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Abstract. A characterization of monotone continuous linear functionals on
tensoralgebras which arise in QFT is derived and some consequences are
investigated. Then we look for necessary and sufficient conditions on a set

Tm={LT,Tp,.... Ty} TeEE,

of “n-point-functionals”, which guarantee the existence of at least one mo-
notone continuous linear functional

§={1,5,,5,,...} on E=@E, E=E®E®,..&®E,,
n=0

N
E, a special nuclear space, such that ST ) E, = Ty,, with special attention to
n=0

QFT. A first application is a characterization of all monotone continuous
linear extensions in the case N=2. The notion of minimal extensions is
introduced. Its relevance is discussed. Necessary and sufficient conditions on
Ty, for the existence of minimal extensions are presented. Some properties of
minimal extensions are derived. In the simplest case Ex~C the concept of
minimal extensions allows to answer the extension problem completely for
arbitrary NeIN. For the case of general E=E, and N=2 it is shown that the
known examples of monotone continuous linear extensions are minimal
extensions or a special generalization of it.

0. Introduction, Notation

Up to now the main concern in axiomatic QFT has been that of the linear
program [1,4,8]. The nonlinear constraints of QFT (positivity condition and
uniqueness of the vacuum) have been treated much less [15, 17, 19]. But
nevertheless these nonlinear constraints are as important as the linear constraints
are. One step of incorporating the positivity condition into QFT is the program of
Bros and Lasalle [20]. It relies on additional technical assumptions.
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140 E. Briining

It is well known [12, 13, 4] that an axiomatic QFT in the sense of Wightman
can be characterized in terms of some monotone continuous linear functional

Wz{l,‘//l,“/fz,“//%_,,, .
on the Borchers-algebra & = @ F(R*").
n=0

This is a characterization of a QFT in terms of infinitely many vacuum
expectation values #,, n=1,2,.... Monotonicity is a restriction which connects
the set of all n-point-functionals of a given theory at the same time and makes it
thus hard to analyze.

We will try to do a step in the analysis of the positivity condition in QFT by
characterizing the monotone continuous linear functionals on tensoralgebras such
as the Borchers-algebra but forgetting for the moment the linear constraints and
the uniqueness of the vacuum (Section 1).

As we think it to be adequate to use eventually other testfunction-spaces as
F =FR*) or 2=9(R*), for instance Gelfand-spaces, in particular Jaffe-spaces
[1,2,10] we will formulate our investigations in terms of some abstract complete
HLCTVS (Hausdorff locally convex topological vector space) E = E, over the field
C of complex numbers.

Denote by E, the completion of the n-fold tensorproduct
E®"=E®.E®.,...®,E with respect to the projective topology t,, induced by the
given topology 7, on E. 7, is again a Hausdorff locally convex topology. Equip

E= ,,6:90 E,, E,=C with the topology 7 of the locally convex direct sum with

respect to the topologies 7, and with the product

(@b,= ¥ a®b, n=012..

vtu=n

a={ay,a,...,ay,0,0,...}€E (1)

Then E is an associative algebra with unit 1={1,0,0,...}. Call it the complete
tensoralgebra of E. By [7, Theorem I1.6.2] E is again a complete HLCTVS.
The tensoralgebra of E is

T(B)= Y (E 1),

n=0

it gives by completion just E.
We assume that there is a continuous involution * on E; it has a unique
extension, which is a continuous involution on E, and satisfies

1*=1 (a-b)*=b*-g*.
As a positive wedge E, in E we take the set

N
E,= { 2 g*,-@,-leEE,Ne]N},
i=1

E is then generated by this wedge:
E=E+ _E+ +i(E+ _E+)~
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This follows from the fact that the algebra E has a unit, using a polarization
identity. The space of continuous linear functionals on E is denoted by E’ and is

given by E'= ]_[ E,, e.g. E' is the topological product of the dual spaces E;, of the

spaces E, [7; IV 4 3.1].
We want to investigate the set

—{T<E|TIE, 20}

of monotone (e.g. non negative) continuous linear (m.c.l.) functionals on E and in
particular the structure of its elements. To do this effectively (in the sense of
possible application to QFT) we clearly have to assume some additional structure
of E. This will be done later.

For the moment we note some easy consequences of monotonicity: For Te E,
we have a positive semi-definite sesquilinear form on E:

(a,b)—T(a*-b)
and thus by Schwarz-inequality

| Ta*-b)| < T(@* @) T(h*-b)"2 2
in particular

|T(@)* = T(1)T(a*-a) (22)
and thus

T(1)=0=T=0. (2b)

-Therefore E’, is a convex cone with a basis
E(+, 1= {TGEI+IT(1)= 1} .

A further immediate consequence of (2a) is the following: If Te E, ; then
(a,b)—By(a,b)=T(a*-b)— T(a*)T(b) €)

is again a positive semidefinite sesquilinear form on E. This gives by well known
criteria an infinite set of inequalities connecting all T, nelN, of
T={LT,T,...}eE, ,;some of the simplest one’s are

|( n+m T®T)(a*®b )|2< n(a;ll‘@an)Tmm(b:;@bm) (4)

for all a,€E,, all b,eE,, n,m=1,2,3,...; where we defined (1,®T,) (a,®b,,)
=T(a,)T,(b,) and T,=T,,—T,®T, Our further assumptions are mainly moti-
vated by the application in QFT, which we have in mind.

Assumptions.

(a) E (all E,) is (are) barreled [7], )
(b) E is a nuclear space [5,7].

These assumptions are known to be true for the proposed testfunction spaces of
QFT: #(R%), Z(R*) and some Gelfand(-Jaffe-)spaces #,(IR*). This has been stated
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for #(IR*)in [13] and can be done similarly for the others using standard results in
the theory of LCTVS [2, 6, 7, 9, 10]. If E is nuclear, then all spaces E, are nuclear

[7,1I1.7.5] and thus E= @ E, is nuclear [7,111.7.4].
n=0

The nuclear-theorem [5, 2, 7] tells us in which way each T,e E; is constructed
out of certain equicontinuous sequences of elements in E':

ey

TeE, iff T, ®..®x)= Y . 2000 i)t,) .. 9,
Jtyeesjn=1
(©)

with the following specifications
oo}
i) Y A<  v=1,..,n
j=1

(i) [cy(ys-eer )l =1

(i) £7)(x)=p,(x)

p, some continuous seminorm on E, v=1,...,n.

We call the representation (6) a nuclear representation of 7, E,.

In Section 1 we show that for TeE’, ; these nuclear representations of the
various T, fit together in such a nice way that characterizes monotonicity
conveniently. The tool we use is that of representing unbounded symmetric
operators by infinite matrices. By [18] it is known that this representation is not a
very helpful method for the investigation of unbounded operators, because there is
no uniqueness relation, and they have complicated transformation properties
under unitary matrices. But as we are interested only in representations of the
functionals Te E', ; and not in the associated representation operators Ar(a), ac E
in the GNS-construction, this nonuniqueness does not produce any additional
difficulties.

We use the nuclear representation for Te E', ; to investigate some structural
aspects of E, ;, thus getting a slight generalization of some results of [13] and
some convenient recursion formulae for TeE', ;.

Section 2 treats the following kind of extension problem:

Given

To={LT,... Ty} TeE,

which conditions guarantee the existence of some Te E', ; such that

j,eN, wv=1,...,n

N
T E,=Ty).

