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Abstract. We prove the existence of the thermodynamic limit for the pressure and
show that the limit is a convex, continuous function of the chemical potential.

The existence and analyticίty properties of the thermodynamic limit for the correlation
functions is then derived; we discuss in particular the Mayer Series and the virial expansion.

In the special case of Monomer-Dimer systems it is established that no phase transition
is possible moreover it is shown that the Mayer Series for the density is a series of Stieltjes,
which yields upper and lower bounds in terms of Pade approximants.

Finally it is shown that the results obtained for polymer systems can be used to study
classical lattice systems.

1. Introduction

In the last decade the mechanism of phase transitions has been
intensively investigated by studying properties of rather simple models.
One of those models, the Polymer Model [1] (also called quasi-crystalline
model), consists of a lattice which is fully covered with non-overlapping
"monomers" (molecule occupying one site of the lattice) and "polymers"
(rigid system of molecules which can be placed on the lattice in such a
way that each molecule of the polymer coincide with one site of the
lattice).

This model appears for example in the study of adsorption of poly-
atomic molecules on a surface; in this case the monomers represent the
empty sites. This same model describes physical systems consisting of
molecules with unpaired electrons; these molecules then interact to
form long chains or polymers. Finally we shall recall that this is also
the model which is introduced in the study of liquids consisting of
molecules of different sizes or in the so-called cell-cluster theory of
liquid state [2].

On the other hand this model is very general since any classical
lattice systems (as defined by Ruelle [3]) can be reduced to a system of
polymers on the same lattice; this is the "association problem". In some
special cases the polymer system associated with the classical lattice

* Work presented in partial fullfilment of the Ph. D. Thesis.



134 C. Gruber and H. Kunz:

system can be further simplified if one consider polymers on a lattice
with different geometry [4].

In the present article we study the properties of the polymer model
and we prove the existence of the thermodynamic limit for the pressure
as well as analyticity properties for the correlation functions at sufficiently
high density of monomers. This is obtained using the same formalism
and techniques as introduced in the case of classical lattice systems.

Let us mention finally that the more general polymer model in which
the molecules which constitute the polymer can be in several possible
states can also be reduced to the simple polymer model described above.

2. Polymer Systems

2Λ. Definitions

In this section we describe the model and give the definitions which we
shall use in this article.

We consider a finite set A consisting of N(Λ) points in Rv called sites,
which are denoted by small letters x, y,... With X = {x l5..., xn} a
finite subset of A, a "Polymer X" is a rigid system of n particles which
can be placed on A in such a way as to cover X. The polymers consisting
of one particle will be called "monomers", of two particles "dimers",... of
n particles "rc-mers". Polymers are placed on A and we assume that each
site is covered by one and only one particle.

A configuration of the polymer system is therefore defined as a
partition {Xu...,Xk} of the set A; we recall that by definition of a
partition, we have:

k

Λ= \J Xt XiΦβ XίnXj = β if i+j.

The state of the system is defined as usual by a probability measure
PΛ({Xί9 ...,Xk}) on the configuration space; for polymer systems this
measure is caracterised by a positive, bounded function Φ(X) defined on
subsets XcA, which is interpreted as the "activity of the Polymer X", and

i=X

where
QΛ= Σ Πφ(-Xf) is the "Partition Function". (2)

all partitions i
A— u Xi

The pressure pΛ is defined by:

L Q w h e r e β=Tf (3)
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We shall also study the correlation functions ρΛ(Xι ... Xp) which are
defined as the probability of finding polymers X1?..., Xp. With the above
probability measure we have:

ρΛ{X1;...'9Xp) = 0 if X f n X ; Φ 0 for some i+j

QΛ&I...;Xp) = QΓA* Π φ(χi)ί Σ ΠΦ(Yj)\ (4)
ί = l all partitions

[Λ\uXi = uYj J

if X,nXj = ύ for all i*j.

With these definitions the correlation functions have in particular
the following properties

i) 0ZQA(Xi;...;Xp)£ί, (5)

where βμ(X)= LogΦ(X) (7)

and the density of "n-mers" ρ^} i s defined by

N(X) = n N(X) = n

where the sum is restricted to those subsets containing N(X) = n elements.
Finally if A is a subset of Έv, we shall say that the activity is transla-

tionally invariant if it satisfies

Φ(τaX) = Φ{X) for all aeΈv and XcΈv

and
for all X== {x l9 . . . ,x j .

2.2. Notation and Algebraic Formalism

In order to obtain a concise formulation of the problem, we shall
make use of an algebraic formalism which has already been used exten-
sively in statistical mechanics [5].

Let X = {x1? ...,xp} and Y={yl9 ...,yq} denote subsets of A.

If Xn Y = 0 we shall write l u Y as X + Y.

If Y C X we shall write X\ Y as X - 7.

We shall denote by iV(X) the number of elements in the subset X; finally
Σ will mean "sum over all partitions of X".

