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Abstract. In the relativistic quantum field theory the representation for the S-

matrix elements is obtained for any coupling constants g in the case of a one

component scalar field ¢(x) with nonlocal nonpolynomial interaction

2L (@)=gU(p) when the causal function is bounded in the Euclidean region

0=<D.x})ZD.0)< 2 and the function |U(u)| £1 for real u. It is proved that the

two point Green function is bounded in the physical region of momenta variable
2

p-.

1. Introduction. Formulation of the Problem

Summation of the perturbation series in quantum field theory is now an
outstanding problem in elementary particle physics. Summation of different classes
of the Feynman diagrams does not solve the problem. Really we do not know the
behaviour of total amplitudes for large coupling constants or high energies beyond
the perturbation theory for any interaction lagrangians.

In the given paper we will obtain the representation for any matrix elements of
the S-matrix for arbitrary coupling constants in the quantum field theory with
nonlocal interaction for nonpolynomial interaction lagrangians. Moreover we will
prove that the two point Green function is bounded for high energies. This
conclusion is valid for other amplitudes of physical processes.

Earlier (see [ 1]) it was proved that in this quantum field model the S-matrix is
covariant, finite, unitary and causal in each perturbation order. In this paper we will
prove that for this model the total S-matrix satisfies the same conditions beyond the
perturbation theory and its matrix elements are bounded for high energies.

We will consider the theory of a one component scalar field ¢(x), described by
the following Lagrangian:

1
ZX)=50x)(0 —m?*) @(x)+gU(K(*O)e(x)). (L.1)
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Here g is a coupling constant. The function U (u) describing the interaction is real
and analytic in a vicinity of the real axis, and such that

max |U(u)|=1;
Uu)= Of dpu(p)e; ? dplU(B)le” < oo (3d>0). (1.2)

Below we will consider two types of functions
(@) Uwy=—U(—u) —odd functions
(b) U)y=U(—u) —even functions
We assume that U(u)=0 for u=0. The examples of such functions are

3 4
4 ,—u? u

u
U+ U +ud)?

and so on.
The operator K ([J/?) in (1.1) is nonlocal. It means that the function K(z) is an

—y2
ude

. . . - 1,
entire analytical function of a finite order ng in the complex z-plane and

decreases rapidly enough when z=p?— — oo (in the Euclidean direction). The
constant [ has the dimension of length and defines the scale of the nonlocal
interaction.

All questions connected with the quantization of this system (1.1) and the
construction of the S-matrix, which is covariant, finite, unitary and causal in each
perturbation order, are expounded in [17.

The S-matrix as a functional of the scalar field can be written in the Euclidean
metrics in the following way

2

1 1)
S[p]=exp {EjjdxldxzD(xl —xz)m

}~exp ([ dxUle)y.  (13)

This representation should be understood as an expansion in the coupling constant
g. Here D(x, —x,) is the nonlocal causal function in the Euclidean metrics

D(x; —x,)=K(O,)K(O,P) e (x ) p(x,)

1 jdk[K(—kzlz)]Z 1
ot Bamr ¢ T n

7 [ dkD(k?)e™ (1.4)

where all integrations are performed over the Euclidean k-space. The function D(x)
satisfies the conditions

(a) D(x) is real and positive,
(b) D(0)< o0, (1.5)
(¢) D(k*)20.
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The S-matrix in the representation (1.3) contains volume divergences connected
with the translation invariance of our theory. Therefore we have to introduce the
integration over a finite volume ¥ in (1.3). We will consider that it is a sphere of the

. 1
radius L so that V= —2—n2 L*.

Besides it is convenient to introduce the function
1 ~ )
— k2 ikx
D(x) o [dk2 (k*)e
such that
D(x;—x,)= {dyD(x; =)D (y—x,).
Let us define the function

Dy (xy,x,)= gdy@()ﬁ =)D(y—x,).

When V— oo we obtain

Dy (x;,%,)=D(x, —x,)+ O(exp{ — const V/4})

because D(x)~e ™ for x2—o0.
Then the regularized S-matrix can be represented in the form

1 52
Sy g, p]=exp {E Ij/ ! dx,dx,Dy(x, xz)—}

0p(x;)00(x,)
exply  dxUlp ()}
14
The perturbation series for the S-matrix (1.9) can be written
Sylg, ol= Z fdxl ~f dx
n=0 1 14

f U(ﬁ Jeifron. . j dﬁn(j(ﬁn)eiﬁw(xn)

1
en{=3 3 ADx)h-

i,j—1

Having introduced the notations
g & ~Lpe X, X .
Idfi: jdx j dpU(P)e PR ).elﬂq)(x),

W =wy (Bif;3x;, x;)=exp{— B;B;Dy(x;, x,)} — 1

the series (1.10) can be rewritten in the compact form

e

Svle.ol= Y S fduy [dn, T (14w,

n=0 N v v 1gi<jgn

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

1.11)

(1.12)
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The product [[(1+w;;) in (1.12) can be interpreted as a sum of all possible
connected and disconnected ordinary diagrams with n vertices when the function
w;; corresponds to the edge of the diagram joining the points i and j.

