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Abstract. The asymptotic character of deterministic and stochastic equations
whose solutions have a rapidly varying component is studied. Of particular
interest is the class of problems for which the limiting behavior can be described
in a contracted and simplified framework.

1. Introduction

The object of this paper is the asymptotic analysis of equations whose solutions
have the following three features: (i) rapidly oscillating components, (ii) rapidly
decaying components, (iii) rapidly varying stochastic components. The asymptotic
limit that emerges can be described in a considerably smaller space and is much
simpler than the original problem. This contraction of the description due to the
three features above is what we seek to analyze.

Naturally, problems of this form have received considerable attention due to
their frequent appearance in many different areas of physics and elsewhere.
Many of our references contain in one form or another such problems. In [1] and
[2] the passage from the linearized Boltzmann equation to the linearized Navier-
Stokes equation is considered. This problem is reconsidered here in Section 2.
Our analysis is similar to that of [3] and [4] and we employ it because it extends
easily to stochastic problems. We refer also to the work on Generalized Master
equations [5] and in particular to its mathematical development [6] which is very
similar to our problem. The work of Kurtz [7] also aims in the same general
direction as does the work on random evolutions [8, and references therein].

In Section 3 we consider the asymptotic behavior of problems in the form of
stochastic Boltzmann equations. Such problems are of interest in the study of
transport phenomena in random media [97] and elsewhere. In Section 4, we consider
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a concrete application of the results of Section 3 to stochastic differential equations.
We state the results in a more general form than direct application of the theorems
of Section 3 implies. This more general form, and the proof, is a simple extension
of the theorem given in [10] wherein additional references to work on the
asymptotics of stochastic equations are given. We also give an example illustrating
the theorem.

We note that the results of Section 4 may be considered as stochastic analogs
of the results of [11, 12] on the analysis of stiff systems of ordinary differential
equations.

2. Deterministic Problems of Boltzmann Form

Let Ly ,,k,m=0,1,2,...,N be Banach spaces with norms | |, such that for
each m, 0<m=<N,

Lo DLy, (2.1
and foreach k, 0Zk<N,

LiodLiyd.... (22)

We assume that each space is dense in the preceding one in the above inclusions.
Let A and B be linear operators such that

A eg(l‘k,ma Lk— 1,m— 1)5 B e"?(Lk,mv Lk,m— 1) . (23)

Here .Z(-, ) denotes the collection of bounded linear operators from one space
into another. We assume that B and 4+ B/e, ¢>0, generate contraction semi-
groups on L, , which we denote by * and by ¢ *#/? respectively. We assume
furthermore that for all t [0, co) these semigroups map L, ,, into itself, 0<k,m <N,
with bound independent of ¢t and «.

We are interested in the asymptotic behavior of e“*5% as ¢ |0, 0<t<T,
and in related questions. For this purpose we introduce the following additional
hypotheses concerning e'5.

eP>Ptto, in L., O0ZkmsN. (2.4)

Here P is the projection operator into the nullspace of B, that is, the closure of
the set { f €L, 4|Bf =0} in Ly ,. Note that we have

eBP=pPe'?=P, =0, (2.5)
andon L, ,,m=1,

BP=PB=0. (2.6)
We assume that

1€ =P f liyn = Cume ™| f lym:  OSkm=N. @7

Here C, ,, and y, ,, are positive constants.
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In the following theorems it suffices to take N =4.

Theorem 1. Assume that PAP generates a semigroup on PLy o that maps
PL, ,,—PL, ., 0=k m=N boundedly on compact time intervals. Then for 0<t=<T

lime

t(A+Ble) _ etPAPP,
el 0

in Lg,. (2.3)

Theorem 2. Assume that PAP generates a group of isometries on PLg o such
that ¢"** maps PL, ,,— PL,,, boundedly for all t.
Let VeZ(PLy,, PL_, , _,) be defined by

V=PA[§ (e®~P)tAP. (2.9)
Let V e¥4(PLy ., PLy_, ,,- ) be defined by

V— 11m T 1 J‘10+T —sPAPVesPAPdS
Tt

the limit existing uniformly in t, = 0. Specifically, assume that
TRt T e PV PP As V)P flo,0 S CIIPS |2, /(1+T). (2.9

Assume further that V generates a contraction semigroup ¢7 on PLy o and that
¢ maps PL,,,—PL,,, 0=k, m<N, 0<t<T. Then for 0<t<T,

lin(} ¢~ WOPAP 1/ A+ Bl _ oV P (2.10)
el

in Lo o and the error in the approximation is O(]/s.).

Remark. If we do not assume (2.9') but define ¥ merely as the limit as T1 co
then (2.10) is valid but we can no longer assert that the error is O(l/g). Note also
that ¥V commutes with PAP.