X = ΣXι
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Let VΛ be the complex vector space of bounded functions Ψ(X) defined
on the subsets X C A this vector space is a commutative algebra with
unit element 1 for the *-product defined by:

\/Ψl9Ψ2eVΛ9 (Ψ1*Ψ2)(X)= Σ ΨΛY)Ψ2(X-Y). (9)
YCX

The unit element i is the vector defined by:

We also define a mapping Γ oiVj ={Ψ\Ψ eVΛ Ψ(β) = 0} on 1 + V%
by means of the *-exponential:

which gives explicitely:

Y \ψ*n (11)

Finally we define an operation DX:Ψ->DXΨ

[DxΨ){Y)=Ψ{X+Y)δitXnΎ (13)
where

0 = T

0 Φ T .

_ ί l if
e Γ ~lo if

This operation satisfies in particular the following relations:

DX{Ψ, * Ψ2) (Y) = ί(Dx ψί * ψ2) (Y) + (Ψ, * Dx Ψ2) (Tβ δ , . W n r

(DXΓΨ)(Y) = (DXΨ* ΓΨ)(Y)δeΛx]nY (14)

{DXΓΨ)(Y)= Σ {DXlΨ*~*DXqΨ*ΓΨ){Y)δβtXnY.

There is one more property of the mapping Γ which we shall need
later:

Defining
λNΨ by (λNΨ){X) = λN(X)Ψ{X) \fλe<C (15)

we have

2.3. Algebraic Formulation of the Polymer System and Scaling Property

Taking Φ(0) = O, the algebraic formalism just introduced, enables us
to write the partition function and the correlation functions in the
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following form:
QA = (ΓΦ)(Λ), (16)

(ΓΦ)(Λ-ΣX)

QAX,;...;XP) = Π Φ(Xd (ΓΦ){Λ) i f X'ΠXj = 0 "

This expression for the correlation functions suggests to introduce
the reduced correlation functions ρΛ{X) defined as:

which gives:

Using this

and

QΛ(XU •

formalism

00

Σ n
 @Λ

. . ; * , ) =

(ΓΦ)(A-X)
(ΓΦ)(A)

P

Π φ(χί) i
/ = !

we obtain at once the

Σ
X3X

) 1

N(Λ

\ i 1

following sum rules:

(19)

(20)

(21)

Indeed Eq. (14) yields:

= (DxΓΦ)(Λ-x)= Σ Φ(X)(ΓΦ)(Λ-X)
X3X

dividing both sides by QΛ gives Eq. (20).
Eq. (21) follows from:

XCΛ

We notice that these sum rules express only the fact that each site is
occupied by one and only one particle.

In the cases where A is taken to be a finite subset of Z \ ρΛ will be
defined for all XcΈv by:

where χΛ is the caracteristic function of the set of subsets of A (in the set
of subsets of Έv).

We shall write QΛ[Φ~\ and QΛ[Φ~\ when we want to investigate the
dependence of QΛ and ρΛ on the activity Φ. From the property (15) of the
mapping Γ, we deduce immediately the following scaling properties:

10 Commun math. Phys., Vol. 22
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For a

Λlλ
Nφ-] (22)

therefore

This scaling property implies in particular the following:

Proposition. Consider a system made up only of monomers and ocn-mers
(n fixed; α = 1,2,...) and such that the activity Φ(x) of the monomers is
constant Φ(x) = z.

i) The set of zeros of the partition function QΛ as function of the
complex variable z possess the symmetry Cn with respect to the origin
(Cn = cyclic group of order n).

ii) The domain of analyticity of the correlation function in the complex
variable z possess the symmetry Cn.

3. Thermodynamic Limit for the Pressure

To study the existence and properties of this thermodynamic limit,
we shall consider A to be a finite subset of Έv and we shall assume the
activity to be translatίonally invariant.

The activity will be said to be stable if it satisfies the following con-
dition :

3.1. Existence of the Limit

Lemma 1. // the activity Φ is stable and non-negative (Φ(X)Ξ>0VXcZv)
then

where z = Φ(x) is the activity of monomers.

ii) for z > 0, the function — N(Λ) pΛ is subadditive with respect to A.

Proof, i) The lower bound is a direct consequence of the scaling
property (22):

N(Λ)-ί p

Z-N(Λ) Q Γφ-i _ Q Γz-tfφ] = I-}. V V Z~N(Λ) ΓT

Λ= Σ Xi
i = 1

therefore - Log z + βpΛ ^ 0.
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The upper bound follows from the stability condition since:

A = ΣXt i Λ = ΣX

1 p

p P 1 = 1 xeΛ X{3

therefore

= (ΓΦ)(Λ1)(ΓΦ)(Λ2)+ Σ Σ (DXίΦ*-*DxΦ)(S)(ΓΦ)(Λ2-S)
Λι=ΣXjScΛ2

therefore

and

Theorem 1. For any non-negative, stable activity Φ{X) such that
Φ(x) = z + 0, the following limit exists and is finite

βp= ϊimβpΛ
Λ * o

when A tends to oo in the following sense [6]

a) A -> oo in the sense of Van Hove,

b) there exists C > 0 and for each A, a parallelipiped A(b) with sides
(bl9..., bv) such that ΛcΛ(b), N(A(b))-ίN(A)> C>0 and b->oo.

