduced in [13]:

(1.6) X, =f(x;4,—x)—f(x;—x;_;) (ie),

where f is a function R, —IR, such that there exist numbers m, M with

(1.7) 0<m< w SM<owo (x,yeR,,x+y).

In the special case f(x)=x (1.6) reduces to a system of linear equations which is
solvable explicitly ; for a generalization of the system (1.6), but which is still linear,
see [3]. For general f satisfying (1.7) Spitzer has proved the following ergodic
theorem ([13], pp. 217-222 including the footnote on p. 221): Given an ergodic
translation invariant point process ¢ on IR! satisfying some unessential technical

.. oL .1 .
conditions, and with intensity —(r>0), let ¢, be the image of ¢ under the flow
r

defined by (1.6). Then g, converges weakly as t—oo to that translation invariant
point process for which adjacent points have equal spacings . The connection
between (1.6) and (1.3) is the following: Given the function f in (1.6) define the
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x|
potential @ as ®(x):= | dyf(y)—for example in the linear case we get &(x)

0

= 2]x|*> —then (1.6) can be interpreted as a special case of the gradient system (1.3),
namely the case of dimension d =1 and of an attractive nearest neighbor potential.
Dropping the restriction that only nearest neighbor points can interact, it is more
natural to assume the potential in (1.3) is repulsive. Furthermore as an analogue to
(1.7) we assume that @ is strictly convex in the domain {xeR!:0<®(x)< o0}, so
we have in addition to (1.5) the second assumption on which the study of the
asymptotic behaviour of (1.3) is based in this paper:

(1.8) @ is positive, (has a hard core of radius é because of technical reasons) and
there exists a positive number R < oo (the range of @) such that @ is strictly convex
on the domain {xeR!,§ <|x| <R} and identically zero for |x|=R.

The third basic assumption is the following

(1.9) the initial distribution ¢ is translation invariant.

In the next section we consider finite gradient systems on the torus. This simple
case illustrates the questions of this paper, in particular it explains the use of the
convexity of @. With the help of the latter we give in the third section a simple
proof of the existence of a solution of (1.3) (Theorem 1). In Sect. 4 we prove that
there exists only one translation invariant extreme rigid state with given intensity
I=R™! (Theorem 2). It is characterized as that translation invariant state with
minimal energy (Theorem 3). Under the assumption that the intensity I of the
ergodic initial distribution satisfies IZR™*!, we deduce in Sect. 5 an ergodic
theorem (Theorem 4) analogous to Spitzer’s theorem for (1.6) described above. The
proof is based on the fact, that the average energy is a Liapunov function, even a
convex function (in the variable t) and furthermore, that taking the average of the
square of the spacing between two particles gives a Liapunov function as well.
Combining this last property, which is typically one-dimensional, with an idea of
Kesten, and in the case R < oo using in addition an idea of Nguyen Xuan Xanh
(see the proof of Lemma 5), we deduce the ergodic theorem.

The discussion above about the ground states in dimension d=3 shows that
such a result does not hold in higher dimensions. However we can still deduce for any
d that every co-limit point of {g,:t=0} is a rigid state (the proof is based on the
notion of Palm measure from the theory of point processes). Results for d =2 will
be communicated later.

The starting point for this paper was the ideas of Spitzer in [13, pp. 217-222],
as well as some conversations with J. Fritz.

To both I am very grateful, to F. Spitzer also for his communication of Kesten’s proof (the proof of
Theorem 4). My thanks go to H. O. Georgii and Nguyen Xuan Xanh for encouragement and
substantial contributions, to Ch. Preston for his help with English as well as to H. Rost and H. Zessin.

2. Preparations: Finite Gradient Systems and Notations

Before we study the infinite gradient system, we first consider in this section finite
systems. The use of the convexity of the potential will be explained in this simple
case, so preparing for the following sections.
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Let r>0, neN, D={x=(x,,...,x,_,)eR""1:0<x, <...<x,_, <nr}; given
(x45..sx,_1)eDD, define the 1nf1n1t9 sequence {x,} by pCI‘IOdlC continuation:
Xot =0, X;1n:=X;+nr(ieZ) and let ID be the set of all such periodic sequences; in
the following identify ID and ID.

Let @:R\{0} >R, be a function with the following properties:

(i) @ is symmetric,
(i1) @ is twice continuously differentiable,

(iii) there exists a number R (the so called range of @) with 0 <R <wnr, such that

& is positive and strictly convex on (0, R) and identically zero on [R, o).

(iv) lilng d(x)= o0.

The equations of motion are given by
21 x0=— )Y P(x0)—x[t) (i€Z)

Jj¥Fi
with the initial condition
{x(0)}={x,} forsome {x}eD.

To understand the asymptotic behaviour of the solution x(¢) of (2.1) it is
necessary to know the rigid points, i.e. the points {x;}eID with

22) ) 9(x;—x)=0 forall icZ. b

Jij¥i

From the convexity of @ follows:
Proposition 1. If R>r, then there exists only one rigid point X, namely {X,} = {ir}.