Examples. 1. As we mentioned in the introduction, Theorems 1 and 2 are
simple abstractions of the situation encountered in the asymptotic analysis of
the linearized Boltzmann equation [1]. For this case the spaces L, ,, are Hilbert
spaces of real valued functions in R® x R* with norm

I m= Yh=0 2o [ [ (L+[o?) IV f(x, v)*dxdv,

where

Wifi=> . |0 f J0x;,0x;,...0x; | .

it in=

The operator B corresponds to the operator L of Grad [1, Section 2] and A=
—v V. The properties (2.3) follow from (4.18) and (4.20) of Grad [1] for the class
of collision operators that he considers. Grad’s a priori estimates [1, Section 6]
more than suffice for the analysis given here based on a priori regularity properties.
Theorem 2 above includes the averaging due to the pulling-back by the flow
e~ P4P in (2.10) as was done by Ellis and Pinsky [2].

2. In order to obtain a better understanding of the asymptotic limit developed
in Theorem 2 we consider the following simple finite-dimensional example.
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Let A be an (N —n) x (N —n), N>n, dimensional matrix with positive eigen-
values and let

n N—n

n 0, O
-
N-n[ 0! -4

1.e. B has an n-dimensional nullspace. Let 4 be an N x N matrix with block form

n N—n

where A4, is skew-symmetric. Clearly the projection operator P is

n N—n

n{li 0}
P= - -
N—-nlL 0, O

and PAP=A4,;,.
Consider now the linear system of equations for the vector functions
x%(t) eR", y*(t) eR¥ "

dx(t)/di=¢""A;, x(O)+e TA,,0°(0), x(0)=x,

Ay (Q)/dt=—e 2 Ay(O)+&™ Ay X+ Ay, y(0)=y,.
According to Theorem 1,

x(t)~eex,, for 0<t<Cee|0,

for any constant C. Theorem 2 gives information in 0=¢<C i.e., in a much larger
interval of time. In fact, we have here that

V:%iTm T~ [§e M5 (A A7 A, et ods

and that
xH(t)~ eV x, 0<1<C,e | 0.

Thus, Theorem 2 characterizes the modulation e/’ of the rapidly oscillating part
411 of x*(¢) (recall that 4, , is skew-symmetric).

Proof of Theorem 1. From the hypotheses above follow the variation of con-
stants formulas

ez(A +Ble) _ etB/e + ﬂ) e(t —s)B/sAes(A +B/e)ds , (2.1 1)
M ATBIO — Bl 1 [l gt~ IATBE) g g5t (2.12)

These formulas hold in L, ,, 1<k m<N. They will be used frequently in the
sequel.
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First we show that

U _P)»0 in Ly, t>0. (2.13)
This follows from (2.12) and our hypotheses

UATBIN] _ P)=¢'Ble _ P [{ ¢ AT B A(SBlE_ P)ds . (2.14)
Here we have used (2.5). For feL, ; we have

e BT —P) flo,0=Co,0e™ 7| fllo,0+ o C-Cy0e™ " ds| f 11,1 . (2.15)

The right hand side of (2.15) tends to zero as ¢—0, t >0. Since L; ; is dense in L o
the assertion (2.13) follows.

In (2.15) and in the sequel we use C to denote any constant whose particular
value is unimportant. This simplifies the notation.

Now we work on the range of P only. Let A=4(¢) | 0 as ¢ | 0, the precise
dependence to be chosen later, and decompose [0, ¢] into m intervals of length 4
so that m T co as ¢ | 0. We have

(e 4B P_eP4PP) f llo.0
— ”Z;’::_—Ol ekA(A + B/s)[eA(A + Ble) _ eAPAP]e(m —k— 1)APAPPf ” 0.0

S YhSo (AT — oA fillg o - (2.16)

Here we have set f,=e™ ¥~ D4PAPp £ which is in the range of P and we have used
the hypothesis that ¢ 5% is a contraction on L ,.
For feL, , using the variation of constants formulas and (2.5) we have:

QAATBI) £ — £ L A(PAP) f,+ {8 (e — P)A fids
+ [4 [y et A B0 gols=IBleg s (2.17)
Hence,
)leA(A+B/E).fk—fk—APAPkaO,o
< [ 1€ = P) A fillo,ods+ CA%| fil 2.2
< [4 Co,00 7 ds|| A fillo,0+ C42| fil..

§C'8kan1,1 +CA2Hf}(H2,2. (2.18)
We also have that
”eAPAPfk—fk—APAPfk“O,oéc-AZka”z,z . (2.19)

On combining (2.18) and (2.19) it follows that
(e 470 —ePARPfllo o < DR [Cell fil 1,1+ C A% fill2,2]
SCl Sz, 2le/4+4]. (2.20)

The quantity (/4 +4) will go to zero provided 4 is chosen appropriately, for
example A(e):]/g. In this case (2.20) shows that we also have an error estimate
in the approximation, namely O()/s).
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Proof of Theorem 2. Let

Us(t, S) —e PAPt/se(A + B/e)(t —s)/gePAPs/s, 0 § s é t § T , (221)

where we define e'P4P(I — P)=1— P. We note that U®(t,s) is not a semigroup
since it does not depend on ¢t —s only. One can easily verify, however, that with
the help of (2.5) and our regularity hypotheses, the following variation of constants
formulas hold in L, ,,, I<k,m<N.