In the representation

Sylg, o1=exp{By g, 01} (1.13)

the functional B, [g, @] contains the connected diagrams only

Bylg,¢]= ; Z—!jdﬂl---vfd/tn {1<H~< (1+W,-,~)}
- X <i<jsn c
= ;O —W—l—!fdxl-...-fdxmBm(V;xl,...,xm)go(xl)-...-qo(xm) (1.14)

where {II(1 +w;;)}, means that we have to keep only the connected diagrams from
all the product.
The vacuum energy is defined by the expression

1 1
E(g)=— lim —InS,[g,0]= — lim — B, [4,0]
Voo V Voo V
0 gn
=—n;1 ajd,ul-...-fdunn46(x1+...+xn)

-{H (1+w(BB; """"”}; (1.15)

i<j
Now let us consider a physical process of the interaction of m scalar particles.

Then the connected part of the amplitude of such a process is defined in the
Euclidean region of momenta variables by the following expression:

B (D5 D)= [dx, . [dx,, @@t omom) [im B (ViXy, . X,0) s

V—-w
B, (Pys- s 0,) =R1)* Oy + oo+ 0,) TP g D) (1.16)
Tm(pl?""pm): jdxl j‘dxm'm“.é(xl +"‘+xm)eipij llm Bm(V;xla---axm)‘
Vo0

In the perturbation theory we obtain

Tm(pls“'rpm)= Zj ZT _j‘ dﬁlﬁ(ﬁl)e

1
=3 h1D(O0)

o _ 1,
[ dgUBe 2" dxy e [, S (x, 4. 4 X,)

{ [T+ w85, —x,-»} T (Z ﬁjeipkxf). 17

i<j c k=1

In papers [2,3] it was proved that in the class of theories under consideration
the perturbation series (1.15) and (1.17) converge in the Euclidean region of
momenta variables (p,,...,p,) for

lgl <g, (1.18)

where g, depends on the parameters of our theory and is essentially defined by two
conditions (1.2) and (1.5), i.e. D(0)< oo and max |We)|=1.
4
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Position of singularities

-/

Jo, Jo

(a) (b)
Fig. 1a and b. The position of singularities in the complex g-plane for add (a) and even (b) functions U(¢)

Our aim is to find the location of singularities of amplitudes in the complex g-
plane and to do analytical continuation to the region |g|>g,,.

We will prove that the singularities of amplitudes are on the imaginary axis in
the g-plane for the odd interaction functions U(¢) (Fig. 1a) and in the left part of g-
plane for the even interaction functions U(¢) (Fig. 1b).

Our proof is the following:

(1) we obtain the representation for the S-matrix (1.10) in the form of a
functional integral and prove that this integral exists for any finite V;
vy and prove that this function is
an entire analytical function of the first order in complex {-plane;

(3) the Hadamard representation in the form of infinite product with respect to
zeroes of an entire function is written down for the function F({, ) and the
functional B, =InS,, is found in this new representation;

(4) we prove that there exist different limits when V- oo for the zeroes of entire
function F,({, ¢) making use of the Jensen and Carleman formulas;

(5) the obtained limiting correlations together with the results of perturbation
theory give new representations for physical amplitudes under consideration for

any g;
(6) the two-point Green function is continued in the physical region of momenta

p.

(2) we introduce the function F({, 9)=S [é, 0]

2. Representation of the S-Matrix in the Form
of a Functional Integral

Let us consider the functional integral
1
Sy (g, 1= [oAexp {— 3 JaxA2()+g [ dxU(p(x)+ [ dy@(x—y)/l(y))}
14 14 14

;f&Aexp{—%£A2+g£U(<p+IEQZA)}. 2.1)

Here the integration over x is carried out over a four-dimensional sphere of the
volume V. The normalization is chosen in such a way that

Syl0, p]= jé/lexp{— % Ij/A2}=1. (2.2)
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The function 2(x) is defined in (1.6) and (1.7).

G. V. Efimov

The functional integral in (2.1) will be defined in the following way. Let the
system of functions {g,(x),s=0,1,2,...} be complete orthonormal in the volume V:

.f dx gs(x)gs' (X’) = 5ss'

2]

Z J(X)g,(x)=8(x—X).

Then the function A(x) can be represented in the form

A(x)= i ug(x)

s=0

from which

[dxA*(x)= ) u?
| 4 s=0

£ dyD(x—y)Ay)= Y, uD(x)

s=0

where
2,(x)= ,E, dyD (x—y) g,(y).
So far as the function 2(x) is smooth
Slin; |2,(x)| =0
uniformly for all xeV and
io 2%(x)=D(0)< 0.