Proof. The subadditivity of -N(A)pA and the fact that - βpΛ^ -\\Φ\\
implies that the following limit exists

where #-• oo means that each side of the parallelipiped A(a) tends to oo.
To show the existence of the limit in the more general sense we con-

sider a sequence of volume A. which tends to oo in the sense of our
theorem.

1) By definition of Van Hove Convergence, for all a, there exists
unions of parallelepipeds with sides a, say AJ, A~}~ such that:

ΛJCΛ^J and ^ - ^ 1
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Introducing the quantity fΛ = βpΛ—Logz, Lemma 1 implies that
fΛ is positive and — N(Λ) fΛ is subadditive; from this follows that

f >
j Λ j =

3£Lf

N(ΛJ)
 jΛ(a)

therefore lim inffΛj ^ sup fMa) = f = βp- Logz.

2) Let Λ(b) be a parallelipiped made up of parallelipipeds Λ(a) and
such that Λ(b) D Λj 3 Λ}

N(Λ(b)) fMb) ^ N(Λj) fΛj + ΓJV(A) - N(ΛI)-] fΛW,

< N(Λ(b)) N(Λb)-N(ΛD
j Λ j = N{ΛJ) J

N(Aj) J N(Λj)

„ for all β > 0 there

JV(Λ/)
JΛj = -\T( A \ J '

Since / = supfMa), for all ε > 0 there exists a such that fΛ(a)
>f~~ε>

t h e r e f o r e a NjΛi)

N(Λj) J N{Λ^

Condition (a) and (b) implies then

lim sup fΛ ^ / .

Finally using the scaling property (22) we obtain:

Corollary. Theorem 1 remains valid for any activity of the form
ξN(χ)Φ(X) where ξ is a positive number and Φ(X) satisfies the conditions
of Theorem 1.

3.2. Convexity and Continuity Property1

In this section we shall investigate the convexity and continuity
properties of the functions pΛ and p; these properties are obtained in
terms of the chemical potential μ(X) introduced in Section 2 as

βμ(X)=LogΦ(X).

The condition Φ{X) is stable and non-negative is equivalent to the
condition μ(X) e Ή where

e

V={μ(X)\μ(X)eK Xc2T and £ — — < oo

Since we shall consider pΛ as a functional of the chemical potential
μ(X) we shall write:

^ I > ] where Φ{X) = eβμiX).

1 We recall that we have assumed in this chapter that Φ and μ are translationally
invariant.
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Finally we introduce the Banach Space J* of real chemical potential
v(X) satisfying:

|| |v|| |=sup|v(X)|<oo. (24)

Lemma 2. i) The function μ—•PΛM ΐs convex on

ii) Forallμe^andve^

Hence for fixed μeΉ the function v -> PΛ [μ + v] is continuous on the
Banach Space &.

Proof, i) The convexity of # follows from the convexity of the
exponential; the convexity of PΛ from Holder inequality.

Λ=ΣXi
< Γ y eβΣμ(Xiψ r y eι

~ [_Λ = ΣXi J [_Λ = ΣXi

ii) We remark first that for all μ G ̂  and 1

Moreover:

implies

Theorem 2.

β(μ(X) + v(X))

y ^ ^^liiviii y
x% N(X) ~ x%

Λ = ΣXί

With
P[μ]= lim P^Eμ]

yl-»-oo

ve^,μ

eβμ(X)

N(X)

eβN(Λ) Id

-fve^ since:

< 00 .

))

0 A X \x\

i) The function μ-*P[μ] is convex on Ή.

ii) For fixed μeΉ, the function v-»P[μ + v] is continuous on the
Banach space &.

This theorem is a direct consequence of Theorem 1 and Lemma 2.

3.3. Thermodynamic Limit for the Tangent Plane to the Graph of P

To conclude this paragraph we shall derive a result concerning the
existence of the thermodynamic limit for the tangent plane to the graph
of P. Following Ruelle [7] we introduce the average correlation func-
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tion ρΛ{X):

which represents the density of polymer of type X for the system A
(i.e. the density of polymers having N{X) elements and the same oriented
shape as X),

Theorem 3. For fixed μeΉ, we consider the function v-*P[μ + v]
defined on the Banach space &. If the chemical potential μ(X) is such that
v-> P [μ -f v] has a unique tangent plane αμ[v] at the point v = 0, then when
A -• oo in the sense of Theorem i, we have:

i } ϋ m . Σ Q Ά W ^ - = - «[v] for all v β Λ ,

ii) for every finite X C Z v ί/*e following limit exists

lim ρ5(*) = ρ"pθ

αnrf defines the infinite volume density of polymer of type X,

iii) the following limit exists

αnrf defines the density of n-mers for infinite systems (where ρ^ is defined
by Eq. (%)).•

Proof, i) For any finite A and any μ e ^ , the function v-*PΛ[μ + v]
has a unique tangent plane at v = 0; indeed

dλ

Finally Eq. (21) implies t h a t ^ ρ Λ ( X ) ^ 1 and therefore for all v
aμ

Λ[y~\ exists and satisfies x

The end of the proof is identical to the one given by Gallavotti and
Miracle [8].

