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Abstract

The purpose of this paper is to search for periodic solutions to a system of nonlinear
difference equations of the form

∆x(t) = f (ε, t, x(t)).

The corresponding linear homogeneous system has an n-dimensional kernel, i.e. the
system is at full resonance. We provide sufficient conditions for the existence of peri-
odic solutions based on asymptotic properties of the nonlinearity f when ε = 0. To this
end, we employ a projection method using the Lyapunov-Schmidt procedure together
with Brouwer’s fixed point theorem.
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1 Introduction

In this paper, we study the solvability of nonlinear discrete systems of the form

∆x(t) = f (ε, t, x(t)). (1.1)
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In particular, we are interested in finding N-periodic solutions of the above system,
where we assume f (ε, t, x) = f (ε, t+N, x). Here, f = ( f1, f2, . . . , fn)T where fi : R×R×Rn→

R for i = 1,2, . . . ,n. Note that the solution space of the corresponding linear homogeneous
system is n-dimensional, i.e. the system is at full resonance. Our approach in providing
sufficient conditions for the existence of periodic solutions to (1.1) depends significantly on
this resonance along with asymptotic properties of the nonlinear function f (0, t, x).

Since the solution space of the associated linear homogeneous equation is non-trivial,
we will use a projection scheme (Lyapunov-Schmidt procedure) together with the Brouwer
fixed point theorem to analyze the nonlinear problem (1.1). A similar approach has often
been used in the study of both continuous and discrete dynamical systems (see, for instance,
[1-7,9-13,15-21]). Our results complement previous work in the study of periodic discrete
dynamical systems. We allow for higher-dimensional solution spaces of the associated
linear problem as well as for more general asymptotic behavior of the nonlinear function f .

2 Preliminaries

For each natural number N ≥ 2, let XN be the set of all sequences x from {0,1,2,3, ...} into
Rn that are N-periodic; that is, x(l+N) = x(l) for every l ∈ {0,1,2,3, ...}.
For x ∈ XN , let ‖x‖∞ = sup{|x(l)| : l = 0,1,2,3, ...}.
We define L : XN → XN by

Lx(t) = ∆x(t) = x(t+1)− x(t) for t = 0,1,2,3, ...,

and define Fε : R×XN → XN by

Fε(x)(t) =


f1(ε, t, x(t))
f2(ε, t, x(t))
...

fn(ε, t, x(t))

 for t = 0,1,2,3, ....

We assume each fi is a continuous map from R×R×Rn into R for i = 1,2, . . . ,n. It follows
that Fε is continuous. It is assumed that for some m ∈ R, | fi(0, t, x)| ≤ m for i = 1,2, . . . ,n.
Hence, for all x ∈ XN , ‖F0(x)‖∞ ≤ m.

Our problem, finding periodic solutions to the system

∆x(t) = f (ε, t, x(t))

is equivalent to solving
Lx = Fε(x).

Since L is not invertible, we cannot apply the Brouwer Fixed Point Theorem directly. We
shall decompose XN using the methods described in [5]. We find projections, P, of XN

onto ker(L), and E, of XN onto Im(L), so that we may write XN = ker(L)⊕ Im(I − P) and
XN = Im(L)⊕ Im(I−E). The projections we use are those devised by Rodrı́guez [14].

Let

(I−E)x(t) =
N−1∑
l=0

x(l) for t = 0,1,2,3, ....
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Let

Px(t) =
N−1∑
l=0

x(l) for t = 0,1,2,3, ....

Remark 2.1. If L̃ is the restriction of L to Im(I−P) then Im(L̃) = Im(L). L̃, viewed as a map
from Im(I−P) into Im(L) is invertible. We denote (L̃)−1 by M. One may then verify:

i. M is bounded and linear,

ii. MLx = (I−P)x for all x ∈ D(L),

iii. LMh = h for all h ∈ Im(L),

iv. EL = L and (I−E)L = 0,

v. PM = 0.

Proposition 2.2. Lx = Fε x is equivalent to{
x = Px+MEFε(x)

(I−E)Fε(Px+MEFε(x)) = 0.
(2.1)

Proof. We have Lx = Fε x if and only if{
E(Lx−Fε x) = 0

(I−E)(Lx−Fε x) = 0

if and only if {
Lx = EFε(x)

(I−E)Fε(x) = 0

if and only if {
(I−P)x = MEFε(x)

(I−E)Fε(x) = 0

if and only if {
x = Px+MEFε(x)

(I−E)Fε(Px+MEFε(x)) = 0.
�

3 Main Results

Since ker(L) = span{e1,e2, . . . ,en}, where ei is the ith standard unit basis vector, we may
rewrite (2.1) of Proposition 2.2 as the equivalent system of n+1 equations

x = α1e1+α2e2+ . . .+αnen+MEFε(x)

0 =
N−1∑
l=0

fi(ε, l,α1+ [MEFε(x)]1(l), . . . ,αn+ [MEFε(x)]n(l)), i = 1, . . . ,n.

