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Abstract

We study the so-called quasi-radial operators, i.e., the operators that are invariant un-
der the subgroup of the unitary group () formed by the block-diagonal matrices with
unitary blocks of fixed dimensions. The quasi-radial Toeplitz operators appear natu-
rally and play a crucial role under the study of the commutative Banach (not C*) alge-
bras of Toeplitz operators [1, 8]. They form an intermediate class of operators between

the Toeplitz operators with radial a = a(r), r = /|z1|* +... +|z,|?, and separately-radial
a=a(zl,...,|zs]) symbols.
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1 Introduction

In this note we consider the Toeplitz operators acting on the standard weighted Bergman
space over the unit ball in C". It is a well established fact that the invariance of symbols
under a certain subgroup of biholomorphisms of the unit ball determines many of the prop-
erties of the corresponding Toeplitz operators. In particular, the invariance under the max-
imal compact subgroup U(n), that consists of all unitary n X n matrices, leads to the radial
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symbols a = a(r), r = /|z1/*+... +|z,|>. The corresponding Toeplitz operators generate a
commutative C*-algebra, they are diagonal with respect to the standard monomial basis with
the eigenvalue sequences that depend only on the length of multi-indices. At the same time
the maximal commutative C*-algebra, that contains Toeplitz operators with radial symbols,
is generated by Toeplitz operators with separately radial symbols a = a(|z1],...,|z,]), those
that are invariant under the action of the torus T”, the diagonal subgroup of U(n). These
operator are diagonal with respect to the standard monomial basis with the eigenvalue se-
quences that depend on the basis multi-indices.

In Section 2 we study an intermediate class of operators, the so-called quasi-radial op-
erators, that are invariant under the subgroup of U(n) formed by the block-diagonal matrices
with unitary blocks of fixed dimensions. The corresponding Toeplitz operators appear nat-
urally and play a crucial role under the study of the commutative Banach (not C*) algebras
of Toeplitz operators [1, 8].

In Section 3 we give explicit formulas for (p, 4)-Berezin and Berezin transforms for
quasi-radial operators. These transforms prove to be useful tools in approximation of
bounded operators via Toeplitz operators [4, 5, 6, 7].

2 Quasi-radial operators

Let B” be the open unit ball in C", n € N, and let dv denote the standard volume form on
B". For A > —1, we introduce the one-parameter family of the weighted measures

_Tm+a+l) = h
dv,(z) = —n”F(/l+ D (1 =1z1)"dv(2).

The weighted Bergman space ﬂﬁ(B") is the closed subspace of L(B",dv,) that consists
of all functions analytic in B". Given a function a € L (B"), the Toeplitz operator T, with
symbol a and acting on ﬂi(B”) is defined by

T.$=Biag), ¢ €A B,

where

() dvad)
B (1= (g, Q)+

is the orthogonal Bergman projection of L,(B",dv,) onto ﬂﬁ(B”).

(B19)(2) =

Recall that the reproducing kernel of ﬂfl (B") is defined by

[

1 B I'n+lal+A+1)_,
(1= (w, )yl 2 aTn+a+1) - "

Kl (w) =
|a|=0

Let k = (k1,...,ky) be atuple such that k; e Nfori=1,....mand ky + ko +... + k;,, = n.
Given such tuple k we rearrange the n coordinates of z € B" in m groups, each of which has
k; entries (j = 1,...,m), and introduce the notation:

Z) = @115+ 20k ) 22 = (@205 +522k0)s w5 Zom) = (D 1+ Zmky,)-
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We assume that k; <k, <... <k, and that

Zl,l =Z1’ Z1,2:Z27 R Zl,k[ =Zk|9 ZZ,] =Zk1+1’ R Zm,km:Zn,

That is
= (Zl,. ..,Zn) = (Z(l),...,Z(m)), with Z(j) € ij.