ii) This follows immediately from part (i).
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We remark that the density of polymer of type X is up to the factor

the functional derivative of PΛ with respect to v(X).
N(X)

iii) From the definition of ρ^} w e have:

ώ">= Σ

where vn(X) = δ

x
N(X)=n

To conclude this theorem we remark [8] that if

dλ λ = 0

e x i s t s for a c e r t a i n v e ^ t h e n

Remarks. i) The existence of the thermodynamic limit was obtained
only for the case z + 0; for the case z = 0, it is in fact possible to find two
sequences of volume which tends to oo and such that the pressure con-
verges to different values.

ii) The continuity of the pressure, and the functional derivative, was
obtained relative to the chemical potential v(X); this is connected with
the fact that systems which do not have their activities Φ(X) equal to
zero on the same subsets X are different physical systems.

iii) The results obtained in this section are in close analogy with
those obtained for lattice systems it is however interesting to notice that
in the case of polymers, the functional derivatives do not provide a com-
plete description of the state of the system. (Indeed by functional deriva-
tivation one can obtain ρ(X) only for those X such that Φ(X) φ 0.)

4. Thermodynamic Limit for the Correlation Functions

To study the existence and properties of the correlation functions
for infinite systems, we shall first derive a set of equations which are
satisfied by the reduced correlation functions of finite systems ρΛ. From
this set of equations, it is possible to extract several minimal subsets of
equations equivalent to the full set in particular one of those minimal
subsets is analogous to the Kirkwood-Salsburg equations for classical
continuous systems. We shall investigate this particular set of equations
using the well-known methods of Banach space and Neumann series.

In this section we shall consider A to be a subset of Έv; however we
do not restrict ourselves to the case of translation invariant activities.
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4Λ. Equations for the Correlation Functions

From the general properties of the mapping Γ introduced in § 2,
we obtain:

= (ΓΦ)(Y)(ΓΦ)(Z)+ £ Σ (DYιΦ*~ *DYqΦ)(S)(ΓΦ)(Z-S).
= ΣYι ScZ

SΦ0

If (ΓΦ) (A) φ 0, writing Z = A - X and with Y c X C A we then have :

Σ Σ (DYιΦ*-'*DYpΦ)(S)ρΛ(X
ίSCΛ-X

SΦ0

Therefore for any finite volume Λ9 and for any activities such that
(ΓΦ) (A) φ 0, the correlation functions satisfy for all X and Y C X:

(ΓΦ)(Y)ρΛ(X) = χΛ(X)ρΛ{X-Y)- Σ £ Π Φ ^ + S ^ p Γ + S).

y= Σ Yι Σsϊ=SΦq0

i=i siπsi=0 (26)

This relation can also be written as 2 :

(ΓΦ)(Y)ρΛ(X) = χΛ(X)ρΛ(X — Y)— Σ [(ΓΦ)~1*DyΓΦ](S)ρyl(X + iS)
SΦ0

S n I = l (27)
At this point we would like to find minimal subsets of (26) that are

equivalent to the full set of equations.

Lemma 3. // ρΛ satisfies (26) for all YcX such that N(Y)Sn, then
it satisfies (26) for all Y such that N(Y) = n+L

Proof. Let 7C X be any subset such that N(Y) = n.

From the relations and identities :

{ΓΦ)(Y+{y})= Σ Φ({y} + S)(ΓΦ)(Y-S) yeX-Y,
ScY

SCY

= Σ
ScY

Σ + S)ρA(X-Y+S)
Sn(X-Y) = 0

(X-Y-{y})- Σ
YiCY

UmX =
C7iΦ0

(ΓΦ) denotes the *-inverse of ΓΦ.
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and

Σ(ΓΦ)(U+Y-S)Φ({y}+S)
ScY

= Σ (ΓΦ)(U+Y-S)Φ({y}
SCY + U

YiCY
UiCU
L7iΦ0

(Dω + yΓΦ)(U)- Σ
YiCY

the hypothesis of the lemma implies that for any yeX—Y

(ΓΦ) ({y} + Y) ρΛ(X) = % Φ({y} + S) [_(ΓΦ) (Y-S) QA{X)~]

ScY

- Σ
ΓΦ0

TnX=

- Σ

- Σ
Γ Φ 0

Σ Σ Σ
YiCY t/cT l/iCU

1/iΦfl

The last term being equal to:

Σ Σ Σ φ(W + t/i + iΊ)
YiCY TΦ0 UiCT

( Γ - U1)

= Σ
l/iΦ0

Γ1
• Σ ί(ΓΦΓ1*Dϊ_YlΓΦ^(S)ρΛ(X+U1+S).

Sn(X+Ui) = 0
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We can use once more the induction hypothesis to obtain finally

(ΓΦ)(Y+{y})ρΛ(X)

- Σ
ΓΦ0

Corollary. The following set of equations is equivalent to the full set
of Eqs. (26):

Φ(X1)QΛ(X) = XΛ(X)QΛ(X-^)- Σ Φ(X!+S)QΛ(X + S) (2*)
SΦ0

ScΛ-X

where xγ is one of the points of the set X, for example the first in lexico-
graphic order.