Clearly a practicable answer to this problem would be of considerable importance
in QFT. It would be an essential step in proving the existence of nontrivial QFT’s.
In Part IT the case of a continuous linear functional 7, y, which determines exactly
one relativistic QFT is isolated. To answer this problem in the context of QFT in
the general case is much harder because the linear constraints of QFT have to be
taken into account in addition to monotonicity.
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We propose a strategy to attack this kind of extension problems (Section 2).

This helps
(i) to understand why the extension problem for N =2 is trivial but not for

N >2 (Section 3),

(ii) to characterize the set of all extensions for N <2 (Section 3),

(iii) It leads to the concept of minimal extensions (Section 2).
A discussion on the relevance of this concept follows and necessary and sufficient
conditions on Tp,y, for the existence of minimal extensions are derived (Section 2).
In Section 4 the concept of minimal extensions is applied to the simplest case
Ex~C. This allows to answer the above extension problem completely for
arbitrary N.

1. On the Structure of TeE', ,

The aim of this section is to give a complete characterization of a given m.c.l.
functional T on E in terms of its nuclear representations. By construction
a—c*-g-bis a continuous linear map E— E for each fixed ¢, be E ; thus given Te E'
and b, ce E a—T, [(a)=T(c*-a-b) is again a continuous linear functional on E. For
m.cl. functionals on a barreled space E one can prove much more [16].

Lemma 1.1. Given TeE', , define

qr(a)=T(a* a)'. (™)
Assume E to be barreled. Then for each fixed be E

a—qr(a-b)
defines a continuous seminorm on E.

Proof. 1t is immediate that g(-b) defines a seminorm on E. To prove continuity
we define for fixed beE:

Ty={Tylar(9=1}.

Using Schwarz inequality (2) we get for all T, €7, T, [(a)| <qr(a-b) that is 7,
is weakly bounded in E’ and therefore equicontinuous; thus there is a continuous
seminorm ¢, on E such that |7, (a)|<g,(a) for all

T, €7, but gra-b)=sup{|T, (a)l; T, .€7,} =q,(a)

which proves the assertion.
In order to get a convenient formulation we have to introduce some more
notation. Let us denote by M the set of all square summable infinite matrices of

complex numbers, e.g. (a,,), ,en€ WP iff Y |a,,[> < oo, Z |a,,|* < co. Then define
v=1

INZ(E') to be the set of all *~homomorphisms m from E 1nt0 IM@ such that for all

uelN

0 1/2
~( £ maP) =a,00 ®
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is a continuous seminorm on E. m, being a *-homomorphism satisfies

m,,(x)=m, (x*) ©)
and thus
© 1/2
( ; !mvu(x)lz) =q,(x*). 8

Next we introduce the set MZ(E') of all me MP(E’) which have the following

property
(a) m(E) generates an associative *-algebra U(m) in IM®
(10)

[=e) 1/2

b) 4x®.. ®xn'—><z I(M(Xl)mm(xn))vulz)
neN v=1

is a continuous seminorm on E®", called ¢(".

We think these matrices to act in some Hilbertspace [* of square summable
sequences z of complex numbers (z,),.. Then the subspace > of terminating
sequences is always in the domain of all these matrices. Our interest in this set
MA(E) results from its intimate connection with monotone continuous linear
functionals on E:

Theorem 1.2. Let E be the complete tensoralgebra of a HLCTVS E, which has the
properties (5). Then a continuous linear functional T on E is monotone if and only if
there is a m=mpe MPE') such that the restriction of T to 7 (E) has the following
representation in terms of m. For all ne N and all x;e E we have

T.(x; ® ... ®x,)=<eq, m(xy) ... m(x,) ey,

= Y Mo, (X m; ; (X,)...m;  o(x,). (11)

These series have to be evaluated successively in arbitrary order; in each step we
have absolute convergence.

The matrix m=(m,,), .. is not uniquely determined by Equation (11). The most
general such matrix is obtained from a given m in terms of a unitary transformation u

m=umu* (12)
in MA(E):
T(x; ® ... ®x,)=Lue,y, fi(x,) ... m(x,)uey ), - (11

Remark. Dealing with infinite matrices the transformation (12) causes some
difficulties. These transformations have to be understood in the sense of
v. Neumann [ 18], which essentially means that u*e, is in the domain of m(x) for all
ne Nand all xe E sharpened by the requirement that the transformed matrix 7 has
to be again in MP(E) and ug, is in the domain of all r(x,) ... m(x,), x;€E, neN
{e,;n=0,1,2,...} denotes the standard basis of /2.

This theorem is essentially known. Therefore we do not prove it but comment
on it introducing by this way some notation which is used later.
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At first one realizes that each TeE', ;, has a canonical pre-Hilbertspace
realization

Ve=(®4(E), <+, " Dp) (13a)

where @,: E—~E/q; (0)=®,(E) is the canonical quotient map onto the factor-
space of E with respect to the closed subspace gy *(0),

qr(x)=T(x*-x)'*  xeE, (13b)
and where the scalarproduct is defined by
(Pr(x), Dr(YDr=T(x*-y) X yekE. (13¢)

The completion of V, gives a Hilbertspace #, =V, whose scalarproduct is also
denoted by (-, - >;. The nuclearity of E implies the nuclearity of @, and thus the
separability of ;. [2,27.4.3].

Then one sees that by Schwarz-inequality (2) g *(0) is a left ideal in E so that a
weakly continuous cyclic *-representation with cyclic vector @, = (1)

A E-L(Vy, Vp)
is welldefined by
Ap(X)Pr(y)=Pr(x-Y). (14)

As usual we denote by L(V;, V;) the space of linear functions from V; into V;. By
assumption (5a) and L. 1.1 we get that x| 4 ()P (y)| r =qr(x-y) is a continuous
seminorm on E for each fixed yeE; e.g. the representation A, is strongly
continuous.

By definition of E one realizes that the above representation 4, of E on V; is
fixed in terms of a linear map (a ‘field’)

Ap B\~ LD, D) (152)
2, ~er7B)=2, (& £27) = [ 2,
(15b)
2,=Co,, T, ,=lin@,0A,E)T,), n=12,...
such that
Ar(x)*1 D, =Ap(x*)1 D, forall xeE, (15¢)
Pux; ® ... @x,)=|Ar(x,)... Ar(x,)Poll ¢ (15d)

is a continuous seminorm on E®", n=1,2,....
Again 9, CP,(E) is dense in #7. By construction we have

T,(x; ® ... ®x,) =Py, Ap(x,) ... Ax(x,)Po)r all x;eE;, nelN (16)

and we know that all Ap(x,)... Ap(x,)=A47(,(x; ® ... ®x,)) have an extension
defined on @,(E) (j,: E,~ E denotes the natural injection, n=0,1, 2, ...). Therefore
we may choose any orthonormal basis {¢;};_ ; 5, S Py(E) of #; starting with
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¢@,=®, and then define the matrix representation of A,(x) with respect to this
basis, e.g.

m(x)EmT(x)=(mvu(x)) Vv, :u=09 1’ 29 e (17)
mv,u(x) = <()Dv5 AT(X)(pu>T .

This m then belongs to MMZ(E') and has the properties as claimed.
The converse that each me MP/(E’) and each cyclic vector ze [ for m defines an
element

T=T, ,€E, ;
according to
T(x,® ... ®x,) =<z, m(x;) ... m(x,)z), (18)

is fairly obvious.

The transformation properties (12) express the possibility of choosing different
orthonormal basis in @,(E) for the definition of a matrix representation of 4.