In the same way for any tuple a = (a1,...,®,) we let
@q) = (@1, k) @) = (Uysls ooy Uhgrky)s oos Um) = (@i 15+ -+ An)s
@ — al DY am
and 2% = 24 Zgy

Denote by (/) the compact group of all /x/ complex unitary matrices U equipped with
the Haar measure. We introduce the compact subgroup ’(k) c U(n) that consists of all
nXxn complex block diagonal unitary matrices

A, 0 ... 0
0 Ay, ... O

U= . . . s where A, € Uky), j=1,....m;
0 0 ... A,

equipped with the measure dU being the product of the Haar measures of H(k;), j=1,...,m.
Note that
W(K) = Uky) x U(kp) X ... X U(kyy).

For each U € W' (k), consider the unitary operator Vy f(w) on ﬂ%(B") defined by
Vuf(w) = f(Uw). 2.1
An operator S € L(ﬂ%(B”)) is called k-quasi-radial if
SVy=VyS

for all U € W (n). The k-quasi-radialization of S is defined by
0-Rad(S) := f VS VydU,
(k)

where the integral is taken in the weak sense.
Obviously, the operator Q-Rad(S) is k-quasi-radial, and if S is a k-quasi-radial operator,
then Q-Rad(S)=S.

For a = a(zq),...,2m)) € L(B"), the K-quasi-radialization of a is defined by

g-rad(a)(z) := f a(Uz)dU.

w (k)

Note that g-rad(a) is a k-quasi-radial function, and for Toeplitz operators we have that

Q'Rad( Ta) = Tq—rad(a) .
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Recall that the standard basis {e, : @ € Z/} } of ﬂﬁ(B”) is given by

\/F(n+|a|+/l+1) .
€a(2) = \|—m 2

all(n+1+1) ~°

1.e.,

0 (Z 2 )_ F(I’l+|a'(1)|+...+|at(m)|+/l+l)Za(])“.Za(m)
(@) A1) - Zm) !ty T+ A+ 1) O Fm

For the next result we need the following lemma (see [2, 3] for the proof).

Lemma 2.1. The set of Toeplitz operators with bounded measurable symbols is dense in
the algebra of all bounded operators on ﬂi(B”) with respect to strong operator topology.

An important characterization of the k-quasi-radial operators gives

Proposition 2.2. An operator § € L(ﬂi(B”)) is k-quasi-radial if and only if it is diag-
onal with respect to the standard basis {e,} and its eigenvalue sequence y(ki,...,ky) =

k; -
Y(aqy,...,aum) : @y € Z,} has the form y(aqy,...,am) = Y(lawl,...,laml) for some
bounded sequence ¥y € {(Z), that is

.....

.....

Sf=yf=y1,....tn)f.

Furthermore each subspace Hy, . ;) is invariant under the operators Vy with U € W' (k) as
Vuf(2) = f(Uz) € Hy,,. 4, foreach f € Hy, ;.
Thus

SVuHz) =S (f(Uz2) = 7:.f(Uz) = Vu(y./)z) = VuS ),

forall U e W(k), f € Hy,,. 1, and t = (1,...,t,) € Z, and thus S is k-quasi-radial.

.....

Conversely, suppose that S is a k-quasi-radial operator. Using Lemma 2.1 we select a
sequence {as}eez, C Lo(B") such that

fim .=

in SOT.
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By Banach-Steinhaus theorem we know that there is C < oo such that ||7,]| < C for
all Toeplitz operator 7, with bounded symbol. By this fact and the Lebesgue dominated
convergence theorem we have

lim V[*]TW VydU = f Vl*]S VydU,
and therefore
}im Ty radae) = [lim O-Rad(T,,) = Q-Rad(S)=S.

Assume that each a is a k-quasi-radial function and therefore T, is a diagonal operator

. . Py
with Ta[e(oz(l) ..... Q) = 7(|C¥(1.)|, cees |C.L'(m)|)([)e(a(1) ,,,,, (m)) for all Q) € Z,
where ¥(lal, ..., Ioz(m)l)(") is the eigenvalue sequence of T,,. Thus,
S €(ayuntim) = {}LIEO Tare(anyoaum) = Yl - lamDea....am)

with Yl . l@m) = limg e Yl -l
That is the eigenvalue sequence of the operator § depends only on |a (). .., |@m)l. O

Corollary 2.3. The set of all bounded k-quasi-radial operators acting on ﬂﬁ(B") is a
C*—algebra which is isometrically isomorphic to €(Z). The isomorphism is given by
the following mapping

S = ¥(S),

where y(S) is the eigenvalue sequence of the operator S of the last proposition.