Proof. Define the energy function Won (the convex domain) ID by

(23) Wx)=1 Y O—x;+konr)=3 Z Y B(x;—

n—1 i=0 j*i
i

(2.4) aW(x)= YooY k-xtkenn)= Y Ox—
0x; =1 0=j<n—1 jFi
JFi
Y (x—x;+kenr), if i=j
2w kI£10sjsn—1
(2.5) (x)= ”1*’ o
0x,0x; 'kl<1cl>(xi—xj+k-nr), if iFj.

Denoting the gradient on IR"~! by D, from (2.2) and (2.4) we get

(2.6) xeID is a rigid point if and only if DW(x)=0.
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By virtue of (2.5) it follows for all a=(x,,...,o,_;)elR""! and xe D that

aZW n—1
2 Y amm——()= Y Yok Y @—x+kenn)

vy
1 axiaxj kK|[£1i=1 0sjs=n-1

1=, js=n—
JEI

n—1
-y Y Y @ (x;—x;+k-nr)

k|21 i=11=5jsn—-1
JFi

Z w? @"(x;+ k-nr)
|k|<11
n—1
+ Y Yo Y (g—x;+knr)
k|£1 i=1 1<jsn—1
Jj¥Fi
n—1
-y > Y (= x;+k-nr),
k|S1i=115jEn—1
JjFi
and using @"(x)=®"(—x), the right-hand side of (2.7) can be written
n—1

n—1
Yo Y k) 4y Y Y Z o2 @' (x,—x,+k-nr)

k=1 i=1 K|=1i=11gjsn—1

*H-IlA

J.
J
n—1

1YY Y & x—x;+kenr)

k|£1i=11Zj<n—
|k = sjs
J¥i
n—1
-y > 2e,00,®"(x; — x; 4 k-nr)
2101 12i20-1
1

n—1
X
1i=1

=Y Z af "(x;+k- nr)—l—2 Z

k|1 i=

Z: (o, — o)) @ (x;— x; +k-nr)
igh

II/\

0.

Therefore Wis convex on ID.
Let x be a rigid point, i.e.

(2.8) DW(x)=0.

v

Assume x=+X. To deduce a contradiction we consider two cases:

Case I:r=R.

Then one could find an index i(1<i<n—1) with x,—x;,_, <r=R=x;,_, —X;

contradicting the condition Y. @'(x;—x;)= Y &'(x;—x;).
ji<i j>i

Case II: r<R.
Developing W in a Taylor series first about X, we get from (2.7) and from

DW(x)=0
2.9) W)= W().
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By assumption there exist an index i(1<i<n—1) and an >0 such that
(210) x4, —x;Sr—e.

Developing W in a Taylor series, this time about x, we obtain from (2.7) and (2.8)
Q1) WEZWE)+ inf @ Or+1=9) 0, =x) (K —xi=r)
= W(x)+e? . inf @"(x)>W(x),

because r <R and @ is strictly convex on (0, R).
Remark 2.1. Let R>r. If xeID such that W(x)= mingl W(y), then x=X.
ye

The question of the asymptotic behaviour of the solution x(t) of (2.1) is
answered by

Proposition 2. Let R>r. Then lim (x,, ,(t)—x/t))=r for all xeDD and all icZ
t— 00

Proof. Let xeID and x(t) be the solution of (2.1) with initial condition x; write

(2.12) oft)=— Y P'(x,()—x(1)).

Jj¥i
The proof is based on the fact that the functions

n—1

t->Wxt)=5 > > Y . D(x(t) —x(t) + k-nr)

KIS1i=0 |[j|sn—1,j*i
n—1
and t— ) v2(t) are Liapunov functions (Wis a Liapunov function also for general
i=0
gradient systems with not necessarily convex @, see e.g. [7]), and furthermore that,
as a consequence of (2.4) and (2.5), t— W(x(t)) is convex [the following com-
putation for (2.14) is similar to that for (2.7)]:
n—1 a

d n—1
Q13 ZWe0)= ¥ Zox=— ¥ o),

(2.14) di Z;“ =2 Z oy,

n—1
=-2%uv Y Y D —x;+kenr,
i=0 |k|=10<j=n—1
VE
n—1
20 Y (x—x;+kenr,
i=0 |k|S10sj=n—1
JjFi
n—1
- - S )= o0 P (e 0~ x(e) + ko)
k|1 i=0 0sjgn-1
JFi
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Hence the (positive) function t— W(x(t)) is convex and decreasing, and thus it

follows that tlim % W(x(t))=0, which by (2.13) means:

(2.15) limoft)=0 forall ieZ.

t—> oo
Given a sequence t, of positive numbers such that ¢, 100 and klim (et —x; - 1(8))
- 00

= :z,(ieZ), we have z;>0 for all ie Z, because otherwise from the singularity of ¢
at the origin it would follow that the sequence W(x(t,)) was unbounded, in
contradiction to (2.13); by the periodicity of ID we have x,(t) — nr = x(t). Therefore
the point y defined by y;: =z, +...+z{(1<i<n—1)is in ID.

