Commun. math. Phys. 43, 109—120 (1975)
(© by Springer-Verlag 1975

Scattering Theory of the Linear Boltzmannoperator

J. Hejtmanek
Math. Institut der Universitat Wien, Wien, Austria

Received April 14, 1975

Abstract. In time dependent scattering theory we know three important examples: the wave
equation around an obstacle, the Schrédinger and the Dirac equation with a scattering potential. In
this paper another example from time dependent linear transport theory is added and considered in
full detail.

First the linear Boltzmann operator in certain Banach spaces is rigorously defined, and then the
existence of the Moller operators is proved by use of the theorem of Cook-Jauch-Kuroda, that is
generalized to the case of a Banach space.

§ 1. The Abstract Cauchy Problem of Linear Transport Theory

In Statistical Mechanics transport phaenomena of neutrons and photons are
decribed by the linear Boltzmann equation ([1-4]). One has to start from the
formal Cauchy problem:

% = —vgrad, n+ [gsk(x, v, V)n(x, v, 1)dv’ — o(x, v)n (1.1)

n(x, v, 0)= f(x, v).

x and v are three dimensional vectors: x=(xy, X,, X3) and v=(vy, v, v3). w=(x,0)
is a six dimensional vector in the u-space of Statistical Mechanics.

n(w, t) is a real valued function with domn=R® x R.

k(x, v', v) and o(x, v) are non-negative, bounded and measurable functions with
domk=R® and domo=R®. Both functions vanish for xeR>~D, where D is a
compact and convex subset of R3. In neutron transport theory D stands for
reactor and in radiation transfer theory for star. In transport theory sometimes
k(x, v'—v) is preferred to k(x, v, v). Physically k(x, v, v) is the number of particles
with final velocity v, that are generated after one particle with initial velocity v’
has suffered a collision in x. In neutron transport theory o(x, v) has the meaning
of a reaction rate, it actually equals |v]- 2,(x, v), Z,(x, v) being the total macroscopic
cross section. o(x, v) has the dimension of an inverse time. Later we also need

o (x, v):= [rsk(x, v, v')dv'. 1.2)
Note that k(x, v, v') appears in (1.2), but that k(x, v', v) appears in (1.1)!

The formal Cauchy problem can also be written in the following form:

%= —vgrad n+ yp(x) [[gsk(x, v, v)n(x, v/, t)dv' — o(x, v)n], (1.3)
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where yp(x) is the characteristic function of D. One is interested in the solution
of the initial value problem, i.e. a non-negative function n(x, v, t), that equals a
prescribed non-negative initial distribution f(x, v) at time t=0.

The structure of this paper is the following: First the abstract Cauchy problem
will be solved in case of the Banach space ne X = L'(R®) and in case of the Hilbert
space neX = L*(R®). It can be written in the following form:

n=—(T+A)n
n0)= feD(T + A)
n(t) is a vector valued function for teR into the Banach space X, i(t) is the strong

derivative of n(f). One must define the collision free linear Boltzmann operator T
and the linear collision operator A by suitable extension of the formal operators:

(14)

vgrad,n
— [rsk(x, v, v)n(x, v)dv' + o(x, v)n.

§ 2. The Collision Free Linear Boltzmann Operator in X = L'(R®)

The physicist will say, that the Banach space X =L'(R®) is good for linear
transport processes, because the norm in L' equals the total number of particles
in p-space. First the minimal collision free linear Boltzmann Operator is defined:

Definition. Let X = L*(R®). The operator T,
(Tyn)(x, v):=vgrad,n
D(Tp):=Cg(R®)
is called minimal collision free linear Boltzmann operator. One gets at once:

D(T)=X and R(Ty)S C§(R®)=D(T,).
The formal Cauchy problem

o o

n(x, v, 0): f(x’ U)GD(TO)
has the solution n(x, v, t)= f(x—uvt, v). This follows easily by substituting. This

form of the solution expressed the fact, that particles move on straight lines with
constant velocities. One introduces the following shift group:

Definition. Let ne X and teR.
[U@®n](x, v):=n(x —uvt, v)
DU@):=X.

