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Abstract

In this paper a porous 3D system wherein the material porosity forms a percolating
spanning cluster is studied. It is considered that the light nanoemitters are randomly
incorporated into such a cluster and are pumped to the exited state by an external light
beam. To find the optimal optical path between the radiated nanoemitters the Fer-
mat principle was used and it is implemented by means of well-known the travelling
salesman (TSP) approach generalized to 3D geometry. With the use of undirected
graph mapping the TSP approach is applied for optimizing optical path (for principle
of Fermat) to calculate the optimal light paths in such a percolation structure. The con-
vergence of the algorithm for 3D incipient cluster is studied with details to exploit the
space of feasible solutions when a collective light radiation of the internal nanoemit-
ters becomes. Finally, the field correlations of the light emission that penetrates the
entire 3D percolation cluster is discussed.

AMS Subject Classification: 65N25; 74J05; 78A25; 78A40.

Keywords: Percolation, optimization, nanoemitters, numerical calculations.

1 Introduction

In the inhomogeneous nanostructures the optical nanoemitters (quantum dots, etc.) commu-
nicate by means of optical radiation that allows the field correlations and leads to various

∗E-mail address: ycalderons@uaem.mx
†E-mail address: gburlak@uaem.mx



Heuristic Approach to Study the Optimal Path of the Light Emission in a Percolating
Cluster. 35

collective interactions between such nanoobjects, see e.g. [1]-[3] and references therein.
The ordering and the details of field’s communication normally require the knowledge of
the optimal optical path (length) between the emitters. In general the definition of optimal
path is an advanced problem for structures with large number of emitters. The principle
of Fermat, known also as the principle of the shortest optical path, asserts that the optimal
optical path S between any two points r0 and r1 (nr is the refraction index of medium) reads

S =

r1∫
r0

nrds =min (1.1)

for an actual ray that is shorter than the optical length of any other curve which joins these
points [4]. In place of such variational problem different approaches to the path optimization
can be offered. We refer here to the Traveling Salesman Problem (TSP) that is probably is
one of the best studied optimization problem [5] - [16]. Such a problem is formulated as
searching the shortest path of a traveling agent who starts from a destination city, has to
visit a number of default and return back to the starting city. The path obviously depends
on the order in which the agent visit the cities. It is worth noting that TSP is NP-complete
problem [14]: for a complete undirected graph on n vertices the size of the search space
is (n− 1)!/2 [15]. In the literature it is used various approaches, e.g. exact techniques
as meta-heuristics and heuristics, and also the optimized annealing of TSP (Metropolis
algorithm, e.g. [17]) from the n-th nearest-neighbor distribution [18]. Solving TSP is based
on an adaptive simulated annealing algorithm with greedy search [19]. SOM-based particle
matching algorithm for 3D particle tracking velocimetry was studied in Ref.[20].

For the optical context of this problem it is worth noting the following. Whereas the
output beam of a laser has a linear polarization [4]-[26], an algorithmic solution approach
can be implemented as finding a Hamiltonian cycle of lower cost with the use of a undi-
rected graph. To check the convergence of such algorithm we have implemented it for
radiated nanoemitters integrated in 3D percolating porous ceramic. This paper is organized
as follows: In Section II we describe the problem to solve. In Section III, we present the
mathematical model that is more specified in Sec. IV. In Sec. V we study the spectral
distribution of the nanoemitter’s field correlations. In the last Section, we summarize our
results and conclusions.