Ut(t, s)=e!' ~981 1 g~ 1 [ o~ DB 45(5) U0, 5)do (2.22)
Ui(t, s)= "~ 171 [L Ut 0)A%(0)e 957 ds, (2.23)
AXt)= e~ TAPI( 4 — PAP)ePAPe (2.24)

From the regularity hypotheses on ef4”" and e'“™*B® follows that U¥, s),
0=s<t=<T, maps L,,, into itself with bound independent of ¢>0, 0=k, m=<N.
We employ again, as in Theorem 1, the decomposition of the interval [0, 7]
into m intervals of length A(e) | 0 as ¢ | 0. We have the following
(U2, 0)—eT)P £ 0.0
=200 Ut (kt DA)LU((k+ 1)4, kA) — 7147 Pf o o
<A U, (k+ DA U(k+ 1)4, kA)— PU%(k+ 1)4, kA)]e""VPmeO
+ Z 20 WPUA(k+1)4, kA)— e TP [ g o= Y3Zg (15 4t 15 0) - (2:25)

tPAP

Here we have also used the hypotheses that ¢P4F and /4" 5/ are contractions

in Ly o.
We estimate I, , first by using the variation of constants formulas (2.22) and
(2.23). Set f,= ek’ p f. Then
Il.k= I {eB(t—(k+ 1)A)/82+8— 1 ﬁk+ D4 Ug(t, S)AS(S)e(S_(k+ 1)A)B/szds}
.{eAB/£2+8— 1 ﬁckj 1)4 Pkt I)A—J)B/EZAg(O')US(O', kA)dO'
—P—¢7! ﬁkf 4 PA o) U0, kA)dG}fk”o,o
S em! [l V4 (e P — P)AY(0)Ut(o, kd)do filo.0
+lle” j(k+1)A DU, 5)A%(s)
(e“~ DB _ P)AXa)U¥a, kA)dods fi]lo.o - (2.26)
We estimate separately the last two terms on the right side of (2.26).
e~ Jii" D4 ("7 9P — P)A(0)U (o, kA)do fillo,o
S Cem! [ Co,0 0N o i
<{CAS‘le‘“’M“’qum,l, 0<k<m-2
~CellPS ]y k=m—1. (2.27)
We have used here the hypotheses about the smoothness preserving properties

of the semigroups, including ¢7, and (2.3) and (2.7). We recall also the convention
about constants that we are employing.
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We proceed to the second term on the right side of (2.26) which vanishes when
k=m—1. We have

T2 flke 1y [l VA U 9)A%(s)(€5 TP — P)A%(0) U0, kA) fidads|| .o
<Ce? four g iV € TG | Pf |, SCR P, (228)
The estimates (2.27) and (2.28) combine to yield
z$;& Il,k§CA-182HPf”2,2' (2.29)

By choosing 4(g)—0 so that 4/e>—~o0 as e—0 we see from (2.29) that Y 720 I,
goes to zero for Pf in L, ,.
Next we estimate I, , where,

I = |(PUA(k+ 1)4, kA) — ") fillo.o - (2.30)

By iterating the variation of constants formulas we obtain the following identity
valid in Ly 4.

Us(k+ 1A, kA)=e4B* ¢~ 1 flgh 14 eltkr D4 TsuB/e

As(sl)e(sl —kA)B/Estl '|"8_ 2 j‘;{kA'F 1)4 jih e((k+ 1)A—5s;)B/e2

AS(5)el 5B A1(5,)elo3 MBI s s, 453 [ DA [ [, ol Da-s0m

As(Sl)e(.n —sz)B/szA s(Sz)e(sz — 33)B/£2As( )e(S3 —kA4)B/e?

dS3dSzdSl+8‘4 ;{kA—fl)A S1 j‘sz j‘sz e((k+1)A s;)B/s2 S(Sl)e(sl_SZ)B/EZAE(SZ)UE(SZ,54)

A(s4)elsa™ 5B f5(s el kB2 s, ds ds,ds, . (2.31)
We observe that
¢ PAP p= ptPAP (2.32)

From this observation, (2.5) and the definition (2.24) of 4* we may rewrite (2.31)
as follows.

