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Abstract. We give new (necessary and) sufficient conditions for Euclidean Green’s functions to

have analytic continuations to a relativistic field theory. These results extend and correct a previous
paper.
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1. Introduction

The passage to purely imaginary times has proven to be an extremely powerful
tool both for the construction and for the discussion of relativistic quantum field
theoretical models®. Obviously for such a procedure to make sense it is important
to know how to go back again to real time.

In a previous paper “Axioms for Euclidean Green’s functions” [ 12] (henceforth
quoted as OSI) we claimed to have found necessary and sufficient conditions
under which Euclidean Green’s functions have analytic continuations whose
boundary values define a unique set of Wightman distributions. These conditions
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! For verification of this assertion the reader should consult the 1973 Erice Lectures on Constructive
Quantum Field Theory [19], where also references and historical accounts can be found.
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were

(EO) Temperedness

(E1) Euclidean covariance

(E2) Positivity

(E3) Symmetry

(E4) Cluster property

As it turned out, a technical lemma (Lemma 8.8) in OS I is wrong (see Remark 2
below) and at present it is an open question whether the conditions (E0— E4)
as introduced in OS1 are sufficient to guarantee the existence of a Wightman
theory. They are certainly necessary. In this paper we give two different sets of
sufficient conditions.

In Chapter I1II we replace the temperedness condition (E0) by a much stronger
distribution condition (E0) and prove a new equivalence theorem: (E0), (E1—E4)
are necessary and sufficient conditions under which Euclidean Green’s functions
define a Wightman theory. Although EO restores the equivalence theorem E<«<R,
this new condition is not suitable for application because it seems to be difficult
to check. In Chapter IV we therefore introduce a condition (E0’) which is only
slightly different from the original (E0): instead of simply assuming temperedness
we now postulate that, roughly speaking, the order of the distributions &, (the
Euclidean Green’s functions) grows at most linearly in n, with bounds that grow
no worse than a(n!)® for arbitrary o« and B. We call this the “linear growth
condition”. Assuming (EQ), (E1— E4) we can again reconstruct a Wightman
theory with Wightman distributions 2, which also obey a linear growth condition
(RO). The construction of the Wightman distributions requires two main steps:
first we analytically continue the Euclidean Green’s functions to complex times
(Chapter V). Second we establish estimates for these analytic functions, which
allow us to prove that their boundary values are tempered distributions: the
Wightman distributions (Chapter VI). It is interesting to note that the analytic
continuation alone can be done using the old temperedness condition (EO)
together with covariance (E1) and positivity (E2). It is only because the analytic
continuation of one particular Schwinger function &, involves infinitely many S,
that we need some control over the growth of the order of &S, to obtain the necessary
estimates. Our linear growth condition seems to be quite reasonable. It certainly
.holds for all field theory models for which the Wightman axioms have been
established so far and a recent result of Glimm and Jaffe [7] shows that it will
also hold for a @ model, provided it exists, and if the two point function is a
distribution in &’ (IR®).

Remarks. 1) The proof of Lemma 8.8 in OS I was first questioned by Simon
[16]. Subsequently one of us (R.S.) found the following counter example: F(x, y)
=exp(—xy), x>0,y>0 is the Laplace transform of a tempered distribution in
each variable separately, but not jointly.

2) A preliminary report of the results of this paper was presented by one of us
(K.O.) at the 1973 Erice Summer School on Constructive Quantum Field Theory,
see [13], p. 71. It should be pointed out that condition EQ’ in [13] was a linear
growth condition on the difference variable Euclidean Green’s functions. Condition
EQ’ of this paper refers to the Euclidean Green’s functions directly; it is more
general, more natural and certainly more convenient for applications than
EOQ in [13]
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3) The construction of the analytic continuation of Schwinger functions
which satisfy EO, E1, and E2 was found simultaneously by Glaser [6], who also
eastablished the connection with his earlier work [5] on the interplay between
positivity and analyticity. He too noted that in order to prove temperedness on
the boundary of the analyticity domain an assumption stronger than EQ seems to be
necessary, but he remarked that EO— E4 lead to a modified Wightman theory
with vacuum expectation values which are hyperfunctions but not necessarily
tempered distributions.

4) Nelson’s axioms [11] imply the Wightman axioms and hence by OS1I
also EO— E4. It is also easy to derive E0— E4 from Nelson’s axioms directly;
the crucial step is to prove positivity E2 using the Markoff and the reflection
properties, see [19], p. 104. EQ’ seems to be related to Nelson’s “scale condition”,
see Nelson [11]. On the other hand, to derive Nelson’s axioms from EQ’, E{ — E4
one has to introduce additional assumptions, see Frohlich [3] and Simon [15].
Nelson’s axioms are more restrictive than E0Q’, E1 — E4 and thus lead to a richer
structure. On the other hand they seem to be harder to work with in constructive
field theory: for none of the non-trivial models, constructed so far, has the Markoff
property of Symanzik and Nelson (Relation (1) in [11]) been verified.

5) Though in this paper we deal with the theory of one real scalar field only,
the results can be extended in an obvious way to theories with a denumerable
number of arbitrary spinor fields, see Chapter 6 of OS L.

6) With the obvious changes the connections between subsets of the axioms
for the Euclidean Green’s functions and subsets of the Wightman axioms are as
discussed in OS I.

7) Constantinescu and Thalheimer have extended the scheme of axioms
EO/EQ0’, E1— E4 to Jaffe fields [1].

Acknowledgements. We thank Prof. A.Jaffe and Prof. K. Pohlmeyer for helpful discussions
and Prof. V. Glaser for sending us a copy of his paper prior to publication. We also thank Prof.

G.-F. Dell’Antonio for his warm hospitality at the Universita di Napoli, where part of this work was
done.

I1. Notations

In this section we introduce some (partially new) notation and restate a few
technical results from OS L.

Unless stated otherwise, x denotes a point in R* with coordinates (x°, x*, x2, x%)
=(x% X). A point in R*" will be written as

x=(g...X%,), x;eR*,

For integrals we write [...d*"x or simply [...dx.
We will use the following open sets

R% = {xeR*|x° >0}
Ri"={xeR*"|x)>0forall j=1,...n}

R = {xeR*"|xJ,; >x0 forall j=1,...n— 1}
R3"={xeR*"|x;+x; forall 1 Si<j<n}
C,.={zeC|Rez>0}

CL ={(z1,...2,)|zjeC, forall j=1,...n} .
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On the Schwartz space & (R™) we will work with the following norms
[flp=sup I(1+x*)* (D=f) (x)], @.1)

lzl=p

where peZ, = {1, 2 ..} fe L(R™). We use the standard multiindex notation:

m 0\
a=omiltl = Yo 05= [T (5] s 2= S

By %, (R*") we denote the topological subspace of #(IR*") of all those functions
which together with all their derivatives vanish on the complement ~IR3" of
RE™

As in OS I we denote by S,(x) the Euclidean Green’s functions and by 2B,,(x)
the Wightman distributions. The “difference variable” Euclidean Green’s functions
S,-1(¢) and Wightman distributions W,_ () are formally defined by

S,(x)=S8,-1(5)
W,(x) = W,-.1(S)

respectively, where &, =x;,; — X3, k=1,...n— 1. The Wightman axioms will be
labelled as follows: (R0) Distribution property, (R 1) Relativistic invariance, (R2)
Positivity, (R3) Local commutativity, (R4) Cluster property, and (RS) Spectral
condition.

