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Abstract. We suggest to use the Newton iteration method for constructing a (locally
unique) solution of the atomic and nuclear Hartree-Fock equations for an arbitrary
number of particles. Our proposal is based on a theorem by Kantorovi¢ and rests on the
following points: 1) the two-body potential must satisfy a boundedness condition; 2) the
zero-order approximation, used to start the iteration sequence, must satisfy certain
conditions, to be proved numerically. Condition 1) holds, for instance, for all local potentials,
defined by a bounded function and for a class of nonlocal potentials; it does not hold for
local potentials, behaving as 1/r near the origin.

1. Introduction

Although the Hartree-Fock theory is known since the earliest
years of quantum mechanics [1] and has been extensively used in
atomic [2] and in nuclear physics [3], no rigorous and general treatment
of the related equations has appeared so far in the literature. This gap
has been filled only partially by some more recent papers [4—6].
Refs. [4] and [5]' are mathematically rigorous, but deal only with
systems of two identical fermions plus another particle, the former
reference with harmonic oscillator interactions, the latter with Coulomb
ones (helium atom). In Ref. [6], the problem of computing a solution,
proving its local uniqueness and estimating the error due to the
finiteness of the iteration, has been solved for the nucleus °O in a
subspace spanned by a finite harmonic oscillator basis, using the
Newton method of successive approximations in the generalized form
and with the convergence conditions of Kantorovi¢[7,8]% The aim
of the present paper is to contribute to a better mathematical under-
standing of the problem, by extending the theory of Ref.[6] to an
infinite-dimensional space and presenting it independently of any

* This work has been supported in part by Istituto Nazionale di Fisica Nucleare
(Sezione di Catania) and by Centro Siciliano di Fisica Nucleare e di Struttura della Materia
(Catania).

! We thank the referee for bringing to our attention this paper.

2 Russian references are translitterated according to the international convention,
recommended in Suppl. Nuovo Cim. 1, 387 (1955).
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particular representation; however, we shall not be concerned here
with numerical calculations.

We write down the Hartree-Fock equations in sect.2 as a single
equation of the form F(X)=0, where X is a vector of a suitable Hilbert
space # and F is a nonlinear operator, mapping J into itself. The
vector X contains all the unknown single-particle states and energies.
The Newton-Kantorovi€ method can be employed when F is twice
Fréchet-differentiable [8] in a neighbourhood of a solution. In Section 3
we discuss three conditions on the two-body interaction, which are
related to the existence and properties of the first and second Fréchet
derivatives F’ and F” of F. Two examples of classes of potentials satisfying
such conditions are given. In Section 4 we prove the existence of F' and
F”. In Section 5 we discuss the application of Kantorovi¢ theorem. We
emphasize that the proof of existence and uniqueness of a solution based
on this theorem can be achieved only by means of some numerical
calculations: one has to choose an approximation X, to the expected
solution and to check numerically that it satisfies the conditions of the
theorem; in the successful case, we can be sure that a locally unique
solution of the equations exists and it can be explicitly computed to any
degree of accuracy. For easier reference of the reader, we report an
abstract of the notation in the appendix.

We think that the proposed method is not only of an obvious
relevance for mathematical physicists, but also for atomic and nuclear
physicists interested in computational work: its main advantages are
the very fast convergence, the possibility of estimating the error due to
truncation of the basis and of the iteration; of using any representation;
of solving more complicated problems, including constraints, correlations
and so on [6,9]. Ref. [9] contains a review of the present and related
work, including applications to nuclear physics. In Ref. [10] the problem
of consistent symmetries has been treated in the framework of the
Newton-Kantorovi¢ method, which has provided in this case a significant
clarification of the question about convergence conditions in presence
of symmetries.

2. Hartree-Fock Equations

Considering a system of 4 identical fermions, we denote by # the
Hilbert space of states of a single particle, by %, the direct sum #®4®...
(A times), by # the real numbers, by £, the direct sum ZOXD...
(A times). In order to simplify the writing, we shall consider only real
Hilbert spaces; the extension to complex ones is straightforward, by
taking the real and the imaginary part of the equations. The Hartree-
Fock equations will be written down as a single equation in the Hilbert
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space H =4, DR,
(T-AP+V(P)]ENWP)=0, (2.1)

where T=t@®t@... (4 times); ¢ is the one-body part of the Hamiltonian,
operating in space #; ¥ =9, ®Y, D ... 0, €4 A= BB ... eRy;