From (2.15) we get

(2.16) 0= lim ¥ #x(0) =)= ¥ @0;-),

J*L JFi
from which we conclude by virtue of Proposition 1 that y,=ir(1 £i<n—1), hence
z;=r(ieZ). This proves Proposition 2.

In this note we want to answer the question: given a not necessarily periodic
initial condition x={x;}, does a theorem analogous to Proposition 2 still hold?
For this purpose it is natural to replace the energy function (2.3) with the averaged
energy

(217 I/‘I/(x)::liml-1 Y dx;—x)

nreoh Il <n
(for all x={x;} for which the limit exists).

Similarly to (2.13) it is easy to see that this function is still a Liapunov function®. It
is not clear however whether Proposition 2 holds pointwise for sufficiently many
non-periodic initial conditions; obviously the analogue to Remark 2.1, pointwise
formulated with the function W defined in (2.17), is not correct. Concerning
Proposition 1 for non-periodic {x;} it is as yet impossible to prove it except in
some special cases (one case is P(x)=e ¥, which is solvable by direct computation,

another case is when (2.2) is replaced by the condition P'(x;,—x,)=0 for
(2.2) is rep y j:1§liZ_jI§2 (o, —x;)

ieZ). Therefore, it seems reasonable to be content with statistical statements, i.e. to

start with an initial distribution o, which means a point process on IR!, and to

study the asymptotic behaviour of g,, where g, is the image of ¢ under the flow

defined by (1.4).

Notations. Let {x,} be a sequence of points (a “configuration”) with x,eR?, x,t 0
for i— oo and x;| — oo for i— — c0. Denote by

(2.18) IM=set of configurations {x;} such that x,,, —x,>J for all ieZ, where

(2.19) ¢ is a fixed positive number denoting the length of the hard core of the
potential @ [cf. (2.31)].

1 It seems to be possible to conclude from this fact, that lim v(f)=0(ieZ) for sufficiently many
1=

initial conditions (cf. [107)
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Instead to work with a translation invariant point process, i.e. a translation
invariant probability measure on the space IM of configurations, it does not make
any essential difference to consider shift invariant probability measures P on the
space of sequences

(220) z=(z));eq,2;>0
via the transformation
(221) z;=x;—x;_,

(this is a well known fact in the theory of point processes, cf. [8, 11]. But because
we do not want to use this theory we work exclusively with measures P on (R, )Z
in the following, however it is expedient to use the picturesque language of point
process theory sometimes too).

Conversely, given a sequence z=(z,),., we define {x;} by

z,+...+z , i1
(2.22) xiz{O , i=0

—(zi+1+...+zo), i<—1.

In the following we use both notations (z,),., and {x;} and do not always mention

the corresponding transformation (2.21) resp. (2.22) (e.g. we write P{ lim ﬁ =r}

i»o0 |
for a probability measure P on (R +)Z).

Endow (R, )Z with the natural topology resp. g-algebra and define

(223) P=set of probability measures P on (IR )% satisfying the following
properties (2.24), (2.25), and (2.26):

(2.24) Ep[z,]< 0.
(2.25) P is invariant under the shift z;—z, ;.

(226) P{z,>6}=1 with & asin (2.19).

Endow IP with the weak topology.
Define further the intensity I(P) of PeIP by

(227) I(P)={E[z,1} 1.

For the special measure PeP which is concentrated at the point z,=r(ie Z) we will
use the notation

(2.28) Q,, defined by Q,{z,=r}=1 (r>0).

The equations of motion are given by (2.1). By (2.21) they can be transformed in
equations for the z;, so we can define for PeIP

(2.29) P,=image of P under the flow given by (2.1).
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Suppose further the following properties of the potential @:
(2.30) @:(—o0, —0)U(+0d, + 0)->R,, P(—x)=P(x),

(2.31) there exists a number R with 6 <R =00 (the range of @) such that @ is
strictly convex on (4, R) and identically zero on [R, ),

(2.32) @ is twice continuously differentiable,

(2.33) °j° dx d(x)< 0,
26

(2.34) behaviour near §: li{ral @(x)= 0. There exists a positive number « (fixed in
the following) with |@'(x)|<(x—56)"* and |®"(x)|<(x—08)"* ! for all x near
0(x>9).

3. Existence

Given a potential @ satisfying (2.30)~(2.34) we must show : the system of Egs. (2.1)
is solvable for sufficiently many initial conditions xeIM. For this purpose we define
for all >0

3.1) Xp={xelM:ling(Z,-—é)[10g+(i)]””>0},
where log, (x)=log(1+|x|).

1
Theorem 12. Given « as in (2.34). Then for all [)’>z%— we have : For every initial
condition xe X there exists one and only one solution x(t) of the Egs. (2.1) satisfying
(3.2) . infT inzf(zi(t)—é) [log, (x)]"#>0 forall T<oo.
ST ie

Example 3.1. Given ®(x)=(|x|—3)~* with 1>2. Then we have o(X,)=1 for all
Gibbs measures ¢ w.r. to the potential @ ([12], Theorem 3.2).