The remainder of this section will be needed in Chapter 111 only.

For O an open set in R™, #(0) denotes the subspace of & (IR™) of functions with
support in O, given the induced topology. The dual space of the topological
quotient space £ (R™)/¥(0) is the polar of &(0), which is the set of all tempered
distributions with support in ~0. By #(0) we denote the set of C* functions
on O which decrease strongly with all their derivatives as |x|— oo in O and whose
derivatives all have a continuous extension to the closure O of 0. On ¥ (0) we
define a topology by the norms

lgl,.0= sup (1 4 x?y? (D2g) (x)! . (22)
lzl=p

&(0) is of course not a subspace of &(R™), but as the following lemma shows,
an element in % (0) can always be regarded as the restriction to O of an element
in £(R™).

Lemma 2.1. Let O be an open set in R™. Then & (O) is isomorphic to
F(R™)/&(~0).

This lemma follows from the fact that the set of functions f, in %(0) which
are restrictions to O of functions f e £ (IR™) is dense in #(0) and from Whitney’s
extension theorem, see Whitney [21], Hormander [9], Vladimirov [20] and also
Lemma 8.1 in OS 1. From Whitney’s extension theorem it follows immediately
that the norms

lgllp.0=, inf _'lg+hlp (2.3)

are equivalent to the norms defined by (2 2), (ge L (R™). In particular, for
0=V"={x|x?>0and (x?)> > X2, all i=1,...n}, we have the following
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Lemma 2.2. Suppose f, € S (V}) and pe Z.. Then there exists a function
ge S P(R*") such that g(x)= f,(x) for xe Vi and

|f+|p,V+" §“g||p,v;- §Y|f+|2p,v;- (24)
with y=y(n, p)=[c2"(p + 1)]*?*! for some constant c independent of n and p.

Here P (R*") is the closure of #(IR*") in the topology defined by the |-|,-
norm. Notice that the first inequality in (2.4) is trivial. The second one is a sharp
form of Whitney’s extension theorem and follows from a detailed analysis of the
proof given in [9]. We omit the details.

As an easy consequence of Lemmas 2.1 and 2.2 we get

Lemma 2.3. Let W be a distribution in &'(R*") with support in Vi such that
for all fe S (R*™)

(WIS wifl, -
Then W also defines a distribution in &'(VT), again denoted by W, such that for
all f,e LV <
Jr e 7) LIS 01y @3)

with y as in Lemma 2.2.
For fe #(R%") and g € R%" we define

fl@)=fexp|~ ¥ (a3 —id,%)| F5) d*"x. 26)

The following lemma follows immediately from Lemma 8.2 in OS 1.

Lemma 2.4. The map f— f defined by (2.6) is a continuous map from & (R%")
to S (R%") with dense range and trivial kernel.

Now we define #(IR4") to be the linear space & (IR4") equipped with the topology
given by the family of seminorms

=&, pP=12 ... 2.7)

Note that #(R%") is not complete. By Lemma 2.4 the topology of LRY) is
weaker than the original topology of & (R%4") and hence

S (R C L' (RYY). (2.8)

II1. The Equivalence Theorem Revisited

In this section we introduce a new distribution property (E0) for the Euclidean
Green’s functions and prove that EQ together with E1— E4 is equivalent to the
usual Wightman axioms. The new condition is as follows

S, LH(R*™), Sy=1
nd 5 d(n—1)
S,_1e S RE"Y), n=1,2,...
Theorem E~R (revisited). The conditions EO, E1—E4 for the Euclidean

Green’s functions are equivalent to the Wightman axioms RO— R5 for the Wightman
distributions.

(E0)
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Although EO restores the equivalence theorem E<R, this new condition is
not very satisfactory from the point of view of applications. In praxi the continuity
of S, with respect to the |-|,-norms is a condition which seems to be difficult
to check; as we shall see below, EO immediately implies that S, _; is the Fourier-
Laplace transform of a distribution W,_, that has the desired support properties.
From the point of view of constructive quantum field theory the results of the
next section will be the crucial ones.

We now turn to the proof of Theorem E«>R. The derivation of E0, E1 — E4
from the Wightman axioms follows the arguments of OS I; all that remains to be
verified is the additional condition S,_; e % (R4"~ V). As in OS I, Chapter 5,
we show that for fe (R4,

Su-r ()= Wi (), (3.1

where W,_, is the Fourier transform of W,_,, interpreted as a distribution in
F'(R%M), see also Lemma 2.1. This implies that for some p,

1S, - 1 (OI<If1, 3.2)

and hence S,_, is an element in &'(R4"~ 1),
Let us give an alternative and simple proof of (3.1)/(3.2). For ¢ e R4 1 the
function

n—1 R
hg@)'_- eXp | — ’Zl ($59;,— iéjéij)
i=

is an element of & (V1™ ?'), depending continuously on ¢. Thus by Lemma 2.3
we may write S, _,(£) as

Su-1(8)=W,_1(hy). 3.3)
Then for fe &(R4"~ V) with compact support we define

Su—1(f) =1 8,1 () f(E) a* V¢
=[W,_y(h) f(E)a*" V¢,

the right hand side of (3.4) being taken as an ordinary Riemann integral. We now
claim that for such f

(3.4)

§Wyoi(h) fQ) d* = DE=W,_ (f), (3.5)

which proves (3.1) for a dense set in (R4~ ") by continuity. For a proof of (3.5)
we write f as

@ =0htq) f€)d*"~ Ve F(V])

and approximate it in &(VF) by Riemann sums.

Now we show how to modify the proof of E— R. Startlng from S,_, € ' (R%")
we define W,_ , by (3.1). This defines W  on a dense set of & (R%")— see Lemma 2.4
— and by assumption E0, W, _ 1 is continuous with respect to the to&a_ gy of
F(R4"). Hence W, _ 1 has a unique extension to a distribution in &'(R%"). The
proof of the remaining Wightman axioms now proceeds as in OS I. Equations
(3.3)/(3.4) are easily verified, which shows that the S, are indeed the Euclidean
Green’s functions of the Wightman theory thus obtained.
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IV. The Main Result: Another Reconstruction Theorem

1V.1. Linear Growth Condition and Statement of Results

As we have shown in the last chapter the equivalence E<«>R can be established
if we are willing to introduce the distribution property EO for the Euclidean Green’s
functions. In this chapter we show that we can avoid EO and the || -norms
altogether.

A sequence {0,},.z, of positive numbers is said to be of factorial growth
if there exist constants « and f such that

ns
forallneZ,. onso(n)
We now define what we call the linear growth condition for the Euclidean
Green'’s functions.