Theorem 1.2 says that each state (normalized continuous monotone linear
functional) TeE', | is given in terms of a certain matrix meMP(E) with
coefficients in E’ and a certain vector z in [?. Therefore we may rephrase Theorem
1.2 to say that each state T on E is a matrix-state T,, ,. Thus a detailed knowledge
of MPYE') is equivalent to a detailed knowledge of E_’+,1. In particular one would
like to have a convenient characterization of the structure of elements in MZ(E").
This can be done for the simplest case (Section 4, Proposition 4.3). The result then
is that each such matrix m is equivalent to a Jacobi-matrix. But this is not known
to hold in general. Therefore we discuss some vectorspaces of elements in MMZ(E")
which are dense in a sense which we will specify in a moment.

First we introduce the vectorspace

IMNE)
={m=(m,,), ,enIm, € E; m(x)* =m(x*); m,, =0,v>N(m) or u>N(m)}

of all finite dimensional matrices with coefficients in E’, embedded in IMMP(E).
Clearly for me M(E') we have for any zel?, neN, x;€E

Im(x,) ... mGx,)zl , Z lmGey)|l - mlx,)] 2]l

thus M(E)SIMP(E) and each zel?, ||z| , =1 each meIR™E') give rise to a state
T,,, on E. We call the set

{T,, |meMNE), ze P, ||zl , =1}

0
the set of finite order matrix states on E. Restricted to @ E®" a matrix state of
n=0

order N is of the form

N
M ® ... ®x,)= > zZ,my; (e)my i (x,) .omy (x,)Z,.
Vilsj1serisjn-1=0
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By Theorem 1.2 it is almost trivial that the set of all finite order matrix states is
dense in the set E, ; of all states on E, indeed we have

Corollary 1.3. Assume E to be as in Theorem 1.2. Then each state T on E is the limit
of a sequence of finite order matrix states {T™},_.

Proof. By Theorem 1.2 each Te E', | is a matrix state, that is there is a me IMAE)
such that we have on J (E):

T,(x; ® ... ®x,)=<eg, m(x,) ... m(x,)eq, -

Define P, to be the orthogonal projection onto the subspace of > spanned by
{eo- €5 .., €,}. Then one proves that

Pym(x)Pym(x,)Py ... Pym(x,)Pye, e m(x,)m(x,) ... m(x,)e,
in [? and thus
TV, ® .. @ %,)=egr Py(xy)Py ... Pym(x,)Paeods —— T,(x, ® .. ®x,).

Therefore the sequence TW ={T™;n=0,1,2,...} of finite order matrix states
converges weakly on 7 (E) to TI.7(E) and we know TVeE', | and TeE/, ,.

Remark. The above result generalizes Theorem 11. 3.8 of [13] where for E=%(R%)
it is proven that each state on E=.% is the limit of a net of finite order matrix
states.

For explicit constructions of elements in E’, | starting from elements in
IMZYE’) the following vectorspace D(E') in MP(E’) seems to be more interesting
than 9MM)(E"): We define D(E’) to be the set of all m in M?(E) such that for each
ve N there exists N, e N with

(i) m,,=0 forall u>N,

(i) Ny, <ng+N,

e.g. D(E') is the set of all infinite matrices whose coefficients are different from zero
only near the diagonal v=y. Clearly D(E') is a vectorspace contained in IMZ(E’).
Furthermore each meD(E') generates an associative *-algebra (m) in INP:
meD(E'), x, ye E imply

(19)

NuAN,

(mx)m),,= Y, mx),;m),

j=1

e.g. (m(x)m(y)),, =0 if p>max {N, ..., N} =N; thus m(x)m(y) is a matrix of the
same class as m(x), therefore all products m(x,)... m(x,) are well defined and are
associative and satisfy the right continuity properties (10):

© 1/2
X ® ... ®xn+—>( 3 10n(x,) .. m(xn))vﬂlz)

is a continuous seminorm because there are really only finite sums involved. The
same holds if different m;e D(E') are considered. Well known examples of this class
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are the matrix realizations of the canonical commutation relations, multiplied by
feE":

m(x):a(x)+a*(x)s a(x)v,u zf(x)5v+ 1,/4‘)1/2 H v, ,U,G N

This shows that the class D(E') contains matrix representations of unbounded
operators.

As a last immediate application of Theorem 1.2 we treat a recursion relation
connecting various n-point-functionals 7, for a given T={1, T}, T,,...}€E’, ,. By
the theorem we have for some me IRZ(E")

Ty=myy, Toy= Y my;@m; @...Q0m;, n=1273,... (117)
Ji...jn=0
with convergence properties specified above. These convergence properties allow
to resum these expressions to get
T,=T,
1 A1 ) (20)
=T+ ) T,9.0T,=5L+T" n=234,..

k=2 viePr(n)

where

T..= Y My @m; ; ®...@0m;, n=1,23, ..

Jrejn=1

k
P (n)= {gkz(vl, oV vEN Y vj=n}.
=1

J

This yields

T=TO+T={1,T, L, T{,..} +{0,0, T}, Ty, ...} o

:‘rrEm({O}@ @) E) 20
n=1

and implies a lot of inequalities for 7T, in particular those corresponding to (4) and
the most simple one’s are

1T, CE @, )2 S T, (53 @ %,) - Tyl ®,) (1)

for all x,€E,, x,,€E,, n,m=1,2,....
A useful application of these relations is a condition on TeE', | to be trivial in
the sense, that all T, (n> N) are determined by T, ..., Ty. We treat the case N =2.

Corollary 1.4. TeE', ; is uniquely determined by T, and T, if for some ne N the
equation T,,=0 holds.

Proof. Suppose T,,=0, then by (21') T.,, =0 for all m=1,2,...; that is if n=1,
T,=0forallm=2,3,... and thus by (20) T,=T®™, m=1,2,...;if n=2 then T,,=0
for all m=3,4,... and thus for all m=3,4, ...

m

k=2 yxePr(m)
vis2
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Remark. (a) A natural generalization of Corollary 1.4 would be to answer the
question when a TeE', | is uniquely determined by T, T, ..., Ty, N>2. We will
discuss this problem in Part IL.

(b) Within a QFT in the sense of Wightman such a statement as in Corollary
1.4 is known to hold [11,14]. There one has to use the truncated 2n-point-
functionals W;, instead of T},

2. On a Special Kind of Extension Problems for Monotone Continuous
Linear Functionals

The kind of extension problems we have in mind has been described in the
introduction ; we ask which conditions make a given set T,p ={1, T, Ty, ..., Top},
T.eE,, n=1,...,2N, of n-point-functionals to be the first 2N+1 n-point-
functionals of a m.c.l. functional T on E. Obviously a necessary condition for the
existence of at least one Te E', ; such that TTE,y =T,y is

7221\1) 'E, r‘E(zzv)zo (22)

e.g. monotonicity of 7,,, on that part of E, where it can be such. We use the term
1,320 to characterize monotonicity of T,y € E{,y, according to (22).

The most general criterium for monotone continuous linear extensions is that
of Bauer and Namioka [3, 7]. It seems to be not very useful in this context. The
first step in attacking these extension problems is to exploit the above monoto-
nicity condition as much as possible. This can as we think be done best by deriving
a representation for 7,y, which is as close to those for m.cl. functionals as it can
be. The method we use therefore is very similar to that in Theorem 1.2.