PU(k+1)A4, kA) f= fi+e~ 2 i V4 PAE(sl)

(et 72— P)A(s,) fidsadsy +&7> il iy i PAs,)

(elsrs2Ble? _ P)AS(Sz)(e(sz_SS)B/EZ — P)A* (Ss)fkd53d52d51

e IS0 3 52 PAR(s)) (e TP P)AY(s,) U¥(s,, 4)

A¥(s4)(e4 7512 _ PYA%(s,) frds,dsads,ds, . (2.33)
From (2.33) we obtain further

|PUA((k+1)4, kA) fi— fi=AVfillo,0

<Alg72a7! I(H DA o1 PAY(s ) (e 521 _ P)A%(s,) fids,ds, — V1l 0,0

+e73 j‘;(kA+ 04 ﬁ‘A Iiﬁ C _Cl’le—yl, 1(s1— sz)/82C2’2e—)’2, 2s2—53)/82

dsyds,ds, || fills 5 +e7* _ﬁckf 4 Y j C-Cy e 135 =s2)fe?

Cs,3‘3_“’3(34_83)/82ds4d53d52d51 ka“4,4 . (2.34)
In the last two terms on the right side of (2.34) we have used (2.7) and the regularity
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hypotheses along with (2.3). Elementary calculations yield

| PU((k+1)4, kA) fi— fi— AV illo.0
4 HS_ZA ! j‘(k+ D4 oy PA(sy )(e(&l s2)B/s? — P)A%(s,) fids,ds, — ka”o,o
+Cdel fill 3,3+ Cod| fillaa - (2.35)

We shall now analyze the first term on the right side of (2.35) which we denote,
without the factor 4, by Ji. First we observe the following.

PAE(SI)(e{S’ —s2)Bje? _ P)AC(SZ)P= Pe—slPAP/a(A _ PAP)esl(PAP)/a

(e(sl—sz)B/e2 _ P)e—szPAP/E(A _ PAP)eszPAP/£P= Pe—slPAP/EPA

(e 7s2BIe* _ P)4 Pes2PAPIEp (2.36)
Here we have used the definition ¢P4P(I — P)=1—P and (2.5). In view of (2.36)
we have

J;c: HEZA 1 (kA;'El)A/B2 kA/e Pe—slsPAPPA(e s1—s2)B P)AP

&PAL fdsyds, — Vfillo,0 S 12471 DA e nea? f

PA(e(sl—sz)B_ P)AP(e“(S‘ —s2)ePAP __ I)dszeslsPAPfkdsl H0,0

+ HSZA -1 j(k+ 1)4/e? —slePAP(PA J"?)o (eaB P)dO'AP)eslspAPﬁcdsl _ kaH0,0

+ ”82A -1 j‘(k+ 1)4/e2 —s;sPAP PA j‘sl ke _ P)dO.AP)eslsPAPfkdsl H0,0

=S+ ks (2.37)
For J; ; we have the following estimate

k1 <e?Am! j}ckAJ/rspA/ﬁz /e C-Cy e 1(51_32)'3(51 —55)

dsadsi | fill3, s = C €l fills,5 - (2.38)

Here as usual, we have employed the regularity hypotheses and (2.7). For J; ,
we have, using (2.9),

Jio=lled™ 04 em P APy e PAP fids — Vil o
SC(U+4/e) "M fill,z - (2.39)
The last inequality is hypothesis (2.9). For Jj ; we have
. B j(kﬂwszc §s1 ka2 Cr1e” "1 0dadsy|| fil 2, 2<C82A_1”fk”2 2+ (2.40)
We return now to (2.35). Using (2.38), (2.39), and (2.40) in (2.37) and then in
(2.35) we find that

IPUA(k+1)4, kA) fi— fi= AV fil 0,0 SATC el fill .5+ Caot +4/6) M| fill,2
+C3e® A7 fill 2,2+ Caell fills, 3+ CsAll fillaad - (2.41)

Our hypotheses about ¥ yield readily the estimate
1€ fi= fi=AVfillo.0 = CoA?| filla s (242)
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Thus, from (2.41) and (2.42) it follows that

Srd I = Yrsd [(PUA(k+ 1A, kA)— e fillo.o S C1ellPS 15,5
+C2(1+A/8)_1“Pf”z,z"‘czﬁzl]ﬂHPfH2,2+CASHPf“?,,s
+(Cs+C)AlPSf 4,4 (2.43)

Now if we choose 4(¢)—0 as ¢—0 so that A(g)/e— oo then, the right side of (2.43)
goes to zero and so does the right side of (2.29). This proves the theorem.

For A(£)=]/§ we find that the overall error in the approximation is 0([/5) as
asserted in the statement of the theorem.

3. Stochastic Problems with Rapidly Varying Deterministic Part

We adopt the same framework as the one described at the beginning of Section 2.
The operator B is defined as before including properties (2.4), (2.5), (2.6), and (2.7).
The operator A4 is now different and it is defined as follows.