So =1, 8, e #(R*") and there exist s € Z, and a sequence
{o,} of factorial growth, such that

(E0)
ISu(N=0ulfln-s (4.1)

forallneZ., fe S(R*").
The following condition is slightly stronger than E0'".

So=1,8,e S (R*" forallne Z,, and there exist se Z, and a
sequence {a,} of factorial growth such that

() S x fovex SIS0 [T 1A, 42

forallneZ,, fie R*).
The following theorem contains the main result of this paper.
Theorem E’ (or E")—>R'. a) A sequence of distributions {S,} -, satisfying
EQ (or E0") and E1— E4 is the sequence of Euclidean Green’s functions of a
uniquely determined Wightman quantum field theory.

b) The Wightman distributions {I,} of that theory satisfy all the Wightman
axioms RO— RS and in addition

there exists we Z, and a sequence {w,} with 0 <w, <af"
for some constants o, f and allneZ ., such that

(ROY) 1, () = @al f -

forall fe S (R*™).
Remarks. 1. As EQ” implies EQ’ (see Appendix) it is sufficient to prove E'—>R’.
It is however worth noticing that a direct proof of E”— R’ would be much simpler
that the proof of E'— R’ presented in this paper. This will be explained in the
introduction to Chapter V. Clearly, E0’ does not imply E0”. Superficially speaking,
while E0” requires &,(x;...x,) not to grow faster than [](1+ x7)* for large

(4.3)

values of the arguments, EQ’ allows for a growth of the order of (1 + inZ)ns/Z,

1

and similarly for the singularities of &, at points of coinciding arguments.
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2. In constructive quantum field theory E0” holds for all models for which
EO— E4 has been verified so far, see Glimm, Jaffe, and Spencer [8] remark below
Theorem 1.1.8, and Frohlich [3]. It is also reasonable to expect that EO” holds
for models that live in the real world with three spatial dimensions: a recent result
of Glimm and Jaffe [7] shows that in a (¢*), model EQ” would follow essentially
from the fact that &, is an element of &(IR®).

3. Our methods do not allow for a factorial growth estimate on w, in RO".
On the other hand, assuming R0’, R1{ — R5 and w,, of factorial growth, we can derive
E0', E1— E4; but the bounds we obtain for o, are of the form «f" . This follows
easily by first applying (2.4) on h; in Relation (3.4) and then using arguments of
OS I with a sharpened version of Lemma 2.2 in OS 1. Were it not for the obstacles
of establishing the factorial growth bounds on ¢, and w, respectively, one could
again prove an equivalence theorem E'—R’.

IV.2. Proof of Theorem E'—-R’

In this section we explain how to reconstruct the Wightman distributions
from a given set of Euclidean Green’s functions satisfying E0’, E1 (Euclidean
invariance) and E2 (positivity) and verify the distribution property R(O'. The
remaining Wightman axioms can be established as in Sections 4.2—4.5 of OS L.
The proofs of the theorems stated below will be given in subsequent chapters.

The existence of the Wightman distributions follows from an inductive
construction of the analytic continuation of the Euclidean Green’s functions and
from bounds on these analytic continuations which are established inductively
too. We always assume that we are given a sequence of Euclidean Green’s functions
{S,} satisfying EQ’, E1 and E2. By S,_,; we denote the difference variable Green’s
functions. The initial step in our inductive procedure is to prove the following
theorem.

Theorem 4.1. (4,) Real Analyticity: There are functions S,({)=S,(&+in)
analytic in some complex neighborhood of R%* such that for all fe ¥ (R%¥)
S f) =1 Su&) f(&)a*¥e. (4.4)

(TE,) Temperedness Estimate: The functions S,(£) satisfy

k k kt
NSES [(1 + max 1)) (1 + Y zf?) (1 Y (é;’)*)] 45)

for some sequence 1, of factorial growth, some positive integer t (not depending on k)
and all keZ ., all & e REX.

In the 7’th step of the induction we construct open subsets C{” of €¥ and prove
the following theorem.

Theorem 4.2. (4,) For fixed EE(EI, Ek) the functions S, (&° [E) = 5,(£) have
an analytic continuation S,({°|&) to the region [°=E°+in®e CY. S, ((°|&) is
continuous in the variables § . R

(TE,) For (°eCy and & e R** the functions S,((°|&) satisfy

ISK(C° |_g’)| <c [(1 + max |Ejl) (1 + Z ICJO-I) (1 + Z (Rel9)™ 1)}:“' (4.6)
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for some sequence c,, such that ¢, <af for some o, >0, some positive integer t',
not depending on k and r; and all k= 1,2, ... .

The subsets C{ are increasing: C{)CCY*1; C? is just the k fold product
of the positive real axis and most importantly, the union () CY of all

the subsets is all of C¥%. Parenthetically we remark that only the bounds TE,
require the linear growth condition (4.2). For the other results the original
temperedness condition (EO) of OS I is sufficient.

The final result of our induction is summarized in the next theorem.

Theorem 4.3. There are functions S,((°|&), analytic in the variables {°, con-
tinuous in the variables § for {°eCk and § e R3*, such that (4.4) and (4.6) hold.

By standard arguments (see Vladimirov [19], p. 235ff.) Theorem 4.3 implies that
there exist unique distributions W, e &'(R**) with support in R%* such that S,
are the Fourier-Laplace transform of them:
> ~ k -
Sk(§°|§)=IWk(g)exp[— Y. ((3a}—i&p|d*q.

Jj=1

As in OS I we conclude that Wk is the Fourier transform of the difference variable
Wightman distribution W,.
Furthermore, again using (4.6), we find that for he #(R

Wilh) = § W(&) h(&) d**¢
= Jim [ S.0n°+i8°12) @) d* e

4k)
2

satisfies the inequality

(W(h)| = wilhli. 4.7)
for some sequence w; <o/(f)" and t'= % +5, see Vladimirov [19], p. 235,

Eq. (14).
It remains to derive RO’ from (4.7). Let f € & (IR*") and set h, (&) = f(x1, X;...X,)
where &, =x,,,— X, for k=1,...n— 1. Then

2B, (/) =1f W,—1(hy,) d*x,]|
é W;l"l j‘ |hx1|kt“ d4x1 é wn]flkt"'
for some new sequence w, < o”(f")" and t” =t" + 4. This concludes our proof of
Theorem E'— R’.

In the remaining chapters we explain the inductive procedures in detail and
prove Theorems 4.1 and 4.2.