N(¥P)= k(‘:B (Wilwi) —

A
V) =P Y ( ®wjlvwk®wj)—@2(®wklvw,®w1)

=1

Jj=1
Ei_)zﬁ ‘P,, wja 1~/-)k)
J

TRy =0(p Ry —p&¢); v is the two-body part of the Hamiltonian,
operating in the space #®7#%;, Ypes, Yoesi®4, p=( @d|w)es is
A

defined by: (x|v)=((®@¢|w),Vyes; AY= P Ay, The component
k=1

of Eq.(2.1) in space #, represents the nonlinear eigenvalue equations for
the single-particle states y, and energies A,, the component in space %4
represents the normalization conditions for all y,. A solution in #
of Eq. (2.1) will be denoted by X = {y, 4} =¥ D 4.

The operator ¢ is assumed to be self-adjoint and semibounded from
below, with lower bound . For instance, in the nuclear case, t is just
the kinetic energy operator, with t=0; in the atomic case, it is the
kinetic energy plus an attractive Coulomb potential operator, with
1= —+mc*(Ze?/he)® In any case, t — 1t is a positive operator. Since the
single-particle energies 4, are negative, the resolvent (t—t—/4,) ' is
bounded in a neighbourhood of 4,.

In order to ensure the possibility of using the Kantorovi¢ theorem
(Theorem 2 of Section 5), the left-hand side of Eq. (2.1) should be twice
Fréchet-differentiable in a neighbourhood of X, so that all linear
operators appearing there should be bounded. This can be achieved by
transforming Eq.(2.1) by means of the operator G(A)@I(%,), where

A
G(M)= P (t—t—24)~ " 4 <0 Yk I(Z) is the identity operator in space
k=1
Z. The transformed equation is

[P+ G UWP)]DN(YP)=0, (2.2)

with U(W)=1t¥ + V(¥), and will be used in the following. Strictly
speaking, on the first ¥ in Eq. (2.2) one should operate with the restriction
of the identity operator, defined in the domain Z(T) of T, but this
restriction can be uniquely extended by continuity to I(%,). The Egs. (2.1)
and (2.2) are equivalent: it is obvious that any solution of (2.1) is also

=~
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solution of (2.2); it will be shown in Section 4 that the converse is true if ¥
is bounded.

The left-hand side of Eq. (2.2) will be denoted by F(X), with X =¥ ® 4;
it defines a nonlinear operator F : # — # .

3. Conditions on the Two-body Potential

The existence of the first and second Fréchet derivatives of F in a
neighbourhood of a solution of Eq.(2.2) is expected to depend on the
properties of the potential v. We are going to examine three conditions
on v:

be B, A, 3.1)
be BUARA), (3.2)
be BUARL). (3.3)

The first one will be shown in next section to be sufficient for the existence
of F' and F” in a certain region of . These three conditions are not all
independent of each other. We now prove that condition (3.1) follows
from (3.2) or (3.3):

[5(, 2 W =B @) Pl S By @yl [Pl = 1] [y @ Al |9
=5 Iyl Ixl Ipl= 7]l < 3] <co.
Similarly,

0, . W =1(0¢ @) wl = 18] [wl [x] lwl= 7]l = [|5]] < 0.

Let us now give the examples of two classes of potentials satisfying
some of conditions (3.1),(3.2), and (3.3). Since the conditions are inde-
pendent of the representation, we need only to verify them in a particular
representation. We first consider local potentials defined by a bounded
function. Assuming galileian and translational invariance, we have in the
coordinate representation

(ylolx'y)=6(x+y—x"=y)ox—y—=x"+))Vx—y), Vel®%;)
(3.4)
(for simplifying the notation, we have not indicated the spin and isospin

quantum numbers, here unessential). All potentials of the class (3.4)
satisfy condition (3.2) and hence (3.1), but not (3.3):

Vped®z, [yl =2yl |V],=0eB(A®%).

It is straightforward to verify that (3.3) cannot be satisfied by local
potentials.
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Similarly, let us define a class of nonlocal potentials

(xylolxy)=6x+y—x"=y)V(x—y,x' =),
V(x, x)| < A(lx — x|) B(|Jx + X)), (3.5)
A, Be L®(R3) L R;).

To prove (3.2) and (3.3) for potentials (3.5), we make use of a sufficient
condition for boundedness of operators in spaces L2 (see Ref [11],
Section 172):

xsyli%s j dy dx"|(xy|D|x"y")|
<min{204], 1Bl 1,214l IBl.. 1Al Bl + Al |B]..} <oo
S He BURA): (36)
_sup. fdydy'|(xy|5]x' YN < 1Al Bl + |4, I1B]l; <0

3.7)
=ieBUhRA).