Theorem. {U(t):t€R} is an additive Abelian group of isomorphic transforma-
tions of B(X).

Proof. First one has to prove, that U(t) is an additive Abelian group:
[U(t+s)n]=n(x—(t+s), v)=[U(S)[U(t)n]](x, v)

UOn=n VneX

[U(=[U@®n]] (x,v)=n(x,v) VneX, VteR.



Scattering Theory of the Linear Boltzmannoperator 111

U(z) is an isometry for all teR:
U@l = [ gs|n(x — vt, v)|dxdv= [ge|n(x, v)ldxdv=|n||, VneX.
Theorem.{U(t):teR} is strongly continuous in t.

Proof. One has to prove, that ltimll [U@)—U(s)In| ;=0 VneX.

For all >0 there exists a step function g(x, v) such, that |[n—g| <e.
ILU@—=U(s)Inl = [UOn—U(dgll, + | U(D)g — Uls)gll,
+1U(s)g—Uls)nlly e+ | U(t)g — Uls)gll 1 +¢ -

But one has [U(t)g — U(s)g](x, v) =g(x —tv, v) — g(x — sv, v). g(x,v) is a step func-
tion, so one can find a d(g) >0 such, that '

lg(x—uvt,v)—g(x—vs,v)|;<e VteR [t—s|<I.
:>ltim|| U@tm—U(s)n||;=0. O
Corollary. | U(t)|| =1 VteR. One can use the theorem of Hille-Yosida (Yosida,
p. 237). The infinitesimal generator T of the group U(t) exists:
U(t)—1

T:=—s—lim—>
t—0 t

T is a closed operator with dense domain. Also the Hille-Yosida condition is satisfied
for T. T is an element of the operator class G(1,0).

See Kato, p. 485 for the definition of the operator class G(M, f)!

Definition. The operator T is called collision free linear Boltzmann operator.
T is a closed extension of Ty, i.e. T is closable.

Definition. Let K be a subset of R™. Let ¢ be a positive real number

K(o):=J {x":Ix'—x|Z¢} .

xeK

One sees at once that K(0)=K.
Definition. M:= {(x,v):v =0} CR®
M,:={(x,v):x=0} CR®.
One sees at once that M, (0)={(x, v):|v|Z¢}.
Definition. CZ(R®):= { f(w):f e CL(R®), suppf M, =0}.
If the particle distribution function feCg, then the velocities of the particles

in the cloud f are not too small.

Theorem. feCZ(R%)<1) feCL(R®) and
2) JvoeR, vo>0 YveR?, |v|<v, and VxeR3*= f(x, v)=0.

Proof. 1)=
suppf is compact, so there exists a closed sphere K in R® with center 0OcR®
such, that supp f CK.
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Let us assume: VneN Jv,eR |v,/<% and 3x,eR?® such, that f(x,,v,)=+0.
Because (x,, v,)esupp f, and because supp f is closed, there exists a subsequence
(x5 v) with lim (x;, v7) =(x, 0).

= (x, 0)esupp f. This contradicts the fact supp f "M, =40.

2) =

supp f "M, S supp f "M (vo)=9. O

Theorem.CZ(R®) is dense in X = L'(R®).

Proof. 1t is known, that C®(R®) is dense in L}(R®). Let feL!(R®). First there
exists a compact subset K CR® such, that || f —g||, <e, g(w) being defined in the
following way:

gw):=f(w) wekK
=0 wé¢kK.
= suppg C K.

Then there exists a g(¢g)>0 such, that ||g—h|, <e, h(w) being defined in the
following way:

h(w):=g(w)  weKn~M (ofe))
:=0 wéKn ~M,(oe)) .
= supph S KnM, (g(e)).
The function h(w) is absolutely integrable, has compact support and
d(supph, M) 2 (e) .

Let be o(w) the well known test function:
1
pw):=c-e” "1 |wl<1

=0 wj=1.

The constant ¢ has to be chosen such that [zs@(w)dw=1.
Due to a theorem ([11], Hérmander, p. 3) the functions

h,(w):= [geh(w— pw')p(w)dw"  peR, u>0
are CF(R®) functions. The net (h,) converges for u—0 in the norm of L' to h(w).
There exists a u, such, that [h—h, ||, <e.