V. The Analytic Continuation

In this chapter we construct the analytic continuation of the Euclidean
Green’s functions to “real times” and prove (4,) for r=0, 1,2, ... . No use will be
made of the linear growth condition EQ’ at this point; all we assume for the moment
is EO, E1 (invariance) and E2 (positivity).
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As we have seen in Section I'V.2 we have to analytically continue S,(§) = S(E° 5 )
in the “time variables” 50 only; the “spatial variables” { play the role of parameters.
There are two different ways of dealing with the spatial variables in a rigorous
fashion:

Method A: To treat the spatial variables as distributional variables throughout.
More precisely for f;, € #(R?) and f"=(f 5 ..., f,,) We define with &) =x{,; — x?,

S 1M =1 S f1aR)- - funZ) 4"
Positivity will play an important role in this and the next chapter and S,_;(£°| f)
was defined such that it still satisfies a positivity condition:

Y §h,(x° &9 S,,+m_1(§°,x +x%, E19 S f™)  hy(x”, E9) dxdx®'dECdEY 20

for all finite sequences {hq, hy, ...}, ho e C, h,e S (R%) and all f;, € #(R?), where
3f"x f™is the function

ﬁln(fl)“'f—‘ln(in)flm(gn—l- 1)fmm(5c'n+m) >

and 60_(€n 1 n 2500 5(1))

Method B: To show that S, (¢ 5) can be regarded as a continuous function of
the spatial variables; this makes smearing out redundant.

Method A was sketched in [13]. It is simple, mainly because it allows for the
reconstruction of the Wightman distributions without using SO, invariance of the
Euclidean Green’s functions. The drawback of this method is that in order to
derive a temperedness estimate for the analytically continued Euclidean Green’s
functions, we need a distribution assumption slightly stronger than E0’, such as
EQ". Though it is true that EQ” is most probably satisfied in all reasonable
quantum field theory models — see Glimm and Jaffe [7] — the weaker assumption
EQ" is more satisfactory from an axiomatic point of view: besides being more
general it does not make use of coinciding arguments of the Euclidean Green’s
functions. This justifies our use of the more complicated method B in this paper.
Extending a geometrical argument of Glaser [6] we use SO, invariance to prove
that the S, are real analytic functions in all variables. Then we derive a tem-
peredness estimate for these functions from their behaviour as distributions.

Let us first summarize some results of OS I (in a slightly changed notation).
In terms of the difference variable Euclidean Green’s functions S, the positivity
axiom E2 requires that for all finite sequences {f, f1, f2» .-}, fo € €, f, € Z(R%H)

fo(xé ime 1 (=&, —9x +x, &) fu(x, &) d* xd* X d* " DEgHm Vg

=Z Sn+m—1 f;nfm)=

Whereé =(éla -Hén—l)’ él=(élla -Hé;n-l)a ’9§ :(‘9515 "'Sén—l)s ‘95112 (—ég’ gk) and

finally E=(&,_1,...&)).
As in OS I we construct a Hilbert space # and furthermore #-valued distri-

butions ¥,(x, ) such that for fe #(R%"), ge ¥ (R

()=, &) f(x, &) d*xd* ™ Ve
with scalar product

(5.1)

(Y/n(f)’ 'Pm(g)) = Sn+m— 1(f= g) s
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or, in the sense of distributions,
-
(qln(xa é)’ lPm(xl’ ,él)) = Sn+m— 1(_ ‘9_§7 - SX + xl9§,) . (52)
The set of vectors ¥,(f), fe L(REM, n=0,1,2,... (for n=0, f must be in C, of
course) is total in .

By the arguments of OS I, we can construct a weakly continuous semigroup
of self-adjoint contractions e”*# on #, t 20, H= H* =0, such that (in the sense
of distributions) e"”?’,,(x,g)= 'I’,,((xo +1,3),). (53)
Furthermore for te €, = (0, o0) + iR

(Z,(%, &), € T (0, EN)=Spmer (=8, O+ X% 1, —%+%).8)  (54)

defines an analytic continuation of S,,,_; in the n’th time variable: by OS1
the right hand side of (5.4) is an analytic function of the variable z=x° + x* + 1
for #ez>0, while still being a distribution in all the remaining variables. (It
was at this point in OS I that the wrong Lemma 8.8 was used to continue S,
in all the time variables simultaneously to the k-fold product of € .) In the following
we use (5.4) and Euclidean covariance E2 to show that S,() is the restriction
of a function S,({), analytic in a complex neighborhood of R, i.e. assertion (4).

V. 1. Real Analyticity
For 0 <y < n/4 we define
R (y) = {x = (x% %) |x° > || tgy} ,
R () = {x=(x1, ... x) |, e RE (), k=1,...n} .

Obviously R% (y) is the largest cone in R% which under an arbitrary rotation
A(a, p)about an axis a through the origin, by an angle ¢ < y, staysin IR% . Euclidean
covariance implies that for any ¢ e R (y) and 0< 9 <y

Si(Z(a, @) £)=Si(&), (5.5)

where Z(a, ) £ = (R(a, 9) &y, ... R(a, @) &).

For fixed ye(0,n/4) let e, =e,(y), p=1,... 4, be four linearly independent
vectors in IR%(m/2—1y), the dual cone of R%(y). Then there are rotations
R, = R(a,, ¢,) with 0 < ¢, <y such that

. #,e,=(1,0,0,0). (5.6)

Now let ¢eR4*(y) be fixed and u=(uy,...w,), where wu,=(u},u?, ui,uf),

4 4

and

u € [0,00). Writing u-e for the vector (Z uie,, ...y u‘,ﬁeu) in RY*(n/2—7y) we
now consider o 1 1
Sl +u-e
as a distribution in the variables u%. By (5.5) we find that for u=1,...4
0 0
Sl +ue)y=S(R,E+u-Re), (5.7

where Z,e stands for the four vectors #,e,,v=1,...4. By (5.4) and (5.6) the right
hand side of (5.7) can be analytically continued to €, in each of the variables
ut,i=1,... k,(one at a time), while it is still a distribution in all the other u-variables.
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. = 0 .
Now we pass to variables s¢ =Inuf and set T(s, ...s;) = Si({ +u - e). According
to the above argument we can find functions

T,:“(S%, ooy r{'l, S:)

which are analytic in r =s# +it!, |t}| <n/2, and have values in &' with respect
to the variables si,...s%,...s¢. All the T;, analytically continue the same dis-
tribution T. It follows now from the Malgrange-Zerner theorem, see Epstein [2],
which deals with a degenerate case of the well known “tube theorem” (see e.g.
Vladimirov [19], p. 154), that there is an analytic function

T@r)=T(},....,r8)
analytic in the convex envelope J of the union of all the flat tubes
T={rl..rilmr¥|<m/2,r;=0 for v&pu or j*i},
We find that 7 = {r}, e Imr < n/Z}.

ip
Going back to the variables 4} and to S we have therefore shown that there exists

a function

such that T continues all the T;,.

SkLg+v_v-e),
{.W|Z |argW‘i‘|<7t/2},

i

analytic in (5.8)

whose restriction to real arguments defines the distribution Sk(é) +u-e), with g
and e, ...e, playing the role of fixed parameter. Assertion (4,) is now an immediate
consequence.

For the benefit of Section VI.1, where we establish the bound (TE,), we now
derive an estimate on the size of the region of analyticity of the function S,({)
obtained above.