Proof of the Theorem.

Step 1. Consider a system of n points on IR' moving according to
X;=— Y @(x;—x)=:v(l2i=n). We formulate mathematically the idea that
1Sjsn
JjFi
the particles disperse due to the convexity of @. Given t=0 and an index i with

v?(t)= max it follows that
1sj=n

(3.3) %vf(t) <0, because

“viz(t)= — 2 Z D"(x;—x;) (v, —v;)=—2 Z ®"(x;—x,) (v} —vw) =0,
dt i ! ! i g J
using @” 20 and [v(t)| Z|v(¢)| for all j.

2 The aim of this section is only to give a simple existence proof in the case of convex @ such that the
content of this paper is not empty. Certainly one can find an existence proof for other potentials too
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Given t 20 and an index i with z,(t)= , inf z(t) it follows that
=j=n

d
(3.4) n z(t)=0, because

—Z,-(t)=(— Y Pl—x)+ Y d)’(xj—x,.))

15j<i i<jZn

“(" Z P'(x;_ 1 —x;)+ Z ¢/(xj—xi—l))

15j<i-1 i-1<jgn

Z (“gpl(xi_xj+1)+@/(xi—1_xj))“(p/(xi_xl)

15j<i-1

+. Z (_(p,(xj_xi—1)+¢/(xj+1_xi))_(p,(xn_xi—l)

=0, &' being negative and monotonically increasing on
(6,00) and x;—x;,, =x;_; —Xx; respectively x;—x;_,
§Xj+1 -x; (1=sj=n-1).

It follows from (3.3) and (3.4) that

(3.5) t— max v3(t) is decreasing, t»—>21£1jg z,(t) is increasing :

this holds by virtue of the following elementary fact: Given functions
g;: R, »IR (1 =i=<n), continuously differentiable, §(t):= max g,(). If gi(t) =0 for
all t=0 and all indices i satisfying g,(t)=g(¢), it follows that

(3.6) t—g(t) isdecreasing,
and an analogous statement holds for min g,(t) and gi(¢)=0.

Step 2. Given x={x;}eX; and ne N, consider only the particles x; with [i|<n;
these move according to the equations of a gradient system consisting of 2n+ 1
particles. Denote the solution of that system by x™(t). Step 1 enables us to apply
Lanford’s iteration method quite analogously to the procedure used in [12] to
estimate

GB7) xR - X0l = }ds 2 P I(s) = x T (s) = Y D) — X)),
0

JjEi Jj¥i

because Step 1 gives estimates (dependent on n) on the Lipschitz constant of ¢’
and on the fluctuations of the particles: for xeX; we have:

(3.8) |vl= Z |(D/(xi_xj)|§|¢’(Zi)l+|¢/(zi+ DI+2 Z |D'(jO)|

JjFi j=2
<(z;—0) *+(z;.,—0) *+const [using (2.34)]

<const[log, (i)]*# with a constant <oco [using (3.1)].
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According to (3.1), (3.8),and (3.5) there exists a constant C(x)< oo with

t20 |i|sn

(3.9) inf inf (z"(t)— 5)> 1nf (2"(0)—6) = Cix )[logn] e

for all neN,
(3.10)  sup sup [p{"(t)| < Sup [v{"(0) < C(x) [logn|*’*
t20 |i|sn li|<n
for all neNN.

So we see that the estimates, which are derived in [12] (Theorems 3.1 and 3.2) for
all points in a set of Gibbs measure 1, are satisfied in our case even pointwise for all
xeX;. The hypothesis (24,)7' (2+4,)<1, assumed in [12] at the top of p.83,
reads in our notation as (28)~ ! (1 +«)<1, and this holds here.

Definition 3.1. Let & denote the set of all PeP such that

i
(3.11) there exists ﬁ>% with P(X,)=1 [X,asin (3.1), recall 221)],

(3.12) there exists >0 with
Ep[(z4+...+2)* " <00 forall keN and
Ep[(z;—0)"*] <o,

(3.13) the following functions can be differentiated by first differentiating the
integrands and then taking expectations:

t>Ep| ). ¢(xi(t)—xo(t))], t>Ep|| Y @ 2},
i*0 i£0

t_>EP (i Zi(t))2+n (ke N)’ t_)EP[(Zl(t)_é)_za]
i=1

[comment to (3.13): These functions are well defined at t=0, as follows from
(3.12), (2.33), (2.34), (2.21), and the condition about the hard core. The proof of
Theorem 1 enables one to find sufficient conditions on the initial distribution P so
that the above expectations exist for all t=0, and under which it is valid to
interchange the operations of differentiation and expectation, but these are
unessential details, so the formulation (3.13) is sufficient.]

4. Characterization of the Rigid State

As in (2.31) denote the range of @ by R (§ <R=0), let r be a number with
d<r<oo.
PelP is called a rigid state [cf. (2.2)] if

@1 ) &(x;—x)=0 forall ieZ P-ae.

