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Abstract. The classical Yang-Mills equations in four-dimensional Minkowski
space are invariant under the conformal group. The resulting conservation
laws are explicitly exhibited in terms of the Cauchy data at a fixed time. In
particular, it is shown that, for any finite-energy solution of the Yang-Mills
equations, the local energy tends to zero as t— co.

1. Introduction

Since the conformal group is 15-dimensional, Noether’s theorem implies that there
must exist 15 independent conservation laws for the Yang-Mills equations [13].
Ten of them are the familiar laws of conservation of energy, momentum and angular
momentum. One is the dilation law due to scale invariance and the remaining four
are the inversional laws.

From the first inversional law comes the major decay result. More precisely,
for any smooth solution for which the »F** are square integrable, the energy within
any cone, which expands at a strictly slower speed than that of a light cone, decays
to zero at the rate t~2 as t—o0. Moreover, for any finite-energy solution, the
energy within such a cone tends to zero as t— oo. This can be interpreted as stating
that all the energy of a solution radiates out along the light cone; that is, at
characteristic speed. In particular, there are no “classical lumps”. Earlier results
asserted that the energy within a fixed sphere tends to zero for some sequence of
times ¢,— oo [1,4,11] and that the radius of gyration moves at characteristic speed
[2]. The exact analogue of our result was first derived for the linear wave equation
in [5,14] and for the nonlinear wave equation [lu=u? in [9].

The conservation laws are exhibited in terms of the Cauchy data at fixed times,
as is appropriate in the study of the existence and asymptotic behavior of
solutions. An exposition of these ideas in the case of the nonlinear Klein-Gordon
equation may be found in [10]. A similar program of deriving conservation laws is
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carried out in the case of the Maxwell-Dirac equations and the Klein-Gordon-
Dirac equations in [3]. The ideas in [10] show clearly that useful asymptotic
information can also be derived for many systems which are not conformally
invariant. In particular, the systems studied in [12] enjoy the ¢~ ? decay rate, but
we have not carried out the calculations.

In Sect. 2 we list our notational conventions. We have intentionally made an
effort to write all the equations explicitly using only standard calculus notation.
Section 3 contains the 15 conservation laws. In Sect. 4 we present the decay result.
We also derive some “cone estimates”. These estimates are bounds for certain
quadratic expressions in the field strengths integrated over light cones. Such
estimates are crucial ingredients in the scattering theory of the nonlinear Klein-
Gordon equation [6]. In Sect. 5 we consider two special gauges in which the
potentials A* are shown to have appropriately bounded square integrals. We also
explicitly write the 15 conservation laws in terms of potentials in these gauges;
these explicit expressions could prove to be useful in a future analysis.

In this paper we do not discuss the question of the existence of solutions. That
has been done recently by Segal [8]. Using the quasi-linear character of the
equations, he shows that solutions to the Cauchy Problem exist and are smooth
locally in time, if the initial data are smooth. If one could prove that all the second
derivatives, for instance, of the potentials, had a priori bounded square integrals,
the global existence of solutions would follow. In [8] it is shown that a weak limit
of solutions of certain truncated equations exists globally. For an exposition of
such existence questions in the context of the nonlinear Klein-Gordon equation,
see [10]. In the present paper we simply assume that a smooth solution of the
Yang-Mills equations is given in all space-time.

2. The Yang-Mills Equations

For convenience we choose the gauge group to be SU(2) and consider the
unknowns A¥(x,t) (u=0,1,2,3) as real three-vectors, following [7]. The com-
ponents of each A* are written as A}, k=1,2,3. The physical variables are
xt=(x% x!,x2,x3), with x®=t. We write x,=g,,x" (sum on v) where the metric
g, has signature —+++. Thus x,=(xp,X;, X5 x3)=(—x%x',x? x%). We
further define
o=, 5,.j={1 =
ox, 0 i=*j;
and denote by ¢, the standard permutation symbol (e;; =0 if two indices are

L

equal; ¢;;, = +1 (resp. —1)if i, j, k is an even (resp. odd) permutation of 1, 2, 3).
The Yang-Mills field strengths are defined by
3
FW =04 — 0" Ak +g ) &AL Ay (1)
jk=1

where g is a positive constant and i=1, 2, 3. In vector notation, (1) can be written
as