Lemma 5.1. For fixed {eRY%, the functions S, (¢ +() are analytic in the
polydisc

r@)={I=eo for1sisk 1=pu=s4},
where -
c

- F\-1 0y—1\~-2
0= = (1 + max. Ié,l) (1 + ;(é,) )
for some constant c € (0, 1) independent of k or .
Proof. For given ¢ we define y and E by

tg2y= min &/} and

(5.10)
0 0 0 O Loz ]
gz(élo-"ék)7 éi=(7 iaéi)) 1§l§k7
and we choose the vectors ey, ... e, as follows:
e; =(2ctgy, 1,1, 1)
=(2ctgy, 1, -1, —1
e, =(2ctgy ) (5.11)

e;=(2ctgy, —1,1, —1)
e, =(2ctgy, —1, —1,1).
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Obviously 0<y<mn/4, _g eR%(y), e,eRi*(m/2—~y) and e,,...e, are linearly
independent. (5.11) implies
(1,0,0,0)=273tgy(e; + e, +e5+ey)
0,1,0,0)=2"2(e; + e, —e;—ey)
0,0,1,0)=2"2(e; — e, +e5—ey)
(0,0,0,1)=2"2%(e; —e, —e;+e,)

(.11)

and

0 4
L=&+27%8tgy- ) e,
p=1

(2‘4é?tgy+2'3tgyC?+2‘z Y amﬁ) e, (5.12)
1 r=1

™

0
it

u

éi Cl

0

Il
MP

whe, ,

p=1

where g, isequal to + 1 or — 1 and may be read off Eq. (5.11). It follows from (5.8)
that S,(¢ +() is analytic for those values of { for which ) largw|<m/2. It

Ly
therefore suffices to assume that for all i, u Jargw| < %, which is implied by
|Im w| i
e T T 5.13
Rew'| ~ 23k (5.13)

By (5.12) the w are given as functions of the {¥, and (5.13) is satisfied if we restrict
(¢ by
u 2-5¢£0 .

By (5.10), tgy <itg2y=1 mi 1(1 (€9/I€/)) and hence S,(¢ +{) is analytic if

It

+min ENED . (5.14)

This implies Lemma 5.1, with ¢ =2"%n.

V.2. Towards the Real World

Having established the real analyticity of S,(¢) we now proceed to construct
the analytic continuation S, ({°| é) of S) in the time variables to the n-fold product
of €. (Notice that i{? are actually the times, hence at the boundary of €, we will
arrive at real times.) Our method is to verify inductively the following sequences
of statements:

(Ay) There are analytic continuations S,((° é) of Si(&°| é) which are
continuous in ée]R“‘ and analytic in (e C{V cC%. For N=1,2,...,C{Y is the
envelope of holomorphy of

= () @ X0+ x% +2,{)](62, £0) € DYV, (=%, () DY, ¥y, 26 T, ).
n=1
(5.15)
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(Py) There are #-valued functions
¥,(x% 1%, 9)
defined for (%, &)e R*" and (x°,{°)e DI C(0, 00) x T}~ !, where for N=1,2, ...
DM = {(x° (% |x° >0, (g%, 2x% (% e C_.}, (5.16)
such that the scalar product is given by

(P (x%, 0013, &), Wu(x*, L 1%, EN) =Sy m-1(C

1)

-

X0+ X0, (Y~ 8 5+ 7, 8).
(5.17)

Notice that the passage from N — 1 to N takes place in (5.15), where C¥ is defined
in terms of the regions DV~ 1, Later we will show that U C‘N’—(E ¥ , which
completes the analytic continuation.

In the rest of this chapter the spatial variables will always play the role of
parameters and we therefore drop them completely in our formulas. Continuity
with respect to them will be evident at each step. Also we will drop the super-
scripts °, hence { will now stand for ((3, ...(?), etc.

To start the induction we set

CP={{|arg{;=0,i=1,...k}, (5.18)
DV ={(x,{)|x>0,arg{;=0,i=1,...n—1}. (5.19)
Then (4,) follows from the results of Section V.1. We claim that (P,) follows from
(4,) and (5.2). Notice that (5.2) was valid in the sense of distributions only, while
(Py) asserts that it also holds in the sense of functions, i.e., pointwise. For a proof
smear both sides of (5.2) with two functions f, e Z(R%"), g, € & (R*"), which as v
tends to infinity tend to d-functions and take the limit.
Now assume (Ay) and (Py) have been verified for 0SN<M — 1. We will
prove (A,,) and (Py).
By (Py— ;) we can define

Spim—1(0 X+ X' +2,0)=(¥,(x, (), e ¥, (x, ()

for (x,{)e DM~V and (x', ') e DY~ "); this analytically extends S, k=n+m—1,
to C{™ and hence, because C{™ is the envelope of holomorphy of C{™, there is an
analytic extension of S, into C(M’ This proves (A,y).

0
Now take a point (%, _f) e DU, defined by (5.16), and observe that with (%, {)

0
the whole cone of points of the form (x, {) with x > 0, [arg (| S larg(;l,i=1,...n— 1,
is contained in D). We therefore can find points ¢; € (0, c0) and numbers r; >0,
such that the whole polydisc

P:{(x’£)|x=xo, |C,-—§J<r,~,i=1,...n— 1}

0
is contained in D™ and (X, {) € P, see figure below.

O

0
Now we define the vector ?’,,()%, {) by

9
B @_é)g<alal )00
¥ (%, C) 11 MZ; I 5_§gq/" *9)), (5.20)
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\fi complex &; - plane
A

\,
\L/_/

fi

Fig. 1

where the derivatives of the vector ¥, are taken in the strong Hilbert space topology.
The right hand side of (5.20) converges in norm, for

(f_ £ (ol 2
T!- ( aéa (I/n) (XO,_

t<|a =

(5.21)

g || 181 -
C-gr C-op o™ o sz,._l(i,z)%,é')’

t<|a| a! B! o oLt B T lg=g
t<|p| -

and the l‘l%ht hand side of (5.21) is just the remainder term of the Taylor expansion

of 8,,-1(, 2x, ) about the point (_ £ 2%, £) and thus tends to zero as we let ¢
go to infinite. Relation (5.17) follows easily from (5.20). This establishes (Py).
Finally we have to prove that [ ) C{" =C¥. But this is a consequence of the

N
following stronger result, which we will need in Section V1.2

Lemma 5.2. Forall N,n,keZ,,
(a) D) contains the set

{(x,01x>0, |arg{}| <g(i,N), 1 Si<n—1},
(b) CV contains the set

{{llarglil <e(i, N),1=i<k},

ol )= 5| 1-2 Z(f)]

t=0

where

and

i‘z (N> =2V for i>N.

i=o \!

Proof. By construction the regions C{™ and D¥ are mapped onto tubular
domains under the transformation {; —ew‘—e"**“" We define ¢™ and d™ to
be the closure of the bases of these tubes:

M= {v|v,=Imw;, 1 i<k, (e*...e")e CM}~

5.22
AV ={0,v)|v;=Imw;, 1 Si<n—1,(e*, e, ...e" )e DM}~ . (5:22)

Note that ¢{¥’) and d{¥’ are subsets of [ — /2, ©/2]* and of [ — /2, n/2]" respectively.
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From the inductive definitions (5.15/16), (5.18/19), and from the tube theorem
we find forr=1,2...

