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Abstract

The aim of this work is to study the essential ascent and the related essential ascent
spectrum of closed unbounded operators on a Banach space. Our approach is based
on the concept of paracomplete subspaces of Banach spaces. We prove an unbounded
spectral mapping theorem for the ascent spectrum and the essential ascent spectrum.
A characterization of closed unbounded operators with finite essential ascent as direct
sum of a suitable operators is proved. The new notion of a-essential index for closed
unbounded operators with finite essential ascent is introduced. We also give some
perturbations results for such operators. This paper extends some results proved in [1]
to closed unbounded operators.
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1 Introduction and terminology

Let X be an infinite-dimensional complex Banach space. We denote by ¢(X) the class of
all closed linear operators with domain 9D(7T) C X and range Im(7T) C X. Let B(X) be the
Banach algebra of bounded linear operators on X. We denote by ker(T) the kernel of an
operator T € ¢(X) and by a(T) = dimker(T) and B(T) = dim X/Im(T) its nullity and defect,
respectively. The resolvent set of T € ¢(X) is defined by

oT)={zeC: A-T)" e BX)},

i.e.,z€po(T)if and only if Im(z/ —T) = X and (z/ —T) is injective and has continuous inverse
(zI = T)~' € B(X). The spectrum of T € ¢(X) is defined as o-(T) = C\o(T).

Recall that T € ¢(X) is said to be upper semi-Fredholm if T has closed range and
a(T) < +o0; and T is said to be lower semi-Fredholm if B(T) < +oco. We say that T is semi-
Fredholm if it is upper or lower semi-Fredholm, and we denote by ®.(X) the class of all
semi-Fredholm operators. For an operator T € ®.(X) we define the index of T by

ind(T) = a&(T) - B(T).

An operator is Fredholm if it is semi-Fredholm with finite index. We denote by ®(X)
(resp. @4(X), @_(X)) the class of all Fredholm (resp. upper semi-Fredholm, lower semi-
Fredholm) operators. The Fredholm spectrum (known in literature also as essential spec-
trum) is defined by

T (T)={1€C: AU -T ¢ O(X)}.

We define the generalized kernel of T € ¢(X) by ker™(T') = | ker(T") and the general-

neN
ized range of T by Im™(T) = (" Im(T").
neN
Also from [13] we recall that for T € ¢(X), the ascent, a(T), and the descent, d(T),

are defined by a(T) = inf{n > 0 : ker(T") = ker(T™*")} and d(T) = inf{n > 0 : Im(T") =
Im(T"™*1)}, respectively; the infimum over the empty set is taken to be co.
An operator T € ¢(X) is called s-regular (semi-regular) if 7" has closed range and ker®(T)
C Im™(T).
For T : D(T) € X — X an unbounded operator and n, k € N, we define the following
three quantities :
ok (T) = dimker(T"**) /ker(T™),

BL(T) = dimIm(T™)/Im(T"™),
S*(T) = dim[Im(T™) Nker(T*)]/[Im(T"*1) N ker(T4)].

Let us recall the following useful relations :
aX(T) = dimker(T*) N Im(T™),

dim D(T™)/[IM(T*) + ker(T™)] N D(T™),

BY(T) =
< dimX/[Im(T*) + ker(T™)].

It is clear that, for every j € N, (a/,j;(T))nZo and (ﬂ‘,’;(T)),,ZO are both decreasing sequences,
whereas (a'j‘.(T))kZo and (ﬂ];(T))kzo are both increasing sequences.
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For T € ¢(X), the essential ascent, a,(T), is defined by
a (T)=inf{n e N : a\(T) < +o0},

where as usual the infimum over the empty set is taken to be oco. The essential descent,
d,(T), is defined by
do(T)=inf{n e N : BI(T) < +0o0},

if no such n exists, then by definition d(T") = +oo.

The paper is organized as follows. In the next section, we prove some algebraic results
needed in this paper. Section 3 focuses on some properties of essential ascent of closed
unbounded operators in Banach spaces. Some results that deal with the connection between,
on the one hand, the essential ascent resolvent set, and on the other, the s-regular set and
the upper semi-Fredholm resolvent set of closed unbounded operators are given. In Section
4, we prove an unbounded spectral mapping theorems for the essential ascent spectrum and
ascent spectrum. The notion of an a-essential index of closed unbounded operator with
finite essential ascent is introduced in Section 5. We prove a decomposition theorem for
closed unbounded operators with finite essential ascent and such that Im(7) + ker(T% ™M) is
topological complemented in X as direct sum of a suitable operators having some specific
properties. Finally, in Section 6, we show some perturbation results for closed unbounded
operators with finite essential ascent.

In this paper, some results from [1] related to essential ascent for bounded operators are
extended to closed unbounded operators. However, the techniques used in this work are
different from those used in [1]. Our approach here is based in the concept of paracomplete
subspaces of Banach spaces (see, [8, Chapter 1I]).

2 Algebraic preliminaries

Throughout this paper the symbol + denotes the standard algebraic sum, while @ denotes
the direct sum of closed subspaces, i.e., Xg = X; @ X, if the linear space Xo = X; + X; is
closed and X; N X; = {0}. We shall say that X; is topological complemented in X if there is
a closed subspace X; C X such that Xy = X; & X;. In this case the subspace Xj is said to be
a topological complement of X;. Also X; and X, are said to be topological complementary
subspaces.

For T : D(T) € X — X and k € N, the k-degree of stable iteration, px(T), is defined by

pi(T) =inf{n e N : ker(TH) N Im(T") = ker(T*) N IM(T™),¥ m > n},
=inf{n e N: SK(T)=0,Ym > n},

where the infimum over the empty set is taken to be oo.
We note that if a,(T) < +oo, then

pi(T) = inf{n € N : X(T) = X (T), Ym > n}.

Define
AX) ={T € o(X) : DT +Im(T7) = X, Vi, j € N}.
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Clearly, A(X) # 0, because T € A(X), when T is a closed surjective operator.
For T € A(X), we can see the following

BA(T)

dim Im(7™)/Im(T"*5),

= dimD(T™)/[Im(T*) + ker(T™)] N D(T™),
= dim[D(T") + Im(TX]/[IM(TX) + ker(T™)],
= dimX/[Im(T%) + ker(T™)).

2.1

Throughout this paper, we use the following notation

Ty © D(Ty) € X/ker(T*) —  X/ker(T*)
x — T_x,

where T € ¢(X) and k € N.
We start our study with the following algebraic results for later use.