We note that for the validity of condition (3.2) either one of the
following less stringent requirements is sufficient:

{AeL™(R;), Be L\(R;)},
{Ae L (R;), Be L™ (R;)} .

We conclude this section by remarking that several nuclear potentials,
including the one used in Ref. [6], satisfy condition (3.1). On the other
hand, local potentials with r ! singularity at r =0 do not satisfy (3.1), so
that the present treatment does not hold for them. However, this is not a
serious difficulty, because in the case of the Coulomb potential the
singularity can be eliminated by considering an extended charge distri-
bution (physically, this is even more realistic), in the nuclear case the
potential is nonlocal near r =0, where it should rather have the property
(3.5). Furthermore, we note that the choice of the Hilbert space 5# as the
functional space where the solution of the Hartree-Fock equations is
sought, is merely a matter of convenience. The main results of our
work rest on the Kantorovi¢ theorem, which holds for any Banach
space. This suggests the possibility of choosing another functional space,
in such a way that potentials with »~' singularity at the origin are
bounded operators®. In this case, the components y, of a solution of
Eq. (2.2) would still belong to the Hilbert space #, as the physics of the
problem requires, because the equation N(¥)=0 would still hold.

3 We thank Prof. A. Agodi for this remark.
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4. Fréchet Derivatives

We are concerned in this section with the existence of the first and
second Fréchet derivatives of the nonlinear operator F, defined in
Section 2. Supposing that G, U, and N are twice Fréchet-differentiable
in the point X, = ¥,® A4,, we have (by definition of derivative)

F(Xo) X =[¥+G(Ap) U'(¥) ¥ + G'(4) AUF)ION'(¥o) ¥, (4.1)

where  U'(Wo) € B(%4), G'(Ao) € B[R4, Bin)], N'(¥o) € Bllin, R,
F'(Xo) € B(H);

F'(X0) (X, Y)=[G"(A) (4, E) U(¥p) + G(4o) U"(¥,) (¥, D)

+G'(Ap) AU (Yo) @+ G'(Ao) EU'(¥,) YIS N"(¥) (¥, D),

where U"(Po)€ B4 4%, % 4), G"(Ao) € B[R 4%, B )1, N" (Vo) € Bi 4%, R 0),

F'(X,) € B(AH?, H).
We prove the existence of U’, U”, G', G", N', N".

4.2)

Lemma 1. If condition (3.1) holds, then both U'(¥,) and U"(¥,)
exist for all Wy e 4.

Proof. We have for all ¥,, ¥ e4,:
|\},i|m |UPy+ P)—U(¥,) — ¥

A

DL

by deﬁnltlon, the term t¥ + @ X[...] should therefore be identified
with the first differential

|| M;;

[o(w?, w9, wo) + 0w, wy, wo) + 0y, vl )l x [P 7! =

A A
UMW) P =P+ D Y, [0], 3, wi) + 505, wy, wi) + 00w w3, w1 -
k=1j=1
4.3)
The boundedness of the operator U'(¥,) follows:
U, ¥
U )l = sup TEEDEL < el 351 1902 <co ¥4,
?’EﬁA

so that U'(¥,) is the first Fréchet derivative. Furthermore we have
VY,Y, Pety:

gy lim U+ 9) @ - U'(¥) ,@zltu(wm,,wk)

+ U(lpja wja d)k) + 5(¢j! ’P?, lpk) + 5(%3 W?, ¢k) + 5(¢j’ wj’ IPI?) (44)
+ 0wy, b5 w1 P17 @71 =0
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The second differential U"(¥,) (¥, @) is given by the term @ X[...] and
the norm of the second derivative U”(¥,) is estimated by

U'(¥,) (¥, ® _
@i= sup LV EDN o <o vy e,
R TTYP

This completes the proof of Lemma 1.

Lemma 2. G'(A) and G"(A) exist for all those AeR,, such that
A <0 Vk.

Proof. Following the same procedure as in Lemma 1, we find
A
G'(4o) A= D [9()] 4.
k=1

16/ (40} =sup 150041

up g =max lgG) < (min 2™ (49)

<oo VA2 <0,

A
G"(40)(4,5)=2 k@ Lg(® Ay

"(Ag) (A, E
16" to = sup 1CEEEN <o maxgugry @)

<2(min|A]?) "t <oo VA2 <O.
k

Lemma 3. N'(¥,) and N"(¥,) exist for all ¥y € 4 ,.
Proof. As previously, we find

A
N'(P) ¥ =2 P W7y,
k=1 (4.7)

N (¥, ¥
N = sup N FL o el <21 <0 Ve,
Yehag |T| k
A
N(¥0) (@, 9)=2 D) (el ).
=t 4.8)
N = sup I EIBIN oy

oweis DY
We are now ready to state and prove a theorem, which is essential
for our purpose.