The differential 64 in (2.1) is defined as

0 © dus

foa=11 |

§s=0 — 2n

Then the functional integral (2.1) will be defined as the limit

SV[99 CD] = Islm ng)[g7 q)] 9

N 0
S™g,01= 11 |

s=0 — 2

‘exp{— % si u? +glj/de(<p(x)+ i us@s(x))}.

s=0

(2.3)

(2.4)

2.5)

(2.6)

2.7)

(2.8)

(2.9)
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The normalization is the following:

N dy 1 X
SV[0,0]1=[] | —= exp{—§ y u§}=1. (2.10)
s=0

d
s=0 —oo 1/—2_7?

Let us prove the existance of the limit in (2.8). We consider the difference

ANTM =8N [g 01— SN (g, ¢]

- Lbito Tl e

with notations

N «© u 1 N )
= expy— = ), ui;,
Ij\; s=0 —500 2n p{ 2 sgo }
N2 N N,
c=0(x)= ) ud|x)
Ny Ny s=N;

After simple transformations one can obtain

A%+M=gid,1 { jdx o (x)U/< (x)+cr(x)+,1N;.M(X))

N+MV

N N+M
exp{gj U<<p+ g+l o )}

N+1

i i_}ldv |

N+M

NIQ

. { [ dx (N o (x))2 U ((p (x)+ ﬁ () + Av :}M (x))
v +1 +1

jdx o (x)U’(go+ o +/1vN;'M>r}

N+1

exp{gj U(<p+ o +AVN:TM)}. (2.12)

N+1

The following estimation can be obtained using the obvious inequalities

Igl 4

IAN+MI< |g|V

[e9)

. {mftxlU” W)\ +g|V (m;&xlU/(u)]) 2}% dex Y P(x). (2.13)

s=N+1

According to (2.6) and due to the convergence of the series Y 22 (x) the right hand

side of (2.13) can be made arbitrary small when N — co. It means that for any ¢>0
there exists a number N, that for all M >0 and N>N,

ISY Mg, 01~ SV [g, ol <e, (2.14)



242 G. V. Efimov
i.e. the sequence S{M[g, ] is fundamental. Further, one can obtain easily the
following estimation for any N >0 from the representation (2.9)

N VAAEUS (2.15)

Thus, the limit in (2.8) does exist and does not depend on the choice of the basis
{g,}. This limit defines the functional integral (2.1).
Now let us obtain the perturbation series from the representation (2.8). We have

N o 1
S/laol= lim [ T Meepf-] %}
N—w s=0 ~ow /4 s=0
o) gn n [ee] - ot ) N
) P} l_[ fdx; | dap,u(p;e*s > exp{lﬂj Y uS@s(xj}
n=0 " j=1V — o0 s=0

(2.16)

In the limit N— oo we have

n

im > (5 po,00)

N—-o =1

- Zn;‘l Bip; im 3 7(x)D(x)

N—-w s=0

Il

S B8, 432 (x,~ )2 (=) = i‘l B.Dy (xx,)B;.

Li=1 ij=

Finally from (2.16) we obtain the representation (1.10).

3. Properties of the S-Matrix in the Finite Volume

In the previous section we obtained the representation of the functional integral
(2.1) which is well defined. In this section we will investigate in detail the properties
of the S-matrix in the complex g-plane using the representation (2.1).

Let us introduce the following function of complex variable {:

£
0

=§5Aexp{—%lj;A2+CIl,£U(¢’+£@A)}- (3.1)

The function Fy,({, ¢) is an entire analytical function of the first order in the {-plane
because the integral (3.1) exists for any complex {=&+in and the following

FV(C: <P):SV
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estimation is valid:

PG ol fotep]~ 3 47 +e1 [U(o+ [24])
§%£dx[5Aexp{ % (qo(x)+fdy9(x y)A(y))}

_1 jd oo exp{——A2+éU(qo(x)+A|/ Dy, (x, x)) }<e"§I (3.2)
V —oo l/_

In order to obtain the estimation (3.2) we make use of the inequality
1 1
h|= [dxP(x)| < — [ dxh(¥(x) (3.3)
Vi Vy

which is valid for any convex downwards functions (A”(s)=0) and any real
functions ¥(x) (see [4]).
One can see that this estimation (3.2) does not depend on the volume V.
Besides the function F({, ) is analytic with respect to ¢ in a vicinity of the
point ¢ =0. It should be noted that

. 1 )
lim — [dxe°™=1
V- 1%

if [dx¢"(x)<co for any n>0, and this limit does not depend on ¢(x). We are
interested in the coefficients of the S-matrix expansion in the vicinity of the point
@(x)=0 because these coefficient functions determine any matrix elements of
different physical processes. Therefore we shall estimate all limits V—oo for
¢ (x)=¢ =const where ¢ is sufficiently small.