Lemma 2.1. Let T : D(T) C X — X, n € N and k, m € N\{0}. Then
Up(T) < Ao(T™) < mkary,(T), (1)

Bha(T) < BET™) < mk L, (T). )

Proof. Let us first observe that
ok (1™) = dimker[(T™)"**]/ker[(T™)"] = dim ker(T"™" ™) /ker(T™).

It follows that

mk—1 mk—1

af(r™) = )" dimker(T™" ) ker(T™ ) = " ay, . (T).
i=0 i=0

Therefore
al (T)<a(T™ <mkal, (T).

This prove (1). To prove (2), note that
BET™) = dim Im[(T™)"]/Im[(T™Y™**] = dim Im(T™) /Im(T™"+7%).

In particular, this allows us to see

mk—1 mk—1

BLT™ = > dimim(T ) im(rmiy = N gL,
i=0 i=0

Hence
BL(T) < BE(T™) < mkpL(T).

The proof is complete. O
Lemma 2.2. Let T : D(T)C X — Xand n, k €N, then

aX(T) = SK(T) + ok, (D).
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Proof. Let M C ker(T¥)NIm(T™) such that

ker(T*y N Im(T™) = ker(T*) N Im(T"™1) + M.

Then
dimM = dim[ker(T*) N Im(T™)]/[ker(T*) N Im(T"*1)] = SX(T).
Consequently,
af(T) = SK(T) + s, (T,
and this completes the proof. O

Lemma 2.3. Let T : D(T) C X —> Xand leti, k €N, one has

SKT) dim[ker(T) N Im(T?)]/[ker(T) N Im(T™¥)],

dim[ker(T™1) + Im(T*)]/[ker(T?) + Im(TX)].

Proof. Let T; denote the restriction of T to the invariant subspace Im(7"). Since

SKT) dim[ker(T*) N Im(TH)1/[ImM(T") nker(T*) N Im(T*+1)]

dimker[(T,)*1/[ker[(T)* 1N Im(T)],

from [6, Lemma 3.5], we deduce that

dimker(T;)/[ker(T;) N Im[(T;)*]]
dim[ker(T) N Im(T")]/[ker(T) N Im(T5))].

SKT)

This prove the first equality. Let us show the second equality. First, denote by y the class
of y € [ker(T) N Im(T%)] modulo [ker(T) N IM(T*%)]. Define ¢ by setting ¥ (x) = E, for
each x € ker(T™*!). It is clear that ¢ is a linear operator from ker(T**!) onto [ker(T) N
Im(T%)]/[ker(T) N Im(T**)] and ker(y) = [Im(T*) + ker(T?)] nker(T™"). Consequently,

[ker(T) N Im(TH]/[ker(T) N IM(T+*)]

X

ker(T™1)/[Im(T*) + ker(T)] Nker(T*+1)
[ker(T™1) + Im(T*)]/[ker(T?) + Im(TX)].

Q

This completes the proof of the lemma. ]

Remark 2.4. Let T : D(T) € X — X and k € N\{0}, then p(T) = pi(T). Indeed, let d =
pr(T), from Lemma 2.3, we have immediately

ker(T)NIm(TY) = ker(T)NImM(T™*), Vi>d.
Hence, for every i € N,
ker(T) N IM(T4) € ker(T) N IM(T%) = ker(T) N Im(T4***) € ker(T) N Im(T4*),
which implies that p;(T) < px(T). On the other hand, put / = p{(T'), then
ker(T)NIM(TY) = ker(T) N Im(T™*%),  Vix>1.

Now, from Lemma 2.3, for all i > [, we have S f.‘(T) =0, and consequently, pi(T) < p1(T).
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Lemma 2.5. Let T € A(X) and let n, k € N. Then
BA(T) = SK(T)+ L, (D).
Proof. First, from (2.1), it follows that
BE(T) = dimX/[Im(T*) + ker(T™)]

and
18]:1+1(T) = dlmX/[Im(Tk) + ker(Tn+1)]'

On the other hand, since
IM(T*) + ker(T™) € Im(T*) + ker(T™1) C X,
we see that
BA(T) = dim[Im(T*) + ker(T™* )1/ [IM(T*) + ker(T™)] + 8% (T).

Hence, by Lemma 2.3,
B(T) = SK(T)+ L, (T).

This complete the proof. m|

3 Ascent spectrum and essential ascent spectrum of closed op-
erator

The goal of this section is to extend some results in [1] to closed unbounded operators of
Banach spaces.
For the rest of this article, we denote by

PooX) ={T € (X) : T" € p(X),Yn € N}

We note that if o} (T) ={1e€C: A -T € ®,.(X)} # 0, then P(T) € ¢(X), for every complex
polynomial P.
Let us recall the following definition [8, Definition 2.1.1].

Definition 3.1. A subspace M of X is said to be paracomplete in X, if M is a Banach space
and the canonical injection of M in X is continuous.

The following lemma follows immediately from [8, Proposition 2.1.3] and [8, Proposi-
tion 2.1.4].

Lemma 3.2. Let T : D(T) C X — X be a paracomplete operator and let k € N. Then
D(TH), Im(T*) and ker(T*) are paracomplete subspaces in X.

We have the following lemma, which will be needed in the sequel.

Lemma 3.3. Let T : D(T) C X — X be a paracomplete operator such that a,(T) < +oo
and let k € N. The following statements are equivalent :
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1) Im(T*) + ker(T") is closed for some n > a,(T);
2) Im(T*) +ker(T") is closed for all n > ao(T).

Proof. Only the implication 1) = 2)” requires a proof. Let ny > a.(T") such that Im(T%) +
ker(T™) is closed. First, we prove that Im(T*) + ker(T™*1) is closed. Since a}lO(T) < +00,
then there is a finite dimensional subspace M C ker(7"0*!) such that ker(T"*!) = ker(T") +
M. Hence,
IM(T) + ker(T™*1y = Im(T*) + ker(T™) + M is closed.

Suppose that ng > a.(T). The lemma is proved if we prove that Im(T%)+ker(T™~1) is closed.
Since a 1(T) < 400, there exists a finite dimensional subspace N C ker(7") such that
ker(T”U) = ker(7™~1") + N. Therefore [Im(T*) + ker(T"0~")] + N and [Im(T¥) + ker(T™~1H]n

N are both closed. Consequently, by applying Lemma 3.2, [8, Proposition 2.1.1] and [8,

Proposition 2.2], we deduce that Im(T*) + ker(7"0~!) is closed. This completes the proof.
O

Lemma 3.4. Let T € poo(X) such that a.,(T) is finite. Let k € N\{0} and j > pi(T). Iflm(Tk) +
ker(T% 1)) is closed, then

T : DT)cX/ker(T)) — X/ker(T)

X — Tkx
is both s-regular and upper semi-Fredholm operator.