Jj¥i

In this section we consider Pe P satisfying the following properties

4.2) P{ lim i =r} =1,

i-+to0 |

(4.3) Ep[|9'(zo)]< 0.
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Furthermore we define

(4.4) P(d,r)={PelP: P satisfies (4.2) and the following condition (4.5)},
4.5 V(P)=E,|Y @(xi)] < 0.

i*0

With this notation we are ready to formulate the following two theorems about
rigid states.

Theorem 2. Ifr <R, then there exists a unique rigid state PeP satisfying (4.1)—(4.3),
namely P=Q, (defined by (2.28)).

Proof. We postpone the proof to § 5, p. 145, because then Theorem 2 will follow
easily with the same method used to prove Lemma 4. Under the additional
assumption of the integrability of the potential at infinity (which is not necessary
for Theorem 2 as the proof in § 5 will show) there is an alternative way to prove
Theorem 2, namely by translating the idea of the proof of Proposition 1 to the case
of infinitely many degrees of freedom. A similar method is used to prove the
following

Theorem 3. Let r <R. Then Q, is characterized as that measure PeP(®,r) for which
(4.6) V(P)=min{V(P): PelP(®,r)}.
Proof. We will use the following notation:

47 x={ir:ieZ},

(4.8) W(x)=

S|

% Y O(x;—x;) (xelM,neN),
|

iI=nljl=n
i)

(49) Y= {xe]M: lim X =7, lim W(x) exists},

i-+o |

so that we can define the energy function W on Y by
(4.10) W(x)=lim W(x) (x€Y).

For PelP(®,r) we have P(Y)=1 and if in addition P is ergodic, we get by the
ergodic theorem and (4.5)

(4.11) V(P)=W(x) P-ae.,

(4.12) V(Q)=W(X).

The theorem will be proved by the following two steps:
Step 1. Show that

(4.13) W(x)=W(x) forall xeY

which implies

(4.14) V(P)zV(Q,) forall PeP(d,r).
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Step 2. Assume that there exists a measure PeIP(®,r) such that

(4.15) P+Q,, but V(P)=V(Q,).

Without loss of generality we can assume that P is ergodic, hence we get from
(4.11)—(4.13) and (4.15)

(4.16) W(x)=W(x) P-ae.
However we will show

(4.17) W(x)>W(x) for x in a set of strictly positive P-measure, and this
contradicts (4.16).

Proof of (4.13). Computing the first and second derivatives of W, in a way similar
to (2.4), (2.5), (2.7), and using the Taylor development of W, about X we get

@18) WE=WE+- Y x-%) Y 0E-%)

lij<n ljlSn,j*i

Ly (R (=5 (O, + (1 9)F,

i <nljlsn
—(9x;+(1-9)%))
for some 9€(0,1).

The last term is non-negative by the convexity of &. Using (2.33) and
Y ¥'(X,—X,)=0 (ieZ) we see easily that

Jj*i

(4.19) sup

n

Y 2 P(ER—X) <.

[f|=n |j|=n,j*i

Furthermore

.1
(4.20) |11_1?1 =x;—X;|=0

= [i]
because of lim ﬁ= lim ﬁ=r by (4.9).
it [ it ]

Thus from (4.18), (4.19), (4.20) we get (4.13).
Proof of Step 2. Let P be an ergodic measure in IP(®,r) satisfying (4.15)
Case r=R

By P+Q, we have P{x, <R}>0, hence V(P)=E,

D d’(x,.)}:O.
i*0

Y cﬁ(xi)} >0, but this con-

i*0

tradicts V(Q,)=V(Qr)=E,,
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Case r<R
(4.2) and P+ Q, imply that there exist a number #>0 and a set NCY satisfying
4.21) P(N)>0 and

.1

(4.22) llma Y lperizgrm(i—x,_)>0 for xeN.
no Il _ycign -

If x,—x;_; <r—n, we get

i—1=

(4.23) inf @(9(x,—x,_)+(1-9NZ inf &(x)=:(>0.

(4.22) and (4.23) imply

11
: I ” _ _ _ _ 2
(4.24) 02%214 n_,,;é,,@(g(xi Xi— )+ (L= (x;—x;_, —7)
- 11 (9
:0<1§<IZ.Z_n<Zi§n ( (xi—xi_l)'l'(l—vg)r).
’(xi_xi—l—r)zl[zeﬂ{+:z§r—n](xi_xi-1)
1 1
ngnzﬁ Z ler,z<r—n(Xi—Xi—1)  (neN).

Therefore we get from (4.18), (4.24), and (4.22) that (4.17) is satisfied for all xe N, so
the proof of Theorem 3 is finished.

5. The Ergodic Theorem

Lemma 1. Let Pe & be given

(@) Givent,1 oo and PeP such that P, —P, then I(P)=I(P,) for all t 20 (where
the intensity I is defined by (2.27)).

(b) The set {P,:t=0} is relatively compact in IP.