™ = convex hull of
{vlv=(-1,v,0"), where (0,2) e d¥ D, (0,v") e d Y, |v| S 7/2) (5.23)

dM ={0,)|(—-5,0,0) e ¢, (5.24)
and
9 ={0,...0}, d9={0,...0)}. (5.25)

Observe that all the sets ¢ and d{™ are convex. Moreover if (s, .. v)ecy
(or d™), then the whole hyperrectangle with corners (Fuv,, ... +v,) is also con-
tained in ¢ (d{™ resp.).

For a proof of Lemma 5.2 we show inductively that the points (0, vy, ...v,_4)
with |v;] = o(i, N) are in d™. This establishes part (a); part (b) follows from (a)
and the equation S,({) = (2, ¥i+1(x, ).

We first construct a function h¥,i=1,2,..., N=1,2,.., such that for all

> >
S= 0’ t= 1’ WN(S, t) = (Oa O, eee 09 h’f’, hIZV’ R hlsv) € dﬁﬁ)s . (526)
t

We choose h) =0 for all i. By (5.25), w°(s, t) € d9,. Suppose now we have already
constructed hY for alli= 1 and N =1, ... M, such that (5.26) holds. Then by (5.23)
the following points are contained in cz”{st,,’ 1

(=hM, ... =B, —h},0,...0,7/2, K, ... kM )
2t—-1
and
(—hM - h’l”,—n/ZO 0, ¥ hY, . hM).
2t— 1

Because ¢t is convex it also contains the point

(=3 + 1L y), =3B + 1Y), —3(hY +7/2),0, ... 0,3 (r/2 + hY),
2! 1

F(MY +h3, .3 (L + hYD).
This means [ by (5.24)] that with
h=0, i=1,2, ...
RMHT 1M 4 /2) (5.27)
RMFUZ LM BM ) i=2,3, ..
the points wM*1(s, t) defined by (5.26) are again in d%;} 1.

We take (5.27) as inductive definition of . A simple calculation shows that
the solution of (5.27) is

i—-1
W=2l{_2°¥y (7)

P 2 t=0
From (5.26) we now conclude that in particular all the points
wV(n—1,1)=(0, Y, ...hY_))

are in d™. This ends the proof of Lemma 5.2.

=9(i,N).
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For later purposes we remark that g(i, N) = % (1—27N2y), where

i—1
;= max 2~ N2 (N) (5.28)

Nx1 So\t

Hence (b) of Lemma (5.2) implies the following corollary.
Corollary 5.3. C™ contains the set

{oriargt<max o. 31— 2vaph 1 iz,

VI. The Temperedness Estimate

In this chapter we derive the estimates (4.6) for the analytic continuation
Sk(Colé) of the Euclidean Green’s functions. It is at this stage only that we have to
use the linear growth condition. We point out that using E0Q” instead of E(Q’
would simplify and shorten our argument considerably.

In a first step we derive from (EQ’) the temperedness estimate (4.5) on the real
analytic functions S, (£). This is the most complicated part of this chapter and it
will be discussed in Section VI.1. The estimate (4.6) for the analytically continued
functions S,({ olf) will be proven by induction in Section VI.2.

V1.1. From Distributions to Functions

At a first glance it might look rather trivial to derive an estimate of the type
(4.5) from EQ" and from the fact that S,(f) is given by the ordinary Riemann
integral [S,(£) f(£)d¢&, with S, (£)e C®, say. The following example however
illustrates that more detailed information about S,(£) must be available for (4.5)

to be true: Let T(x) be a positive C* approximation of the function 70’(x) that
equals e* for x e [n,n+ e~ 2"],ne Z ., and that is 0 otherwise. Then |f T'(x) f (x)dx|
<sup|f(x) for all fe £(R), but T(x) is not polynomially bounded.

In Section V.1 we constructed the function S,(¢ + (), analytic in the polydisc
I(&)={{| % < g}, where ¢ was a function of £ eR%*, see (5.9), Lemma 5.1. By the
mean value theorem for harmonic functions (see e.g. Stein, Weiss [18])

S(€ +£)=IQ7I_"QI S+ +r2)dQ(), (6.1)

where Q, denotes the surface of the unit sphere in C*, 97 {ze T |2)?

2
= Z |z#|> =1} and [Q7|-——n is its surface area; dQ(z)= H dQ(z;), where
=1
dQ(z) is the element of surface area on Q.. Furthermore rz— (rlz1 s eees PiZg)

with 7;>0 such that |{;| +7; <. Here and in the following ¢ and ¢ = ¢(¢) take
fixed Values. Notice that g is always less than 1. Let now h(-) be a positive C*
function with support in [4, 1] such that for some ¢>0, p> 1

|hl,Sc(m)? and [h(r)r’dr=1. 6.2)
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Such a function h exists (for any p > 1) by the theorem of Carleman-Mandelbrojt-

Ostrowski, see e.g. Mandelbrojt [10] (take e.g. k(x)=const.exp[ - (x —3)7#]
-exp[— (1 —x)"#] with B> —1)1—1) We now set for ze C*

9o(2)=12,1"*- (8™ ")* h(8e ™" |2)
k@ =1g,(z—2)g,(2) d*Z
kg(z’ yl) = .fgg(z - Z,) gg(zl) d4 x' >

where d®z' =d*x'd*y’, 2’ =x"+iy’. Hence

and

suppk, e {zeC*||z| <0/4},
ond ppk, € { |zl < 0/4} ©3)
fk(z)d®z=1.

Notice that k, is a function of |z| only. We therefore may combine (6.1) and (6.3)
to obtain with k,(z) =[] k,(z)),
SUE+0)=ISE+{ +2) k,(2)d%z, (6.4)

whenever |(;| <g/2, i=1, ..., k. By Fubini’s theorem the order of integration on
the right hand side of (6.4) is arbitrary. We thus may define

T+ =[S+ +x) k(x+iy,y)d**x (6.5)
such that (6.4) becomes
S+ =T+ +iy)d*yd*ty’. (6.6)

(Notice that T, depends on y and y’ also via k,.) Finally taking into account the
support properties of k, and of g, we find that the integration in (6.6) goes only
over the region where |y;| <o/4, |yi| <o/8 and therefore

ISkl = e, IT (& +ip)l. (6.7)
Ivil<e/8

The remainder of this section is devoted to the derivation of a bound on T}, which
combined with (6.7) gives the temperedness estimate (4.5).

The main idea is simple. By (6.5), T,(¢) is a regularization of (the distribu-
tion) S,. Just as §,, T, satisfies some positivity property; in other words, T,(¢)
can be written as the scalar product (¥;, ¥,) of two vectors in #. Then (¥;,e”*#¥,)
defines an analytic continuation of T,(£) in one variable (as in Section V.1), whose
absolute value is bounded by ||V, - |¥,]. Bounds on |¥;|| follow from EOQ'.
Repeating this procedure 4k times we obtain analytic continuations of T,(£) in
4k linearly independent directions. Analytic completion then leads to the function
T,(¢ + {), the modulus of which we can estimate by using the maximum principle.
This will give the bound (4.5) on S,(&) by (6.7).