Theorem 1. If condition (3.1) holds, then the operator F defined in
Section 2 is twice Fréchet-differentiable, according to Egs. (4.1)—(4.8), in a
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ball Qy:={X 11X — Xo| = R}, with
Xo={ypP, A2}, <0 Vk; R =mkin A2 —e, (Ve:0<e< mkin 122D .

Proof. Remembering Egs. (4.1) and (4.2), Lemma 1, Lemma 2 and
Lemma 3, we have only to prove the assertion concerning R. Putting
mkin |22 =2A2], we can exclude the case R=|i%|, because although the

vector X=¥,@0®...20_  ®0D 12, ®...A% is contained in the
closed ball with centre X, and radius |A°|, the operator F is not Fréchet-
differentiable at X (see Lemma 2). A fortiori, we can exclude the case
R>|12|. In the remaining case R < |2, it is not possible to choose a
vector X, such that X e Q, and 4, =0 for some k (say k=ky, k, ... k).
Assuming the contrary to be true, it results

Vol —eZ X = Xol Z 2], (p =Ky, Ko, . k)

which can be satisfied only if ¢ = 0. The contradiction proves the assertion.

Now, we can complete the proof of the equivalence of Eq.(2.1) and
Eq. (2.2). For a solution X = ¥ ® A of Eq. (2.2) there are two alternatives:
either ¥ e 9(T), or ¥ ¢ &(T). In the first case, it is evident that X is also a
solution of Eq.(2.1); the second case can be excluded, because U is
continuous (being differentiable), all A, are regular values of t — 7, and
the range of the resolvent of an operator coincides with the domain of the
operator itself (see Ref. [11], Section 189).

5. Construction of a Solution

A constructive method for proving the existence and the local
uniqueness of a solution of the Hartree-Fock equations is provided
by the Newton iteration algorithm, according to the following theorem
due to Kantorovic (see Ref. [8], Chapter 18, Section 1, Theorem 6).

Theorem 2. Let F be an operator, mapping the Banach space & into
the Banach space %, with the following properties:
a) F is twice Fréchet-differentiable for all X in the ball
Qo ={X:|X - Xo|=R};
b) F'(X,) has a bounded inverse.
Then, putting h=nK, where n=|[F(X,)] ! F(X,) and K= sup
XeQo
I[F'(Xo)]~* F"(X)|, both the Newton sequence
X1 =X,~[F(X)]'FX,), m=012.) (5.1)
and the modified Newton sequence

X=X, [F(Xo)] ' F(X,), (=0,1,2..) (5.2)
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converge to a solution X of the equation F(X)=0, if
h<3, Rz -=}1-2hn/h. (5.3)

The solution X is unique in Q, if

RZ(U+)/1—=2h)n/h, (<inthecaseh<%). (5.9

For the sequence (5.1) the error of approximation is estimated by
X -X,|<27"CW*" n/h,  (n=0,1,2,..),
for the sequence (5.2) by
X - X S =) 1=2m yh, (n=0,1,2,...).

For the application of this theorem to the Hartree-Fock equations
one has to prove that an approximation X, to an expected solution
can be found, with the properties a), b), (5.3) and (5.4). As already anti-
cipated, this reciuires in any case some numerical calculations. After
choosing X, (a possible criterion is suggested in Ref. [6]), Theorem 1
guarantees that an R can always be found, in such a way that condition
a) of Theorem 2 holds. A possible way of checking condition b) is to use
the methods for the inverse operator of Refs. [12, 13], which can provide
also an estimate of the error due to the choice of a subspace of /. Putting
ByK, = K, with

Bo 2 [[F' (X1 Koz sup [F'(X)[,

we can estimate #, K and h. B, has to be computed numerically; for K,
we can put

Ko=2max{[1 +36&™2||7]|> R +|¥)*T*,  2¢7°|I7]l (R+|¥o)*,
3¢ U] (R+ %)%,

where Q,, ¢, and R are defined as in Theorem 1.
The sequences (5.1) and (5.2) derive from the solution of the equation,
representing the best linear approximation to Eq. (2.2) near X,:

F(Xo) + F'(Xo) (X — Xo)=0,
or more explicitly
{¥ + G(A4o) [LU(Po) + U'(¥o) (¥ — ¥p)] + G'(Ag) (A — Ao) U(¥o)}
DIN(Po) + N'(¥o) (¥ — ¥p)] =0.