Proof. First, recall that from Lemma 3.3, we have Im(T*) + ker(T%(*") is closed for all
n € N. Define the following map :

T XXX —  (X/ker(T%)) x (X/ker(T%))
(x,y) — ().

Let G(T) denote the graph of T, evidently G(T) 7(G(T*)). Recall that by [8, Proposition
2.1.4], G(T) is paracomplete On the other hand, it is clear that a(T) dimker(T7+%) /ker(T7)
is finite and Im(T) = [Im(T%) + ker(T/)] /ker(T7) is closed. Hence, from [8, Proposition
2.2.3], T is closed, and consequently, T is upper semi-Fredholm. Now let x € ker(T/*5),
then

T'x € ker(T*)NIM(TY) = ker(T*) N Im(T7*"™%), V¥ neN,

which implies that, for every n € N, there is x, € X such that ij = Tj+’fx,,. Hence, x =
(x =Tk x,) + T*x,, € Im(T*") + ker(T/) and consequently, ker(T') C Im®(T). This finishes
the proof of Lemma 3.4. O

We should note that the techniques given in Lemma 3.4 were influenced by a Lemma
2.1 [1].

To simplify notation, for the remainder of the paper we write simply 7, in place of
AT, forall T € (X)) and A € C.
The ascent resolvent set of an operator T € ¢(X) is defined by

0use(T) ={A € C : Ty € poo(X), a(T) < +00, IM(T ) + ker[(T)*TV] is closed}.
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The complementary set (1) = C\0gs.(T) is the ascent spectrum of T.
The essential ascent resolvent and essential ascent spectrum for T € ¢(X) are defined
respectively by

055 (T) ={A€C : T) € pos(X), ae(T1) < +00, IM(T)) + ker[(T)%TV] is closed}
and
Ta5e(T) = C\OG (T).
It is clear from Lemma 3.3, that
O(T) € Qasc(T) S 045 (T).
On the other hand, if ¢} (T') # 0, then
Oase(T) = {1 € C : a(Ty) < +oco0, IM(T) + ker[(T)*TV] is closed}

and
05 (T) ={A € C : a,(T,) < +00, IM(T) + ker[(T )% TV] is closed).

Example 3.5.

1) Let T € ®,(X), then a.(T) = 0, Im(T) + ker(T%1) is closed and T € ¢.(X). Hence,
0 € o, (T).

2) Let T € AX) N poo(X) such that g = max{a.(T),d.(T)} < +co, then we have ,Bé(T) =
dim X/[Im(T) + ker(T?)] < +c0. Using [8, Proposition 2.1.1], [8, Proposition 2.2] to-
gether with Lemma 3.2 and Lemma 3.3, we infer Im(T') + ker(7%™) is closed. Hence,
0 € 045c(T).

3) Let T € A(X) N poo(X) such that max{a(T), d.(T)} < +oo, then 0 € g,5(T).
Remark 3.6. Let T € ¢oo(X), such that a.(T) < +co.

1) If Im(T) + ker(T%T)+) is closed for some n € N, then Im(T¥) + ker(T%1+") is closed
for all k € N. Indeed, from the proof of Lemma 3.4, we conclude that

T : D(T)CX/ker(T% Ty s  X/ker(T%T+m)
x — Tx

is upper semi-Fredholm operator and hence,
IM(T*) = [IM(T*) + ker(T% D)) /ker(T% T+
is closed for all k € N. Consequently, Im(T%) + ker(7T9M+") is closed.

2) If Im(T) + ker(T%)*") is closed for some n € N, then Im(T¥) is closed for all k >
a.(T). Indeed, from assertion 1), we know that Im(T%) + ker(T%™)*") is closed and
dim Im(T%) N ker(T%M+my = afze(T)Jr"(T) < 400. Now the result follows from Lemma
3.2 and [8, Proposition 2.1.1].
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Remark 3.7. For the case of Hilbert spaces, if T € A(X), from Remark 3.6 and [8, Proposi-
tion 2.3.5], we can deduce that :

0ase(T) ={A € C : Ty € poo(X), a(Ty) < +00 and Im[(T)* T+ is closed)
and
05 (T)={1€C : Ty € poo(X), a,(T)) < +00 and Im[(T )% T+ is closed).

Now, we are ready to state our main result of this section, which represents an improve-
ment of [1, Theorem 2.3] to the class of unbounded closed operators.

Theorem 3.8. Let T € oo (X) such that ae(T) < +oco and \m(T) +ker(T% D) is closed. For all
J, n € N\{0}, there exists € > 0 such that for every A with 0 < || < &, the following assertions
hold :

1) Al =T/ is s-regular and upper semi-Fredholm,

2) al(U-T))" = jnay, (T),

3) ae(A~T)= pi(U~T') =0,

4) zfm =X, then B[(A -T)"] > nB;I(T)(T), and equality holds when T € A(X).

Proof. Assertions 1) and 2) can be proved as in [1, Theorem 2.3].
3) Let p = p(T). Since a[(A - T7)"] = njoz},(T) < 400, it follows that

a,(AI-T)) =0,

at(AI-T7) dim(ker[(AI — T/y""\ker[(AI — T/)"]),
al(A =TIy —a[(AI -T/)",

= jay(D).

Hence, p1 (Al —T7) = 0.

4) Let p = p1(T). We have Z)(T,;) = D(T)/ker(T?) = X/ker(T?), so as in the proof of [1,
Theorem 2.3], we see that

BlIAI=T)"]

BIAL=T,)"],
= ndimX/[Im(T) +ker(TP)],
> ndimIm(T?)/Im(TP*+).

Now suppose that T E_?((X)._YVG know from Remark 3.6 glat Im(T?) and Im(77*") are both
closed. Let us define T : D(T) C Im(T?) — Im(T?) by T(x) = Tx. Clearly,

a(T) = dimker(T) N IM(T?) < +oo, (1)
Im(T) = Im(T?7*") is closed in Im(T?), )
ker(T) = ker(T) N Im(T?) = ker(T) N Im(TP*") € Im(TP*") C Im(T™). (3)

Then combining (1), (2) and (3), we obtain T is both s-regular and upper semi-Fredholm
operator. Thus, there exists £ > 0 such that if 0 < |4| < &, the following facts hold
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e AT is both s-regular and upper semi-Fredholm operator,
o o[(AI-T)"=na(T)=nal(T),

e ind[(A — T)"] = nind(A = T) = nind(T) = nind(T).