This last set of equations are the "Kirkwood-Salsburg equations for
Polymer Systems". Another subset of equations, analoguous to the
Mayer-Montroll equations, is obtained from (26) by taking Y = X:

(29)

It is expected that this set of equations is also equivalent to the full
set (26).

4.2. Kirkwood-Salsburg Equations for Polymers

Let 31 ξ be the complex Banach space of complex functions / defined
on non empty finite subsets of Έv with the norm

(30)

where ξ is a positive number to be chosen later on.
For any finite Λ,ρΛ(X) = χΛ(X)ρΛ(X); moreover for non negative

activity

Therefore for any finite Λ9 and any non-negative activity Φ,
and satisfies \\ρΛ\\ξ ^ 1 if ξΦ(x) > 1 for all x.

We define on &ξ a linear operator Kφ as follows: with fe&ξ

SφXι ( 3 1 )

(ί:φ/)(Jγ)=-l-r/(z-x1)- Σ φ(*1+s)f(x+s) a
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Lemma 4. For any activity Φ such that ]Γ ξN(x) \Φ(X)\ < oo for some ξ

and such that
min|Φ(x)|*0,

the operator Kφ is a bounded operator on $ξ and its norm satisfies

\\K\\{ ̂  max — J — 1 [1 + X \Φ(x + S)\ ί w < J t + S ) ] . (32)
\ ψ \ X ) \ C \ S$x

L SΦ0 J

This lemma follows immediately from the definition of Kφ and 38ξ.
Let Δ(ξ) be the set of complex activities Φ such that

X X3X

and (33)

|Φ(x)|> sup—-

SΦ0

Lemma 5. The operator Kφ defined on the Banach space &ξ is norm
analytic in Φ for Φ e Δ(ξ); moreover in this same domain

\\KΦ\\ξ<l.

Proof. A very simple calculation shows that

Analyticity follows from the fact that Kφ is of the form:

where is the operator defined by
Φ(*)

for all fE&ξ and Kφ is the sum of two operators, one independent of Φ,
the other linear in Φ.

Introducing the operator χΛ on &ξ defined by:

for all feΛξ (35)

and denoting by α the vector in $ξ defined by:

j (36)
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the "Kίrkwood-Salsburg equations for polymers" appear as a linear
equation on 8Sξ of the form:

QA = XA* + XAKΦSA ( 3 7 )

We can now state the main result of this section:

Theorem 4. Let Δ(ξ) be defined by (33); then for any Φ e Δ(ξ).

I) For any finite volume A, the "Kirkwood-Salsburg" equation

has a unique solution in <%ξ9 obtained by iteration. This solution is a norm
analytic function of Φ in A (ξ) and satisfies

(38)
SΦ0
Sφx

II) For any finite volume A, QΛ[β>] + 0, and the solution of the Kirk-
wood-Salsburg equation coincide with the definition (18).

III) The infinite volume equation

has a unique solution in $ξ, which is also analytic in Δ(ξ). Moreover if the
activity is invariant under a certain subgroup T of translation then ρ is
also invariant under T.

IV) // the activity is invariant under a certain subgroup T of transla-
tions such that the quotient group Έv/T is finite (i.e. T is generated by v
elementary translations)

or if the activity has finite range,

then there exists a positive, decreasing function ε(λ) such that

lims(λ) = 0

and
λ) (39)

where λ is the minimum distance from xte X to the boundary of A.

V) if the activity is invariant under a subgroup T of translation (such
that the order of Έx/T is finite), then:

( 4 0 )

where N(ΈV/T) is the order of the quotient group ΈIT and A tends to infinity
in the sense of Van Hove. Moreover the convergence is uniform with
respect to Φ(x) on every compact subset contained in Δ(ξ).
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Proof. Part I follows from Lemma 1 and 2 and the fact that χΛa is a
vector which is norm analytic for Φ e A (ξ).

Part II is a consequence of the fact that ρΛ(x) is analytic in Φ(x) and

Part III is obtained from Lemma 4 and 5 and the fact that if Φ{X) is
invariant under a subgroup T then a and Xφ are invariant under T.

Using the same argument as Ruelle [9], part IV will be proved if we
can show that for A C Λ' C A"

where δ is the minimum distance from A to the boundary of A' and η(δ)
satisfies lim η(δ) = O.

(5->oo

This inequality follows from:

\χA(X) (KφχA»f) (X) - χA{X) (KφχΛ.f) (X)\

^lJ-V Σ \Φ(xi + S
\ψ\Xl)\ SΦ0

S$X!

and the fact that Φe Λ(ξ) which yields

hΛKΦχΛ»-χΛKφχΛ,\\ξύ™P Σ
X l SΦ0

S$Λf

where
Σ \Φ(xi+S)\ξN<S)+ι (41)

SΦ0

and ^(xj) denotes the ball of radius δ centered at x1.
Moreover if the activity has finite range Δ, η{δ) = 0 if δ > δ0 where ^ 0

is the diameter of the range; on the other hand if the activities are
invariant under T

η(δ)= sup £ |Φ(τx + S ) | ^ ( S ) + 1

τeΈ-IT S φ 0

Sφτx
SiBό(τx)

and since
s u p £ \Φ(x + S)\ξN{S)+1<oo

x Sφx

then lim η(δ) = 0 since the order oϊΈv/T is finite.
(5-* oo

Finally the proof of part V is identical with the one given in reference
[8] moreover the limit is uniform on every compact set contained in
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A(ξ) since |ρ^(X)| has a bound independent of X and which can be
chosen independent of Φ(x) if Φ belongs to a compact set in A (ξ).