2 Description of the problem

We consider that a porous material can be represented by 3D reference grid. The porosity
is generated randomly with occupation probability p and for critical probability pc such
that p ≥ pc a spanning percolating cluster emerges. If the grid has at least two pores the
latter will communicate only if the distance between them is less than the sum of radiuses
that allows generating a simple percolating cluster. After formation of the spanning cluster
at p ≥ pc, the opportunity to incorporate the nanoemitters through such the opened cluster
structure becomes possible. The cross-section of clusters normally exceeds the field wave-
length; therefore, such a network forms the open waveguide system by means of which
the passage of the intensive laser pulse behaves as the field pump. As a result, the two-
level nanoemitters incorporated into spanning cluster will be raised to the excited state. For
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Figure 1. Weighted clique type non-directed graph

simplification of the problem, we have used the natural assumption that nanosources are
incorporated only in those clusters which have a connection with the entrance (input for
laser pump) side of the sample. The analysis of such a system consists of two steps, and in
general it requires quite long computation [25].-[28] The first step deals with identification
of the spanning cluster Ps as a function of probability p. In the second step, the field prop-
erties of radiating nanoemitters incorporated into the percolation structure (known from the
first step) are calculated with the use of technique FDTD [29]. To define the optimal optical
path of the pump beam we will map such a problem to the traveler problem (TSP) where
all the nanoenitters serve as cities to be visited. With such analogy one can simplify the
optical problem to well-known optimization problem (TSP) when the set of n nanoemitters
will be represented by n cities, V = {1,2,3 . . . .,n}. Finally the optimal path calculated from
TSP will correspond to the shortest optical path of the laser beam that fits the Fermat prin-
ciple. Corresponding graphical representation is defined as a graph G and a set of edges
E, belonging to the graph, where E(G) are not ordered pairs of elements and another set of
nodes (pores) V belongs to the graph G(V,E) [20]-[23].

Figure 1 shows the representation of the problem of agent traveller in a symbolic way in
a non-direct graph, by setting the distance for each node with the use the equation Eq.(3.1).

The symbolic representation of the non-directed graph, is shown in Figure 2, where
the penetration of laser beam through the pores which form the percolating cluster in the
porous material. In this case the optical beam penetrates the system and all possible tra-
jectories are represented by vertices and edges that symbolize the non-directed graph. This
representation shows the cost of propagating between two pores when beam percolates a
sample with a small fragment of represented light. Thus the dotted points in five nodes
will represent the reflected light. The best trajectory of the reflected light becomes as the
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Figure 2. Representation of the cost in two pores

following: {1−3,3−2,2−4,4−5,5−1} (see figure 2)

3 The model

To find the solution to TSP in a porous structure, we generated a graph representing the
pores in the system. Is the graph G(V,E) are defined the vertices V = {1, . . . ,n}, and E
represents the edges. In this way the problem of traveler is to find a route ( Hamiltonian
cycle) in G in which the sum of the preserves of the edges or connections of the route is
small as possible. It is assumed that G is a complete graph.

This task considers an array of weights representing the costs (distances) between each
city (pores), such matrix is defined as C(Ci j)nxn where the value (i, j) corresponds to the Ci j

which is the cost or distance to join a node (pore) i with the node j in G. is shown in Figure
1. According to this is the mathematical formulation for the agent reads.

Min z(x) =
∑

(i, j)∈A
ci jxi j, (3.1)

subject to ∑
{i:(i, j)∈A}

xi j = 1,∀ j ∈ V, (3.2)

and ∑
{ j:(i, j)∈A}

xi j = 1,∀ j ∈ V, (3.3)

and
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∑
{(i, j)∈A:i∈U,J∈(V−U)}

xi j > 1,2 < |U | < |V | −2, (3.4)

where Eq. (3.1) corresponds to the objective function calculation. The restriction (3.2)
indicates that the beam of light can visit every emitter once in each cycle of travel, here
xi j denotes the value of cost of the euclidean distance between i the j nanoemitters. The
restriction (3.3) indicates that since pore j can pass to a unique pore i and exit by a single
road. The condition (3.4) prevents the generation of subtours.