FP=0"4"—0"A*+gA* x A" )
(u,v=0,1,2,3)
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where A4 x B denotes the usual cross product of two three-vectors. We also employ
the notation A4- B for the ordinary dot product of two such vectors. Now define a
differential operator by

3
Divj=5ijav +9 kz,l EjAk 3)
(v=0,1,2,3;i,j=1,2,3).
Then the Yang-Mills equations take the form
3 3 3
~ 3 DYFO+ X Y DFy=0 “
j=1 j=1v=1
(u=0,1,2,3;i=1,2,3).
For convenience, we employ throughout the rest of the paper the following
conventions: all sums Z are taken over the indices k=1,2,3. The physical
k

variables will be denoted by t,x,%,,X5.
We define the analogues of the electric and magnetic field strengths by

EF=F* (k=1,2,3) (5.1)
and
H'=F32 g2=F'3 H3=F21, (5.2)

Let E be the 3 x 3 matrix whose columns are E!, E? and E3. Let H be the 3 x 3
matrix whose columns are H', H? and H?®. In this notation the Yang-Mills
equations take the following explicit form.

0H' OE* OFE?

T=W—5x~+gE3xA2+gA3><E2+gA°><H‘ (6.1)

3 2

0H? OE® OE! 1 3 1 3 0 2

5 =K—-ax—+gE x A3 +gA' x E3+gA°x H (6.2)
1 3

0H® OE' OE?

7=W_67+9E2><A1+gA2><E1+gA°><H3; (6.3)
2 1

aEl 6H3 5H2 2 3 2 3 0 1

G =g — A HOH X A4 gAP X H 4 gA° X E (7.1)
2 3

0E* oH' 0HP

B T o o TIHI XA+ gA X H +gA° X E? (7.2)
3 1

OE® 0H?> OH!

B T an TIH'xA+gA X H?+gA° X E*; (7.3)
1 2

oAk 04>

=Ef——— —gA*xA° (k=1,2,3); (8.k)

ot 0x;,
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with the “constraints”

k
e ronr)o

k

k
Z(%iwAka"):o. 9)
k \OXg

3. The Conservation Laws

The energy is obtained as follows. Multiply (take the dot product of) (6.j) by H’ and
(7.j) by E’ (j=1,2,3) and add the resulting six equations. The twelve cubic terms,
each of which is a scalar triple product, all cancel. The twelve quadratic terms
combine to give the energy identity

0 op*
ae(E,H)=;a (e)
where
e(E,H)=3(El*+|H|*) =3 (IEY*+[H"?) (10)
k
and

p1=H2.E3_E2.H3
p2=H3-E1—E3~H1
p*=H'-E>—E'-H?. (11)

Of course if (e) is integrated over all space and the solution vanishes at infinity
(which we always assume), we get the conservation of energy :

Je(E, H)dx = const.

Unless otherwise specified, the symbol [dx denotes integration over all of 3-space.

The momenta are obtained as follows. The expression dp*/dt is the sum of four
terms. Use Egs. (6.2), (6.3), (7.2) and (7.3) to substitute for the time derivatives.
Upon adding and combining terms, we obtain

Qﬁ=_a_%[lE2|2+lE3|2+|H2’2+|H3|2]
ot 0x,

a 1 2 1 2 a 1 3 1 3
——[H"H*+E'"-E*]——[H'""H°+E"-E’]

0x, 04

0E* OFE® 0H?> 0H?®

—— 4+ |.E! CH!

(6x2 +8x3) —F(é‘x2 + 6x3)
+gE?-(E' x A*)+gE*-(E' x A3)
+gH? (H' x A%)+gH®-(H' x 43).
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If Egs. (9) are now used, the last three lines greatly simplify and we obtain the
momentum conservation law. The result is

op’  Oe 0

ot 0x; Fox,
Thus conservation of momentum is expressed by | p/(E, H)dx = const.

The other eleven conservation laws are direct consequences of Egs. (€) and (p).