Remark. Part IV of the last theorem can be moreover extended to
all Φ e A (ξ) which are the strong limit (in the norm ||| |||̂ ) of Φδ

where

φ =jΦ(X) if \Xi-Xj\<δ for all ij
vb- (0 otherwise.

In the study of phase transition one is usually interested in the domain
of analyticity of ρ as function of the monomer activity for fixed value of
the activity of the other polymers. In this case the previous theorem reads:

Theorem 5. The solutions ρΛ and ρ of the Kίrkwood-Salsburg equa-
tions are analytic functions of the monomer activity Φ(x) in the domain:

\Φ(x)\ > max
1

SΦ0
Sφx

(42)

where ξ0 is the value of ξ such that R(ξ0) is minimum.
In particular if the activity is translationally invariant ξ0 is the solu-

tion of
1= Σ(N(S)-l)\Φ(S)\ξN

0™. (43)

Remark. In all those types of results, one would be interested to
know how good is the domain of analyticity thus obtained; one can
show that this is in particular the best radius of convergence for systems
consisting of monomers and n-mers (n fixed); indeed there exists special
types of interactions (Van der Waals) for which the radius obtained in
Theorem 4 is the exact radius of convergence.

4.3. Mayer Series and Virial Expansion

From Theorem 4, part V, we have that if A-> oo in the sense of Van
Hove, and if the activity is invariant under translation, then

uniformly with respect to z on every compact subset contained in the
exterior of the circle of radius R(ξ0).

Moreover since

Σ δ"Λ*) ~ — = ~JZ(βPΛ ~ Logz)
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we have

00

βp= lim ySp̂  = Logz + f
Λ->oo z Z

In conclusion we have just proved:

Theorem 6. // A -> oo in ί/ze sense o/ Fan iϊoi e, t/zen the following
limit exists

when the activity is translationally invariant and \z\ > R(ξ).
These limits continue analytically to \z\ > R(ξ0) the physical pressure

and density defined for z > 0. In particular the Mayer series

w = l

βp = Logz+ £ bnz-\ (44)

(45)
n = l

' 1has a radius of convergence of at least i^(^o)"1 in z

Instead of the Mayer series (44) one would like to obtain an expansion
of the pressure p in powers of the monomer density ρ ( 1 ), that is the Virial
expansion; in our case ρ ( 1 ) being analytic around z " 1 = 0 , we shall look
for an expansion in powers of (1 — ρ(1)).

From

follows that

-ρ< 1 >=-z f (Kkoc)(x)
k=ί

and therefore the first non-zero coefficient of the Mayer series (45) is
bp, p ^ 2, where p is the smallest number > 1 such that Φ(X) φ 0 for some
N(X) = p; moreover in this case

pbp= Σ &(x)' (46)
XBO

N(X)=p
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In particular bι = 0 and in general p and z will not be analytic in ρ(1)

at ρ(1) = 1 however we shall now derive the virial expansion for the special
case of a system made up only of monomers and n p-mers (p fixed,
n = 1, 2,...). For this special case we have:

00

Q — / \ ̂ ~ ) \ / \ /
1=1

that is
00

i - e ( 1 ) = Σ ( P Q V " > (48)
1 = 1

βp-Logz= f bplz~ ". (49)
1 = 1

Since by assumption pbp + 0, we may invert (48) in a neighborhood of
z" x = 0 and we obtain the virial expansion

βp-Logz= £ cn(l-ρ(1))n (50)
n = l

where
1 f dz 1

C "" " Ίϊπ" i ~z~ nίl-ρ^) 1 1 " 1

if c is a circle of radius larger than R{ξ0).
From (47) follows that:

therefore for \z\ > R(ξ0) = R (R(ξ0) defined by (42))

1 y l = \z\" zϊ'-z'R' '

In conclusion we obtain:

on the circle |zΓ ' = Λ - ' - lR"{\pbp\
We thus obtain the following theorem:

Theorem 7. The radius of convergence of the virial expansion

βp-Logz=

is k

i-li + W *
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where

pbp= £ Φ(X)

N(X) = p

and R = R(ξ0) was defined in (42).

Finally we shall remark that because of the scaling property:

we can always choose z = 1 and thus obtain the usual form of the virial
expansion:

βp= Σ Φ-Q

{1)γ.
n=l

To conclude this section we mention the following generalization of
Theorem 7:

Theorem 8. For any polymer system the virial expansion

βp-Logz= X cn(l-ρ(1>Γ
n=l

where m is the smallest r such that Φ ( x 1 ? . . . , x , ) φ θ converges in a neigh-

bourhood of ρ ( 1 ) = 1.