(c) Given t,co and PeP such that P,"—>13 and a continuous not necessarily
bounded function ¢ : (R ,)?>R . Then it is sufficient for nILH; Ep (¢)=Ep(¢) to hold

that the set of functions {@(z(t)) : t =0} is uniformly integrable with respect to P. The
latter condition is satisfied e.g. if there exists an ¢>0 such that sup Ep(p' "9 < 0.
1=

Proof. (c) Clear.

(a) Since (2.1) is invariant under translations, it follows that I(P,)=I(P) for all
t 20, see for example [5], Lemma (4.3). Since @ has a hard core we can apply e.g.
[8], Theorem 4.6.3, so we get I(P,)=I(13) for all t=0.

(b) Because @ has a hard core of length § and hence P, P for all t =0 one can
apply compactness criteria from the general theory of point processes (e.g. [8],
Chap. 4.3) to conclude that {P, : t =0} is relatively compact in the set of probability
measures on [J, 00)” [since we confine ourselves to the one-dimensional case we
could alternatively apply [5], Corollary (12.4) combined with the subsequent
Lemma 4(a)]. It remains to show that. P,n—>13 implies PeIP. For the proof consider

the function ¢(z):=

Y cb(xi)]” % which is continuous on the set [, ©0)Z by virtue
i*0
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of
limsup ) &(x)=0

n—=o0 xeM i:x,¢[—n, +n)
recall inf(x;, ; —x;)=6 for xelM|.
1

The function t—»EPt[q)Z] is decreasing [the computation is post-poned to the
subsequent Lemma 2(a)] so we can apply the criterion of Part (c) to conclude that

Esl¢]=lim E, [¢]<1+ Jim Ep, [9*]<1+Ep[¢*] < o0

(Ep[qo2]=EP Y @(xi)] <o by Pe;f).
i*0
This implies Y, &(x;)<oo P-a.e., hence z, >§ P-ae., so Lemma 1 is proved.

i+0
The proof of Proposition 2 is based on the existence of the Liapunov functions
(2.13) and (2.14). Analogously we first prove [cf. (4.5)] the following

Lemma 2. Let Pe %.
(@) t—=V(P) is decreasing.
(b) t—E,[v3(t)]=E P[l Y 45’(x,.(t)——x0(t))]2} is decreasing.
i*0

d
() t—V(P,) is convex and pn V(P)= —2E[v}(1)].

Proof. Similar to the considerations in [13, p.222] we use the shift invariance of P:
(a) When the context is clear, we omit the argument ¢ and write E instead of E,,

Y d)(xi(t)—xo(t))} =E[;O D'(x;,—x,) (vi—uo)}

i*0

d d
EEV(PI)=EE

= ~E[0§]-E[ X &/(x;=x0) ¥ Plx—x j)}
= —E[v3]— ;0 E [(D’(xi —X,) ; D'(x, —x,-)]
= —E[v3]— .;0 E[@’(xo —X_;) ';o D'(x, _xj)]

= — E[v2]— E[v3]= —2E[v2].

d
(b) < E[v3()] = 2E[v55,]= — 2E[5, ¥ #"(xo—x)(0—1)
dt j*o

=-2E[Y (D”(xo—xj)vé] +2E[ Y qs"(xo—xj)vovj]
j*0 j*0
=—E[Y Qi”(xo—xj)vg] —E[ Y (D”(xo-xj)vf}
j*0 j*0
+2E[ ) @”(xo—xj)voij
Jj*0
=—E[Y cp"(xo—xj)(vo—uj)zJ <0
j*0
[where we have used @"(—x)=®"(x)=0, cf. the proof of
2.7].

(c) Follows from (a) and (b).
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Lemma 3. Let Pe %, t,1 o0 such that Ptn—>l_’ for some PeP. Then we have
(5.1) Ep[v3]=0.
Proof. Lemma 2(a) and (c) implies the following proposition analogous to (2.15)

(52) lim E,[v3]=0.

Since PelP, v,= Y. @'(x;) is well defined P-a.e. Further the function z+ ). &'(x,)
i+0 i+0
is continuous on the set (5, )% by virtue of lim sup Y P'(x;)=0.
"0 xeM jix,¢[—n, +n]

Therefore (5.2) implies Ez[v5 A N]=0 for all Ne N, hence Lemma 3 is proved.

From the considerations so far mentioned, which as one can show are not
restricted to dimension d = 1, it follows, that for an initial distribution Pe % the set
of w-limit points of {P, :t =0} is non-empty and contained in the set of rigid states.
From this and from Theorem?2 we cannot immediately deduce an ergodic
theorem : the situation is different from that in (2.16), because now we know from
Lemma 1(a) only Ep(z,)=Ey(z,), but not whether even the distribution of the
variable llirg icli is conserved in the limit t— oo. The following considerations are
based on the fact, that, besides the potential and the kinetic energy, there exist still
more Liapunov functions in the case of dimension d=1 (cf. [13, p.222]).

Therefore the following reasoning is typically one-dimensional.