= f=hlli=If=gli+llg=hlli+Ih=h,l<3e. O

Definition. Let P_ be the projection from (x, v)e R®—>xeR>. If fe CL(R®), then
there exist:

¢:=sup{|x|:(x, v)esupp f}
vo:= Inf{|v]:(x, v)esupp [}
Vo:=sup{[v|:(x, v)esupp '}

all numbers being positive.
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Theorem.(x, v)esupp[U(t) f 1= — o+ volt| S |x| S0+ V,lt] VteR.
Proof. (x,v)esupp[U(t)f]
=[x—vt|Z¢
=[x|Z|x—vt| +[vt| = e+ Vol
=|x|Z —|x—vt|+|ot] 2 —o+volt] . I
This theorem can also be expressed in the form
P, supp[U(t) f1< {x:xeR?, —o+volt|S|x|< e+ Voltl} .
This relation reminds the famous Huyghens principle of the wave equation:
supp[U(t) /1S {x:xeR®, —o+clt| S |x| <o +cftl}
and I shall call it in this paper Pseudo Huyghens principle.

§ 3. The Collision Free Linear Boltzmann Operator in X =L*(R®)

One could use the same method to construct the collision free linear Boltz-
mann operator in the Hilbert space X =L?(R®), that has been used in § 2 in the
case of the Banach space X =L*(R®). L? has the advantage of being a Hilbert
space, but it is not quite appropriate for the needs of Statistical Mechanics. The
L, norm has no physical meaning here. Remember, that in Quantum Mechanics
L, is the appropriate space!

The collision free linear Boltzmann operator is constructed in analogy to a
a method, that is used in Mathematical Physics of Quantum Mechanics to define
the Hamilton operator of a free particle (Kato, p. 300).

Definition. Let X = L*(R®). The transformation F,
(Fon)(x,v):=(2m) "% [gse” **n(k, v)dk
D(F,):= S(R®)
is called restricted Fourier transformation. One sees at once: R(F,)C S(R®) = D(F ).
Theorem. F, is an isometry.

Proof. One uses the fact, that F,, with fixed veR? is an isometry in L*(R?®)
(Hewitt, Stromberg, p. 410).

[ FonllZ = [rel(Fon)(x, v)/*dxdv
= o[ 3| froe™ S n(k, v)dk|>dx]dv
= [ra[Jroln(x, v)2dxJdv=IInll3 . O
Theorem. F, is bijektive from D(F,)=S(R®) onto itself.

Proof. The transformation F, with fixed veR? is bijective from S(R?) onto
itself.



114 J. Hejtmanek

Let n(x, v)e S(R®). = n(x, v)e S(R?) with ve R? fixed. The inverse transformation
of F, has the following form ([12], Hewitt, Stromberg, p. 409):

(Fg 'n)(x, v)=2n) "% [gse* ™ n(k, v)dk .
For fixed veR? this function is not only in S(R?), but also in S(R®). O

Definition. Let X =L*(R®). F, and F, ! are densely defined in X. Both trans-
formation are isometrics. There exists a unique unitrary extension F of F,. F is
called restricted Fourier-Plancherel transformation.

Definition. Let X = L*(R®). The operator T,
(Tyn)(x, v):=vgrad,n
D(Tp):= S(RS)
is called minimal collision free linear Boltzmann operator.
=D(To)=X and R(To)SS(R®)=D(T;).
Theorem. (F Tyn)(x, v)=i-v-x-(Fn)(x, v).
on

Proof. (FTyn)(x,v)=(2n) " *[gse ™Y 3_, U"EE’(k’ v)dk

=Q2m) ") 1v,,jR3e'i""§£—(k, v)dk

=2n) Y3 v, i x,[gse” M nlk, v)dk

=iv-x (Fn)(x,v). [
The reduced Fourier-Plancherel transformed operator of the operator T, is a
multiplication operator by the non bounded function i-v-x. In analogy to the

procedure of defining the Hamilton operator of a free particle the collision free
linear Boltzmann operator is defined now:

Definition. The operator S

(Sn)(x,v):=v-x-n(x, v)

D(S):= {n:ne L*(R®), Sne L*(R%)}
is the maximal multiplication operator by the real valued function v-x, so it is
selfadjoint.