4 Adaptation of the optimization technique

Initially a feasible solution and a possible solution that improves the initial one is generated
with the help of a search by neighborhood. Such a search encods the cities (the pores)
and the path of the incident beam in the medium. We use here the technique of simulated
annealing optimization tailored to the problem of agent traveller. In such approach a random
change in the path is generated to improve the initial solution with E, where E = |r1− r0|
for some trial r1,r0 in the path. If generated new state has a lower energy than the previous
state such that E = 0, this new state is taken to the next iteration. Otherwise, if generated
new state has that E > 0 this one is accepted with a Gaussian probability that depends
on some parameter T0 (temperature). With the increases of the iteration the simulated
annealing algorithm shows the convergence of the TSP model to the optimal solution in
the percolation cluster. The process runs as follows: (i) defines the dimension of the 3D
grid with a pore size and distance between pores as well as the critical probability pc to
form a percolation cluster (see Figure 2), (ii) then the system randomly generates a path
of light beam between the pores with a specific weight Wi j, (iii) if p > pc, the system
generates a percolation cluster that will be analyzed with the use of an undirected graph.
This results that the optical beam penetrates through the all network. The implementation
of such algorithm (pseudocode) is presented as follows

Requires: Initialize array of weights Wi, jfor every ray of light in every pore
While the weights Wi, j and the distance between them is less than your radius

For each node Vi in G(V,E) do
Present Vi pore network

Obtain the cluster connection
If pc < p then

Random value is generated
If pc > p then
Create cluster
Assign weight for each pore Wi, j

If not
Generate pc

End if
End for

Upgrade path from the neighborhood radius laser beam
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End while.

5 The spectral distribution of the field correlations

The above discussed method of simulated annealing (see e.g. [17] and references therein)
is a technique that has attracted significant attention as suitable for optimization problems
of large scale, especially ones where a desired global extremum is hidden among many,
poorer, local extrema. In this Section we apply this method to find the minimal optical path
that (following the Fermat principle) links the nanoemitters incorporated in the percolating
cluster. The calculated typical path is shown in Fig.3 as a solid line.

In what follows we will calculate the spectral distribution of the field correlation (fluc-
tuation) function for the nanoemitters incorporated in the percolating cluster having fixed
frequency ω at some temperature T . We assume that the emitters already are ordered in a
shortest optical path. By expressing the correlation functions of the electromagnetic fluc-
tuations in terms of the retarded Green’s function DR

ik, for non-magnetoactive media, such
function can be written as [24]⟨

A(1)
i A(2)

k

⟩
ω,k
= −coth(~ω/2T ) Im(DR

ik(ω;r1,r2)). (5.1)

where A(k)
i is the vectorial potential in point rk. In a homogeneous infinite medium, the

Green functions DR
ik(ω;r1,r2) depend only on the difference r = r2− r2. In an isotropic non-

magnetic (µ = 1) medium from Eq.(5.1) one can obtain the following field correlation func-
tion

⟨
E(1)E(2)

⟩
ω
= −2~ · coth(

~ω

2T
) Im
{

1
ε

[
εω2

rc2 exp(−ωε
c
√
−ε)+2πδ(r)

]}
. (5.2)

where r = |r2− r1| and
√
−ε is to be taken with the sign that makes Re(

√
−ε) > 0; for a

vacuum we must put ε = 1,
√
−ε = −i [24].

The occurrence of the imaginary part of in Eq.(5.2) shows clearly the relation between
the electromagnetic fluctuations and the absorption in the medium. But if to take the limit
Im(ε)→ 0 in these expressions, one obtains non-zero results [24]. This is connected with
the order in which two limits are taken, those of an infinite medium and zero Im(ε). Since
in an infinite medium an arbitrarily small Im(ε) eventually gives rise to absorption, with our
order of taking the limits the result pertains to a physically transparent medium in which,
as in any actual medium, there is still some absorption. For example, let us take these
limits in Eq.(5.2). To do that we note that for a small positive Im(ε) (with ω > 0) we
have

√
−ε ≈ −i

√
Re(ε)(1+ i Im(ε)

Re(ε) ) (using the condition that Re(ε) > 0). Hence, in the limit
Im(ε)→ 0, the correlation function read

⟨
E(1)E(2)

⟩
ω
=

1
n2

⟨
H(1)H(2)