Consider the function

FV(C,cp)=J”5Aexp{—%£A2+¢%£U(¢+£@A)}. (3.4)

Because F,({,p) is an entire function of the first order the Paley-Wiener
representation is valid for it:

1
Fyl )= [ dtey(t,p)e" (3.5a)
-1
for the odd interaction functions U(p)= — U(— ) and
1
Fy(lop)=[dt¥,(t, @)e" (3.5b)
0

for the even functions U(¢)= U(— ¢). The functions ¢, and ¥}, are defined by the
integral

fode e 5(:——jU(<p+j9A)). (3.6)
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The functions ¢, (t, ) and ¥, (¢, @) are summable functions for which the following
correlations are valid:

d)V(t’ q)) goa TV (t’ QD) _2_0’
¢y (£1,0)=%,0,0)=¥,(1,9)=0,

_Il ey (t, )= (f)dt Py (t,)=1. (3.7)

It follows from the representation (3.5) that for {=&+iy, £>0 and |{|> 0

_oft.x
Fylt. "’)‘0<c"’)' (38)

Now let us obtain the behaviour of the function ¢y, (t) = ¢, (¢,0) near the point
t=+1. We consider the expression

lJ’AZ

$y(1—1)=[ode 2 5(1—11/£ [U(q’o)_U(J/@A”) (39)

where the point ¢, defines the maximum of the function U(g), i.e. U(p,)=1. Let
1—0, then

¢V<1—r)z§5AeXp{_%£Az}

(=100l fax (o0 [ tr2x-10)) )

This functional integral can be calculated in the explicit form for the sufficiently
large volume V:

2% At
dvexp4ivt —ivae? 1+ ZLvab
v

1 [e o)
d)V(l_t)zZ _foo N 2 ﬁV/Z (3.10)
v iva
where
a=|U"(@,),D= [dxD(x).
When t—0 this function tends to zero as
¢y (1—1)=0(:""?). (3.11)
Therefore the function ¢, (t) is [g] times differentiable and for |{|— o0
1 ch
F0)= | dt¢V(r)e4f=0(CV—,§). (3.12)
-1

Let us calculate the behaviour of the ratio

Fy (Q)/Fy ()



Quantum Field Theory 245

for é— o0 and any V, where the function F(&)=F,(¢,0) is defined by (3.4). For
F (&) we have

Fy @)= [o4- ju (;@A)

Vi \p
- eXp 1 A2+515U {24 } (3.13)
ey fu(jeq)
The function F, () can be represented in the form
Fy()=ef, (&) (3.14)
where

fy(é)=§5AeXp{——;~£A2~§—Il;£ [1-u(f24) }

Making use of the inequality (3.3) we obtain

a5 T Lexpl-547-cri-via o} 315)
-0 2
from which
1
(& go(ﬁ E— +0). (3.16)
£ VE> (

This estimation is too low in contrast with (3.12) but it is sufficient for our aim.
The function Fi,(&) can be represented in the following form

Fy@=e £ (&)~ ¥, ()] G.17)

where

1 1
. —— (A== 1-U[[24 }
oxp| =3 {474y [ [1- ({24
Consider the function h(u)=ue™*, for u=2 we have

Wuy=Wu—2)e *20.

WV@):W}I;J 1-v ([0

The fonction ¥, (&) can be transformed
¥y (&)=~ [Y’w(«f) 2/ (9]
where f,,() is defined by (3.14) and

¥, (&)= {5de 3, (5.1-5 142
Vi

-U (‘j @A)D. (3.18)
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Making use of the inequality (3.3) and

1
CI—,IE

1+%—U(£@A>}g2

we can obtain the following estimation

Lo
P 3 fixfode (e 1+ 2 U (2o av) |
14 Vv

@ dA —%AZ[ 2 }
= 1+ 2 -
f_jw Vﬁe > U(4 /D)
1
cexp{—¢[1-U ]/B)]+2}=0<ﬁ> (é— 0) (3.19)
from which
¥, (£)=0 (éi/) (6 +00). (320
Finally we have for F},(¢) when £— + o
Fy@=et,(0) ”O(E) . (321)
Then we obtain for the ratio
Fy(&) _ (1) 3.22
Fo - 1Ol (22)

when &— + oo. It should be noted that this estimation is valid for any V.
Now let us obtain the estimation for Fy,({, ¢) when { is fixed and V- c0. For this
aim we consider the perturbation series (2.18). We represent this series in the form

) n 1
Fco= 3 5T Tanens( = 580,0.5)))

j=1
-exp {— ) ﬁiDV(xi—xj)ﬁj}. (3.23)
i<j
Making use of the identity

1
“A=1+4 [dide (3.24)
0

where 4= )" f,D,(x;,x;)f; the function F({, ) can be written as

i<j

Fo= % o TaUs(otf +0, o (.29

=0
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where

0, p)= Cz 5dx1jdx Dy (xy,x,)
-gdﬂ,jé/l exp{—%‘j//lzﬁ-C%iUl ((p+ W]@A)}
U folx, 1/5 Ay (x, =) A0)

U (ol F VAT v (5= ) A0)). (3.26)
Here (u=0,7)

Uudo)= 1 dpUpexn|~ "

[32 (x, x)+iBop(x )} (3.27)

In the limit V- oo for Q, we obtain the estimation

2
10, (@) < = I jde(x { dj. max[U/( )| eV ARet (3.28)
from which
Vlijn 0y, 0)=0. (3.29)

Then we have

Vowxo

exp {@ § apo )exp{— 2D +zﬁwﬂ (330)

Il

i

where ¢ = const as it was mentioned above. The limiting function F({, ¢)is an entire
analytical function of the first order in the complex {-plane.