Theorem 2.1. a) Assume the hypotheses of Theorem 1.2 on E. Then a continuous
2N

linear functional Ty, ={1, Ty, ..., Tyx} on Eoyy= @ E, is monotone in the sense of
n=0
inequality (22) if and only if there is a nuclear linear function @y, from Ey, onto
some separable pre-Hilbertspace Vy=(®y(Ew), {+, * D)) such that
Toon(X*y)= (D), P all X, yeEy, (23)
and @y, satisfies the following consistency relation

<(P(N)(3_C1)a qj(zv)(l 1)>(1v) = <(p(1v)(?_¢ 2h QS(N)()_) 2)>(N) (24)

for all x;,y,€ Ewy, such that x¥-y, =x5-y,.

b) Any other such realization of T,y is obtained from a special one by means of
a unitary transformation. In particular there is such a realization (z(E), <+, * >2)
in which zy(E ) is a dense subspace of some Hilbertspace I* of square summable
sequences (nuclear representation of T,y,).

Proof. (a) The sufficiency of the above representation for a continuous linear
functional to be monotone is obvious: Each (e E. nE(,y, has a representation
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F

é= x¥-x;, x;€Ey,; thus we get by Equation (23)

1

I

J
m

TZzN)(é) = 'Zl ’IIZN)()_C;!< ‘3_Cj) = ‘Zl <¢)(N)(>_Cj), ¢(N)(3_Cj)>(1v)
j= Jj=

e.g. inequality (22).
(b) For the converse note that by (22) and L. 1.1

Q.C'_"J(N)(lc) = EzN)(E* x)'? (25)

defines a continuous seminorm on the nuclear space Ey, ; therefore the canonical
quotient map

Py Evy= Egwy/d iy (0= Pw(E ) (26)

is nuclear and (@ y(X), PV = Ti2w)(x*y) defines a scalarproduct on
D \(Ey) such that (23) holds. By definition @, is linear and satisfies the
consistency relation (24).

(€) I (¥ (Eny) (-, ) is another such realization of T, ), define a linear map
according to

U: @ (Ew)=¥w(Ew),

Uy (x)=Yn(x) forall xeEy,.
Because of Equation (23) U is well defined, surjective, and isometric and thus
extends to a unitary map (of the completions of the above pre-Hilbertspaces).

(d) Again there is an orthonormal basis ¢;=®y (x,), j=0,1,... in @ (E y).
Therefore we get

o)

Dy (X) = Z_,O T(X)p; in Vy (27a)

x= ‘;0 Tj(')—c))_cj in (E(N)a Q(N)) (27b)

T{(%) =<9, Py X)) ) all xeEy,. (27¢)
Define

X)) ={1,(x), 15(x), ...} (27d)

then clearly z.y,(x)e/* and

<I(N)(3_<)o I(N)()f»z = <(D(N)(>_C)a g15(;\,')(2»(1\1) s

thus UcD(N)(?g):z(N)(;c) defines a unitary map U:®y,(Ey))—Zw(Ew,) and thus
T =U®y, is again nuclear.
It is convenient to introduce the following abbreviation.

Definition 2.2. Suppose Tj,y,€ E(,y, satisfies T, y, =0. If @y, denotes the canonical
quotient map according to (25) and (26) we call the representation

VN = (¢(N)(E(N))a < N >(N))
such that (23) and (24) hold the canonical pre-Hilbertspace realization of T, y,.
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Proposition 2.3. a) The canonical pre-Hilbertspace realization of a given Tp,y € Ef,y,
Tiany 20, allows to define a linear map Ay _ 1y E\—>L(Vy_5, Vy_1), V,=Py(E),
n=1,...,N such that

1) Ay-H(X)Pu(N)=P(x-y) all xekE, all yeEy_,
i) A )¥TVy s =An-(x*)Vy_, all xeE,.

b) If Ty, satisfies in addition

[Ty (v* - 0 S gy 1) Tom(x* - x)'? o8

Jorall xe E\y_ ) all yEEy 4 1y, Gy + 1) SOMe continuous seminorm on Ey .. ,), the map
Ay has a linear extension Ay, :E;—L(Vy_,, Vy) such that (i) and (ii) of part a)
hold on Vy_, and in addition

iii) @,=® (1) is cyclic for Ay|(E,) in H = s

Proof. a) We show that (i) can be used to define 4y _ . For this we have to show
that @ () =0, ye E y _,), implies @y,(x-y)=0 for all x in E,. By (24) we easily get
for all xeE;:

[ (D(N)(x ’l’) [ (ZN) = <(D(N)(X* ‘X 'X)a (p(N)Q’»(N) =0.

Thus Ay _(x) is well defined on Vy_, by Equation (i). The properties of @,
easily yield those claimed for 4 _,, The consistency relation again yields (ii).
b) If inequality (28) holds the definition

A(N)(x)¢(N)(X) = ¢(N)(X 'Z)
works on Vj;_,, because ®,(y)=0, yeEy_ ), implies
“@(N)(XX)”(2N)§‘1(N+1)(X* X 'X)' I (D(N)(X)”(N) =0.

Clearly Ay, is a linear extension of Ay_,, and satisfies (i) and (i) above. By
definition of A4y, we get

2,=C0,,
@n+1=1in(‘@nUA(N)(E1)@n)z l’l=1,...,N;

N
Dys1 =@(N) (@E?n)

which is dense in Vy and thus in J# y,. Therefore (iii) holds.

Remark. Clearly there are some other obviously necessary conditions on 7, y, for
the existence of at least one m.c.l. extension:

I Teamy VX = din(Vin) Toam oy X o) (29)

%ll X € Emy Y€ Ep m=1,..., N, n=2N —m, g, some continuous seminorm on
=(n)



152 E. Briining

The validity of these inequalities is equivalent to the existence of some continuous
linear functions Y{),:E, —# ), n=N,...,2N, such that

(@) ’1—221\1)(2* x)=< Tﬁnzv)) Q’)u ¢(N)(>_C)>(N)

(i) ‘I’}%;=<P(N} (30)
(iii) | lp&)) (X)”(N) = ‘I(n)(l)
for all

yeE,, al xeE,, n=N,.,2N, m=2N-n.

Suppose that a given T,y € E(sx) Tian) 20, with canonical pre-Hilbertspace
realization Vy=(®y)(Ew), <+, D) has a m.cl extension TeE’, ,. This T has a
canonical pre-Hilbertspace realization Vy=(®(E), -, >;) and thus a canonical
isometry J:H# y,— Ay from H# y, into # ', is well defined by continuous linear
extension of

J¢(N)(>_C) =0.(x) all xe Ew (31)
because of
l J‘p(N)(lC)“ % =T(x* x)= Yzzzv)(lc* X)= ‘p(zv)(l‘)“(zzv) .

In terms of the ‘fields’ A and the ‘candidates for the fields’ 4 y, we may formulate
the extension problem as follows:

Tiam€Efany Ti2n) 20, has a m.cl. extension T iff there exists
() a separable Hilbertspace # = in which a ‘field’ 4=A4,:
E, -L(Z,2,) acts according to Equations (15) and

(ii) a canonical isometry J: # ,—# such that
J A(N)(xl) e A(N)(xn)(p(m(l) =A(xy) ... A(x,)J (p(N)(l) (32)

holds for all x;€E; and n=0,1,...,N.