For given £ e R%* we define f, 7, &, € SO4 and the vectors ey, ... e, as in (5.6),
(5.10/11). We use g, (R, x+iy)=g,(x+1iy); k(R,x+iy,y)=k,(x+iy,)y) and



Axioms for Euclidean Green’s Functions II 299
we simply write g,(x) and k,(x) for g,(x +iy) and k,(x +iy, ) respectively. Then
using Euclidean covariance and (6.5) we find for allu} = 0,and 1 <n <k, 1 S u <4,

T +ue)= T, & +u,e)
= [SUO ky(E — R,E — u, € d*rE
= [ky(— 8 —2) g (= 9x— 1) Si(~§E, —9x+x. &)
G (XV k(&= A)d* D EGHETME G xdt X (6.8)

0
Here A=(y,...4,—;) and A'=(A,41,...4), where 4, =%, +uA,ecR* and
1 £n<k. For later purposes we remark that

(2 = (é +Zu“ )

§2§,~2+2(4ctg y+3)(Zu‘i‘)2, by (5.11) (6.9)

u

_S_const.g'z( 33 + (Z u‘i‘)z) ,

I
as ctgy < 2(1 +ctg2y) < 2co™! by (5.9) and (5.10).

0
Equation (6.8) exhibits T,(£ +ue) as the scalar product (¥,, ¥,) of the two
vectors

n—1
Y =[¥.x,8)g(—9x—1,) H ko(=9&,—i—A;)dxd¢
and B (6.10)
¥y=JW-n+1(x, &) g,(x) [I ko(&i— Anri)dx'dE.

As in Section V.1 we find the analytic continuation of T in the variable u/
by sandwiching e” """ between ¥, and ¥,: for we 2, , where

nus
2, ={weC*"|argwt| <m/2,argw}=0 for i%n or/and v#u},
Tk(f+v_ve)=(¥’ e WRHY ) and (6.11)
|Tk(_g+v_‘)e)l§f|'f'1||'||5"2||, uniformly in  v%.

We defer the proof that by EQ’ for some sequence o, of factorial growth,

n ns/2
II%IIém‘”‘”“(H y /1?) . (6.12)

i=1

and correspondingly for || ¥, | (with n being replaced by k—n+1 and ) A?

i=1

k
by ) /LZ) Combining (6.9) and (6.12) with (6.11) we find for we £,

nus
i=nt+1
1+ wyl* (6.13)

0
(TG +well Sl (1-+5 8
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where o} is again of factorial growth. This bound holds uniformly in the parameters
¥, y" on which T, also depends. In order to get the last factor in the expression on
the r.h.s. of (6.13) we have used that 1 + Zu) <|1 + Zw}|. We now may study the
functions o

RiF)=(1+Zw) " T(& +we),

r; =Inwy}, which is analytic in the tube 7, = {r||Imrh| <7n/2, Imr}=0 for i%n
or/and v % u} and whose modulus is uniformly bounded there by

0~ 2K+ (1 +Zgi2)ks/2_ (6.14)

For Imr =0, the functions Rj*(r) are all equal, independent of n, u [namely,
equal to (1 +Eu§)"‘sTk(£ +ue)]. Hence the Malgrange-Zerner theorem applies
and there is a function R,(r), analytic in the convex envelope J of 99' =) Tmw
which continues all the RI(r). We claim that |R,(r)| is again bounded by (6.14)
forallr in 7. For a proof let us assume R, (r) takes a value A at a point teT ~ 90“ ,
which it does not take in . Then (Ri(r)— A)™! is analytic in an open neigh-

borhood € of 30' but not in all of 7. This is impossible, because J is the
envelope of holomorphy of 7. Hence

sup [Ry(r)| = sup R, x)| (6.15)

redg reg

and the assertion follows. The function
T+ we)=(1 + Zw) Ry(inw)
analytiéally continues Tk(g +ue) to the domain 9 = {_v_vlz largwy| <7z/2} and it

satisfies the bound (6.13) for all we 2.
Now we go back to (6.7) and use (5.12): £ + i2=£ + we, where

3
W =27y +i(27 e 427 T )
r=1
and, as tgy < 1, |y7] <o/4, yil <eo/4,
W <5 +0).
Also note that (Zf‘.)i)2 =(L&9? + & < (&,2. Hence from (6.13), (6.7), and (5.9) we get

ISOIS k™" (14 L) 1+ & +ke)*
: : (6.16)

kt

k k
s+ ma 61+ 29) 1+ 26

for some sequence 7, of factorial growth and ¢ = 5(s + 8). Inequality (6.16) is the
temperedness estimate (4.5).
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It remains to prove the bound (6.12) on ||¥,| and ||¥,]| respectively. From
(6.10) and (5.2) we get

n—1 -
140> =fg,(~9x—2,) I_]l ko(=98=24)S3,-1(= 9 —Ix+x,¢)

n—1

9= 9% = 1) [1 k=9, 1— 1) dxdx'dEde

=Igg(*xn n) n k (x1+1 )eZn(xl,' 'xmym"'yl)
6.17)

“Go(=8y,— 4,) H kq("'g()’i— Yi+1)—4)dxdy
i=1

n—1
o swp [1+ 2+ 202 Dgxu— 20 TT kel 51~ 2
|a|+|£|<2ns ! !
n—1

D Eg,(y,— l)l_[ke(y, Vier— M)l -

i=1

By (6.3), the function under the sup in (6.17) is nonzero only if
X, — A <0/8, |%;i—X;+1— Al <g/4 for i=1,..n—1

and similarly for y, This implies that |x,| <|4,|+¢/8, [x|< ). |4]+(n—1)o/4

j=1
and [as (n— 1)g/4 is always smaller than 1] !
1+Zx?+Zy,?§8n2(1+Z,1f). (6.18)
i=1 i=1 i=1

Furthermore by (6.2/3), for some ¢ >0
sup|D*g,| + sup |D*k,| < c(|jo 1y (8g ™ 1) *8 .
This together with (6.17/18) yields (6.12).
This completes the proof of the temperedness estimate (4.5).
V1.2. Continuing the Estimates

In this section we prove the temperedness estimates (TE,) for keZ,. 1
essence we will repeat the arguments of Section V.2 but carrying along the estxmates
on the analytic functions S,({ 0|§) Our main tool will be the maximum principle,
see (6:15). In order to dispose of the spatial variables { we let %, , be the Banach
space of all continuous functions on R3”, satisfying

I1£1,= sup |1 +1n§1?§x"|5il)“pf@)'<oo. (6.19)

Then S,(£°)) are real analytic functions in the £° variables, for & > 0, with values

. in %y, By (4.5)
0 0y—1 \1kt
I5u(e°1 s skt (2R (620)
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for some constants o >0; > 0. We write S, (£°|-) simply as S,(£°) or as S,(¢)— thus
suppressing the superscript 0.