The angular momenta are the integrals of x,p! —x,p% x,p*—x,p>, x,p>—x,p’,
and x je+tpj (7=1,2,3). The dilation identity (scale invariance) gives

(E/-E¥+HI-HY  (j=1,2,3). (P9

j[te(E, H)+ Y x,.p"E, H)] dx =const. (12)
k

The first inversional identity is obtained as follows. Multiply (e) by r%+1t2
(r=|x|) to obtain

% [(r2 +t2)e] —2te= ;% [(F*+t2)p*]-2 ; x, .

k

Multiply equation (p’) by 2tx; to obtain

0 . .0 0 . )

p [2txp/]—2x,p = 6_xJ [2tx;e]— ;a [2tx(E/- E*+ H'- HY)]

+ 2t(|E|* +|HY|*) —2te

(7=1,2,3). Summing the resulting four equations, we obtain

—a%[(r2+t2)e+2t;xjpj]= ) Z—ZZ (13)
where

n*=(r? +*)p*+2tx,e—2t ) x(E'- E*+ HI- H).
J

Finally, the last three inversional conservation laws are

| [tx je(E, H)+5(t* —r)pI(E, H)+ Y. x x,,p"(E, H)} dx (14)

=const. (j=1,23).

4. Estimations
The fundamental bound is that of the energy:
Y JUEM*+]H"?)dx =const.
k
That is, all of the 18 components of E and H have square integrals which are
bounded in time.

Next, let K be any light cone. Then we claim that 12 of the 18 components are
square-integrable on K. These 12 components vary from point to point on K.
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Suppose, for instance, that K is the positive light cone {|x|=t}. Integrate () over
the 4-dimensional region {|x|<t<T}. Then

ds
) (%|El2+%|H|2+Zwkp")—=% { (E*+|H)dx
k

|x|=t<T l/i |x|<t=T

X .
where a)k=7" and dS denotes the usual measure on the surface of K. Letting

T— o0, we obtain
1
| (%lEI2 +1H*+ Y, wkp") dS <——=[([E|* +|H|*)dx =const.
K k ]/5

The integrand on the left is nonnegative and can be written as a sum of squares.
For this purpose we introduce the following notation. Recall that E denotes the
matrix whose columns are E', E? and E3, and H the matrix whose columns are H?!,

H? and H?. Now E” is the transpose of E and |E|*=tr(E"E)= ) |E]]%.
iJj

Let w be the vector li;—l Given w with |w|=1, we introduce unit vectors o, f
such that &, f§, @ form an orthonormal basis for IR? with « x f=w. We then have

|E|* =|Ec|® +|Ea|? + |EBI?
and

|H|* =|Ho|? + |Ho|* +|HBI?
since o, 5, w are orthonormal. Next, we calculate

w,p* = (B, —a3f,)(H?*-E*—E* H?)

=o,B,(H*-E>—H* E*)+a,8,(H*>-E*— H*-E%).

Hence we can write

Y o= 0B (H'- E*— H*- E))=Ho:- Ef — H - Eor.
k J>k

It follows that the integrand on the left above can be written as
LEP+3HPP+ ) wp"
k
=1|Ew|* +3|Hw|* +5|Ex— HP|* +3|Ef+ Hal*.

Thus the twelve components of the vectors Ew, Hw, Ea—Hf, and Ef+ Huo are
square-integrable on K.
Next we integrate (13) over all space to obtain

I [(r2 +t2)e(E, H)+2tr ), o, p"(E. H )} dx =const.
k

x o .
where w, = Tk The calculation just completed shows that IZ o, p*| <e. Hence this
k

conservation law implies

[(t—7)*e(E, H)dx < const. (15)
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In particular, if we restrict the integral to a cone of smaller aperture than a light
cone, we get

(et—R)? | e(E, H)dx <const.

x| <R+(1—e)
for t> Re™*. Therefore we have proved the following

Theorem. Let R>0 and 0<e<1. Then

| [E?+|H|*]dx=0("?%) as t—o.
x| <R+(1—e)
This is valid for solutions whose Cauchy data (at any time) satisfies [r2e(E, H)dx

< 0.
We can extend the class of solutions for which a decay result is valid as fol-

lows: Let E, H, A be any finite energy solution of (6)~(9). Thus it is only assumed
that
[(EI*+|H|*)dx < o0

at some fixed time. Let {,(x) be the standard cut-off function: {,eC®, 0=, <1,
{(x)=1 for |x|<n, { (x)=0 for |x|>n+ 1. Consider the solutions E™, H™ whose
Cauchy data is obtained from the original Cauchy data by multiplying it by {,(x).
We assume that

sup [[|E®™ —E|*+|H™—H|*]dx—>0 as n—o. (16)
t

Since the Cauchy data of E™, H™ have compact support, the hypotheses of the
theorem are satisfied, and hence E™, H™ enjoy the ¢t~ 2-rate of local energy decay.
We employ the notation

full}= f [u(x, 1)|2dx .