Thus we see that the construction of a m.c.l. extension of T, y, =0 requires two
main steps:

1. The construction of some separable Hilbertspace 5# in which we can embed
H v, isometrically.

2. The construction of some linear function 4:E, - 1(9 4,9 ,), @ , dense in H#,
which satisfies Equations (15) and (32).

In this generality an enormous amount of freedom is involved in this problem.
So we propose first to look for a special kind of extensions thus making the
extension problem much more definite. In order to do this we introduce

Definition 2.4. TEE, , is called a minimal extension of T(,y € E(,5), Tia5, 20, if and
only if

(i) TrE(ZN):T('ZN)

(i) The Hilbertspace # =V, of the canonical pre-Hilbertspace realization
Vp=(@HE),<+,">7) of T and the Hilbertspace # y,= ¥y, of the canonical pre-
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Hilbertspace realization Vjy, =(®y,(E)), <+, D) are canonically isomorphic (e.g.
J as defined by (31) is a unitary map from # , onto # 7).

A second step then has to treat the case of more general extensions using the
knowledge of minimal extensions.

Remark. Some comments on the relevance of this special kind of extensions seem
to be in order.

a) To look for minimal extensions seems to be the only way to get necessary
and sufficient conditions on Tj,y, for the existence of (at least minimal) m.c.l.
extensions. We will show this in this section.

b) The known examples in relativistic QFT (generalized free fields) are
constructed according to the strategy proposed above. This will be shown in
Section 3.

c) For the simplest case Ex~C all m.cl extensions can be constructed
according to this procedure (Section 4).

d) There are cases of T ,y, where only minimal extensions exist. This is shown
in PartII.

e) In application to QFT the construction of minimal extensions is the easiest
way of constructing m.c.l. extensions which are Poincaré-covariant and satisfy the
spectral-condition (Part II).

f) The notion of minimal extensions allows to specify a case where a relativistic
QFT is fixed in terms of finitely many vacuum expectation values (Part II).

g) If the usual coupling of fields and additive quantum numbers is assumed
(for instance the case of charged fields) one easily sees that minimal extensions do
not describe the situation one expects (this has been pointed out by O. Steinmann).

Now we want to give arguments which support statement a) above. If we look
for minimal extensions T of T(,, we can always identify #; and # y,; e.g. Step 1.
of the general case disappears and thus we get

Proposition 2.5. A functional T,y € E(,y, which satisfies inequalities (22) and (28)
has a minimal extension TeE' | if and only if the linear function
Ay Ey > L(Vy_ 1, Vy) which realizes Ty, according to Proposition 2.3b) has a
symmetric linear extension A:E,—~I(Z ,, 9 ,) such that

() o=y, 97A=%(N),
2,= | D,, D,=C&,, D, , =lin(D,UA(E,)D,),
n=1

(i) Ax)*12,=A(x"19,,

(iil) p(x;® ... ®x,) = A(x,)...A(x,)P, | (v, are continuous seminorms on E®"
n=12,...

(iv) A(xy)... Ax,)Po= A (Xy).- - A (X,)P, for all x,€eE;, n=1,...,N.

Proof. If TeE', , is a minimal extension of Tj,y, we know #'; and # y, to be
canonically isomorphic. Thus the identification of #°; and #, yields a linear
function A:E,—»IL(2,9%, which has the properties as specified above.
Conversely suppose we are given a linear function A:E,—»L(9 4,9 ,) as above.
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This then defines a TeE’, | according to
T,(x; ® ... @x,)=<Dy, A(x}) ... AX,) Do)

for all x;eE, and all n=1,2,....
By (i1) and (iv) we see TTE,y, = T,y 7 is canonically isomorphic to #, by
construction. Therefore this Te E’, ; is a minimal extension of T, ).

Remark. Even the case of minimal extensions includes in general the problem of
extending a not densely defined operator A,(x) to a densely defined operator
A(x), xeE,. This is definitely the case when Vy_, is not dense in #{y, Later
(Part II) we will discuss necessary and sufficient conditions on T, y, such that Vy_,
is dense in #y,.

A natural question is to ask how many minimal extensions a given Tj,y, =0
may have and how these are specified. In order to give a preliminary answer we
proceed as follows. Suppose 0= Tj,y,€E{,y, has a minimal extension TeE', ,.
Then there is a “field” 4:E,»>L(2,, 2 ,) according to Proposition 2.5 and in
particular we may define a chain of linear functions (D, as in Proposition 2.5 (i))

Ay :E;~L(D,, D, ) -

Ap(X)=AX)ID, n=1,2,....

Then for suitable Me{1,..., N} and n=M +1 A, (x) is densely defined in 7y, and
thus has a unique adjoint in #{y, such that

AN C Ay (¥ CAX)*  n=M+1,M+2,...

because of A, (x)E A, 1,(x)SA(x) for all xeE; and n=1,2,....
Property (ii) of Proposition 2.5 then implies

Apy(x*)= A, (x)* ID, n=M+1 (34a)

A(n+1)(x):A(n)(X*)*an+1 nzM+1 (34b)
By property (iii) we have in addition that

Py ® . @)= [ Ay (xy) o Ay (x,)Poll oy (34¢)

defines a continuous seminorm on E®" for all n=M+1, M+2,....
This essentially shows

Corollary 2.6. Suppose T,y €E(,y, Tox 20, has minimal extensions. Define
Me{l,...,N} to be minimal such that Vy, =®y(E ) is dense in #y,. Then each
minimal extension of T,y is fixed by the definition of A1y (X) on Dyiy

M
=Py, (;.@) E?"). In particular if M <N Ty, has at most one minimal extension

and if M =N each minimal extension of T,y is fixed by fixing a 2N + 1-point-
Sfunctional T,y , appropriately.
Notice that the relations (34) express a construction procedure for the

functions 4, These relations yield a chain of inequalities which are in principle
inequalities for Tj,y, respectively T,y . This is used to prove
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Theorem 2.7. For a given T,y € E(;5), Tian 20, let us distinguish

Case A. Vy_ is not dense in #y,

Case B. Vy, is dense in #y,, MSN—1.
Then in Case A Tj,y, has a minimal extension which is fixed by a given 2N + 1-point-
Junctional Toy, =T €E5y., if and only if

a) there is a continuous seminorm qy .,y on Ey ., such that

!T(ZN+ 1)(2* Z-X)| S ’IzzN)(X* '2)1/2 AN+ 1)(2 " X) (35)

for all x,yeEy, and all zeEy, Ton, 1, ={L Ty, .., Tons Tans1ls
b) the following successively defined chain of inequalities holds

|<A(n)(x) b A(n)(xl) A(n)(xk)¢0>(N)|
=| l‘y(n)“(z\')'pk+1(3¢®X1® L ®x) (K,

for all x,x,€E,, all ¥, €D, p, are continuous seminorms on E®" k=n and
k=n—1,n=N+1,N+2,..., the A, are defined according to Equation (34).

In Case B 1 ,y, has a minimal extension if and only if the inequalities (K, ) hold
for n=N,N+1,....

By straightforward insertion of an orthonormal basis {¢;} ;. C Vy of #y, into
(K,.,) these inequalities are inequalities for 1 ,y, respectively Ty . 1y

Proof. By Proposition 2.5 and Corollary 2.6 it is immediate that the inequalities
(35) and (K, ;), n= N +1 respectively (K, ), n=N are necessary.