The proof of Theorem 3.1 relies on techniques that appear in [2,3,4,8,12,13,15,17].
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Theorem 3.1. Suppose that

(i) fi : R×R×Rn → R for i = 1,2, . . . ,n is continuous, and for some m ∈ R, | fi(0, t, x)| ≤ m
for i = 1,2, . . . ,n.

(ii) For each i = 1,2, . . . ,n, there exist constants Li,Pi,Ni > 0 such that for all xi > Li,
fi(0, t, x1, . . . , xi, . . . , xn) ≥ Pi and fi(0, t, x1, . . . ,−xi, . . . , xn) ≤ −Ni for all t = 0,1,2, . . . and
all x1, . . . , xi−1, xi+1, . . . , xn ∈ R.
Then, there exists an ε0 > 0 such that for ε ∈ [0, ε0], there exists at least one periodic solution
of

∆x(t) = f (ε, t, x(t)).

Proof. We define mappings
H1 : R×XN ×R

n→ XN ,

Hi+1 : R×XN ×R
n→ R,

and
H : R×XN ×R

n→ XN ×R
n

by
H1(ε, x,α1, . . . ,αn) = α1e1+ . . .+αnen+MEFε(x),

and for i = 1, . . . ,n,

Hi+1(ε, x,α1, . . . ,αn) = αi−

N−1∑
l=0

fi(ε, l,α1+ [MEFε(x)]1(l), . . . ,αn+ [MEFε(x)]n(l)).

H is then given by

H(ε, x,α1, . . . ,αn) = (H1(ε, x,α1, . . . ,αn), . . . ,Hn+1(ε, x,α1, . . . ,αn)) .

We shall first analyze the case when ε = 0. Note that for i = 1,2, . . . ,n, |[MEF0(x)]i(l)| ≤
‖ME‖m for every l ∈ {0,1,2, ...} and every x ∈ XN .

Consider Hi+1(0, x,α1, . . . ,αn) for each i = 1,2, . . . ,n. If αi is sufficiently large, we may
ensure

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l)) ≥ Pi > 0

and

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,−αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l)) ≤ −Ni < 0

for every l ∈ {0,1,2, ...} and every x ∈ XN . Therefore there is some γi > Nm+1 > 0 such that
for all x ∈ XN and for all α1, . . . ,αi−1,αi+1, . . . ,αn ∈ R,
Hi+1(0, x,α1, . . . ,αi, . . . ,αn) < αi and Hi+1(0, x,α1, . . . ,−αi, . . . ,αn) > −αi for αi > γi. We let
δi = γi+Nm+1.
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Now if αi ∈ [γi, δi], then for all x ∈ XN and α1, . . . ,αi−1,αi+1, . . . ,αn ∈ R we have
Hi+1(0, x,α1, . . . ,αi, . . . ,αn)

= αi−

N−1∑
l=0

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

≥ αi−

N−1∑
l=0

| fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))|

≥ αi−Nm

> αi−γi

≥ 0

and

Hi+1(0, x,α1, . . . ,−αi, . . . ,αn)

= −αi−

N−1∑
l=0

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,−αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

≤ −αi+

N−1∑
l=0

| fi(0, l,α1+ [MEF0(x)]1(l), . . . ,−αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))|

≤ −αi+Nm

< −αi+γi

≤ 0.

Thus for all x ∈ XN , α1, . . . ,αi−1,αi+1, . . . ,αn ∈ R, and αi ∈ [γi, δi],

Hi+1(0, x,α1, . . . ,αi, . . . ,αn),Hi+1(0, x,α1, . . . ,−αi, . . . ,αn) ∈ [−αi,αi] ⊆ [−δi, δi].

Furthermore, if 0 ≤ αi < γi, for all x ∈ XN and α1, . . . ,αi−1,αi+1, . . . ,αn ∈ R,

|Hi+1(0, x,α1, . . . ,±αi, . . . ,αn)|

≤ |±αi|

+

N−1∑
l=0

| fi(0, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))|

≤ γi+Nm

< δi.

We have shown that for ε = 0, Hi+1 maps XN × [−δi, δi]×Rn−1 into [−δi, δi] for each i =
1,2, . . . ,n.
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Define B = {(x,α1, . . . ,αn) ∈ XN ×R
n : ‖x‖∞ ≤ δ1+ . . .+δn+ ‖ME‖m+1 and |αi| ≤ δi

for each i = 1,2, . . . ,n}, and note that B is a non-empty, closed, bounded, convex set.