Now, we observe that Im[(A] —T)"] +Im(T?) = X, for all A € C\{0}. Indeed, since the poly-
nomials Q(u) = (41— w)" and Q,(u) = u? are relatively prime, then there exist Ry and R,

two polynomials of degree n; and ny, respectively, such that
1 =01(WR (W) + Q2(WR (1), YueC.
Now, setting ng = max{n+n;, p+ns}, then
DIQITDRI(T) + Qa(T)RA(T)] = D(T™).
Let x € D(T™), we have
x = QUDRI(T)x+ Qo(TR(T)x € IM[(AU = T)"]+Im(T?),

which implies that
D(T™) C Im[(A = T)'1+Im(T?).

Since T € A(X), it follows that
X=D(T")+Im(T?) CIm[(A = T)"1+Im(T?).
On the other hand, for every A € C\{0}, we have
BlAUI-T)"] = dimX/Im[(Al-T)"],

dim Im(T?)/[Im[(AL =T)"]NnIm(T?)].
Let us show that

Im[(AI = T)"] = Im[(A = T)"1NIm(TP), ¥ AeC\{0}.

dim[Im[(A] = T)"]+ Im(T?)]/Im[(Al - T)"],

“)

If p =0, the equality above is trivial. If, instead, p > 1, clearly Im[(A] — T)”] C Im[(Al -
T)*1NIm(T?). In order to show the converse inclusion, let y € Im(Al — T)NIm(T?). Then

1
there exist z, x € X such that y = (Al — T')z = T?x. This implies in particular that z = E(TZ +
TPx) € Im(T). Thus z € Im(T?) and y = (Al = T)z € Im(AI — T). Consequently Im(Al —T) =

Im(Al —T)NIm(T?). Now, we can prove by induction that
Im[(AI = T)"] = Im[(A = T)" 1N Im(TP), Yn> 1.
Finally, for every 0 < |1| < g, from (4) and (5), it follows that

BAI-T)"] = BlAI-T)"] B
a[(AU =T)']—ind[(U -T)"]
= na(T)—nind(T)
= nB(T)=npy(T),

and this completes the proof of Theorem 3.8.

&)
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As a consequence, we have the following result.
Corollary 3.9. Let T € poo(X).

1) Ifa(T) < +o0 and Im(T) + ker(T*D)) is closed, then for all j, n € N\{0}, there exists € > 0
such that for every A with 0 < || < &, the following assertions hold :

i) Al =T/ is injective with closed range,
it) if D(T) =X, we have Bl(AI —-T)"] > nﬂ(ll(T)(T) and equality holds when T € A(X).

2) 045e(T) and o, .(T) are both closed. Moreover, o q5.(T)\o¢

¢ ¢ (1) is an open set.

Proof. The first assertion is clear and we can prove the assertion 2) similarly as in [1,
Corollary 2.6]. O

For T € ¢(X), we define
Tiso(T)={A €0 (T) : A an isolated point}

and
E(T) =0i50(T)N{Aeo(T) : a(T)) =d(T)) =m, Im[(T))™] is closed}.

Let’s recall that if o(T") # 0, (see, [9, Theorem 2.1])
E(T)={1€0o(T):a(T,) < +oc0 and d(T)) < +co}.
Theorem 3.10. Let T € ¢(X) such that ID(T) = X. Then
05 (T)NIT(T) = 0ase(T) NI (T) = E(T).

Proof. The case o(T) = 0 is trivial, so assume that o(T") # (. Clearly, the following inclu-
sions hold :
E(T) € 0usc(T) NI (T) C 05 (T) N Ao (T).

For the reverse inclusions, let A € ¢¢..(T) N Ao (T) and put p = p;(T ;). We know from The-
orem 3.8, that there exists € > 0 such that

a(ul =Ty = (T, Bl =T 2B,(To), VO<|u<e.

Since B(0, &)\{0}No(Ty) # 0, @, (Ty) = B,(T2) = 0. This leads to a(T;) < +co and d(T}) <
+00. Since A € 0(T), then A € E(T), and this completes the proof of Theorem 3.10. O

This result represents an improvements of [1, Theorem 2.7] to closed unbounded oper-
ators.
As an immediate consequence of Theorem 3.10 we have the following result.

Corollary 3.11. Let T € o(X). Then the following assertions are equivalent :
1) ouse(T) = 0;

2) ¢, (T) = 0;
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3) 00(T) C Qasc(T);
4) 00(T) C 045(T);
5) 00 (T) = E(T) and in this case if o(T) # 0, then o(T) = E(T).

Example 3.12.
Let X = L*([0, 1]), we define the second-order differential operator T by

Tu=u"and D(T)={ueX; : u'(0)+u'(1) =0, u(0) =0},

where X, denotes the subspace of X consisting of all functions u € C'([0, 1]) with «’ ab-
solutely continuous on [0, 1] and " € X. In [10, page 30], it is proved that o<(T') = {42,
where A; = (2i—1)%7%, and a(Ty,)=d(Ty)=2,fori=1,2,---. Then o(T) = E(T), and hence
Tase(T) = 0¢,.(T) = 0 according to Corollary 3.11.

asc

4 A spectral mapping theorem for essential ascent spectrum

We start this section with the following lemma.

Proposition 4.1. Let T € B(X), then the two following assertions are equivalent :
1) a(T) < +oo and Im(T) + ker(T*D)) is closed,

2) a(T) < +o0o0 and Im(T*D*1Y s closed.

Proof. The implication ”’1) = 2)” is a direct consequence of Remark 3.6 and 72) = 1)”
is trivial, because Im(7) +ker(T*™)) = T=¢D[Im(T*D+1)] is closed. O

For T € B(X) and n € N, we define T}, as the restriction of 7' to Im(7T") viewed as a map
from Im(7T") into Im(7T™), in particular Ty = 7. If for some integer n the range space Im(7")
is closed and T, is semi-Fredholm operator, then T is called semi-B-Fredholm operator (see
[2, 3] for more details).

Proposition 4.2.
Let T € ¢oo(X). Then the following assertions are equivalent :

1) Im(T) +ker(T") is closed, for some integer n > a,(T),
2) there exists k € N such that ﬂ e @, (X/ker(TX)) and 7:;{ is s-regular,

3) there exists k € N such that Ty € O, (X/ker(T*)).

If additionally T € B(X), then all these assertions are equivalent to :

4) a,(T) < +00 and Im(T% D+ is closed,

5) T is upper semi-B-Fredholm.
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Proof. ”1) = 2) = 3)” see the proof of Lemma 3.4.

”3) = 1) is clear.