Conversely assume that in Case A there is a Ty, ;=T € E,y. 1 such that
(35) holds; then by Riesz-Fréchet there is exactly one linear function

oo Ewve = #w
such that
T(2N+ 1)(2”k ZeX)= <®(N)(X)a lp?]’v: l(z : 3_6)>(N) =< III?;VJ; l(Z Y, q)(zv)(lc»(zv)

N+1 (36)
1P (29w =dp+1)(z-X)
holds for all x, ye Ey, and all ze E,. Using (36) we see that a linear map
A1) By = LVy, #iy)
is well-defined by
A+ (X)) =3 '(x-y)  xeE;, yeEy, (37a)

and satisfies
A(N+ 1)(x)* rVNZA(N+ 1>(X*) rVN xeE, (37b)

Obviously Ay, is strongly continuous. In particular Ay, ;,(x) is a densely
defined linear operator in #{y, for all xe E,. By inequality Ky, ; y,, We see

Dy p=lin(Dy, WAy, WEDDy 1) ED(Ay + 1y(x*)¥)
thus
A(N+ 2)(x) = A(N+ 1)(x*)* rDN+ 2
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is welldefined and satisfies

A+ 2) I Dyy 1 =Ap, (¥) Dy,
because of (37b). According to Ky, x4

P+ 2(X®@X; ... @Xyyq)= HA(N+2)(X)A(N+ 2)(X1) A(N+2)(xN+ 1)q50||(N)

is a continuous seminorm on EPW™T?. Inequality Ky, ., implies
Dy 4 2CD(Ay 4 2(x*)*) for all xe E; and therefore

A+ (X Dy = A s ) (x¥)* T Dy, = Ay, o(x) forall xeE,.

Similarly we get by induction using the whole chain of inequalities K, ,,
k=nn—1; nzZN+1 a chain of linear functions A, :E,—L(D,,D,. ),
n=N+1,N+2,...,Dy, = 9y, such that Equation (34) and

An+ 1)) EAN+n(X)EAN+3X)E ... all xeE,
hold. This allows to define
2,=\)D, A:E—>LZ2,9) (38)
n=1

A(x)ID,=A,(x) for all xeE, and all n=N+1,N+2,....

By construction this 4 is the symmetric linear extension of 4y, which is fixed
by T,y and which has the properties (i)(iv) of Proposition 2.5 and thus defines
the minimal extension of T,y, which is fixed by T,y ;.

To prove the corresponding statement in Case B is even simpler because then
we know that A y,(x), xeE,, is already densely defined in H#y,.

Remark. According to Corollary 2.6 and Theorem 2.7 one expects that in Case B of
Theorem 2.7 there should be conditions on T,y, such that there is exactly one
(minimal) extension of 7, ,. This is proven in Part IL

3. Applications to the Extension Problem for T,,={1, T,, T,}

The purpose of this section is threefold:

a) Using the results of Section 1 and 2 we want to characterize all monotone
linear continuous extensions of Tj,, (Theorem 3.1).

b) We want to substantiate remark b) following Definition 2.4 by showing that
the generalized free field associated with a given two-point-functional 7T, is the
(minimal) local extension of a special minimal extension of 7;,,={1,0, T,}.

¢) We want to discuss why the extension problem for T, is rather trivial for
N <1 but not for N>1.

To begin with we formulate

Theorem 3.1. Suppose that the complete tensoralgebra E of E has properties (5).
(a) A given functional T, ={1, T, T,}€ E,, has a m.cll. extension if and only if

Ty 'E, NE; 20 (22)
holds.
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(b) If T, €E, satisfies the monotonicity condition (22') the set of all m.cl
extensions of T, can be characterized in terms of their nuclear representations (23)
in the following way: Take a nuclear representation (11)(E ), <+, ;) of Ty,
according to Theorem 2.1b). Then TeE', , is an extension of Ty, if and only if a
matrix representation me ME(E') of T has the following form:

1(x) () ()
t(x) ag(x) apa(x) ...

(M (X 5= )=| H (39)

kj k,j=0,1,2,... ‘L'(zl)(x) a21(x) azz(x)

with some ac MP(E') such that
(i) 2V(x)={r{(x), ©(x), ...} is in the domain of all a(x,)... a(x,), x;€ E,, ne N,
for all xeE,, where we used the notation 7.(X,, X;)=x,2'” +z"M(x,) and

I“’(x1)=Tl(xl)z“”@z‘”(;cl), I(O)=I(1)(1) o

(i) g,(x, ® ... ®x,)= ( Z l(a(xy) ... a(x,_ )EM(x,), lz) are continuous semi-
norms on E®", n=2,3,.... !
Proof. a) Condition (22') is clearly necessary. Suppose now that (22') holds. Then
by Theorem 2.1 T, has a nuclear representation (23):

Ty Egy = P(©),

Tio)(x* ) =<21y(X), 24)(y)), forall x,yeE, =E,QE,.
We may identify @={t{0 ¢{® ™ .} and ¢,={1,0,0,...}. Now any
a(x)e MP(E") which satisfies condition (i) and (ii) of Theorem 3.1 (b) gives rise to an

element me MZNE’) according to Definition (39). Thus by Theorem 1.2 there is a
m.cl. functional T,, , € E', ;. By construction we have

m(x)e, =1(1)(x) =T (X)e, @ i(l)(X)
m(x)m(x,)e, =T,(x; ®x,)e, ® (T} (xZ)T(l](xl) +a(x1)f(“(x2))

Therefore this matrix state 7, , defines a m.cl. extension of T, This proves (a)

and the sufficiency part of (b).
b) If TeE', , is any extension of Tj,, then by Theorem 1.2 T is a matrix state
T, .

m,z> ©&
T, ® ... ®x,) =z, m(x,)...m(x,)z), forall x,cE, and neN.
TTE, =T, implies T,(x)=<{z m(x)z),=14"(x)

and

T,(x ® y) =z, m(x)m(y)z), = (m(x*)z, m(y) 2y, = {zV(x*), 7)), ,

e.g. eventually after some unitary transformation in r(l)(Em) We may assume z=¢,
and t¥(x)=m(x)z. This shows that a matrix representation m of any extension
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TeE', , of T, has the form specified in (39). Clearly me IM?(E’) implies conditions
(i) and (ii) of (b).

Remark. (a) Theorem 3.1 shows that a given T, € E{,, which satisfies (22') has a lot
of m.c.l. extensions. This follows easily from the fact that any finite order matrix a
satisfies the conditions (i) and (ii) of Theorem 3.1 (b).

(b) One can use formula (20) and Theorem 3.1 to split off explicitly that part of
an extension Te E', ; which is fixed by T,

(c) It seems that in the literature only three m.c.l. extensions of Tj,, are known:

(1) the trivial one described according to Theorem 3.1 by Equation (39) with
a=0,

(ii) for T; =0 that extension of T;,, which is constructed in QFT via the Fock-
space construction over the canonical pre-Hilbertspace V, =(& (1>(E(1)) ok

(iti) for T, =0 a special class of extensions by means of certain scalarproducts
on E, using rough estimates [21].

The next topic of this section is to show how the best known examples of m.c.l.
extensions of T,,, e.g. case (i) and (ii) of remark (c), fit into the scheme of minimal
extensions.

Given T, € E(,, such that (22) holds there is the canonical pre-Hilbertspace
realization (@, (E;), (-, - ;) =V; of T, Define ;= (1) and D1 (x)=,(x)
—Ti(x)®, for all xeE,. Then

D)(Xg5 X1)=(xo+ T} (x,) P, @ Dl(x,)
and thus @, (E,)) is the orthogonal direct sum
¢(1)(E(1)) :(E(po @ djl(E1) :
According to this decomposition we define linear operators in @ (E ;)):

APy =T (x)D,, A;o(x)Py=D"(x)

Ao, (IPL() =B (x), D13, @, and (40)
_ [Agolx)  Agpy(x)
A“>(x)‘(Am<x> 0 )

for all x, yeE,. This definition yields A,(x)®,=T,(x)®,® ®'(x)=P,(x) and a
simple calculation shows || A4 (x)|| (T (x*®X)+T11(x®x*))”2 e.g. A(l)(x) is a
bounded linear operator in ¥ such that x+|| 4, (x)| is a continuous seminorm on
E,. The symmetry T{*=T, and Ty =T, of T, implies the symmetry (A4 ,(x))*
=A(1,(x*) of A, Therefore a minimal extension of T, is welldefined by
(x;eE;,nelN

T(x,® ... ®x,)={Py, A(l)(xl) A(l)(xn)¢0>(1)’ (41)

Using Definitions (40) one can express T, explicitly in terms of T, and T,. The
result is given in the proof of Corollary 1.4.