Apart of the classical Toeplitz operators, an important class of k-quasi-radial operators
is provided by Toeplitz operators whose symbols are complex finite regular k—quasi-radial
measures.

Via polar coordinates in each CX/ the punctured ball B" \ {0} can be represented as
T(B™) x (S %1~ x §2k2~1 x| x §%n=1) where 7(B™) = {r = (r1,...,rm) ERT: 0 < |r| < 1}
is the base of the unit ball B” and S 2%~! c Cki denotes the (real) (2k j— 1)—dimensional unit
sphere for each j € {1,...,m}. The measure v is said to be k-quasi-radial if it has the form

V=u®01Q...00,),

where u is a complex finite regular Borel measure on 7(B™) and each o is the standard
O(2k j)—invariant positive probabilistic measure on § 2kj=1,

A description of the eigenvalue sequence of a Toeplitz operator with symbol being a
k-quasi-radial measure is given in the following proposition.

Proposition 2.4. Let T, be a Toeplitz operator with symbol v =uQ (o ®...®0y,) being
a k-quasi-radial measure. Then T, is diagonal respect to the standard basis {e,} and its
eigenvalue sequence yy ) = {yya(@)}eezz has the form

F(n+lal+ A+ DITE, TGk [12 . @2

Yy ak(Q(1ys .-, Amy) =
vAHD "7 T+ A+ DT (= T+ lagp))! e |

In particular, y,  x(@ 1y, ..., Qm)) depends only on |aq)l,...,laum, and thus, according
to Proposition 1.1, T, is a k-quasi-radial operator.
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Proof. Let w = (W(1),...,Wm) € B", where each w(j, = r;¢; with r; € [0,1) and £ € S271.
Then,

TVZ":f wedv(w) =f ZF(n+|/3|+/1+1)ZﬂWB @ dv(w)
B

n (1= (g, wyyna+l B (n+aA+1)
F(l’l + |a'| +A4+ 1) —Q(1) 05(1) —¥(m) a’(m)
T AT+ 1) ) i Y )

F(n+lal+A+1) , T Dl m
= —_— 0 aHFYGD 5
= T as D) Z f(Bm l—[rj du(ry,....1m) UL“/’I £;"¢; do (&)

) j=1

_ F(n+|a|+/l+1)z ﬁrz|a(,)|d " 1—[ (kj—Dlag)!
aT(n+A+1) (B (kj =1 +lag D!

r(l’l+|a’|+/l+1)n.:1r(kj) ol
_ ML | [ 172 a2,
F(n+A+ DI k= L+lagD! Jean) i1

Therefore,

( - L(n+lel+ 2+ DT, Tk)) f 1—[ 2l g (7).
PEREE) D
YRRy o) = 0T DITE k= T+l D! Jr@m | '

Any Toeplitz operator T, with symbol being a bounded measurable k-quasi-radial func-
tion a = a(ry,...,ry) can be considered as a Toeplitz operator 7,,,, whose symbol is the
following k-quasi-radial measure

AV rx =du®d(o1®...Q0 )

B I'n+4+1)
- T+ DT, Tk))

m

2a(r,... )1 = [ [ dredor @00, (23)
j=1

Note that substitution of this measure into (2.2) returns the known result for the eigenvalues

of T,:
F(n+ |a/| +A+ ]‘)Hmzl F(kj) n 2lei|
(el laem) = m : f i dp(r)
Voallo 0T T+ A+ DT (k= L+ lagy))! ,(Bm)l;[ i
C(n+lod+ 2+ DT, Tk))
F(n+/1+1)Hml(k 1+|a(j)|)!
2larpl F(n+/l+1) m AV = 2kj—1
X r 2"a(ry,...,r)(1=1r%) - dr
f,(Bm)g 7 T+ DT, Tk)) " H

=1

2"T(n+]al+1+1) f 22 [T 2o+ 2k
= a(ry,....rm)(1=1rl%) e
L+ DT k= T+lagh! Jr@m ; 1_!
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3 (p,A)—Berezin transform of k-quasi-radial operators