|x]<R+(1—e)

Now let 6 >0 be arbitrary. By (16) we can choose n=N such that
0
(flE—E“‘”lldx)”2 +(le—H”")|2d>c)”2 < 3
Then, using the theorem, we choose T so large that
o) (N) 9
IE®] -+ |H®), <3

for all 1= T. Since 6 was arbitrary, we have the following result:

Corollary 1. Assume that any finite-energy solution can be approximated by cut-off
solutions as in (16). Let R>0, 0<e=<1. Then for every finite-energy solution of the
Yang-Mills equations we have

lim f (IE*+|H[®)dx=0.

120 |x|<R+(1—e)
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Corollary 2. If the Yang-Mills equations possess a finite-energy solution of the form
E=E(x—ct), H=H(x—bt)
where b and ¢ are constant vectors of norm less than one, then E=H =0.

Let K again be any light cone, say |x|=t. We integrate (13) over a
4-dimensional region as before to obtain

L

Using the definition of n*, we can write the last integrand as

(PP +)e+2tr Y op*+ ) a)kn"} dS < const.
P p

I=(t+7r) (e+ Y w,p* ) 2tchoja)k(Ef-Ek+Hj.Hk)
ik
)

~——[|Ew|* +|Hw|*+ |Ex— HB|* +|EB+ Ha|*] — 2 tr[|[Ew|* + |Hw|*]

=(t+7)>? (e+ ;wkp") -2 tr{’ ;wkE"

2+‘Zwka
k

(t+ r)?

(t—r)?
2

(etr)? [|Ex— HB| +|Ef+ Hul?].

[IEw|*+|Hw|?] +

Therefore 6 of the 18 components of E and H are square-integrable on K with the
weight function t*.

5. Special Gauges

It is useful to obtain bounds on the potentials A* as well as on the field strengths E
and H. We begin with the Lorentz gauge

0A° oAk
*)

7_*-2—:0‘

0x
K OXg

In this gauge the potentials have appropriately bounded square integrals. Indeed,
we take the scalar product of E* [Eq. (8)] with A* and sum on k:

k 0
ZEk.Ak:Z(aait ‘ZiJr Ak x A° ) Ak
k k

kj2 0, 0 aAk
1 ZIA >+ Z (A —Y A% ——
6t . 0
Using (*) and integrating over all space, we obtain
d
a§[|A°|2+ ZIA"IZ] dx=2[Y E*- A*dx
k k

éz(;j‘lEk,de)I/Z (;“Ak|2dx)1/2
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whence
[J(1A°F + DA
= [[ (IAO(x, 0)>+ ; | 4K (x, 0)|2) dxrfz + i(ﬂEde)“zds
for all ¢. Therefore
j[]A°|2+;|A"]2] dx=0(1+1% (17)

for all ¢.
In this gauge the Yang-Mills equations take the form

02A4° o f04° | GY LV L
a —4A4 +g[a x A +Z<2m A+~a——><A)
+92 Y {|AH2A° — (4% A%)AF} =0 ; (18.0)
k
oA —AAI+ 2(3 x A%+ o4° ><A°—|—Z A"xa—Ak—i—2% A")}
o 9 ox; ox, " “ox,
+g [Z{lA"IZAJ (A*- AN AR} —| A2 AT+ (A°- AJ)AO} (18.))

We have made use of the identity
AXx(BxC)=(C-A)B—(B-A)C.

The 15 conformal conservation laws now take the following forms, after some
tedious computations.