4. Hadamard Representation

The function F,({, ¢)in(3.1) is an entire function of the first order in the {-plane and
it is real for real { = ¢. Therefore the Hadamard representation is valid for it (see, for
example [5]):

i~ { s ¢
Fy (G, )= o (1— _) Er (1_ )ea,w =, @.1)
g jUI a;,(V, o) ar(V.p)

Here a,(V,p)(j=1,2,...) are zeroes of our function Fy((, ). Let us denote

a,(Vp)=r,(V,p) e "o, (j=1,2,..),

Q)=r
0=0,(Vp)=m. 4.2)

II
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Every zero a;(V; ¢) is an analytic functional of the field ¢ (x) at the point ¢ =0. Let us
represent this functional a;(¥, ) in the form of functional decomposition

aj(Va(P)=aj(V)
1
+ Zl m—!jdxl...jdxmag.'”)(V;xl,...,xm)(p(xl)...go(xm). (4.3)

Then the following representation for the functional By, [g, ¢] (1.13), describing
connected diagrams only, is valid

Bylg,9]1=InF,[gV,¢]

=gVa(V,p)— Z

n [oe]

Re >,

r (4.4)

:[Q

a;(V, ¢)
The comparison with the perturbation series gives
1 ® ~ 1
aVig)=; [dx ] dpOBIexp{ 357D, (5, + B @)
14 —
Now let us obtain in the framework of the representation (4.4) the expressions
for the vacuum energy E(g) in (1.15) and the amplitudes (1.17).

The vacuum energy can be written in the form

! .1
E(g)=— lim —InS,[g,0]=— lim —B,[g,0]
V-0 V V—oow V

= —ga(0)+ i ‘%né"n 4.6)
where
a®)= lim a(%0)= | g0 P exp| - 3500}, @)
.12 |
b= lim j;ZRe[a‘(V)]
V

As stated above, from the analysis of the perturbation series it is known that &, is
finite, i.e. the limit in (4.8) does exist, and
— |8,
lim |-

n— oo n

1/n
_ ! (4.9)

—go

where g, is the convergence radius of the series (4.6).

Let us consider now an amplitude of m interacting particles. The connected part
of this amplitude is determined by the formulas (1.16). Substituting the repre-
sentation (4.4) in (1.16) and taking into account the symmetry of the function
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B, (V;yy,...,y,,) one can obtain
BY (V310 V)

S

0p(yy) - 60(y,) =1 \a;(V, 0)
_ (=)ym+s—-1)!
ZRele'lz' i =) P(1,...m)
1 o V n+s a(l) i a(2) i a(m) im
v 2l ) ) ) @10

Here the summation is carried out over all positive solutions of the equation
I +2i,+3iy+... +mi,=m;

s=iy+iy+...+i,;
P =aP(Viyy,...9));

P(1,...,m) is an operator which symmetrizes a function over variables (y,..., y,,)-
Let us extract several first coefficient functions

1 o0 V n+1
BP(V;x,)= n2Re Z ( (V)) adP(Vix,);
1 0 V n+1
B(Z")(V;xl,xz)— ane Z ( (V)) ag,z)(V;Xl,xz)
n n+1 o n+2
MRy § () a0 a e
- 1 © V n+1 .
BY(Vix,, Xy, X5)= —n2Re—I; 'Zl ) adP(Vixy, X5, X3) (4.11)
Jj= J

nn+1) 1 2

v n+2
am) P(L,2,3) (Vi) P (Vi )
J

and so on.
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According to the results of perturbation theory there exist the finite limits for
any n and m:

B"(x,,...,x,)= lim B®(V;x,,...,x,). 4.12)
Voo
The functions B®(x,,...,x,,) are translation—invariant functions and
_ 1
T 1B (x1,- %,) 'S 4.13)
n— o 0

since the perturbation series converges for |g|<g,.
The following problem is to investigate the properties of the limiting functions
in (4.8) and (4.12) when V- o0.