5. Monomer-Dimer Systems

For the special case of monomer-dimer systems the domain of
analycity of the pressure and the correlation functions, as functions of the
monomer activity (obtained in §4) can be extended by studying the
zeros of the partition function.

5.1. Zeros of the Partition Function and Extension
of the Domain of p and ρ

Theorem 9. The partition function QΛ [Φ] is different from zero for
any complex activities such that ReΦ(x) > 0 Vx E A or ReΦ(x) < 0 Vx e A
and Φ(x, y)^0 for all x, y e A.

We shall prove this theorem by induction using the recurrence
formula (14) which gives:

βiffl = *Wβ.-,,[ί]+ Σ
Xj eΛ

11 Commun. math Phys, Vol 22 jdpi
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1. Let us first consider the case: ReΦ(x)>0, Φ(x, y)Ξ; 0.

( > 2 } = Φ(Xί, x2)

therefore
β w Φ 0 and β { j e i > j e 2,φ0

and

ii) Assurning βχ[Φ] φ 0 and

for all X such that iV(AΓ)^n — 1 and for all x{eX let us show the same

holds for all X such that N(X) = n; using (51) we have:

(χι) Qχ-Xι + Σ φ(*i> xj) Qχ-Xι-Λ Qχ-Xt

j*i J

= φ(χt) \Qχ-Xi\
2 + Σ φ(*i>xj)Qχ-XiQχ-Xι-Xj

j*ί

Therefore

Re(β x [Φ]β$_ ; C ι [Φ3)>0 for all XieX (52)

and β x [ Φ ] + 0 .

2. Using the scaling property |Qyi[Φ]| = \QΛI(- l)Nφ^\ t h e theorem
is also true for the case ReΦ(x)<0 which concludes the proof. This
theorem enables us to extend the domain of analyticity of the pressure
and the correlation functions, and we have:

Theorem 10. For monomer-dimer systems such that the activity is
stable, translationally invariant, and satisfies Φ(x,y)ϊ>0, the following
limit exists

i i

lim
./l->-oo

when A^-co in the sense of Van Hove and zφ\_—2i W^,2i W^~\ where
W=YJ Φ(0, y). Moreover in this domain p and ρ(X) are the analytic

yΦO

continuation of the physical pressure and reduced correlation function
(defined for z ^
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Proof. The previous theorems imply that pΛ~——-LogQΛ and
N(Λ)

ρΛ(X) are analytic function of z in the plane cut by [—2i W\ 2i W*~\\
moreover pΛ and QA(X) are uniformly bounded on any compact subset
of the z-plane cut by this segment: indeed from the proof of Lemma 1
follows that

while relations (51) and (52) yields for Rez > 0

and using the scalling relation \QA[Φ]\ = \QAί(- 1)NΦ]\ this inequality
remains valid for R e z < 0 .

Therefore \ρA(X)\ ^ \Rcz\'N(X\
This result together with Theorem 4 shows that ρΛ(X) is uniformly

bounded on any compact subset of the z-plane cut by \_—2i]/W9 2iγw\
Finally Theorem 4 and 6 imply that pA->p and ρΛ(X)->ρ(X) for

\z\>2W^; we can therefore apply Vitali's theorem to conclude that pΛ

and ρΛ(X) converge uniformly on compact subsets to an analytic func-
tion on the z-plane cut by the segment \_~2i W^9 2i

Conclusion

No phase transition can occur in monomer-dimer systems if the
activity is stable, translatίonally invariant and satisfies Φ(x) Φ 0 Φ(x, y)^0.

Finally Theorem 9 and 10 enable us to obtain other properties con-
cerning the functions ρ ( 1 ) and p.

Theorem 11. The monomer density

.7 = 0 7 = 0

is a series of Stieltjes inζ — z~~2 and therefore

o

where f(y) is a bounded, non decreasing function.
11*
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Proof. Let u = Theorem 9 implies that ^ 1 } , as function of u,

is analytic in the circle \u\ < 1 moreover from (52) follows that Reρ*1* > 0
for |w |<l .

From those properties follows that [12] the function

F(w)=

is a series of Stieltjes in w; therefore ρ(1)(z) = zρ(1)(z) is a series of Stieltjes
in (z~2 — 1) and also a series of Stieltjes in ζ = z~2.

Theorem 12. Let [N, M] (ζ) denote the Padέ approximant for the
series of Stieltjes of ρ ( 1 ); for z real, non negative, the monomer density
satisfies:

dζ ' dz dζ

and the pressure is an increasing continuous function of the monomer
density.

Proof. The first part of this theorem is a direct consequence [13]
of Theorem 11. The last part follows from

dp ρ ( 1 )

dz

and the evaluation of the first Pade approximants:

a = W-W~1ΣΦ(0,s)2

s

b = W+a.