Equation (5.5) is a Fredholm linear equation of the second kind. If
both conditions (3.2) and (3.3) are satisfied, as for potentials (3.5), its
kernel belongs to the Hilbert-Schmidt class.

(5.5
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Transforming Eq.(5.5) by the operator T—1—A4, we get the
equivalent equation

(T —1—A0) ¥+ U(¥) + U'(Po) (¥ — ¥p) + (A — Ag) G(Ap) U(F,)] (5.6)
DIN(¥o) + N'(¥,) (¥ — ¥)]1 =0, .

which is (in coordinate representation) a system of integro-differential
equations. Still another form of linear approximation to Eq. (2.1) or (2.2)
can be used, besides (5.5) and (5.6): by treating formally the left-hand
side of Eq.(2.1) as if it were Fréchet-differentiable, we get the linear
equation

[(T = Ao) ¥ + V(¥o) + V'(¥o) (¥ — W) — (A = Ao} ¥ ]

(5.7)
@ IN(Po) + N'(¥) (¥ - ¥,)]=0.

Subtracting Eq. (5.7) from (5.6), we are left with
(A= 40) [¥o + G(Ao) U(¥)] =0,

so that the two equations are equivalent if X, =%,® A, is already a
solution of Eq. (2.2). Nevertheless, if X, is near enough to a solution X
of Eq.(2.2), then Egs.(5.6) and (5.7) differ only slightly in the term
depending linearly on X — X, and the Newton sequences derived from
the two equations converge to the same X (see Ref. [8] Chapter 18,
Section 2, Theorem 1). This remark can provide a rigorous argument
for extending to an infinite-dimensional space the method of Ref. [6],
where the numerical calculations for the nucleus '°O have been performed
by iterating Eq. (5.7).

We thank Prof. A. Agodi for several discussions and for the critical reading of the
manuscript.

Appendix

We report below in alphabetic order the main symbols and their
definition.

A: number of identical fermions.

B(X",%): Banach space of bounded n-linear operators (uniform
norm), mapping & X & x ---Z (n times) into #; (n=1,2, ...).

BE)=BX,Z).

%,(#%): space of Hilbert-Schmidt operators in 4.

FX)=[Y+G)UWP)D®ONY); F:H>H.

F'(X), F"(X): Fréchet derivatives of F at X ; a similar notation is used
for the derivatives of G, N, and U.
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gA=t—1=0)"19: B> BX)

A
G(A)= k(_-Bl 9(A); G R 4= B 4).

%: real Hilbert space of single-particle states.

ha=tD4LD ... 4 (A times).

e}f = %A ED?ZA'

I(%): identity operator in Z.

ZL(Z): vector space of linear operators, mapping & into itself.

LP(%,): Banach space of functions with integrable p™ power [8, 11];
l=p=oo.

A
N(?)= @ [elp) =11 N4> Ry
k=1

A real numbers.

Ry=RDARD - X (A times).

t: one-body part of Hamiltonian operator in space #; t € Z(%).

T=t®t® - (A times); Te L (%)

U(?’)=1‘P+ VW), U:4,>7%,.

V(¥)= @1 Z 0, 5 Wi); Vi dia > 7.

ji=1

v: two-body part of Hamiltonian operator in space 4 ®#%; v e B(4Q7%).

7: antisymmetrized v: p @Y =v(PRY — PR P) € 4R %4 = B,(4);
TeB4HRA).

0: (0@t Qw)=(dQy |y B w). i

0:0(h, W) =R Ny =@V P =( O|ip @1 =( ®|TY®7);
ve B4, 7).

X=P@AeH, Y=0DEecH.

Z,% : unspecified Banach spaces.

ALEER.

A,EE%AQA =L@LO A E= @@ 8,

Aq]= )@ Aka'

7: finite lower bound of t.

b, 1, W, W EA.
=0 PP, D P el V=9 DY, D €sy.

|- |: norm of vectors in Banach space Z. In Hilbert spaces: scalar
product norm.

Il - II - uniform norm of operators of Z(2", %), (n=1, 2, 3).
(-]-) : scalar product in space % or 4 Q4.

(XYY = Z [yl 1) + A& scalar product in #.

-1, norm 1n space LP(Z5).
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