Let (Q, 7, P) be a probability space. For each t=0 and w eQ let A(t,w) be a
linear operator in #(Ly ,,, Ly_; ,—;) Which is strongly measurable jointly in ¢
and w. To simplify the discussion of questions of measurability we assume that
the spaces L, ,,, k, m=0 are separable. Let #:C %, 0<s<t< o0 be an increasing
family of g-algebras, that is

FLCT 0=s5,<s5;=Zt,;St, S0

§2° =

We assume that the conditional probabilities P(F|#3) have a regular version
P(F|w) as in [3] and that P is mixing relative to ; as follows.
sup _sup IPUIW)—PU)|=0(t) L0, 100, [§o¥s)ds<co. (3.1)
= wess'
We assume that A(t)=A(t, w) is #! measurable for each r=0.
We are interested in the asymptotic analysis of the stochastic equation

dy*(t)/dt =¢~ ' By*(t) + A(t/e)y*(t), t>0, y(0)=y,, &lO0. (3.2)

Naturally, this equation will be analyzed under different conditions corresponding
to Theorems 1 and 2 of Section 2. First we make precise the sense in which (3.2)
is to be taken.

It is convenient to introduce the evolution operator associated with (3.2)

Y(O)=U, s)y(s), O=s=t. (3.3)

We state the relevant hypotheses in terms of U¥(t, s). We assume the following:
(i) U'(t,s), t=s are contraction operators on L, ,—L,, and strongly
Z¢: measurable. They are also bounded on L, ,,~ L, for 1<k, m=4.
(i) The finite propagator property holds.

U, 0)Uo,5)=U(t,s), O0=s=so=t, ULt)=I. (3.4)
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(iif) The variation of constants formulas hold in L, k,m=1.

Ut(t, s)=¢" 9%+ [L U, 0)A(c/e)e” ~¥Pdo (3.5)
Us(, s)=e" 9Bt [t =Bl f(g/e)U(a, s)do . (3.6)
With these hypotheses we have the following theorems.

Theorem 1. Assume that the limit
A= %11’1;10 T fo*T E{A(s)}ds (3.7
exists uniformly in t4=0 and PAP defines an operator in L(PLy s PLi— 1 jy—1)-

Assume that PAP generates a semigroup of contractions eT4F in PLg o such that
P maps PL,,, into itself for 0St<T. Then for 0St<T

lif%E{U"‘(t, 0)Pf}=eP4PPf, in Loo. U (3.8)
Theorem 2. Assume that the operator PAP in Theorem 1 is identically zero.
PAP=0. (3.9)
Let VeZ(PLy ., PLy_ ., ,) be defined by
= ym T~ fiorT s E{PA(s)(e"* =" — P)A(o)P}dods (3.10)
e

which we assume exists uniformly in t, 20 and is independent of t,. We assume that
V generates a semigroup ¢ on PL, o such that ¢V maps PL, ,,—PL,,, for0<t<T,
k,m=1. Suppose U(t, s) satisfies, for all w e,

[Ut/e, s/e) 11 S Cyqll Sy, 0St—s=¢, (3.11)

IU(t/e, s/e) fll2,2=Ca a0l fll2,2. 0St—s=¢. (3.12)
Under these hypotheses

lim E{U"(t/e 0)Pfy=e"Pf,feLy, 0<t<T. [ (3.13)

Theorem 3. Assume that A(t), t=0, is a stationary process, that PAP%0 and
that PAP generates a group of contractions ¢ in PLy o which maps PL,,—

PL, ., k,m=1, —oo<t<oo. Assume that (3.11) and (3.12) hold for 0<t—s<T.
Assume further that

V= [§ PE{A(t)(e™ — P)A(0)} Pdt (3.14)
deﬁnes an operator in £(PLy ,, PL,,_, ,,_,) and that the limit
=lmT " [°"Te ~sPAPY osPAP g (3.15)
T1tx

exists uniformly in t, =0, is independent of it and defines an operator in £(PLy,,
PLy_, ,.—7). Let V satisfy the same hypotheses as in Theorem 2.
Then for 0St<T,

lime™ “OPAE(U(1/e, 0P f y=¢7Pf, [ eLo,y. O (3.16)
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Remarks. 1. Note that Theorems 2 and 3 complement each other. The one
holds when PAP=0 but A(t) need not be stationary although (3.10) holds uni-
formly in t,. The other holds when PAP=0, generates a group and A(f) is
stationary. It does not seem possible to have PAP=£0 and A(t) non-stationary
at the same time and expect a limit like (3.13) or (3.16) to exist.

2. As we mentioned in the introduction, one application of these theorems
is in transport theoretic problems in random media [9]. An example is provided
by the Boltzmann equation of gas dynamics [1] which was discussed in Example 1
of Section 2 when 4 is not — v -V but, say, —u(t, ) -V with v(t, w) a random function
of time with values in R®. More complicated, space dependent, examples require
a considerable amount of effort to verify that all hypotheses of the theorems hold.
In particular, (3.11) and (3.12) for Theorem 2 are not obvious and their strengthened
version in Theorem 3 is probably not true unless very special assumptions are
made.