5. Jensen Formula and the Limit V — oo

The entire function Fp,({,¢) in (41) has zeroes at the points
a;(V,@)=r;(V,0)e®?(j=1,2,..). Let n, ,(R) be the number of zeroes of this
function in the circle |{| < R. We apply the Jensen formula (see, for example, [5]):

NR) R R drn, (r) 1 2n

| er( 5 | d0In|Fy(Re?, o) (5.1)

=
where

vy (Vs @) <R <ty 1 (V@) (5.2)
With the estimation (3.2) it is easy to obtain

R dr 2

I My = R (5.3)

and this estimation does not depend on V.
It follows from (5.2) and (5.3) that

N(R)Sn, (RS 2R, (54)

Letus put R=AV in (5.1) where A is a positive number. Making use of (5.1) and (5.4)
we get

1 Nan A 2
— Y In———==<=4 (5.5)
Vo i= r,(V, ) T
14
for any A. It means that there exists the limit
N(4V) 2
lim — In—=C(4,p)£—A4. 5.6
lim z (V ey~ eS (56)
Vv

We would remind that ¢ =const.
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The sum in (5.5) can be written in the form of an integral

1 N(4V) A A1(V) A ( ) ( )
— In——= duln—— =C,,(4, ¢). 5.7
v 2w qo)J | duln g ~ e

V

Here we define the summable function ry, (u, @) such that

ry (U, @) = rf“;’“’) for J;I <u§JV (=1,2,..) (5.8)
and
A4,(V)= N(://A) <4. (5.9)

Now, first, the integrand in (5.7) is positive and bounded from above due to (5.7) for
any V. Second, the limit for V- co exists for any A >0. Therefore, by the theorem
about majorant convergence in the functional analysis (see, for example, [6]) there
exists the limit

A A
lim In =In el 5.10
Voo o Ty(U, Q) r(u, ¢) (19
where
lim M = lim r,(u, @)=r(u, p).
V-0 V—o0

Then the formulas (5.6) can be written in the following form

T dnin —B(4, 0) (5.11)
0

A
r(u, @)
where

NAY)

r(A,p)=A4,4,= lim

-0

=A4.

It follows from the correlations (5.6), (5.10), and (5.11) that the function r(u, ¢) is
positive monotonically increasing function such that for u— oo

r(u, )—~constu. (5.12)

Besides the function r(u, ¢) is analytic in a vicinity of the point ¢ =0.
It is known that there exist limits

® osn9

é&,= lim .
Voo V ;1 r. (V (5 13)
v
and
_ 1/n
fm (O 2L (5.14)
n—ow | N go
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It follows from these conditions that the following limit

1 2 v
lim — — 1-— 0, 5.15
Vl—I»rolo Vj; [”j(V)} (1= cosnd, (V) 1)
must exist.
Then we obtain, by the Fischer-Riesz theorem (see, [6]), that
lim 0,,(V)=0(u) (5.16)
V-
where 6(u) is a summable function. Thus we have
tim 97 _ 0 o0 _ g (5.17)
V-ow V

where r(u) and a(u) are summable functions.

Moreover the function r(u) is bounded from below r(u) = g, as it follows from
(5.14).

Finally, the function r(u) is a positive bounded from below, monotonically
increasing function which increases linearly when u—oco:

go=r(u),
r(u) — constu. (5.18)
u— oo
Thus the correction to the vacuum energy in an n-th perturbation order can be
written

_ T du du cosnb(u)
u=2Re | mtar =2 Thr G4

Now let us consider the limits when V- co in the expressions for the coefficient
functions B®(V;xy,...,X,,) in (4.10) and (4.11). Because of analyticity of all
gxpressions under consideration in a vicinity of the point ¢ =0 and existence of the
limits in (4.12) and (5.11) when V— o0, we can conclude that

hm AP (Vixy, .. X,)=a"(u;x,, ..., X,,) (5.20)

where a™ (u;x, ..., x,,) is a summable function which increases linearly when u— oo.
Then we obtain

BW(x,,...,x,)= ‘}im BW(V;xy,..., X,,)
— 0

© dua™ (u;x,,...,x,)
= —n2Re Lo T
mRe |

Finally let us write down the formulas describing the vacuum energy and the
coefficient functions

(5.21)

E(g)= —ga(0)+ i ‘I uf:)(in](i(u)

2

= —ga(0)— Inf1— g
ga(0) jdu {n( o )cosé)(u)+ 2 )) -5 )cose(u)} (5.22)
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where
1
- E.UZD(O)
e )

2 T dua™(u;x,,...,x,)
— 4m) SV
=ga"™(x,....x,)+2Re -
nZZg g La(]"™

© dua™ (u;x X, )
= a(m)(x R +2Re 2 X g Xy
g X 2R a1

(5.23)

where

m 0

1
a(m)(x]w X )—-am d\ n 5 } x J ﬁ)(lﬂ)"'e Zﬂ D(O)

These representations are valid for |g| <g,. Owing to (5.12) and (5.20) the integral in
(5.23) is well defined.