”1) = 4)” this is an immediate consequence of Remark 3.6.

”4) = 1)” is clear, because Im(T) + ker(T% 1)) = T~ [|m(T%M+1)] is closed.
”1) = 5)” follows from Remark 3.6.

”5) = 1)” it suffices to remark that Im(7”*!) is closed for some 1 > a,(T) and consequently
Im(T) + ker(T™) = T~"[Im(T"*")] is closed. o

Corollary 4.3. Let T € B(X) and let f be an analytic function on an open neighborhood of
o(T). If f is not identically constant in any connected component of its domain, then

J(0G5e(D)) = 045 (f(T)) and f(Tase(T)) = 0 asc(f(T)).
Proof. Using Proposition 4.1 together with Proposition 4.2, we infer

0ase(T) ={1€ C:a(T)) < +co and IM[(T)*™V*1] is closed},

05 (T) = {1 €C:a,(Ty) < +00 and IM[(T)%TV*1] is closed).

The result now follows from [12, page 202]. O

For T : D(T) € X — X, we denote by
do(7) = inf{n e N : D(T"™) = D(T"*)},

where as usual the infimum over the empty set is taken to be co. Let’s remark that if do(7) <
+00, then

D(TPDYy = 1Dy c D(T™), YV neN.

Assume that T is paracomplete operator such that ¢ = do(T) and D(T7) = D(T9). It is
clear that if P is a complex polynomial, then P(T) is paracomplete and j = do(P(T)) < g.
Furthermore, if P is a non-constant polynomial, then D([P(T)])/) = D(T).

Let [T] : D(T?) — X to be the restriction of T to D(T'?). By [8, Proposition 2.1.4] and
[8, Proposition 2.1.5], we deduce that in fact, [T] is a bounded operator.

Define T to be the restriction of T to D(T?) viewed as a map from D(T9) into D(T?).
Since for all x € D(TY), we have ||Tx|| =|I[T1x]l < [T 1|x]], then T is also a bounded opera-
tor. Assume now that P is a non-constant complex polynomial. Hence, taking into account
that ker[P(T)] € D([P(T)]9) = D(T?), we conclude that ker[P(T)] = ker[P(f)] is closed.
Also, we remark that Im([P(T)]") € D(T9), for all n > ¢. Indeed, let y € Im([P(T)]"), then
there exists x € D([P(T)]") = D(TY) = D([P(T)]"*"9) such that y = [P(T)]"x. This leads to
yeD(TY).

Define

I'X) ={T € o(X) : g =do(T) < +oc0, D(T?) and Im(Ty) + D(T?) are both closed, ¥ 1€ C}.
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Let us show that if T € I'(X), then Im[P(T)] + D([P(T)]9°PT)) is closed, for every non-
constant complex polynomial. Put ¢ = do(T') and define

T: DT)CX/ DT —> X/D(T9)

X —> Tx.

Let A1 € C and X € ker(Al — T), then Tyx € D(T9). Hence, x € D(T?") = D(T9), which
implies that x = 0. Therefore ker(A/ -T)={0}.

On the other hand, it is clear that Im(A — T) = [IM(T ) + D(T)]/D(T9) is closed. As in
the proof of Lemma 3.4, we see that A/ — T is paracomplete. Hence, applying [8, Proposi-
tion 2.2.3], we get A-Te ©(X/D(T?)). This leads to A1 —T € ®,(X/D(T?)). Furthermore,
let P(Z) = (A1 —2)* (A — Z)*2--- (A, — Z)* be a non-constant complex polynomial. Recall
that, if S, L € ¢(X) such that L € ®,(X) and Im(S) is closed, then LS € ¢(X) and Im(LS) is
closed. Since, forevery i, je{l,2,--- ,m}, L1=T € O, (X/D(T?)) and Im(/ljl—T) is closed,
we deduce that (4;1 = T)(A;I - T) € p(X/D(T?)) and Im[(4;] - T)(A;1 - T)] is closed. Con-
sequently, (41 —T)(A;1 = T) € ®,(X/D(T4)) because ker[(4;] — T)(A;I - T)] = {0}. There-
fore Im(P(T)) = [Im[P(T)] + D(T?)]/D(T?) is closed, and finally we obtain Im[P(T)] +
D([P(T)]9PIN) = Im[P(T)] + D(T¥) is closed.

The following lemma extends [12, Lemma 12.8] to the case of unbounded closed oper-
ators. For simplicity of notation, we denote by deg(P) the degree of the polynomial P.

Lemma 4.4. Let T € o(X) and let P and Q be two relatively prime polynomials. If A = P(T)
and B = Q(T), then

1) Im(A"B") = Im(A")NIm(B"), for all n e N,

2) ker(A"B") = ker(A"™) +ker(B"), for alln € N,

3) ker™(A) C Im™(B) and ker®(B) C Im>(A),

4) max{a.(A), a.(B)} <a.(AB) <a.(A)+a.(B) and a(AB) = max{a(A), a(B)}.
In addition, assume that T € I'(X),

5) if max{a.(A), a.(B)} < +co, then Im(A) + ker(A%“)) and Im(B) + ker(B%®)) are both
closed if and only if IN(AB) + ker[(AB)*“®)] is closed,

6) if max{a(A), a(B)} < +o then Im(A) + ker(A*™) and Im(B) + ker(B*®)) are both closed
if and only if Im(AB) + ker[(AB)*“B)] is closed.

Proof. The proof is trivial when P or Q is a constant. Therefore, we may assume that P
and Q are two non-constant polynomials. We note that the first assertion follows from [4,
Lemma 2.2].

2) Let n € N\{0}. Since P" and Q" are relatively prime, we know that there exist two polyno-
mials P, and Q,, such that P"P,+ Q" Q, = 1. Let p, (resp. g, k, m) be the degree of P, (resp.
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On, P, Q). Then, we have a;(n) = deg(P"P,) = nk + p, and a,(n) = deg(Q" Q) = nm+q,.
Put a(n) = max{a|(n), ax(n)}, we have

DIA"P,(T)+B"Qu(T)] = DIA"P,(T)IND[B"Qn(T)],
= D(TYMYN D(T*2M),
= D(T*™).
Hence,
AP (T)x+B"0y(T)x=x, Y xeDT*™). ()

First, we note that the inclusion ker(A") + ker(B") C ker(A"B") is immediate. For the con-
verse inclusion, let x € ker(A”B"). Then from [4, Lemma 2.1], we know that x € D(T*™).
Hence, taking into account of (1), we conclude that x € ker(A") + ker(B").