Knowing this special minimal extension one can easily construct a lot of other
minimal and non minimal extensions. Details are contained in Part II, Section 4,
Corollary 4.3-4.5.
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Another way of generalizing the minimal extension of T, ={1,0,T,} as-
sociated with

0 A01(x))
A o(x) 0
is obtained by the wellknown Fock-space construction:

We embed V) into the much bigger pre-Hilbertspace % which is the locally
convex direct sum of the tensorproducts of @!(E,)

A(])(x) = (

7= é_éo 7, F,=Co,, F. =0 E)®..@FE,), n-times,
and construct a symmetric linear extension A of 4;, on #. To this end we define
as usual for all x, x;, ye E;, ne N

at ()@, =P (x)=A4,;,(\)P,

at()P(x)® ... Px,) =P (x) @ P(x,) ® ... @D (x,)

a”()@,=0, a (x)'(y)=<P'(x), P'(y)); Py

a” ()Px)® ... @ PHx,) ={P'(x*), D (x ), P (X)) ®... @ P'(x,) nZ=2
and get bounded linear operators (S, =symmetrization operator on %,)

Ay )=+ D28, 0" (x): 7~ T,

Ay 1=+ D20 (X)S,.,: 7 T,
such that

[y S0+ D20, A4, I S+ D2 NX)]
and

Ay () =(Ays (),
This implies that

0 Ayy(x) 0 0

A;o(x) 0 Ay5(x) 0 0

A(x)= 0 Ay1(x) 0 Azs(x) 0
0 0 Aj,(x) 0

is a welldefined linear operator Z# — % such that A(x*)=A(x)* [ and A(x)®,
=A41,(x)®,=@,(x) hold. A(x) is unbounded but all A(x;)... A(x,) are welldefined
and x; ®... @ x,—[|A(x,) ... A(x,)®,| > are continuous seminorms on E¥" for all
ne N. The reasons for this simply are the special form of 4(x) (the form of a Jacobi-
matrix) and the continuity properties of x—||4,,(x)|. Thus A(x) defines a m.c.l.
extension of T, according to

T,(x; ®...®x,) =Dy, A(x;) ... Ax,)P¢)y -
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If E, = %(R*) and if T, satisfies in addition the linear constraints of QFT it is easy
to see that the minimal extension of T,,={1,0, T,} defined in terms of

0 A01(x))
A o(x) 0

satisfies Poincaré-invariance and the spectral condition of QFT but not locality.
To construct a m.c.l. extension which is local one could try to construct a minimal
extension in terms of

L0 An
A‘“(x)‘(Am<x) A,

But this would mean to fix in addition at least a three-point-functional appropri-
ately. In principle it is possible to proceed in this way (Part II, Section 3). But such
a kind of extension is not applicable if one wants to have the usual association
between particles and fields.

The extension of 7,, that we get by restricting the above A: E, -~ L(#, ) to

A(1)(x)= (

) (4,,(x) appropriate).

D, = nC;Do S, F,toget AtE, > L(ZD 4, D ,)is the well-known Fock-space extension of

1,,=1{1,0, T, } it is a local extension of the minimal extension of 7,, which is fixed
by T, =0. This Fock-space extension of T ,, is minimal in the sense that only the
given two-point-functional T, and some combinatorial objects which take care of
locality are involved.

Another way of constructing the Fock-space extension is to use in Theorem 3.1
a special matrix me D(E’):

mx)= . {t{"(x)a? +7{(x)a "}
j=0
79(x) as in Theorem 3.1; {a", a¥ "} a suitable matrix realization of the canonical
commutation relations.

As a last point of this section we indicate the main differences of the extension
problem of Tj,y, for N<1 and N>1:

() For N<1 the obviously necessary continuity conditions on Tj,y, of type
(29) are implied by monotonicity T,y =0 but not for N>1. For N>1 these
continuity conditions are independent restrictions.

(B) For N=1 the linear function 4 ,,:E,—L(V,, V;) which yields T, in the
canonical pre-Hilbertspace realization is always a bounded operator valued
function [realization (40)]. Therefore a lot of minimal and thus also non minimal
extensions always exist in this case. For N>1 this is not necessarily true (see
examples of Part II).

(y) The possibility (C) of Theorem 1.4 of Part II (e.g. there is no extension at
all) is excluded in a trivial way for N <1.

4. The Preblem of Monotone Extensions for E~C (Moment Problem)

This section is intended
a) to illustrate how the idea of minimal extensions works in the simplest case,
e.g. in the case where E, is one-dimensional: E, =Ce,.
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b) To show how one can construct all m.c.l. extensions in this case knowing all
minimal extensions and

¢) to determine the structure of elements in IRZY(C).

Of course it would be very helpful to know the structure of elements in MP(E’)
for general E. This analysis gives a hint what one can expect.

For E, =Ce, we have E,=Ce,, e,=e; ® ... Qe,, n-times and the topology of
the locally convex direct sum

<)
E= DE,
n=0

is defined by all sequences {c, 20}, according to the definition of continuous

seminorms
0

4., 2= 2 c,lz,l.

n=0

With the definition of the product ({-z),= ), {,z, and the involution

vru=n
0 b3 o)
(Z)*:(Z Znen> = Z Zp€p
n=0 n=0

E becomes a *-algebra with unit. Clearly all E, are barreled and nuclear ; thus our
general assumptions on E are fulfilled, e.g. E is a barreled nuclear locally convex
x-algebra with unit.

Clearly the normalized m.c.l. functionals t={1,¢,,¢,, ...}e]_:"ﬁr’1 on E and the
sequences ¢={1,¢,,¢,, ...} of positive type, e.g. those sequences ¢ such that for all
NeNand all {z,,z,,...,zy}eC¥** we have

Z.C 2 =0 42)

nntm<m
0

b=

n,

are in a one to one correspondence according to c,=t,(e,) for all ne N. Therefore
in the case E, =C Theorem 1.2 is a characterization of sequences of positive type:

Corollary 4.1. A sequence c={1,c,,c,,...} is of positive type if and only if there is
an element m in ME(C) such that

€y =My
and
0
Cry1 = Z Moj M jp oMo -
Jiseees jn=0

But this is nothing else than the well-known [23] result:

Corollary 4.2. A sequence c={1,c,,c,,...} is of positive type if and only if there is a
symmetric operator A in some separable Hilbertspace # which contains a cyclic
unit-vector e, for {4"n=0,1,...} such that

¢, =(eq, A"¢) n=0,1,.... 43)

This in turn can be used to show (see Appendix):
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Proposition 4.3. Each meMP(C) is unitarily equivalent (in the sense of von
Neumann) to an element ac ?(C) in standard form