Proof of Theorems 1, 2, and 3. The proof of all three theorems is very similar
to the proof of Theorems 1 and 2 of Section 2. Therefore, we shall not repeat the
details here but we shall present those portions of the argument which are
different. In particular we shall discuss Theorem 2, which is typical.

We begin with (2.25) including expectation values. We also change notation
so that U“(t, s) stands for U%(t/e, s/e). We have

LU, 00} —€P)P [ llo,0= | 100 E{U's(t (k+1)4)
[U(k+ )4, kA)— eI P} 0,05 Yhzg IE{U (k+1)4)
U((k+1)4, kA)} — E{U“, (lc+1A)}PE{U£(k—|—1)A kANETPf o0
+ YHZ IPE{U(k+ DA, k) —e™)e T Pfllg o= Y5izd (I 4+ 150 (3.17)

The treatment of 15 , for both Theorems 2 and 3, is similar to the one of Section 2.
The treatment of I5 , is where differences arise and the mixing hypothesis (3.1)
enters. We shall examine this in more detail.
We rewrite I, using (3.5) and (3.6) and recalling that U’(,s) stands for
U(t/e, s/e) here.
I = “E{(EB(I UH DAy g1 j(k+1)A U, S)A(S/Sz)
e(s (k+1)4)B/e? dS) .(eAB/s _|_8~1 j‘;{ljrl]A e((k+1)A )B/e? A(O’/Sz)
U¥o, kA)do) fi.} —E{(eB(ta(H DA g1 ﬁk+ 1a UL, s)A(s/e?)
e(s-(k+ l)A)B/ezds)} 'PE{(QAB/EZ +e~ 1 “cl?- 14 e((k+ 1)4—0)B/¢?
A(a/e*)Ua, kA)da) fi} o0 < fle™" sV (e~ %" — P)E{A(0/e?)
U¥(a, k4) fk}do'no ot lle” ? Lk+1)A j(kHM E{Ut, S)A(S/gz)
(e~ B _ P)A(a/e*)U%(0, k4) fi}dads|o.o
+lle” j(k+ 14 I(H VATE{Ut, s)A(s/e*)PA(c/¢*)U(a, kA)}
— E{U*(t, 5)A(s/e*)} PE{A(c/e*) U0, k4)}] fidads| o - (3.18)

The first term on the right side of (3.18) is estimated in exactly the same way as
(2.27). The second term, similarly, exactly as (2.28). The third term in turn is
estimated in exactly the way I in (2.24) of [3] was estimated. In particular
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Lemma | of [3] is used here again and, as for other calculations, hypotheses (3.11)
and (3.12). The remainder of the proof proceeds without any substantial
differences from the analysis of Section 2 and [3].

4. Application to Stochastic Differential Equations

Let (22, F, P) be a probability space and consider for (X¥(1), Y1) = (X“(t, ), Y¥(t, ),
w eQ, the following system of stochastic differential equations.

(O)/dt=¢"2AVXt)+ e~ "FOXA), Y1), t/e?)
+G(E ), Y0, 1/e?),
dYit)jdt= —e  2APY )+ e~ FA(XH0), Y1), t/e?)
Gm( 1), Y«t), t/e?), t>0.

XH0)=x, Y¥0)=y. (4.1)
Here X%(t) and Y(t) take values in R" and R™ respectively, A" is an n x n skew-
symmetric matrix, 4® is an mxm positive definite matrix, F*(x, y, ¢, w),
GM(x, y,t,w) and FH(x, y,t, ), G?(x, y,t, w) are random vector functions in
R" and R™ respectively. R

To analyze the asymptotic behavior of (X, Y®) as¢ | 0,0=t < T, it is necessary

first to remove the rapidly oscillating term ¢~ 24" X* by defining new dependent
variables as follows

Xe(t)=e 1 XH(1) . (4.2)
The equations for (X(t), Y(t)) are
AX*/dt = "FOX, Y*, t/62)+ GO(XE, YE, 1/62) 4.3)
dY*/dt = —e 2AP Y e L FA(XE, Y2, t/e?) + GP(XE Y4 1/e?), t>0.
X40)=x, Y¥0)=
The vector functions F*, GV, and F*®, G'? are given by
FO(x, y, 1, w)=e AVFO(eA M1y, y, 1, )
GV(x, y, t, w)=e AGD(eA X, y, 1, ),
FO(x, y, t,0)=FP(eA"x, y, t, 0),
GP(x, y, t, 0)=GP(eA'x, y, t, @) .

W1thout loss of generality we take A4® =diagonal (a?,d%?,...,a?), a* >0,
k=1,.

