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Abstract. We formulate local thermodynamical stability conditions for states
of quantum lattice systems, and show that these conditions are implied by,
and in the case of translationally invariant states equivalent to, those of
Kubo-Martin-Schwinger (KMS).

1. Introduction

This paper is concerned with the relationship between certain local thermo-
dynamic stability (LTS) conditions and the KMS conditions for quantum lattice
systems.

The LTS conditions, which will be precisely specified below, may be described
as follows. For each state ¢ of a system and each bounded region A, we define a
conditional free energy F ,(¢) (cf. Definition2.1): this quantity is a quantal
generalisation of that defined in [1,2] for classical systems, and is designed to
represent the free energy of the “open system” consisting of the particles in A,
interacting with one another and with the particles outside that region. We define
the LTS conditions for ¢ (cf. Definition 2.2) to be that, for each bounded region 4,
F ,(¢) is minimal for variations in the state which leaves it unchanged outside A.

With these definitions, and under the assumption of tempered, translationally
invariant, finite-body (or somewhat more general) interactions, we prove the
following Theorem.
Theorem. (a) If a translationally invariant state satisfies the LTS conditions, it
satisfies the KMS conditions.

(b) A state satisfying the LTS conditions is stationary in time.

(c) A state satisfies the LTS conditions if it satisfies the KMS conditions.

We shall adopt the notations of references [3,4]. Thus, U denotes the C*-
algebra of quasi-local observables of the system and (I) its subalgebra for the
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region I. We shall denote the set {4} of bounded regions of the lattice by L.
For Ae L, N(A) denotes the number of points in A, A° the region complementary
to A. For a state ¢ of A, ¢; denotes its restriction to A(I).

We define the energy observable H , for Ae L by the formula

H,=UU)+W,, (L.1)

where U(A), W, are as specified in [3]: they respectively represent the interaction
energy between the particles in A, and the energy of interaction between the
particles in A and those in A°, The time translation automorphism of 2 is denoted
by o,. For AeA(A),

(d/dN)o(A)y=o=1[H 4 A]. (1.2)

The assumptions on the interaction potential relevant to all our results
(apart from the trivial convention that the interaction potential for trivial region
is zero) are as follows. In order to be able to define W,, we need a temperedness
of the potential. It is also necessary that the time translation o, satisfying (1.2)
exists. No other assumptions are needed for (c).

For (a), we use translational invariance of the potential in addition.

For (b), we use the assumption that the generator of o, is the closure of the

(normal) derivation 8, defined on | ] 2(4) by the formula
AeL

8A)=i[H,, A], VAeWA). (1.3)

These assumptions are satisfied, for example, in the case treated in [3] (see
Theorem 4 in [5]).

All the arguments except (a) can be carried out in a more general setting,
where o, is a continuous one-parameter group of automorphisms of a UHF
algebra U (generated by an increasing sequence A, of finite dimensional factors)
such that the infinitesimal generator & has a domain containing ( | 2, and §(4)=
ifh,AIVAe¥,. "

An essential tool in our discussion is the relative entropy introduced in [10]
as follows. Let M be a von Neumann algebra and let () and (f) be normal positive
linear functionals on M. We denote their support projections by s() and s(¢b),
respectively. [In our application, we need the case where ¢ is faithful, i.e. s({)=1.]
Let ¥ and & be representative vectors of  and ¢ in a natural positive cone.
Then the relative modular operator 4, ¢ is defined to be a positive selfadjoint
operator with kernel I — s™'(W)s™(®) satisfying the equation

g 9 =(Sq, ™ (P)* Sg,s™ (P), (1.4)
where Sg y is defined on MY by the equation
SopxP=sMP)x*®, VxeM

and where s and s™ denote the M-support and M’ support, respectively, of
a vector.