(ay a5, O 0 0

dio 411 4y, O 0

0 0 a3 az; ax

Knowing the standard form of elements in MZ(C) we can determine all m.c.l.
extensions of a given t,y,={1,¢;,...,c;y} €Ey =IR*M T such that

tom ELNE y20, eg
N
ZCnemZm =0, {zgy...,zyeCVT! (44)

n“n+m<m
n,m=0

To solve this problem we have to find all real numbers c,, n=2N+1, 2N+2,...
such that c={1,¢,, c,, ...} is a sequence of positive type in the sense of relation (42).
According to Theorem 2.1 we know that by assumption (44) there is a continuous
~ linear map @y, from Ey, onto some pre-Hilbertspace Vy=(®y,(Ey)) <, D)
such that

t(zN)(Z* 0= <¢(N)(Z)’ ¢(N)(£)>(N)

N
= Z En§m<@n(en)’ ¢m(enz)>(N) (453)
n,m=0
€8 Cim=<P,e,), P,(e,)>n Tforal nme{0,1,.. N} (45b)
Vy isspanned by {@(e,),..., Pyley)}. (45c¢)

To apply the idea of minimal extensions we have to construct a symmetric
operator Ay, in Vy such that

D, (e,)=AlyPole,) n=0,1,..,N (46a)
holds, and then the definition

c, =L DPylee), Ay Pole)>yy n=2N+1, 2N+2,... (46b)
yields a minimal extension. The following proposition says that this always works.

Proposition 4.4. Given a sequence t,y={l,c,,...,c,5} of real numbers which
satisfies condition (44) there exist minimal extensions of t.,y, which are constructed
according to Equation (46).

a) If Vy, is spanned by {®(e,), ..., Py ley)}, M <N (notation of relation (45))
there is exactly one m.c.l. extension and this is a minimal extension of t ,y,.

b) If dim(Vy)=N +1 the cardinality of the set of all minimal extensions of t,y,
equals the cardinality of R. The most general m.c.l. extension of t,y, is obtained
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according to Corollary 4.1 by an element me MP(C) such that
oo Goy O 0.. 0
dyo Ay Ay; 0-.

0. a1, Gpa a3,

m= .
C Ay, N 0
IR R VY ayn+1 O
0 0 Ay+1,N ON+1,N+1

nmz=N is

mn>

where a,, =a,,, 0Sn<N,0=<m=N-—1is fixed by t,y, and a,,=a
arbitrary.

We prove Proposition 4.4 in the Appendix.

Remark. (a) In Part 1T we derive explicit conditions on £,y, (for general E) which
allow to distinguish case a) and b) of Proposition 4.4.

(b) Another version of the existence and uniqueness part of Proposition 4.4 is
for instance contained in [22,23].

(c) Notice the simple connection of the extension problem for E, =€ with the
extension problem in the case of a general HLCTVSE,: Given T,y eE;,y),
1,5 20, and x*=xeE, define

c,=T(x®"), n=1,..,2N

then t,y,=1{l,¢;,....co5} is @ sequence of real numbers which satisfies relation
(44). Thus for each fixed x*=xeE, we know all the solutions of the extension
problems. Therefore to solve the extension problem for Ty, means to find
conditions which imply that these various extensions fit together in a proper way.

Appendix

This appendix contains the proofs of the statements of Section 4.

Proof of Proposition 4.3. According to Corollary 4.1 and 4.2 an element m in
IM(C) can be thought of as the matrix representation of a symmetric operator in
some separable Hilbertspace # with respect to an orthonormal basis
{esn=0.1,2,. 3 of # in the domain D(4) of this operator A: m;=(e; Ae)
i,j=0,1,... such that e, is cyclic for {4"|n=0,1,...}. Then we know that
{A",ln=0,1,2,...} contains a basis of # contained in D(A). By orthonormali-
zation of this basis we get an orthonormal basis {f,=e,, f, f5, ...} of # in D(A):

n n
— J 7 —
j;l_ Z OanA € Z O(njo‘mn_anm

j=0 Jj=0

A'ey= 3" y,,f; forall neN. (A1)
ji=0
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If we calculate now the matrix representation of A with respect to the basis
{fo> f1, ...} CD(A) we obtain

M=

i+1
(fo AS) = Ui Z Vit 1,0 (A.2)
i =0

0

and therefore (f,, Af,)=0 whenever n=m+2 and thus by symmetry of 4
(o ALf)=0 if In—m22,

This shows that (m;;) and (a;;=(f;, Af;)) are unitarily equivalent in the sense of von
Neumann and that a=(a;;) has standard form.

Proof of Proposition 4.4. If t,, satisfies (44) it has a canonical pre-Hilbertspace
realization V, such that the relations (45) hold. Let us denote f,=®,(e,),
n=0,...,N.

a) If V, is spanned by {f,, ..., f;;} we obtain

fu= %anfj M+1<n=N. (A3)
j=0

Therefore the definition of Ay, is already fixed by condition (46a):
Amfo-1=f n=L...M

M
A(N)fM:fM+1= _Z_,OﬁMH,jfj- (A4)

The relations (45b) imply that with this definition A4y, is a well-defined symmetric
operator in V. These relations also imply that the Equations (46a) are also fulfilled
forn=M+1,...,N:

If M=N—1 this is the case according to definition (A.4). If M<N—1 we
calculate for arbitrary

g= .;Oﬂjfje V= lin{fy, ..., for}

using (45b) and the definition of Ay, <3, fyr+2>m =<9 A0 u>w thus
Abpfu=Iu+o f M<N—2 a finite number of similar steps yields the result.
Therefore there is a minimal extension of ¢,y, in case a) of Proposition 4.4.

Suppose now that t={1,c;,c,,...} is any m.cl. extension of ¢,y It has a
canonical pre-Hilbertspace realization V,=(®,(E),{-,-),) and we may assume
@, Ey, =Py, Otherwise we had to do a unitary transformation in Vy. Then we
have vectors f,=®,(e,), n=0,1,2,... in ¥, and a symmetric operator 4:¥,—V, such
that f, , =Af, n=0,1,... holds. Together with (A.3) this implies f,eV,, for all
nzM+1,eg V,=V, =V,;thatis t is a minimal extension of ¢ ,y,. Then it is clear
that 4 is fixed by its action on V), e.g. by A4y, ; therefore there is exactly one m.c.l.
extension of £y,

b) If ¥V has maximal dimension N+ 1 the condition (46a) defines the operator
Ay, in Vy, we are looking for only on the proper subspace Vy_; =lin{fq, ..., fy_1}-
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If we orthogonalize the basis {f;, ..., fy} of ¥ we get an orthonormal basis
{g90="1091,---»gy} such that

n

6= 2 ol Su= L - (A.5)
i

j=0

A calculation just as in the proof of Proposition 4.3 shows that all matrix elements
of Ay, with respect to the basis {g,,...,gy} are fixed with the exception of

Gy AmInd )
i+1

=G> A(N)gm>(N) = 'Zo Oy ‘Zo Yi+ 1,j5nj
i= j=
m=0,1,...N—1; n=0,1,...,N. (A.6)

Each choice {gy, 4x)9n> ) = @yy 18 possible and fixes ¢,y ; =< fy, A x> and
is in turn fixed by choice of c,y, ;. Thus each choice of c,y.;€R defines a
symmetric operator Ay, in Vy such that (46a) holds. This proves the first part of
Proposition 4.4b).

Each infinite matrix of the form described in Proposition 4.4b) where the a,,,
n=0,...,N; m=0,...,N—1 are calculated as in (A.6) yields according to
Proposition 4.3 and Corollary 4.1 a m.cl. extension of ¢, ). Again by Proposition
4.3 and Corollary 4.1 we see that any extension of ¢, , can be realized in this way.
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