Let ﬁ;c%’ , 0<s=Zt= o0, be the family of g-algebras introduced in Section 3
satisfying condition (3.1) with the strengthened assumption [§ o'/*(s)ds<co.
Denote by F(x, y,t, w) and G(x, y, t, w) the R"*™ vector functions (F", F*?) and
(G, G?). We assume the following
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(i) F and G are mappings from R""™x [0, 0] xQ into R"*™ which are
jointly measurable with respect to their arguments and which for fixed x, y, t are
Z! measurable functions of w.

(iii) |F(x, p,t, )| +1G(x, y, t, 0)| < C(L+ x| +[y])

ID'F(x, y, t, )| +[D'G(x, y, t, 0)| C

ID'F(x, y, t, ) +|D'G(x, y, t, 0)| £ C(1+|x[P +|ylf), i=2,3.
Here D' stands for any partial derivative of order i=1, 2, 3 with respect to x or y,
| | stands for norm of vectors or absolute value of scalars, C is a constant and p
is a nonnegative integer.

We state shortly a theorem characterizing the asymptotic behavior of X*(¢)
as ¢é—0. The limit process is a diffusion Markov process and we proceed now to

introduce its infinitesimal generator.
We assume that the following limits exist independently of ¢,=0.

a¥(x)= ?Tm T~ ot s E{F{'(x,0,0)F"(x,0,s)}dods i, j=1,..n, (4.5)
bi(x)=}i1m T ! j;g+T [} [ZZ:I E{F{"(x,0,0)0F"(x, 0, 5)/0x,}

+ Yt E{FP(x, 0, 0)e" 47 ~I0F M (x, 0, 5)/0y,}]dods
+}iTm T[T E{G"(x,0,s)}ds, i=1,2,...n. (4.6)

We assume moreover that the magnitude of the difference between a'/(x) and the
integral in (4.5) is less than C(1+|x|?)/(1+T), T 1 oo, while the magnitude of the
difference between b'(x) and the sum of the integrals in (4.6) is less than
C(1+|x)/(1+ T). In the space of twice continuously differentiable functions on R"
we define the differential operator . as follows.

L f(x)= 4 j=1 a¥(x)8 f (x)/0x,0x;+ Y- b(x)0f (x)/0x;. (4.7)

Let C*?(R") denote the class of functions on R” that are k-times continuously
differentiable and for which all partial derivatives up to order k inclusive are
bounded by a constant times (1+]x|?), p a nonnegative integer. Consider the
parabolic initial value problem

ou(t, x)/ot=Lu(t, x), 1>0,xeR", u(0,x)= f(x)e C*P(R"). (4.8)

To insure that, for some p=0, (4.8) has a unique solution in C*#(R") for 0t <1,
it is sufficient to assume that the matrix a“(x) has a square root ¢“(x) which is
sufficiently regular:

)+ () S C(1+|x]),  [D'H(x)|+|D'cH(x)| =C

bi(x), c¥(x) eC*+P(R™), i, j=1,...,n. (4.9)
Ito’s calculus can be used to insure existence and uniqueness of a solution in
C*P(R" [13]. The hypotheses (4.9) can be frequently verified from those on F

and G and (4.5), (4.6). When this is not possible, one may have to change (4.9) and
apply the theory of Oleinik [14].
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Theorem. Let the above hypotheses hold and let f(x,y)eC*P(R"*™). Let
u(t, x) denote the solution of (4.8) with data f(x,0). Then there exists an integer p
such that for all € sufficiently small.

B/ (X, 0% 1), Yo(x, 0, X, IFG) = [f (x, e~ 4765
—f (. 0]~ u(r—0. x) Se*CUL+|xP+]yP), 0=o<r=7o< 0. (4.10)

Let X1, x) denote the n-dimensional diffusion Markov process with infinitesimal
generator ¥ and with X°(0,x)=x. Then as ¢—0, X%(t,0, x, y) converges weakly
to X°(t, x) as a process in C([0, t,], R"), with x, y in a compact subset of R**™.

Remarks. 1. Limit theorems for stochastic differential equations are considered
in [12] and several references to the work of Stratonovich and Khasminskii are
given in [4, 10]. The theorem as stated here is an extension of the result in [10]
and its proof requires no essential changes at all.

2. As we mentioned in the introduction the theorem of this section can be
viewed as a consequence of Theorem 2 of Section 3 and this is the reason for
presenting it here. This is similar to the approach followed in Sections 3 and 4
in [3]. More specifically, the operator A(t) of Section 2 is given on smooth func-
tions by

A) f(x, )= Yoy (FP(x, y, 00 f (x, p)/0x;+ eG(x, y, 1)0 f (x, y)/0x;)
+ Y7 (FPAx, y, 00 f(x, y)/0y; +GP(x, y, )0 f (x, y)/dy) . (4.11)

The fact that A(t) has also terms of order ¢ is, of course, easily accomodated.
The operator B is given by

Bf(x,y)=—31=1 APy;0f(x, y)/0y;, (4.12)
so that
P f(x,y)=f(x.e*y), Pf(x,y)=f(x,0). (4.13)

With this formal identification of objects and the type of analysis of Sections 3
and 4 in [3] one can obtain a result similar to the theorem of this section. However,
the result as stated here is considerably more general as far as the various
hypotheses are concerned and also regarding the conclusion. Therefore, for the
special problem (4.3) the direct approach of [10] is preferable. We note that,
with A(t) and B given by (4.11)+(4.13), the infinitesimal generator ¥ of (4.7)
coincides with the operator ¥ of (3.10) as, of course, it should be.