Recall [4] that the (p, A)-Berezin transform of an operator S, acting on \?{3(]8”), is defined
by

Ca
(Bpa$)@) = —* Z CpalS W™ w)i;
la]=0
where C), 4 := |§| )( )|“|a "> such that ZI =0 Cpaz™W' == (W), S :=USU,,
U, is a self-adjoint and unitary operator defined by
( |Z|2)n+A+I
(U0 = g (o8,

and ¢, denotes the standard biholomorphism of B" that interchanges the points 0 and z.
Let S € L(A3(B")), we have

g-rado B, 8 () = -2 Z Cpa f (S yw™ w,dU, 3.1)
lal=0 ’

where S 7, = Uy, S Uy, for all U € W (k) and for f € L,(B",dv,) we have

n+d+l

(1-1Uz»)™>
(1= (w, Uzg))r+a+1

(1 _lzlz)nMH .
= (1 —(U*w, >)n+/1+1fo Uog:oU'(w)

=Vy-oU o Vy fw),

Uy fHw) = fodu(w)

where the operator Vy is defined by (2.1).
Therefore, Sy, = VyoU, o Vy oS oVy- oU, o Vy, and from (3.1) we have

g-rad o B, 2(S)(z) = Chep Z C), (,f (S y,w*,wHdU
jal=0 (k)X XU(k)
)4
C
3, f (Vi oU; 0V oS 0 Vi o 0 Vg (w™),w*),dU
=0 (k1 )X... XU (ki)
p
C
o Z Cp, af (Vy oS oVy.) Vuw®), Vy(w"))dU
=0 Uk1)X... X (k)
)4
C
— Z Cpa f (Vg oS o Vy)(Uw)*,(Uw)*)2dU
lal=0 (k)Xo XU (ki)
Cﬂ+p 4
Z Cp. af (VyoS oVy) w*,w',dU
=0 W(kp)X... X U(k)

= B,.10 Q-Rad(S)(z).
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Lemma 3.1. The k-quasi-radialization “commutes” with the (p,)—Berezin transform for
allA>—-land p €Z,; i.e.,

g-rado B, i(S) = B, 10 Q-Rad(S),

forS € L(ﬂﬁ(B”)). In particular, S is a K-quasi-radial operator if and only if B, 2(S) is a
k-quasi-radial function.

Proof. If § is a k-quasi-radial operator, then
g-rado By )(S) = B, 0 Q-Rad(S) = B, (S).

So, B, 1(S) s a k-quasi-radial function.
On the other hand, if B, 2(S) is a K-quasi-radial function

B, 0Q-Rad(S) = g-rado B, ,(S) = B, a(S);
since B, is one-to-one on bounded operators we can conclude that Q-Rad(S) =S . O

For the next proposition we need the following formula.

Lemma 3.2. Let o, € Z}, then

Z (@+p)! :( n+j+8l-1 )
amy P! /
Proof. Lemma 3.10 in [3]. O

The next proposition provides the expression of the (p,)-Berezin transform of a k-
quasi-radial operator in terms of its eigenvalue sequence.

Proposition 3.3. Let S be a k-quasi-radial operator with the eigenvalue sequence
{ylawl,....lamD : (@qy,....am) € Zﬁl Xoee XZ]fr'"}. Then its (p,A)-Berezin transform is
given by

c P 3 |
<Bp,AS><z>:zmi—;”a—uﬁy’”*"“ 3y’ 2

m

{0 w-fw

= J=1
m 2
w [T+ gi+p+A+1)

- =i T(n+a+1) 32)
E T(n+p+a+1) T+ DITL (kj—1+1+q))! '
2 q;=0
Jj=1

m m m
m l’l+ztj+ij'—l | |zg‘qu

[Tl aspyal A ﬁFI YO+ sl + ) o

(B ) t; AT
' = (ng CIJ).
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Proof. Note that

2
IS WP WPy )

(SO KIM), WK = Y
181=0

IF'n+Bl+p+1+1)

BI(n+p+1+1)

I'n+Bl+p+a2+1)
BlI(n+p+a+1)

2
1Py + Byl - - - [ + Bom))

o0

Bcyl+--+1Bom =0

X f wOBEB gy ) (w)

o

2

I'n+18l+p+a+1) |Zﬁ|2

BI(n+p+1+1)