= FTyn=iSFn VneD(Ty)

= Ton=iF " 'SFn VneD(T,).

Definition. The operator T

Th:=iF'SFn

D(T):=F~'D(S)

is called collision free linear Boltzmann operator. Because S is selfadjoint, and
because T is unitarily equivalent iS, iT is selfadjoint. T itself is skew symmetric.
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The Hille-Yosida condition is satisfied by T. T is in the operator class G(1, 0).
Also in the case of the Hilbert space X = L?*(R®), CZ(R®) is dense in L*(R®).

§ 4. The Linear Collision Operator in X =L"'(R®) and X =L*(R®)
The linear collision operator A is a sum of two operators.
Definition.
(Ayn)(x, v):= — [gsk(x, V', )n(x, v')dv’
(A,n)(x, v):=0(x, v)-n(x, v) .

Theorem. If k(x, v, v) is a non-negative, bounded and measurable function with
domk=R?, if k(x,v',v)=0 YxeR*~D and if

N(x, v'):= [gsk(x, v', v)dv

is a bounded function with domN = R®, then A, is a bounded operator of the Banach
algebra B(L'(R®)).

Note that N(x,v")=0x, v')!

Proof. Let n(x, v)e L*(RS).

f(x, v):= [gsk(x, v/, v)n(x, v')dv’

|/ (x, V)| =[raklx, V', v)In(x, v')|dv’

Jrsl £ (%, V)ldv = [ps [ frak(x, v/, v)dv] |n(x, v))dv’
< K fgs|n(x, v)|dv’

IfIly=Klnly

K:=sup{N(x,v):(x,v)eDx R3}. [

Theorem. If k(x, v', v) is a non-negative, bounded and measurable function with
domk=R?, if k(x,v’,v)=0 VxeR3>~D and if

M(x, v):= [gsk(x, V', v)dv'
N(x,v'):= [gsk(v, v/, v)dv

with domM =domN =D x R?® are bounded, then A, is a bounded operator of the
Banach algebra B(L*(R®)).

Proof. Let n(x, u)e LA(R%)nL'(R®).
f(x,v):= [gsk(x, v/, v)n(x, v')dv’
F(x, 0)-(M(x, v)) ™" = [gak(x, v/, v) (M(x, v)) " *n(x, v')dv’ .
Because for the non-negative function k(x, v', v)(M(x, v)) ! one has

[rok(x, v, 0)(M(x, )" 'dv'=1,
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the right hand of the last equation is a weighted mean of the function n(x, v') with
respect to v'eR>.

[f(x,0)-(M(x, 0) ™11 < fgoklx, v, v) (M(x, v)) ™ Hn(x, V)| *dv’

|f(X, v)|2 éM(X, U)fR:‘k(x, U’v v)ln(x, U’)lzdv/

Jrol fCe, 0)PAv =Ky - s [frsk(x, v, v)dv]|n(x, v')Pdv’

=K,'K, ‘fR3|"(x, U/)lzdvl

= fI3=K-K;y-[nl3
K, :=sup{M(x, v):(x, v)e D x R3}
K,:=sup{N(x,v):(x,v)eDx R*} . []

The conditions for the function k are physically meaningful, especially the
boundedness of N(x, v'). It expresses the fact, that the total number of neutrons

generated by scattering and fission processes in X from one neutron with initial
velocity v’ is bounded.

Theorem. If o(x,v) is a non-negative, bounded and measurable function with
doma = RS, then A, is a bounded operator in both Banach algebras B(L*(R®)) and
B(L*(RY)).

Proof. Let n(x, v)e LY(R®)nL*(R®).
f(x,v):=0(x, v)-n(x, v)
I/l =Kl|nl,

I f12=K]nl,
K:=sup{a(x,v):(x,0)eDx R3} . O

If
[rek(x, v, v)dv=0(x,v") V(x,v)eR®,
then no absorptions and no fission processes occour, only scattering processes.
In this case one has:
Jrs[Ain+ A;n](x, v)dxdv
= [rs[ — [rsk(x, V', v)n(x, v)dv’ + a(x, v)-n(x, v)]dv=0.