3) We observe from [4, Lemma 2.2], that ker(A") = B"(ker(A™)) C Im(B"), for all n € N.
If m > n, then ker(A") C ker(A™) C Im(B™), which implies that ker(A") C Im*(B). Conse-
quently ker®(A) € Im®(B). The reverse inclusion follows by interchanging A and B.

4) Put n € N. Let M and N be two subspaces of X such that
ker(A™!) = ker(A")+N and ker(B"*') = ker(B") + M.

Then, we have

al(AB) dimker(A™*! B**1)/ker(A" B"),

dim[ker(A"*") + ker(B™*1)]/[ker(A™) + ker(B")],
dim[ker(A") + ker(B") + M+ N]/[ker(A") + ker(B")],
dimM +dimN,

al(A)+al(B).

IAIA NI

Assume that a,ll(AB) < 400, and write j = a,ll(AB) +1.Ifa(A) <n. Then a,ﬁ(A) =0 and there is
nothing to prove. Thus we may assume that n <a(A). Let x1, x2,--- ,x; € ker(A™1)\ker(A™).
Since ker(A™!) C Im(B™!), for every 1 <i < j, there exists y; € D(B""!), such that x; =
B"t1y;. Therefore, for every 1 <i < j, y; € ker(A""! B™1). But, since A"B"*y; # 0, A"B"y; #
0 and consequently, for every 1 <i < j, y; € ker(A™*! B"*1)\ker(A"B"), Hence, for every

J
1 <i < j, there exists @; € C, such that @ # 0 and ) a;y; =0, with k € {1, 2,---, j}.
i=1
Now, taking into account that

J J J
Za’ixi = Zai3”+l)’i = B"+1(Zaiyi) =0,
i=1 i=1 i=1
one concludes that ) (A) < ! (BA). Therefore

max{a.(A), al(B)} < @} (AB) < a}(A) +al(B), VneN.

5) If n>do(T) = g, then g > a(n). First, by (1), it is clear that

DT € D(TY™) C Im(A™) + Im(B").
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Since Im(A™) € D(T?) and Im(B*) C D(T), for every j € N, it follows that
D(T?) = Im(A™) + Im(B") = [ker(A7) + Im(A™)] + [Im(B") + ker(B/)]. 2)
Now using [5, Lemma 2.1], we infer

ker(A’B’) + Im(A"B")

ker(A/) + ker(B’) + Im(A™) N Im(B"),
[ker(A7) + Im(A™)] N Im(B") + ker(B/), 3)
[ker(A7) + Im(A™)] N [Im(B") + ker(B/)].

Thus, taking into account of Lemma 3.2, [8, Proposition 2.1.1, Proposition 2.1.2, page
183], equality (2) and equalities (3), we deduce that ker(A/) + Im(A”) and ker(B/) + Im(B")
are both closed if and only if ker(A/B/) + Im(A"B") is closed.

On the other hand, suppose that j > a.(A) + a.(B) and n > do(T"). Define the following
maps :

0 : D) CX/ker(A’B/y — X/ker(A/B))
x — ABx,
¢ 1 D(p) C X/ker(B)) — X/ker(B')
x — Bx,
v D) C X/ker(A)) —  X/ker(A/)
x — E,

T XxX — (X/ker(A/B/))x (X/ker(A/B/))
(x,y) — (X, ).

Let G(0) denote the graph of 6. Since G(6) = 1(G(AB)), from [8, Proposition 2.1.3] and
[8, Proposition 2.1.4], we deduce that G(6) is paracomplete, which prove that 6 is para-
complete. Now, if Im(AB) + ker[(AB)*“P)] is closed, by Lemma 3.3, Im(AB) + ker(A/B/)
is closed. Thus, Im(0) is closed. Since a(f) < +o0, by [8, Proposition 2.2.3], 8 is closed
and consequently, 6 € O, (X/ker(A/B/)). This shows that " € ®,(X/ker(A/B’)), and hence
Im(A"B") + ker[(AB)%“®)] is closed according to Lemma 3.3.

Assume now that N = Im(A”B") + ker[(AB)%*“B)] is closed. Since n > do(T), then
DB A1) = D(T?) and Im(B"!A"~1) C D(T?). On the other hand, it is clear that

BA : D(T7) — D(T9)
X —_ Bn—lAn—lx’

is well-defined and BA = [P(T) Q(T)](”‘l) is a bounded operator. We also remark that

(IM(AB) + ker[(AB)®AB+n=11y 0 (T7) A-(=D g=(n=D (N
= {(xeD(T9):A"'B"xeN}
= {xeD(T9): ABxeNC D(T)}

= @_I(N) is closed.

Since (IM(AB) + ker[(AB)%AB)+n-11) 4 (T4) = Im(AB) + D[(AB)°“P)] is closed, from
Lemma 3.2 and [8, Proposition 2.1.1], it follows that Im(AB) + ker[(AB)%“B)+-1] is closed.
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Thus, by Lemma 3.3, Im(AB) + ker[(AB)%“B)] is closed. In the same way, we obtain the
following equivalences :

IMm(A) + ker(A%@) s closed <= Im(A")+ker(A%“Y) is closed,
Im(B) + ker(B%®) is closed <= Im(B")+ker(B%“) is closed.

Consequently, Im(A) + ker(A%“) and Im(B) + ker(B%®) are both closed if and only if
IM(AB) + ker[(AB)*“B)] is closed.

6) Finally, note, by Lemma 3.3 and assertion 5), we can see that the following facts are
equivalent :
(i) Im(A) + ker(A*4)) is closed and Im(B) + ker(B*®) is closed,
(i) Im(A) +ker(A%@) is closed and Im(B) + ker(B*®)) is closed,
(iii) IM(AB)+ker[(AB)*“®)] is closed,
(iv) Im(AB) +ker[(AB)*“®)] is closed,
and the proof of the lemma is complete. O

Lemmad.5. Let T : D(T) C X — X be a paracomplete operator such that do(T') < +oco and
D(TIMD)) = D(TPD). Ifa,(T) < +oo0 and Im(T) + ker(T% D)) is closed, then T € @uo(X).

Proof. Let n € N and put k > a.(T). First, from the proof of Lemma 3.4, we know that
Ty € @, (X/ker(T%)). Thus, T¢ € @, (X/ker(T*)). Let A, € C\{0} such that 1,/ — T} is upper
semi-Fredholm. Then A,/ — T" is also upper semi-Fredholm, and hence T" € ¢(X). This
completes the proof. O

Lemma 4.6. Let T € I'(X) and let m € N\{0}. Then
0€ 0l (T) = 0€0f, (T™)

and
0 € 0use(T) & 0 € a5 (T™).