Lemma 4. Let Pe &%, ke Nand ¢ : IR, IR be a convex function, which is differenti-
able on the domain {ze R, :@(z)<oo}. Then the function

653 1=Elo( % z0)

i=

is decreasing (if the expectation exists and if it is permissible to interchange the
order of differentiation and expectation, cf. (3.13)). Particular cases are (with n>0,
o>0 given in (3.12), (2.34) resp.) :

@) p(z)=2>"",
(b) ¢(2)=(z—-08)"**  (2>9),
© plz)=e™*  (1>0).

Proof. For the proof we abbreviate
(54 fO:=d(z;+...+2z;,,_,) (i€Z neN)
using (5.4) we get from (2.1)

(55)  fi=x—%_,= ( Z i(-t)l - Z fi@n+1> - ( Z fi(”)_ Z fi@n)

nz1 nx=1 nz1 nx=1

= ( Z fi(-'ll-)l - Z fi(n)) - ( Z A n§1 fi(f)n)»

nx1 nz1 nz1
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which implies

(5.6) ,;Z—Z(,f'ﬂi = T U= )

nz1

= Z[ (") f(n) k('—li-)l -n fk('jr)i)]

(5.7) %E [qo (2‘1 zi)] =E[qo’ (i=21 zi) ;21 zi}.

To prove that this expression is <0, by (5.6) it is sufficient to show:

k
(58) E{ (z )[(f‘”’ I (s f2 1 20 e,

i=1
Using again the shift invariance of P in a way similar to the proof of
Lemma 2, it follows that for all ne N:

oo el o] -eo( 3. o)-+( 5

=1

(5.10) E«p(fz) (A fk"zli— [(«p’("ik ) (Zz)) ,51’1}

i=1 i=n+1

Substituting (5.9) and (5.10) in (5.8) and using (5.4) we get
510 E[o/( ¥ 2]~ - (2= A
)
1

i=1

oo e[ ) o

A =

b

n+k k+n n
but this is <0, because Y, z;= Z z;ifandonlyif ) z;= ) z; and because
i=n+1 i= i=k+1 i=1

¢’ and @' are both increasing functions This proves Lemma 4.
This is the right place to supplement the proof of Theorem 2.

Proof of Theorem 2. Given r <R and PeP satisfying (4.1)—+(4.3) we have to show
that

(5.12) P{z,=r}=1.
From (4.1) we get
(5.13) Ep[zl<— .;1 P(x, —x)+ ';0 q5’(x0—x,~))] =0

(the integrability of the integrand follows easily from (2.24), (4.3), (4.1) and

;2 |®'(nd)| < oo).

Using the notation (5.4) and ). |@'(nd)] < oo we can write (5.13) in the form

n=2
(5.14) 0= n; Eplz, [(f12,~ A"~ (2, — f3"1]
and applying=(5.8) and (5.11) with ¢(z)=z? and k=n=1 we get from (5.14)
(5.15) (z;4,—2)(P'(z;,,)—P'(z))=0 forall icZ P-ae.
It is easy to see that (5.15) and (4.2) imply (5.12).
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Lemma 5. Let Pe ¥ be an ergodic measure satisfying Ep(z,)=:r <R <00, where R
is the range of @ (cf. (2.31)). Given a sequence t, T oo and PeP such that P, —>P we
L2(P)

have (z,(t,) —z,(t,))— 0 for n— 0.

Proof. Lemmas 4(a) and 1(c) imply

(5.16) nlgg Ep [(zy+...42) 1=Epl(z, +... +2)° ] <0 (keN),
using

(5.17)  Epl(z,(t)—2,(6)* 1= — Epl(z, () + 2,(£))* ] +4E,[ 27(¢)]

=—Epl(z, +2,)] +4EP¢[Z%] (t=0)
and applying (5.23) we get
(5.18)  lim Ep[(z,(t,)—2,(t,)*1=E3l(z, —2,)*];

to prove the proposition it is therefore sufficient to show that P is a mixture of
measures Q, (0<r<R).

Case [: R=w0

Without loss of generality we can assume that P is ergodic (decompose P into its
ergodic components) and we define 7: = E5(z,) < co[ Ep(z,) < 0 by (5.16)]. Then P
satisfies the assumptions (4.1)<(4.3) of Theorem 2: (4.1) follows from Lemma 3,
(4.2) is satisfied, because P is ergodic with Ej(z,)=7< oo, and (4.3) follows from

El(z;—8) "]<o0 ( use Lemma 1(c) and s1;1103 Ep [(z,(t)—6)**] < oo according to
Lemma 4(b)) and from (2.34). Since F<t1=2 =00, the proposition follows from
Theorem 2.