From the above results, it follows that for (x,α1, . . . ,αn) ∈ B, H(0, x,α1, . . . ,αn) ∈ B. For if
(x,α1, . . . ,αn) ∈ B, then Hi+1(0, x,α1, . . . ,αn) ∈ [−δi, δi], while

‖H1(0, x,α1, . . . ,αn)‖∞ ≤ |α1| ‖e1‖∞+ . . .+ |αn| ‖en‖∞+ ‖MEF0(x)‖∞
≤ δ1+ . . .+δn+ ‖ME‖m

< δ1+ . . .+δn+ ‖ME‖m+1.

Since H is a continuous function, the Brouwer Fixed Point Theorem guarantees existence
of at least one fixed point of H in B.

Now consider the case when ε > 0. We will show that there exists ε0 ∈ R such that for
each ε ≤ ε0, H(ε, x,α1, . . . ,αn) ∈ B whenever (x,α1, . . . ,αn) ∈ B.

Choose ε small enough so that

∣∣∣∣ fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))−

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

<min{
Pi

2
,
Ni

2
,

1
N
}

for all (x,α1, . . . ,αn) ∈ B.
Note that we may now assume ε lies in some compact interval of R, from which it

follows that for all x ∈ Bx = {‖x‖∞ ≤ δ1 + . . .+ δn + ‖ME‖m+ 1}, ‖Fε(x)− F0(x)‖∞ can be
made arbitrarily small for sufficiently small ε. For our purposes, choose ε small enough so
that for all x ∈ Bx,

‖MEFε(x)‖∞ ≤ ‖ME‖(‖Fε(x)−F0(x)‖∞+ ‖F0(x)‖∞)

≤ ‖ME‖(
1
‖ME‖

+m)

= 1+ ‖ME‖m.

For each ε satisfying the above properties, it now follows that H(ε, x,α1, . . . ,αn) ∈ B when-
ever (x,α1, . . . ,αn) ∈ B. First observe that for all (x,α1, . . . ,αn) ∈ B,

‖H1(ε, x,α1, . . . ,αn)‖∞ ≤ |α1| ‖e1‖∞+ . . .+ |αn| ‖en‖∞+ ‖MEFε(x)‖∞
≤ δ1+ . . .+δn+ ‖ME‖m+1.
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Next, for all αi ∈ [γi, δi],

Hi+1(ε, x,α1, . . . ,αi, . . . ,αn)

= αi−

N−1∑
l=0

(
fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
)

−

N−1∑
l=0

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

≤ αi−

N−1∑
l=0

(
fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
)

−NPi

< αi−
NPi

2
< αi,

while a similar calculation shows that Hi+1(ε, x,α1, . . . ,−αi, . . . ,αn) > −αi for all αi ∈ [γi, δi].
Also, for all αi ∈ [γi, δi],

Hi+1(ε, x,α1, . . . ,αi, . . . ,αn)

= αi−

N−1∑
l=0

(
fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
)

−

N−1∑
l=0

fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

≥ αi−

N−1∑
l=0

∣∣∣∣ fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

−

N−1∑
l=0

∣∣∣∣ fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l)
∣∣∣∣
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≥ αi−

N−1∑
l=0

∣∣∣∣ fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

−Nm

> αi−Nm−1

> αi−γi

≥ 0,

while a similar calculation shows that Hi+1(ε, x,α1, . . . ,−αi, . . . ,αn) ≤ 0 for all αi ∈ [γi, δi].

Finally, for all αi ∈ [0,γi],

|Hi+1(ε, x,α1, . . . ,±αi, . . . ,αn)|

≤ |±αi|+

N−1∑
l=0

∣∣∣∣ fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

+

N−1∑
l=0

∣∣∣∣ fi(0, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

≤ γi+

N−1∑
l=0

∣∣∣∣ fi(ε, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))

− fi(0, l,α1+ [MEF0(x)]1(l), . . . ,±αi+ [MEF0(x)]i(l), . . . ,αn+ [MEF0(x)]n(l))
∣∣∣∣

+Nm

< γi+Nm+1

= δi.

Hence for each ε sufficiently small, H(ε, x,α1, . . . ,αn) ∈ B whenever (x,α1, . . . ,αn) ∈ B.
Since H is a continuous function, the Brouwer Fixed Point Theorem guarantees existence
of at least one fixed point of H in B. This fixed point is a periodic solution of

∆x(t) = f (ε, t, x(t)).

�
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[5] Debra L. Etheridge and Jesús Rodrı́guez, Periodic solutions of nonlinear discrete-time
systems, Applicable Analysis 62 (1996), pp 119-137.
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