6. The Association Problem

In this section we want to generalize an argument given by Green and
Hurst [1] to show that the study of any classical lattice system can be
reduced to the study of a polymer system on the same lattice.
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6.1. Lattice Gas

We consider a classical system of particles on Έv such that at each
lattice point there can be 0 or 1 particle; the system is described by the
Hamiltonian:

H(X) = - μN(X) + U(X) XCΈV

where the potential energy U(X) is assumed to be translationnally
invariant and U(X) = 0 if N(X)<2; with μ the chemical potential, the
activity z is given by z = eβμ.

For any finite volume Λ, the partition function ZΛ and the correlation
functions ρΛ(X) are defined as:

ZΛ= Σ e~βH{Y)= £ zN(Y)
YCΛ YCΛ

Σ Σ
YCΛ-X YCΛ-X

Finally we introduce the Ursell Functions Ψ(X) defined by:

{ΓΨ){X) = e-βU{X); Ψ{x)=l.

Lemma 6. i) The partition function ZΛ for the lattice gas described
by the activity z and the Ursell function Ψ(X) is up to a factor zN(Λ)

identical with the partition function of a polymer system described by the
activity:

I + l if N(X) = 1,

Φ(X)=Ψ(X) if

that is: Z f f y ) = z w < ^ β ^ where δ(X) = δN(X)Λ . (53)

ii) The correlation functions ρ^attlce (X) of the lattice gas are linear
combinations of the correlation functions ρ^olymer(Z) of the polymer system
described by the activity Φ(X) given in part (i):

Q%tv(X)= Σ Σ ΠΨ{XJ + SJ)Q™*™ (X + ΣSj). (54)
S Λ( Ψ)

q

StCΛ-X
Si nSj = 0

Proof, i) Z ^ ) = Σ zm){ΓΨ){Y) = Γ(δ + zNΨ) (Λ)
YCΛ

therefore:

ZLattice A) Polymer ~N(Λ) f\ Polymer
Λ,{z,Ψ) — \έΛ,(δ + zNΨ) — Z V>! ,Ά v

Λ(§ +Ψ)
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VQΆ=4~ Σ IDXΓ(ZNΨ)-](Y)
^Λ YcΛ-X

= 4- Σ Σ Σ Π(zNv)(χj
^Λ YCΛ-X X = ΣXj Sί ..Sq j

SjCY
S t nSj = Q

= Σ Σ nwixj+sj)- Σ Γ{zNψ){τ)

( = ΣXj Si . Sg j TcΛ-X-ΣSj ^A

SjCΛ - X
SinS | = 0

But

Using the scaling property (22) we arrive at the relation (54) which
ends the proof.

Theorem 13. Consider a classical lattice gas described by the Hamil-
tonian H(X) = — μN(X) + U(X) where the potential energy is invariant
under translation.

1. // the Ursell functions Ψ(X) = {Γ~1 e~βu)(X) satisfy the conditions

i) Ψ(X)>09

ϋ) Σ ξNiX) - S S - < oo for some ξ > 0
ΛΓaO

then the following limit exists and is finite:

2. // there exists a real number ξ such that

XφO
XΦ0

then in the domain

+ Σ |y(o,-soifN W + 1

Z Φ 0
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the following limit exists

lim ρ^a t t i c e(X) = ρL a t t i c e(X)

and is analytic in z.

Proof. Part 1 follows from Lemma (6) and Theorem (6).

To show the second part, we use Theorem (5) which implies that for

= y { 1 + Σ
S SΦ0

I s$o

-̂Polymer p Q a n J P̂olymer (χj a f e a n a l y t i c j n z ; m OreOVer fθΓ any (z, 5P)

in this domain

^ ( x ) \ £ Σ ΠΣ TO+5i
X = ΣXt j Sj

which yields

JV(X)

Therefore the series defining Q^^ψ^X) is absolutely convergent;
the rest follows from the uniform convergence of ρ^olymer to ρ Polymer

when ^4-^oo.

6.2. General Lattice System

We recall that with each point x of a finite set A C Z v is associated a
given subsystem whose states are numbered by nx e {0,1,..., M}.

The configuration of this system A are caracterised by the AT-tuple:

nA = {nXί,...,nXN) N = N(A).

The correlation functions are defined by:

lattice ( % ) = 1 ^ e-βHinΛ)

KΛ nΛ-
X
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where Q^CQ= £ e-βH(nΛ) s ^ partition function

and H(nΛ)=U{nΛ)-μ{nΛ)

μ(nx) = chemical potential of the state nx

U(nΛ) = potential energy corresponding to the configuration nΛ .

In this case the Ursell Functions Ψ(nx) can again be introduced by
means of a *-exponential where the ̂ -product is defined by:

{fi*fi){nχ)= Σ fi(nγ) fifax-r)
YCX

and we have:
) Ψ(nx) = ί.

We give without proof the following result:

Theorem 14. i) Q^attice = gp<%™* [φ]

where
Φ(X)=Σeβμ(nχ)Ψ(nx). (55)

ϋ)

er i c e(%) = Σ Σ Π Σ e""("* +s<) *K+st) Q!T"(X+ΣSd
i SinSj = 0

where Φ(X) is given by (55).

In conclusion from the existence and analyticity property of the
pressure and correlation functions for polymer systems we can deduce
analoguous results for the pressure and correlation functions of general
lattice systems.
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