KMS Conditions and Local Thermodynamical Stability 105

The relative entropy S({/@) is defined by

S(/6) = fo log (@, E()®), (L5)
Agw= | HE() (1.6)

if s((p) = s(¢) [and hence E(+0)®=0]; and is defined to be + o otherwise. When
$ and 1 are faithful, this definition coincides with that given in [4]. For positive
linear functionals  and ¢ of the C*-algebra 2, we define S(p/¢) to be given by
S(ip/db) if m, quasi-contains 7, where ¢ and $ are the normal positive linear
functionals of 7, (A)’ sat1sfy1ng P(r,(4))=y(4) and ¢(7z (A))=¢p(A) for all 4eU;
and to be + oo otherwise.

The relative entropy S(i/¢) so defined is related to the conditional entropy S,
defined below, by the following formula, proved in [10]:

S4(@) =S/ 1)~ S(t 4R ) (1.7)

where 1, is the tracial state on (A) and where ' is any state of A(A°) of which
either S(w'/¢,) or S(t,@w'/¢) is finite. In fact, if one of these relative entropies
is finite, then so too is the other.
Properties of S(ip/¢), which we shall use, are the following ones, proved in [10]:
If v and ¢ are two states, or positive continuous linear functionals with the
same norm, then

S(w/$)20. 1.8)

(The equality holds if and only if p=¢.)
If y is a separating state on U, h=h*cW and y" denotes the perturbed state
specified in [10], then

S@"/$)= —d(h)+S(p/d) . 1.9)

2. Relation of LTS to KMS

In a usual way we define the density matrix g4(e(A)) corresponding to the
state ¢ on U and the region A(eL) by the formula

P(A)=14(044) Y AcU(A)
and we define the entropy induced by ¢ on A to be
SA()= —14(% loged). 2.1

Definition 2.1. The conditional entropy S (¢) and the conditional free energy
FF(¢),induced by the state ¢ on the region A, are defined by the following formulae:

'§A(¢) = limA'r [S4(d)— SA'\A(d))] > (22
F ()= p(H )— B~ 'S 4(¢) (2.3)

where f is a real positive constant, called the inverse temperature.
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Definition 2.2. A state ¢ of U satisfies the LTS conditions if for each A€ L and for
every y satisfying v .=¢ ., the following inequality holds:

FA@)SF ). (2.4)
Remark. Definitions 2.1 and 2.2 provide quantal generalisations of the definitions
given in [1] for the conditional entropy, conditional free energy and local stability
for classical lattice systems: for one can infer from the martingale theorem that
Equation (7) and Definition 1 of [1] can be written in forms corresponding to
the above Equations (2.3) and (2.4). Further, in the classical case, the local stability
conditions correspond to the Dobrushin-Lanford-Ruelle equations.

Lemma 2.3. For any state ¢ of W, the following majorization holds:
P=d(A) (1, ®¢,4,) 2.5)

where d(A) denotes the dimension of the algebra W(A) (i.e. d(A)=n* if W(A) is a
type I, factor).

Proof. Let u; (i, j=1, ..., n) be a matrix unit for 4eA(A). Then AU can be written
as A=) u;A;;, A;je WA

Let

¢ifx)=Pluyx),  xeWA).
By the self-adjointness of ¢, ¢;(x)* = ¢ ;(x*). By the positivity of ¢,

A(ugix + cugy)* (Ux + cuy;y)) 20

ijo

for x, ye W(A) and arbitrary complex number ¢. Thus
| W) S dislx*x)(v*y) -
Each ¢, is positive and ¢ .= Y ;.
Hence l
¢(A*A)= Z ¢ij(A*kiAkj)
i,j,k
S 5 IS BAAD” A7 A
i |k
<y (z d)ii(A*kiAki)) 12 (Z ¢jj(A*ijkj)) 12
[

i,j \ k

o 2]

Sng e (Z,:‘ A*kiAk9 =n* (1, @ 1) (A*A). QED.

Lemma 2.4. (1) The limit in (2.2) is always defined.

(2) For any state ¢ of U, 025 ,(¢)= —logd(A).

(3) S, is a weakly upper semicontinuous concave function of ¢.

(4) F ,# is a weakly lower semicontinuous convex function of ¢.

(5) For a given AeL and a state w of W(A°), there exists a state ¢ of U such
that ¢ 4= and F H(P)SF P(y) for all states of v satisfying y 4o =w.