Proof. First, by Lemma 2.1, a,(T) < +oo if and only if a@.(T™) < +o0. Let k > max{a(T),
a.(T™)}. Thus, by Lemma 3.3,

Im(T) + ker(T%1)) is closed Im(T) + ker(T*) is closed,

Tk e O, (X/ker(T")),

Ty € .(X/ker(T%)),

Im(T™) + ker(T*) is closed,
Im(7™) + ker(T™*) is closed,
IM(T™) + ker(T™(T™)) is closed.

Uﬂﬂﬂﬂﬂ

Now, assume that Im(7") + ker(T™"%(T™) is closed and let n > max{a,(T),a.(T™), do(T)}. If
we put A = T™, then A is a paracomplete operator with a,(A) < +co and Im(A) + ker(A“e(A))
is closed. Thus, A, is upper semi-Fredholm. In particular, we deduce that Im(A, ) is closed.
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Furthermore, let Z = Im(T™™) + ker(T™"), then Z C D(T?) and Z is closed. It now follows
from D(T™1) = D(T9), that

[IM(T) +ker(T?"NNDT) = T-"D(Z)
= {(xeDT9):T™" 'xeZ)
= {xeD(T9):T™ xeZC (T
= 7:‘(’""‘1)(2) is closed.

Since [IM(T) + ker(T?""Y] + D(T9) = Im(T) + D(T?) is closed, by Lemma 3.2 and [8,
Proposition 2.1.1], Im(T") + ker(T?™~1)is closed. Thus, from Lemma 3.3, Im(7') + ker(7%)
is closed and by Lemma 4.5, we see that

0€0l (T) &= 0€ 0l (T).

On the other hand, since for every m € N\{0}, a(T) < +oo if and only if a(T™) < +co, we
deduce

IM(T) +ker(T*D)) is closed <= Im(T)+ker(T%) is closed,
= Im(T™) +ker(T™%T™) is closed,
= ImT™)+ker(T"*T™) is closed.

Finally, using Lemma 4.5, we obtain
0 € 0use(T) &= 0 € 045c(T™).
This completes the proof. m|
Using Lemma 4.4 and Lemma 4.5, one proves the following result.
Theorem 4.7. Let T € I'(X). If A and B are defined as in Lemma 4.4, then
0 € 04 (AB) & 0 € 03 (A) N 0ge(B)

and
0 € 04s5c(AB) <= 0 € 045c(A) N Qysc(B).

As a consequence, we have the following result.

Corollary 4.8. Let T € I'(X) and let P(Z) = (A1 —Z)" (A — Z)"™ --- (A, — Z)"™ be a complex
polynomial such that m; # 0 foralli=1,2,---,n. Then

0€@i(P(T) = i€ (T), Y1<i<n

and
0 € as5c(P(T)) &= A € 0asc(T), Y 1<i<n

Proof. By Lemma 4.6 and Theorem 4.7, we obtain

0eol, (P(T) < 0¢ 1 ﬂ 0% [ =T)™],
<i<n
— 0e N O (Al-T),
1<i<n
— A€o, (T), V1<i<n.
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In the same way, we see
0 € 0as5c(P(T)) &= Ai € 0asc(T), Y 1<i<n
This completes the proof. m]

Theorem 4.9. Let T € I'(X) and let P be a non-constant complex polynomial. Then
P(O—ZSC(T)) = O—ZSC(P(T))

and
P(045e(T)) = 0 ase(P(T)).

Proof. By Theorem 4.7 and Corollary 4.8, we see that

Ae P, (T) & A=Pu), where peo, (T),
& A1-PZ)=u-2)*0Q(Z), where Qu)#0,
= Aeoi (P(T)).

In the same way, we prove that P(0;5.(T)) = 045c(P(T)). This completes the proof. O

5 Decomposition Theorems

We start this section with the following definition.

Definition 5.1. For T € ¢(X) such that n = a,(T) < +co and Im(T) + ker(T%™) is closed,
the a-essential index, ind,, (7'), is defined by

ind,, (T) = a}(T) - BN(T) € ZU [~}

Let T € ¢oo(X) such that ng = a.(T) < +oo and Im(T) + ker(T%D)) is closed. From
Remark 3.6, we know that Im(7") is closed for every n > ng. Furthermore, if T, is the
restriction of 7' to Im(T") viewed as a map from Im(7") into Im(T"), then T, is upper semi-
Fredholm for all n > ng and ind,, (T) = ind(T},).

Assume that T € A(X), by Lemma 2.2, S} (T) = a,, (T) - a}w] (T). Thus from Lemma
2.5, we obtain

Bro () =8 (D) +By 1 (T) = (D) =y o (T)+ By o1 (D).
This implies that
indg, (T) = ind(Ty) =y (T) =B (T) = @y o (T) =By oy (T) = ind(Tpy11).

Therefore
indg (T) =ind(T,,), Y n>no.

Lemma 5.2. Let T € ¢(X) and let n, k € N. Then Im(T*) + ker(T") is topological comple-
mented in X if and only if Im(T*) +ker(T") is paracomplete complemented in X.
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Proof. The direct implication is obvious. Let us prove the converse implication. First, by
Lemma 3.2 and [8, Proposition 2.2], we have Im(T%) + ker(T™) is a paracomplete subspace
of X. Let M be a paracomplete complement of IM(T%) + ker(T™) in X, thus

X = [ImM(T*) + ker(T™)] + M.

Now from [8, Proposition 2.1.1], we conclude that Im(T*) + ker(T™) and M are both closed
in X. This completes the proof. O

Lemma 5.3. Let T € ¢o(X) such that a,(T) < +oo and let k € N. Then the following assertions
are equivalent :

1) Im(T*) +ker(T") is topological complemented in X for some n > a,(T),
2) Im(T*) +ker(T") is topological complemented in X for all n > a,(T).

Proof. Only the implication ”1) = 2)” requires a proof. We put ny > a.(T) and let M be a
topological complement of Im(T*) + ker(7™) in X. Thus,

X = [IM(TX) + ker(T™)] & M. (D)
First, we prove that Im(T*) +ker(T™*!) is topological complemented in X. From
[IM(TX) + ker(T™ DY) /[IM(TX) + ker(T™)] ~ ker(T™ 1 /[Im(T*) + ker(T™)] N ker(T™*1)

and
ker(T"™) C [Im(T*) + ker(T"*)] Nker(T""*")  ker(T"*1),

it follows that
dim[Im(T%) + ker(T™* )]/ [Im(T*) + ker(T™)] < a, (T) < +oo.
Hence, there exists a finite dimensional subspace Z of X such that
Im(T*) +ker(T"*1) = [Im(T*) + ker(T") | @ Z.