The next problem consists in the continuation of all functions (5.22) and (5.23)
into the region |g| > g,. For this aim we have to know the phase 0(u) of the zeroes
a(u)=r(u)e®,

6. Carleman Formula and the Location of Zeroes

If a function F(z) is analytic and of finite degree in the right half-plane, it has zeroes
at the points a, =r, €% and F(0)=1, then the following Carleman formula

cosf 1 * .
) : j »—1n|F(u>F( iy)|
Rea; >0 rk

H ) 1
+ lim ~1- | d@cos()lniF(Re“’N——EReF’(O) (6.1)

R—»yTC —z

is valid for it (see, for example, [5]).
Let us define the function

F,((+D)
F,((,h)=""Y> "= 6.2
b= (62)
This function F,({,b) has zeroes at the points
{=a,(V)=b=r;(V)e"" —b. (6.3)
Applying the Carleman formula to this function F,({,b) we obtain
1
Re————=J, (V)+J,(V)+J5(V) (6.4)
Re(a;(V)—b)>0 aj(V) —b ! : ’
where
1 % dy .
()= 7 f 2 In|Fy (iy, b) Fy (= iy, b)l, (6.5)
J,(V)= lim ; f dO cosO1n|F,(Re", b)|, (6.6)
R—x

T (V)= — %F;,(O, b). (6.7)
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We choose b=g, V where g, >0. Then we obtain for the left part of (6.4) in the limit
V—oo:

1
lim Re—————
V- Re(aj(V)ZVgl)>0 dj(V)"g1V

1 1
= lim — Re——«——
jm g X o)
Re(—-L-——g.|>0 —9
()0 7

1
= duRe ——p—— >0 6.8
G(gm r(u)e®™ —g, = 68)
where the integration is performed over the region
G(g,)={u:Re[r)e” —g,]1>0}. (6.9)

For the right member of (6.4), making use of the estimations of Section 3 we can
obtain:

J,= lim J,(V)=0,

Voo

Jo=lim J (V)_1 (6.10)

. 1
Jy= lim Jy(V)=— .

V-
It means that for any g, >0
dulr(u)cosO(u)—g,]
Gigy 1 () —2g,7(u) cos O (u) + g7

The integrand in (6.11) is positive, then the integral (6.11) can be equal to zero only in
the case if

(6.11)

g <O0w=r. (6.12)
For the odd interaction functions U (@)= — U(— ¢) we obtain

0)=7 (6.13)

because the function Fy(g,0) is even: Fy(g,0)=F,(—g,0).
For the even interaction functions U (@)= U(— ¢) we can conclude only that

gg@(u)§n. (6.14)

Below we will consider all formulas for the odd interaction functions U (¢) only. The
vacuum energy (5.22) and the coefficient functions (5.23) can be written in this case
as:

E(g)=— fduln(1+ 2(2)) (6.15)
ua‘”"(u Xy eenr X,)

r?(u)[r(u)—ig]

B, (X150 X)) =ga™ (X, ..., X,,) + 29> Rezj (6.16)
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or

‘f du [r(u)2+ ig] (;l(m(u;pzl, s D) (6.17)
r* W [r*w)+g°]

where the connection between 4, and a™ is given by the formula (1.16).

From these formulas we can see that singularities in the complex g-plane are on
the imaginary axis. There are no singularities on the real axis. These formulas (6.15)
and (6.17) give the representations of our functions for any positive constant g.

It follows from the conditions (5.12) and (5.20) that for g—co

E(9)=0(9), (6.18)
Tm(pls "'Spm)=0(g)’
i.e. all matrix elements of the S-matrix increase linearly when g— oo.

T.(Dis-+s D) =90y, — 29> Im

7. Green Function in the Physical Region

The representation (6.18) for the amplitudes 7,, was obtained in the Euclidean
region of momentum variables (p;, ..., Pur); Where these amplitudes well decrease
for p7;— + oo. It should be noted that above we did not introduce any special
notations for the Euclidean momenta because we considered all expressions in the
Euclidean space only. After continuation in the physical region p? i = —p? any
amplitudes T, (p,, ..., p,) where p; are physical momenta increase for pJ — + 00 In
each perturbation order as exp {(n— 1) (p*1*)¢} where nis the perturbation order and
¢ is the order of the nonlocal form factor K(p?). The problem is to find the
behaviour of the amplitudes (6.17) in the physical reglon for p; —++oo In this
section we will prove that the twopoint Green function is bounded for p?>— + 0.
The analogous arguments lead to the conclusion that any amplitudes T,,(py, ..., )
are bounded in the physical region.