The energy density is

2 2

0A°

k
— 2e(A)= |~ 04

012 _ va
+|VA° % ( r

+ |VA’°|2)

0A4° 0A*
2 . AFx A° Ak A"
#u TG A XA T T
2 ko qop 9 ko gn2
+g ZIA x A°| —TZIA x A"*.
k k,n
The momentum densities are

pP4)=

04° 04° . (oA* oAk oAk
oo, 3% o 9o, A <

J

(i=1,2,3).
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Notice that e(4) and p(4) differ from e and p’ of Sect. 3 by certain x-derivatives
(which integrate to zero). The angular momenta are

0 j
Al o’ A°. ol +x e(A)+ tp(A)| dx = const.
ot ot J
(=1,23)
and
m 1
| =xp"(A)+x,p(A) + A" %1[— —A™ %/:— +2gA°- A x A™|dx

=const. (I+m,[=1,2,3).
The dilational identity is
6Ak aAO 8A° oA oA*
o . k., _ e
I[A ;A ~tetd)+ o o L or ot

k

0A*
—I-nga—erx A*|dx = const.
k

The inversional identities are

0A4° 0 4*
j‘ [ (V + tz)e(A) + 2t (AO —a—— _ ;Ak 06[ )

+2t @ % 0Ak @Ak
"ot ar =30 or

+2gt ZrWAO x A¥—3|4°12 + ) |A4?
k

+2Z ( Ak — A~ ago)}dx const.
and
[[ (AO E—ZAIC 5;k) t<A°.%—AJ 0;1:)
—txje(A)—A0~A’+§(V —1})pi(A)
+ZX { P"(A) + Al %—A"’ aai+2gA° AJxA'"}d

=const. (j=1,2,3).

The Lorentz gauge has the drawback that some of the quadratic terms in the
energy density e(A) are positive and some are negative. Consider instead the
Coulomb gauge

0A*

—=0.
x 0x,
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By the same method as we obtained (17), we have
t

(f Ek: |A¥(x, t)|2d>c)”2 < (j ; | A%(x, O)Ide)”2 + (f) (J|E|dx)*2ds

hence

Y 1A x, 0))2dx=0(1+?) forall ¢.
k

In the Coulomb gauge the Yang-Mills equations take the form
0 aAk

—AA°+gZ( Bé—xA"JerAk)

+9> Y (145240 (4% A) 45 =0
k

024" 024°
T k
oz A
0A* 0A° 0A° 0A*
27 0 ky 777 40, 77 2 Aj J
+g[ 8: x A® + A* x % A xax’(+%“{ axjx + A9 x

g {— AP AR+ (A5 A0+ ) {|Af|2Ak—(Af-A")Af}] =0

(k=1,2,3).
If (19.0) is multiplied by A4°, the useful identity
AO k
[VA°2—V-(A° VA°)+gZ<2A°-€~— ><A"+A°-6—A— xA")
T 0%y, ot
+97 ) 1A x A°>=0
k
is obtained. The energy density takes the form
Ak 2
e(A)= {IVA"I + Z( 5l T |VA"|2>}
0A

+gZ{5>€*AkXAO+AOa— Ak+z k AkXA}

g’ g’
+ Y AR AP+ 22N AR x AP
2 k 4 k,1

11

(19.0)

oA
%,

(19.k)

(20)

with the understanding as before that it may differ from the preceding energy
densities by a spatial divergence (which integrates to zero). The Coulomb gauge
has the advantage that the energy density can be written so that the quadratic

terms are positive.
The momentum densities are
0A* 9A* 04"
I(A —— . A" x A° i=1,2,3).
i) = Z(az ax, T A ) Y )

J
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The angular momenta are

f

and

j
xje(A)—AO-a—(;4t-+tpf(A) dx=const. (j=1,2,3)

: . 0A™ 04’
j xmpJ(A)_xme(A)‘i‘A]W—A T+2gAO AJXAm dx const.
(m=*j,j=1,2,3).
The dilational conservation law is
0A4* o0A* 0A* 0A4*
te(A Ak il 927 gk 40 _ ‘
f e( )-I-Z{ T i +gr e A xA}dx const
The inversional conservation laws are
[ 8A"
[l(r? +12)e(4)— Z[Akl —ZZxkAO TS
0A" BA" 0A* 0AF
k., i i k —
+2tZ{A e TS “A*x A de const.
and
04/ .
f{exje(d) = £4% =+ 3% —r)pi(4)
0 i 0A™
+ 2 XX, p"(A)+ A% A+ ijA"'-7
+ > X {A’" %—AJ 6;4 +2gA°- A’”xAJ} dx = const.

(=1,2,3).
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Note Added in Proof
The results of this paper are valid for Yang-Mills fields coupled to scalar fields.