Suppose now we have already shown that S,({|-) = S,({) defines a real analytic
function from C{™ to 4, ,. Then we define

—kt
Si0)= (iZ%Q_F—S)> k™4 )MS (L +e), (6.21)

where ¢ is the vector (¢, ...¢), ¢ >0. Now let k=n+m— 1, (x, {) e D{''; (x,{")e DY’
and z=x+iyeC,. Then the Schwarz inequality

1SE 2% Ollee £ (120-1 G 2% Ol ane 1618 2m— 1(Z 25 Ol ame 1) (6.22)

is an immediate consequence of Py, Eq. (5.17), and of the definition (6.19) of the
norms ||-|| . Inequality (6.22) holds for S. , as well: For k=n+m—1,

IISk,e(_Z, 2Z>_C,)“kt < (Hszn— 1,5@5 2xa_§)”(2n- 19)t° ”S2m—- 1,5@’, 2x, gl)”(zm—nt)% . (6-23)
To get (6.23) from (6.22), we only have to prove that for Re{; >0, Re{;>0, x>0,

n—1 m—1
‘k‘1(1+ Y L4224+ ) C;)
1 1

2k

(6.24)

2m—1

> [(211-— 1)’1<1 +2ni1 ReCi+2x>

1

2n-1 m-—
[(Zm—— 1)"1(1 +2 Zl Re£;+2x)
1

and
k™t e H2E=[2n—1)" +e P 2m = )T+ PP (6.25)

Clearly (6.24) follows if we can show that
2k

n—1 m—1
k"1(1+ Y Rel;+2x+ ) Recg) >rhs. of (6.24). (6.26)
1 1

Both inequalities (6.25) and (6.26) can be brought into the form

r+s r s
) = ) 62)
r+s r s
for A and B both positive; (6.27) follows from the convexity of the function

f(x)=Inx.
We now claim that for { e C{V,

18k, e(O)ll ke < o kP¥ - 28KV (6.28)

witha and f as in (6.20). We prove (6.28) by induction. For N =0, (6.28) follows from
inequality (6.20). Now assume we have verified inequality (6.28) for N=0,1,...M
and for all keZ,, all ¢>0. Then for (x,{)eDM, (x,{)eDM", z=x+iyeC,,
k=n+m— 1, we have by (6.23) and the induction assumption

”Sk,e(_C’ 22’_4")”kt
é [OC(ZH _ 1),8(2:1—- 1) 28@2n- M | oc(2m— 1)B(Zm—1) 2ﬂ(2m—1)M]% (629)
éakﬂk LQBkM+1)
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As CM* D is just the envelope of holomorphy of the region
CMv= ) {G 220106 e D, (x, ) e DR, z=x+iyeC.},

ntm—1=k
we can use the maximum principle (see (6.15) and e.g. Vladimirov [19] p. 178),
to conclude that (6.28) holds for N = M + 1. We argue first point-wise, i.e. for fixed
values of the spatial variables é and then take the norms | - |,-

Our final step will be to eliminate N from the right hand side of (6.28). (Notice
that the right hand side of (4.6) does not depend on N either!) For a given {eC%
we want to find an N = N({) such that {eC{™. Choose s such that |arg{,| < |arg(,|
for all 1<r<k. Now

R
largl | + arc sin—— et =m/2, hence

cl
x( Rel, 2
et <3 (1= )

Choose the integer N = N({) such that [with y, as in (5.28)]

27NZy < R_._eCS .352‘("’“1)/2%‘, (6.30)
[
Then by Corollary 5.3, { e C{™. Inserting (6.30) in (6.28) shows that
|49

100 S k|-

]/_ Re(?

_s_akﬂk[-”fﬁ—} "SI0 (1 + SRe?) 1255,

We combine this with (6.21), choose ¢ =3min Re(} and “undo” the norm ||- |,
1

to get for _COEC’S,,_EGIR”,
kt

14+X¢°
ARG et e 18, (0 = Dl

usk(_c")nmg‘

and
S(°1DI S e (1 +max|c; |)kt [(1+ZIPD (1 +Z(Re&D)™H]2FT%, (6.31)
where ¢, = ak® ™% (y, m)?#* 2¢=Pk From (5.28) one easily gets y, <c* for some

c¢>1, and hence ¢, <ab* for some constants a,b>0. Inequality (6.31) is the
desired temperedness estimate (4.6) with t' =2 +t.

Appendix (by Stephen Summers)

Theorem. Condition EQ" implies EQ'.
Proof. We prove the equivalent statement that for T e &'(IR") with

T(fy % fo % .. fy) gn i, (A1)
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for all f; e #(R) and some fixed r, it follows that
IT(g)l = c"gln-c (A2)

for all g e #(R"), some fixed constant ¢ not depending on n or g and t=2r+7.

We use a Hermite expansion for T, see Schwartz [14]. (Hermite expansion
can also be used to prove the nuclear theorem, Simon [17].) Writing H; for
H, ® H,... ® H,, where H; is the i-th Hermite function, we get )

T(g)'—‘zfg‘/g
where i=(iy,...i,), ik €Z,, and 1;=T(H), y,=[H(x)g(x)d"x. We set (1+1i)
= [] (1 +i,) and obtain
k=1

IT@I=X A +H72 1+ )7 o [+ 2y

: A3
scf sg,lpl(i + D)7 gl -supl(1+ 22y, (A3

where ¢} = Z A+ ?*= ( Y (1+1i) ) To finish the proof, we have to determine
s such that |(1 +1i)” TJ is umformly bounded in i.
Introducing a =—2 (xF0), we have af H,=|/1+iH, ., and aH,

=V H, _y away Hy,=(1+1i) H, = (1 + x} — ) H, . Furthermore (dropping the
index k for the moment)

|Hil, = sup [I(1 +x*)2 0" Hy|,
asr

Sc, sup [x$0*H;|, (Sobolev inequality)

Bsr+1

A4
<cysupla®...a*H|, (£2r+1factorsa® ora”) (A4)

S i+ 1)+2)...(i+2r+ ) Sc,(1+iy*t.

Here and in the following c,, denote constants that depend on r only. By (A1)
and (A4),

IT_il = IT(HL)I = 1—[ 'Hiklr
k

AS
St )
Choosing s=r+ 1, we dominate the second factor in (A3) by c4. Finally
(4 + 2y * 2y = { J(H (1+xF - a,%)S*ZHik(xk)) g(x) dx]
\ k
< sup (1 4+ x?)2 [T (1 +x; = 37) 2 g(x)| (A6)
xe R4 k=1

Scg  sup (1 + x2)"G*5%2 D2g(x)| < gl »
xeR"
lel £ 2(s+2)
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where t=2s+5=2r+7, and

e = [t +x%)7"2 Hy(x) d"x| SIHll, (f(1 +x*)""d"x)? .

Substituting (A5) and (A6) we obtain (A2).

1.
12.

13.
14.
15.
16.
17.
18.
19.

20.
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