Let us consider the twopoint Green function (p* = — pj)

Gl0.1*) = Ty(pp = pp)= (sgermeB, 32, - 2| &
for the odd interaction functions U(¢p). Making use of the representation (6.17) we
obtain

G(g,p*)=—2¢*Im

% dulr(w)+ig]a® (u;pg, —pp)

{ T (7.2)
0 rr*(u)+g°]

On the other hand the Green function can be represented according to (1.17) as a
perturbation expansion'

G(g,p?)= Z 9%"G,,(p?) (7.3)
where
G,(p?)= IdﬁlU(ﬁ) ~5#00)
f 4,0 (By)e” 7

-(2n)* fdxlE...fdxané(xlE+...+x2nE)
2n
: {H (L+w(B:B, xiE—x,.E»} Y, B, eretiE=m) (7.4)

i<j ¢ Li=1



256 G. V. Efimov
So long as the perturbation series (7.3) contains only the even degrees of g, the
representation (7.2) should be written in the form

duTma™ (u3py, — py)
2w + 7] (7)

Let us introduce the new variables

G(g,p*)=2 Zf
0

_ 90 2 9 . o,
=y g = s, (7.6)

Then the representation (7.5) can be rewritten in the form

Gg.p?) =12 j dtA(t, s)

S L+ AR @.7)

where A(t,s) is a bounded summable function of ¢ in the interval —1 <t <1.
Expanding the integrand in (7.7) in the perturbation series and comparing with

(7.4) we obtain

(=) )”

0

G,,(s)= [ dt 20D A(t,5). (7.8)

It follows from the conditions (1.18) and (4.13) that

fim |G ()2 < (19)

n— oo go
for all Buclidean momenta p%, i.e. for p>=5<0.

Our problem is to continue the Green function G(g, s) into the physical region of
p?, i.e. into the region p?=s>0.

The analysis of the perturbation series performed in [1] showed that for
§— 40

G,(5)=0(exp{(2n—1)(s1*)%}) (7.10)
where g is the order of the nonlocal form factor K (p-zli).

The function A(t,s) in (7.7) can be expanded in the series over the orthogonal
Chebyshev polynomials of the second kind (see, for example, [7])

A, 9)= /T8 Y, Ay0(5) Uyy(0) (7.11)
m=1
where the polynomials U,, (t) are defined by the following generating function
1 feel
Y. WU, (1) (7.12)

1-2tw+w? 5,

and satisfy the orthogonality conditions

1
dt)/ 1= U, (1)U, ()= gamm, . (7.13)
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Comparing the formulas (7.8), (7.10), and (7.11) we obtain
Ay(s)=0(exp{(2m+1)(sl*)¢}) (7.14)

when s— oo.

We make use of the standard procedure for the analytical continuation into the
region of positive real s. First, it should be noted that the series (7.11) defines the
analytical function with respect to s in a vicinity of the semi-axis s<0. Let us
introduce the function

h(t,s)=— Z e~ Cmilx g (s)U,, (1) (7.15)

T om=1

where »=[(s,+5)[*]¢ and 5,>¢>0.
This series defines the bounded analytical function for —1=t<1 and
—S5o=Res=0. Then we can obtain from (7.15) that

1
Ay (s)=em" 1% [ dr)/1—1? h(1,5)U,,,(1). (7.16)
-1
Substituting (7.16) in (7.11) and (7.7) we obtain

Gg,5)=22¢" } deyi-t7 Z U, (f)e™

2 1+,12t2 w1

[ dv)/1—=72h(z,5)U,,, (7). (7.17)

The order of integration over t and summation over m can be changed. Making use
of the equality

dtl/ U V1442 —
-1 1+,12t22m(t) =2 YA 1)<1/13:—/12+1) (7.18)

it can be observed that in the region

2

—1

]L 2 <1 (7.19)
J1+4%+1

the series over m in (7.17) converges absolutely and we can change the order of
summation over m and integration over 7. After some transformations we obtain

dr |/1—1%h(z,s)
G(g,9)=mA*()/1+4* - 1)2 ’
1 A27% +(chx — |/1+2%shx)?

-e*[e*(chx— |/1+2%shu) =212/ 1+ 4>+ 1)]. (7.20)

This representatioh (7.20) is obtained in the region (7.19) but it is valid in the region
of any positive s> —s,. Really, the structure of the integrand is that the Green
function G(g, s) has no singularities for

chx—|/1+A*shx=0.
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The nearest singularity of G(g, s) arises when

A2+ (chx—|/1+4*shx)*=0

from which

1 144241
u=[(s+5,)2]0= +i~ 4 ~InLott 0 (7.21
[0 P10 = %15 + 50 L2t )

Thus the analytical properties of the Green function in a vicinity of the real axis
of are defined by the properties of function h(z, s) (7.15), i.e. by the properties of the
perturbation series. The summation of the perturbation series does not lead to any
new additional singularities in the physical region of momentum variables.

Now let us consider the behaviour of the Green function for high energies in the
physical region. Making use of the representation (7.20) for s— + oo we obtain

2 1
G(g, 5)281'5}L e ! (J/1+4*+1) e —j1 dr)/1—1*h(r,5)1*=0(e™”) (7.22)
because the function h(z,s) is bounded for s—oo. Thus, the Green function is
bounded for high energies though it increases very rapidly in each perturbation
order.

The analogous calculations can be performed for any S-matrix elements.
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