⟩
ω
=

2~ω2

rc2 coth(
~ω

2T
) sin(

ωnr
c

), (5.3)

where n =
√
ε is the real refractive index of the host medium. It is worth noting that this

expression remains finite even when the points r1 and r2 coincide:
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Figure 3. (Color on line.) The spectral distribution of field correlations (fluctuations) for na-
noemitters in the optimal optical path for the percolating cluster in the transparent medium.
Arrows A,B, and C indicate the points with the maximal values of the field correlations⟨
E(1)E(2)

⟩
ω

, see Eq.(5.3). The solid curves show the optimal optical path (that agrees with
the Fermat principle). See details in the text.

⟨
E2
⟩
ω
=

1
n2

⟨
H2
⟩
ω
=

2~ω3n
c3 coth(

~ω

2T
). (5.4)

In what follows we calculate the spatial distribution of the field’s correlation in Eq. (5.3)
through the all optical path to study the strength of the field correlations between the nearest
nanosources. The typical result of simulations is shown in Fig. 3.

Fig. 3 shows the spectral distribution of the field correlations (fluctuations) of na-
noemitters situated in the optimal optical path in the percolating cluster for the transparent
medium. Arrows A,B, and C indicate the points with maximal value of the field correlations⟨
E(1)E(2)

⟩
ω

, see Eq.(5.3). The solid curves show the optimal optical path. From Fig. 3 we
observe that the level of field’s correlations strongly depends on the position of nanoemitter.

In a transparent medium Eq.(5.3) also can be written in k-space in the following form

⟨
E(1)

i E(2)
k

⟩
ω,k
=

2π~2

k
(
ω2

c2 δik −
kikk

n2 ){δ(ωn
c
− k)− δ(ωn

c
+ k)}coth(

~ω

2T
) (5.5)

The arguments of the delta functions in Eq.(5.5) have a simple physical meaning: they
show that the field correlations with a given value of k are propagated in space with velocity
c/n, equal to that of propagation of electromagnetic waves in the same medium.
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Figure 4. Program that generates the simulation of porous material

6 Results and discussion

We investigated the problem of the simulating 3D field structure of nanoemitters numeri-
cally. Our results are shown in Fig. 3. We have implemented a configuration of random
nodes and simulated the path of the beam laser using the Fermat principle with the use of
traveller agent problem approach. The program code was executed on a PC with an Intel
Core processor i7-740QM quad processor (1. 73GHz) with Turbo Boost up to 2.93GHz
based on Windows 7 Home Premium 64-bit operating system. It is used the compiler Vi-
sual C# 2013. Figure 4 shows the program that generates the simulation of porous material,
defining the size and distance of pore, the size of the array to work, likely critical pc to de-
termine the porosity in the system and a number of nanoemitters issued by the laser beam,
which which was optimized in this simulation.

Figure 4 shows the first generated solution when they penetrate the laser beam on the
porous material, in this same solution the best trajectory of the laser beam is generated
through the agent problem traveller. shows the convergence of the algorithm implemented
in a critical probability of 0.34 on duration 36 m:43 seconds. The algorithm checked that
the optimal way of 10842 nanoemitters incorporated in a porous ceramics. In this case the
normalized length of the optimal pass was 420.73.
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7 Conclusions

We studied a porous 3D system wherein the material porosity forms a percolating spanning
cluster. It is considered that the light nanoemitters are randomly incorporated into such a
cluster and are pumped to the exited state by an external light beam. To find the optimal
optical path between the radiated nanoemitters the Fermat principle was used and it is im-
plemented by means of well-known the travelling salesman (TSP) approach generalized to
3D geometry. With the use of undirected graph mapping the TSP approach is applied for
optimizing optical path (for principle of Fermat) to calculate the optimal light paths in such
a percolation structure. The convergence of the algorithm for 3D incipient cluster is studied
with details to exploit the space of feasible solutions when a collective light radiation of the
internal nanoemitters becomes. The field correlations of the light emission that penetrates
the entire 3D percolation cluster is studied also.
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