Note also that the operator norm of A, + A, does not vanish !

§ 5. The Linear Boltzmann Operator

The linear Boltzmann operator T+ A is a generalized partial differential
operator, that is additively perturbed by the linear collision operator. So the
problem should be solved within the frame work of perturbation theory of linear
operator [5].

In both cases X =L'(R®) and X=L*(R® T is in the operator class G(1,0),
teR and generates an additive group of bounded operators {e”T":teR}.
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The abstract Cauchy problem

n=—Tn
n(0)= feD(T)
has a unique solution n(t)=e~ T f VteR.{e T":teR} is the shift group.
Theorem. The linear Boltzmann operator is in the operator class G(1, || Al}).

Proof. One can use a theorem of Phillips (Kato, p. 495). If Te G(M, p) and if
AeB(X), then T+ AeG(M, f+ M| A|). In this case one has TeG(1,0), and so
T+ AeG(1, || A]).

The abstract Cauchy problem

h=—(T+An

n(0)= feD(T +A)=D(T)
has a unique solution n(t)=e~T*4" f. The group {e~T*4":te R} has the following
series expansion (Kato, p. 495):

e Ty U0

Uo(t) .=e - T

U,+1(0):==[oU(t—s)AU(s)ds n=0,1,2,....
This series is ordered with respect to powers of the collision operator A. U,(f) is
the contribution to the neutron density at time ¢ from all neutrons, that have
suffered exactly one collision during the time interval [0, ¢].

Definition. Let X be a Banach space. A subset KC X is called convex cone, iff

1) VxeM VYoaeR, a>0=axeM and

2) Vx,yeM VaeR, 0=sa=s1=ax+ (1l —a)yeM.

L**(R®):= { f(w): fe L*(R®), f(w) is real valued and non-negative} is a convex
cone in X = L*(R®).

L1=L1+_L1+ +i(L1+—-L1+).

Definition. k, o is called a scattering system, iff

1) VneL'*(R%=e T*ne L1 *(R®) VteR, t=0 and

2) YneL'*(R®)=|e T 4%| =|n||, VteR, t=0.

The trivial transport system k=0, 6=0 is a scattering system.

Theorem. In a scattering system ||e” T ™4[ =1 VteR, t =0.

Proof. Let f be a real valued function in L*(R®). f can be written in the form
f=f"=f",f"(w):=max(0, f(w)) and f ~'(w):= max(0, — f(w)). f* and f~ are
elements of the convex cone L' ", |f|=f"+f".

le= T ff S e THSf T+ e TS

=1+ l=0 1

Now let f be a complex valued function in L*(R®). f can be written in the form
f=g+ih, g(w):= Ref(w) and h(w)=Imf(w).
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The identity
]/012_-|—b_2 =D |§"lacosO+bsinfld0  a,beR
D:=[[3"|cosb|d0] "
can be proved easily. Define U':
1U(g+iR)]y = fre)/(Ug)*(w) +(Uh*(w)dw
=D [l [27(Ug) (w) cosO+ (Uh) (w)sin6|d0dw
=D-[3"[ [rsl(Ug)(w)cos6 + (Uh)(w)sinfldw]d6
= D- [2%[ [l U(g(w) cos 0+ h(w)sin ) dw]d0
=D [3"[ [relg(w)cosd + h(w)sin6|dw]do
=D e[ [371g(w)cosO + h(w)sinB|dO]dw
=[re)/g* W)+ B2 (W)dw=:|lg+ih| = f] .

Remark. The last part of this proof was suggested to me by B. Simon during
the Symposium on Scattering Theory in Oberwolfach, West Germany, August
1974.

Remark. In a scattering system the linear Boltzmann operator T+ A is in the
operator class G(1,0) for t=0. For all teR T+ AeG(1, |A]]), but for negative ¢,
T+ A is in general not in the operator class G(1,0). Such a counterexample was
communicated to me by B. Simon during this Symposion.