(6) SA(@)= Sa@).
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Proof. (1) By the strong subadditivity of the entropy functional S , (cf. [6]), S 4+(¢)—
S 414(¢) is monotone decreasing in A’ as soon as A’ contains A. Hence the limit
is defined.

(2) Suppose A'>A. Then ¢4, ;=% for @=1,Q¢ 4.

Hence by Klein’s inequality (cf. [7])
S($) =S 4($)= — dlloge? —logeF) 0. 2.6)
By Lemma 2.3, d(A)®=¢, and hence d(A)D, =¢ ., which is equivalent to
d(A)eG z 0% -
By the operator monotone property of logarithm, we obtain
logd(A)+1loge =logg% .
Hence
Sa(P) =S 4\ al@)Z —logd(4) . @27

Estimates (2.6) and (2.7) establish (2).
(3) By the proof in (1), S, is an infimum of weakly continuous function (2.6)
and hence weakly upper semi-continuous. It is known [&] that

T4(Q 4 10go 4 — 04 loga 4) (2.8)

is convex jointly in ¢ 4., 0 .. Hence (2.6) is concave in ¢, which implies the concavity
of the limit.

(4) follows from (3).

(5) The existence follows from (4) and the compactness of the set of y’s satisfying
lpA“ =m.

(6) follows from the subadditivity of entropy. QED.

Proof of Theorem. (a) Assume that ¢ is a translationally invariant state of U
satisfying the LTS conditions. We apply Equation (2.4) to the case where
p=w%'®d ., where

0% A) =1 (Ae PUND) /g (e PUD) - ¥ AcW(A). (2.9
Then it follows from the definition of F, that
Fap)=— B~ logr (e @) +p(W,) .
Hence Equations (2.3), (2.4) and Lemma 2.4 (6) imply that
SA(@)—BH(U(A) zlogt (e P7) = 2[ W] .
On deviding this inequality by N(A) and using the result in [3] that
lim g, [W4ll/N(4)=0,
we obtain
lim 4, N(A) "1 (S 4(¢) — BHU(A) Zlim 4, N(A) ™" logz 4le 7).

Since the opposite inequality holds for any ¢, we obtain the equality which
implies the KMS conditions for ¢[9].
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(b) Assume that ¢ satisfies the LTS conditions and apply (2.4) to the case where
w(-)=d(e™()e™ ™)
with se R and A=A*eW(A). Then it follows from (2.4) that
P(e™*H 4~ )2 $(H 5)
for all A=A*eA(A) and Ae L. Hence
$(LH 1, A])=0
for all AeU(A). By (1.3),
$(6(4))=0 (2.10)

for all AcU(A) and for all AeL. Hence it holds for all Ae in the domain of
the infinitesimal generator ¢ of g,. For such 4,

(d/dr) a{A)=d(a(A4)) .

Equation (2.10) then proves that ¢(a(4)) is independent of ¢ for all 4 in the domain
of , and hence for all Ae .

(c) Let  be a state of U satisfying the KMS condition, and  the restriction
of v to A(A°).

Since the KMS conditions imply the Gibbs conditions, we have

pratel — o @ @.11)

where ¢ is the normalization constant (c= —10g1p”§/‘(1)) and ¢’ is some state
of A(A°). By the formula (1.9),

Swh/p1) = —pi(h)+S(palw,) (2.12)
and by the formula (1.7),
Salp1)=—S(t4®a fipy) +S(w' /o) (2.13)

for vy, satisfying (y,),, =w, where (2.13) holds whenever either S(w'/w) or
S(t,®w'/p,) is finite (and then both are finite).
Hence

Sphp) =S4 @) WEA+ Dy,
=C+B‘P1(HA)+S(TA®¢I/1P1)
=c+Pp1(H )~ S 4w1) +5@'/). (2.14)
For y; =1, we obtain
Bw(H )~ S 4(p)= —c—S(¢' /o)
which proves that S(¢’/w) is finite. Substituting this into (2.14), we obtain

BE 1) —F 1) =S(w/w1) 20, (2.15)
which proves the minimality of F ,(y). QED.
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