Bcyl+--+1Bom =0

m
. S ZX() +,B( )
X Y(Ia(1)|+|,3(1)|,~-,|€¥(m)|+|,3(m)|)011—[fk_fa"“w(”( "L
1YEY

m
2lapHBHD+2k=1 232
X f ( ]_lrj (1-r*)dr

Bm)jzl
_ N T+ l+p+a+ D)) 2"+ )
- Th+p+a+1 Ui
i+ whi-ol PP ) [Tk =1+l +1B))
j=1
IF'n+A+1)
TN + ey +
TA+1) y(la(l)l |ﬂ(1)| |a'(m)| |ﬂ(m)|)

m
<[ [ 2
7(B™) =1

Thus we have

P
Ca
(Bpa$)@) = =LA [Pyt ) CouatS KW K™,
la=0

P !
_ C/Cl‘:[’ (1 _ |Z|2)p+/l+n+1 Z (p )(_1)|alﬂ

a a!
e l+...+lagn =0 o]

y o T+ Bl +p+A+ 1] 2M(q +B)!
Th+p+a+1 L
Bots-rBmi=ol P e : Hl(kj—1+|cvu')|+|/3(j)l)
J:
I'n+A+1)
WY(WU)H|ﬂ(1)|,---,|a(m)|+|ﬂ(m)|)

m
2(Jaj HD+2k;—1
Xf r[ rj(l“(/)l""ﬁ(./)l)"’ kj (1 _ r2)/ldrlz,8|2
7(B™)

J=1
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p
Ca+p 2\prAintl 4 ot 1!
=2 (| g2y — 1yl 22
o (I=1z7) Z (|a|)( ) =

eyl +... +legmy =0

y > Tn+Bl+p+A+ D] 1
I'n+p+a+1 "
Bt =0l TOEP ) Hl(kj = L+lagpl+18¢)D
J:
I'n+A+1)
W)’(la(l)l +Bwyl, - - - lagml + 1B

f 1—[ el Bol+2ki=1 ) _ 231 ““LB) ——|Pdr
(Blﬂ)

P
—om Catp (- |Z|2)p+/1+n+1 Z ( p ) (_1)l1+...+tm
C) i Hh+...+1,
- Tn+Yqi+p+d+D]?
X (t + ... +1y)! Z (qu] ljl ; )
q1+...+qn=0 (I’l+p+ + )
« [(n+a+1) Y(aml+1Bwls - - s laum| + 1B
n +...+ !
M+ [ 1+6+4) (@ qm)
(qr+...+gm)! 5o (@+p)!
Y @ralge y
! 131
Bl=q1+...+qm IB' la|=t+... 41 a/ﬁ

f l_[ 218 )+ 241 (1= Ydr.
®")

By the multinomial theorem and the last lemma we conclude that

_AmCatp +A4+n+ >t P
(Bpa$)(@) = 2" =L (1 = [aftyr ! Z( 12

2.t;=0
D)
2%q;=0

(p- Zt])'
I(n+Xqj+p+a+1) 2 IF'n+A+1)

I'n+p+a+1)

m
T+ 1) [1(kj—1+1;+q;)
j=1

m m
n+ th+ qu'—l
j=1

f l_l 2y [+1Bp)+2; 1(1 2Ydr =1 s
m

") ; 21
]:

m

.
ol A

5]
Jj=1

Corollary 3.4. Let S be a k—quasi-radial operator with the eigenvalue sequence

X YL+ q1y- st +Gm)

{7(|CY(1)|’ |a'(m)|)}(a(1) ..... (l(,-,,))EZ
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Then its Berezin transform By(S) := Bo (S) is a quasi-radial function and is given by

= F(n+Yqj+4+1)

(B,]S)(Z) — 2m(1 _ |Z|2)/l+n+1 =
23;=0T(A+ DI(n+ A+ D) [T (kj—1+4g))!
j=1

Z|22q/'

m
2g42k;-1 |
xf nrjq’+ ! (l—rz)/ly(ql,...,qm)—dr.
7(B™) j=1 (Z qJ)'
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