We shall conclude this section with an example illustrating the content of the
theorem.

Consider the following system of coupled oscillators
d*E(0)/de® + 204,dEi (/e + DFE() = Y1 1 (D)
+&2G (&5, dEs Jdt,..., &y, dEsy/d, 1), >0, (4.14)
¢i(0) and d&¥0)/dt given.
Here &£(t) represents the amplitude of the i™ oscillator. We assume that the
following hypotheses hold.
@) a;=0, O<a,Zaz=...Zoyy, (4.15)
;> i=1,..., M.
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(ii) p;(t)=wt, w), i, j=1,..., M, are real, symmetric (u;; = u;), #, measurable,
stationary, zero mean processes a.s. bounded for all t=0. The weQ, (Q, F, P)
a probability space, should not be confused with the circular frequencies &,
(and w; below), i=1,..., M.

(i) G, N1reos Enps Maps D=GE s Nireees Enps Mags L @), i=1,..., M are F' meas-
urable stationary random functions satisfying (i) and (iii) of (4.4).

We transform next (4.14) so that we may apply the theorem.

Define the following

w;=|/®f —of (4.16)

cosw;t sinm;t B
A= —w; sinw;t wicoswit}’ =L.. M,
Xey=a-(n| 10 (4.17)
d&i(e)/de
[ ¢5(1)
| (t)[df‘it)/dt]
Yi)= :
- ¢ulD)
A0y

Let t=¢%. Then X*(t)=X*(r/e?) and Y%(t)= Y*(t/c?) satisfy a system of equations
having the form of (4.3), with  replacing ¢. The functions F*), F®, GV, and G
are identified in the obvious manner and we shall not write them explicitly. We
proceed with the application of the theorem. Let

0ij,1a(t) = E{u; {t + $)(s)} (4.18)
and set
Mo L cos2mt
ﬂ} 2(2601)_2580 011,11() |7 sin2w,t| dr, (4.19)
Ly 1
[0, cosm, t
L(gj = Zl 2 CQww)” fo "101,:1(t) sinw;t sinw, dt, (4.20)
[21(r) . PP . cosgo
() =2nw,r) "' |37 E{G(r cosp, w,r sing, 0,..., 0)} sm(p (4.21)

The theorem now asserts that X*(t), which takes values in R?, converges weakly
to a diffusion Markov process X%(t) in R*, 0<t<1,. Moreover, because of (4.10),
moments of X“t) converge to the corresponding moments of X°(t). To describe
the limiting Markov process X () it is convenient to represent it in polar co-
ordinates

X9(t)=r1) cos(t), X5(t)=r(t)sinf°(t). (4.22)
The infinitesimal generator of (+°(z), 0°()) is given by

ar? 02 )0r? 4+ Bo— 8, — %, (1)1 d/0r +(y + 0) 0% /26?

+Q2B+0,—x,(r)0/c0. (4.23)



232 G. C. Papanicolaou and W. Kohler

We omit calculations which are straightforward.

Let us also express X*(t) in polar coordinates

X5(t)=r%t) cost(t), X5(t)=r%(t)sinbz). (4.24)
From (4.17) it follows that

(r*(0)?* = (&i(c/e?) + i 2(dE(x/e?)/dr)?

ie., (r"(1))* is proportional to the energy of the undamped oscillator. Since the
theorem asserts that moments go to moments, we have that

lim E{(r(c))*} = E{0(@)*} =r5e™ 2%, ro=1(0) (4.25)
m E{(r(0)*} = E{0O(x)*} =rge 440, (4.26)

In (4.25) and (4.26) we have also assumed that 5;(r)=%,(r)=0 which amounts to
G,=0. Without this assumption explicit expressions as on the right sides of
(4.25), (4.26) cannot be obtained.

An interesting feature revealed by (4.25) and (4.26) is that the damped oscillators
can have a pumping as well as a damping effect on the undamped oscillator.
The parameters 6, in (4.20) can be rewritten as the difference of two positive terms

0= )Mo (o)t [§ e 0y 14(t) cos(w; — w)dt
— Y, (o) 3 e 0y, () cos(w + w))tdt . (4.27)
Thus, it can be either positive or negative depending on the power spectra involved.

One naturally expects a damping effect and it is somewhat surprising that pumping
is also possible.
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