The reason for this stem from the fact, that {e¢” T *4:t>0} is positivity pre-

serving, but {e- T+t <0} is in general not.

— o~ T+

§ 6. The Mgller Operators of the Linear Boltzmann Operator

In quantum mechanical scattering theory the solutions of the unperturbed
and the perturbed abstract Cauchy problems are compared:

n=-—"Tn n=—(T+A4)mn
n(0)=feD(T) n0)=feD(T+ A)=D(T).

T=id, T+ A=i(d+V). T and T+ A are skew symmetric operators in a Hilbert
space, so the conditions of the Hille-Yosida theorem are satisfied. The solutions
of both abstract Cauchy problems are unitary transformation groups {e "":te R}
and {e”T*4":teR}. The Mpller operators are defined the strong limits

W T+ A, T):= s-lime!T* D'~ T"

t—+

if these limits exist.

Cook ([7-10], Kato, p. 533) has proved a theorem, that gives a sufficient con-
dition for the existence of the Mgller operators.

This theorem has been proved for quantum mechanical scattering theory in
the case of a Hilbert space, but it can be generalized without any difficulty to the
case of a Banach space.
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Theorem. Let X be a Banach space, let D, S D(T) be a dense linear subspace of
X. Let T+A4eG(M,0),t=0.

If for all u€ Dy, there exists a s€R such, that Ae™"'u is continuous for all t=<s
and ||Ae " T'u|| is (— o0, s) integrable, then W_(T + A, T) exists.

Proof. Let ueD,,.

h(t):= T+ Ae=T"

h(t):=eT " ge~T"

=h(ty)—h(t,)=[2ht)dt  t,<t,

Ih(t2)—h(e )l < felh@)lde= [z T 4 de™"u| dt

SM(z||Ae”ul|dt .

So one gets, that (h(z)) is a Cauchy net for t— —oco0. []

Theorem. Let Thethe collision free linear Boltzmann operator. If T+ A€ G(M,0),
t=0, then W_(T + A, T) exists.

Proof. Dy:=CZ(R% is a dense linear subspace of X with D,CD(T). Let

ueD,-Ae T'u is continuous for all teR, because 4 is a bounded operator and
—Tt

e~ "' is strongly continuous. Because of the Pseudo Huyghens principle there
exists a seR such, that P, supp(e " Tu)nD=0 Vt<s.

=Ae Tu=0 Vt<s

= | Ae T'u| =0 and (- oo, s) integrable. [

Remark. For a scattering system T+ AeG(1,0) t=0, so W_(T + A, T) exists.
Because {e”T"4":t <0} is in general not uniformly bounded so one cannot prove
existence of W, (T + A, T) by Cook’s theorem.

Theorem. Let T be the collision free linear Boltzmann operator. If T+ Ae G(M,0)
t20, and if JaeR, 0>0 such, that VteR, t >0 and Yue D,

jD X R3|(e_(T +A)tu)(x9 U)Idxdv = K- e—at“ u” 5
then W (T, T + A) exists.

Proof. One has to show, that Ade™ " "'y satisfies the theorem of Cook. Let
ue Dy Ae” T4y is continuous for all teR, because A4 is a bounded operator
and e~ T+4%, is strongly continuous.

(Ae™ TV (x, v)= yp(x) - (Ae™ T (x, v)
= | Ae” Ty || = [} psl(Ae™ T (x, v)ldxdv
S|IAll-K-e™*|ul
ie. de~ T+ is (0, 00) integrable. [

Remark. Physically the last condition means exponential leakage of the
particles out of the set D. It would be very interesting to learn something about
sufficient conditions for this behavior.

Remark. This paper was presented during the Seminar on Spectral and Scat-
tering Theory in Oberwolfach, BRD, August 1974. B. Simon, who attended this
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Seminar too, gave many suggestions to me concerning minor errors, and he
himself used my ideas to write a paper on the Existence of the Scattering Matrix
for the Linearized Boltzmann Equation, that has already been published in
Commun. math. Phys. 41, 99 (1975).
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