CaseII: R<w

It is proved by Nguyen Xuan Xanh. With his kind permission we reproduce his
proof:
If we show

(5.19) P{z, <R}=1,

then we can proceed in the same way as in the case R=o00: using (5.19) we can
assume without loss of generality that P is ergodic with 7: = E5(z,) <R, and so we
can apply Theorem 2 again. Assume that (5.19) is wrong, i.e. that there exists ¢ >0
such that

(520) fim P{z,(t,)ZR+¢}>0.
To deduce a contradiction we observe firstly that the functions
(521) tz(t)vR (ieZ) are decreasing

(for x;—X;_; =R we get x,;= ) @(x;—x,)=<0 and

j>i

X

i-17

Y @'(x;_;—x,)20, hence 2i§0>.

j<i—-1
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Therefore the events {z,(t)=R +¢} are decreasing in t, so we get from (5.20) the
relation

(5.22) P@QJA@J2R+@)>Q
The ergodic theorem and (5.22) imply
(523) lim ‘:;ii 1‘,.@; (z.(tn)gmx)] (x)>0
for points xeIM which are elements of a set of positive P-measure.
Since P is ergodic and Ep(z,)=r <R we canfind a point xeMsatisfying (5.23) and
furthermore the condition

1 n
(5.24) limz Z z0)=r=R.
RTOR =y

So let x be such arpoint. Define
(5.25) I:={ieN:z(t,)zR+¢ for all ne N} ={i,, i,,...}, where i, <i, <....

The points {x;:i, <j<i,,,} form clusters not interacting with any other particle
for any ¢ 20, because the “barriers” z, () and z; _, (¢) remain =R +¢ for all £=0
[cf. (5.25) and (5.21)]. Hence the clusters {x(t):i,<j<i,,,} are finite systems
without boundary condition. Considerations similar to those in Sect. 2 show that

tllrg z(t) 2 R (i, <j<iy,). Using (5.21) we deduce that the spacing available to the

particles {x;:i,—1<j<i,,,} at time t=0 must be =(i,,, — (i, —1))-R+2¢, and
more generally

(5.26) x; —x; _,2(@,—(@{;—1)-R+n-¢ (neN).
This implies

um)um%24@=um

i=1 ln

X; . n
n >R+¢ - lim - >R

n—oo ln
[by (5.25) and (5.23)].
But (5.27) contradicts (5.24).
So Case II is handled and hence Lemma 5 is proved.

We are now ready to prove the ergodic theorem for infinite systems, which is
analogous to Proposition 2:

Theorem 4. Let @ be a potential with range R< oo and satisfying the properties
(2.30)~2.34). Let Pe ¥ be ergodic with Ey(z,)=:r<R. Then

(5.28) tlim Epl(z,(t)—1)*]=0.
Proof (Kesten, Spitzer). Let ¢,1c0; from Lemma 1(b) it follows that there exist a

subsequence of (t,),.y, Which without loss of generality we will again denote by
(t)nep» and some PelP such that

(5.29) P, —»P.
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Since by Lemma 1(a) r=Ep(z,(t)) for all t=0, we have to show:
(5.30) Tim Ep[z3(,)]1<r2.
To use the ergodicity of P for this purpose (if P is ergodic, P, is ergodic, too, but

this will not be used in the actual performance of the proof) it is plausible to
approximate r? by the averages given in the L?-ergodic theorem:

"1 k 21
(5.31) E, (§Zzi(t)) <r’+¢ forall k=k().

i=1

Lemma 4 is the essential tool to get rid of the time dependence of k(t):

532 B} 3 a0) | <E; 3 20)

i=1 i=1

forall t=0 (kelN).

Next we have to find a connection between the left-hand sides of (5.30) and (5.31),
but this is given by Lemma 5:

Ep (% i:f,l Zi(tn))z —E

These considerations [we postpone the verification of (5.33) to the end of the
proof] are already sufficient to prove (5.30): Given ¢>0 choose k =k(0) so large
that (5.31) holds for t=0; using (5.33) with this k we find an index n, such that for
all n=n, we have [taking into account (5.32)]:

(5.33) (ke N).

pL21

634 EL200SE|; izm)z o

gE[(—llg ) z,-(O))Z] +esri+2e.

i=1

Proof of (5.33). By Lemma 4, we know that sup E,

t20

k 2
(Z >}<oo (ke N), so it is

k
sufficient to prove (Z z(t,)—kz,(t, )) 22D, 0. But this holds, because from (5.29)

i=1
and Lemma 5 it follows that L*(P)— lim (z(t,)—z,(t,))=0 for all ie N,

Remark 5.1. Let & be convex, not necessarily strictly convex on (d,R), and let
Pe#. Then it is clear, that Theorem 4 does not hold in general. But we can still
deduce the following far weaker statement:

Given indices i,jeZ (fixed), the spacings (x,(t)—x/(t)) converge in distribution
as t— 0.

Proof. By Lemma 1(b) the set of the distributions of the variables
{z,®)+...+2,(1):t =0} (keN fixed) is relatively compact. But the Laplace
transforms Ep[exp(—A(z,(t)+ ... +z,(t))] are decreasing in ¢t because of Lemma
4(c). and this implies that they have the same limit for all sequences ¢, 0.
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Remark 5.2. Using the correspondence between measures PelP and translation
invariant point processes on IR? (cf. [8, 11]) we deduce easily from Theorem 4 the
ergodic theorem mentioned in the introduction.

Remark 5.3. The proof of Theorem 4 is based on the assumptions (1.8) and (1.9)
mentioned in the introduction. Interesting open problems arise if one drops one of
these conditions.
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