Let P be the projection of X onto M associated with the decomposition (1). Thus

ZC(I-P)2)®P(Z), PZ)CM and (I-P)(Z) C Im(T*) +ker(T").
We now write

a = dim{[Im(T*) + ker(T™)] & P(2)}/[IM(T*) + ker(T™)] = dim P(Z),

B = dim{[Im(T*) + ker(T")] & P(Z)}/{[IM(T*) + ker(T™)] & Z},
«k = dim{[Im(T*) + ker(T™)] & Z}/[IM(T*) + ker(T")] = dim Z.

Then, clearly a@ = 8+« < +o00, which implies that 8 = @ —«x = dim P(Z) —dim Z = 0. Therefore

IM(T%) + ker(T"*1) = [IM(T*) + ker(T™) )& Z = [IM(T*) + ker(T™)] & P(2).
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On the other hand, let W be a closed subspace of M such that M = P(Z) ®W. Clearly,

X [IM(T*) + ker(T™)] & [P(Z) ® W]

[IM(T*) + ker(T™0+1)] + W.

Hence, by Lemma 5.2, we obtain Im(T*) + ker(T"*1) and W are both closed. If ng = a.(T),
the proof is complete by induction.

To finish the lemma, it is enough to prove that Im(7%) + ker(770~!) is topological com-
plemented in X, when ng > a.(T). Since

dim[Im(T") +ker(T")]/[(IM(T*) + ker(T" )] <, _(T) < +o0,
there exists a finite dimensional subspace N C X such that
Im(T*) + ker(T) = [Im(T*) + ker(T™~"] +N,
and hence
X = [IM(T*) + ker(T")] &M = [Im(T¥) + ker(T"~")] + [N + M].

However, because M is closed and dimN < +oco, N+ M is closed. Finally, by Lemma 5.2,
the subspace Im(T*) + ker(770!) is topological complemented in X. This completes the
proof. O

Now notice that if @,(T) < +co and Im(T) + ker(T% ™)) is topological complemented
in X, then T is a quasi-Fredholm operator (see, [8, Definition 3.1.2] and [8, Remark page
206]).

In the following result we prove a decomposition theorem for T € ¢(X), with a.(T') finite
and Im(T') + ker(T4M) is topological complemented in X.

Theorem 5.4. Let T € ¢(X). Then the following assertions are equivalent :

1) there exists n € N such that a,(T) < n and Im(T) + ker(T") is topological complemented
in X,
2) there exist d € N and two closed subspaces M and N such that :
(i) X=MaN;
(i) TIMND(T)) CM, N C ker(T?) C D(T), and T(N) C N (therefore Im(T¢) C M);
@iy S =Tim € P.(M), S is a s-regular and Im(S) is topological complemented in M.

1
In this case, we have ind(T\m) = ind(;l —T), for sufficiently large k.

Proof. ”1) = 2)” First, from the proof of [8, Theorem 3.2.1], we know that there exist
d € N and two closed subspaces M and N such that X = M&N, TIMND(T)) C M, N C
ker(T%) C D(T), TIN)CNand S = Tm is s-regular. Put m = max{d, n}. Thus, since S is a
s-regular, we must have

ker(T)NIM(T™) = ker(S)NIm(S™) = ker(S).
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This implies that a(S) = a%(T) < 400, and hence S € @, (M). Consequently, by Lemma 5.3,
Im(T) + ker(T™) is topological complemented in X. Furthermore, since Im(7T") + ker(7") =
Im(S)® N, it follows that

X =[Im(T)+ker(T"™]®W = [Im(S)®N]eW = Im(S) + [NOW].

Thus, by [8, Proposition 2.1.1] and [8, Proposition 2.1.2], we conclude that N®&W is closed.
Therefore
M=[ImS)d(NeW)INnM=Im(S)d[NdW]NM.

”2) = 1)” Assume that T = § ® A, where § = T)m, A = T\, thus
ker(T%) = ker(S")®N and ker(T9'") = ker(S“*"@N,

from which follows that

dim[ker(S“*Y @ N]/[ker(S?) & N]
dimker(S 1) /ker(S%)
dimker(§9*!) < +oo.

ay(T)

IA I

Hence, a.(T) < d.
On the other hand, we have

IM(T) = Im(S) + Im(A)

and
Im(T) + ker(T9) = [Im(S) + ker(S )] + [N + Im(A)] = Im(S) & N.

Let W be a topological complement of Im(S) in M, thus
Im(T) + ker(T% +W = [Im(S)®W]&N = M&N = X

and
[(IM(T) + ker(TH]1NW = [Im(S)@N]NW = {0},

from which one deduces that Im(7") + ker(T¢) is topological complemented in X.
Furthermore, by Lemma 5.3, Im(T’) + ker(T") is topological complemented in X for all
n > a.(T). To conclude the proof, we remark that for sufficiently large k,

1 1 1 1 1
%I— T= (%I—S)EB(%I—A), %I—S e ®,(M) and %I—A is invertible.

1 1
Therefore ind(;] -T)= ind(;] —8) =1ind(S). This completes the proof. O

Example 5.5.

Let T € @, (X) such that Im(T) is topological complemented in X (in particular T is quasi-
Fredholm). From [7, Theorem 4], we know that there exist d € N and two closed subspaces
M and N such that :

(1) X=MaN;
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(2) TIMND(T)) €M, N C ker(T?) € D(T) and T(N) € N (therefore Im(7T%) C M);
(3) S =Tm is a s-regular.

Itis clear that a(S ) < a(T) < +o0, and hence S € @, (M). Let W be a topological complement
of Im(T) in X. Therefore

X =Im(T)®W = [Im(S)®Im(A)]®@W = Im(S) + [Im(A) + W].

Taking into account of [8, Proposition 2.1.1], [8, Proposition 2.2] and Lemma 3.2, we
deduce that Im(A) + W is closed. This leads to

M = (Im(S)®[Im(A)+W])NM =Im(S) & [Im(A) + W] N M.

Consequently S € @, (M), S is s-regular and Im(S) is topological complemented in M.

As an application of the decomposition theorem we have the following result.

Corollary 5.6. Let T € p(X) such that a,(T) < n and Im(T) +ker(T") is topological comple-
mented in X. Then there exists € > 0 such that T, € ®,(X), T, is s-regular and A — ind(Ty)
is constant for every A with 0 < || < .

Theorem 5.7. Let T € ¢(X). There exists n € N such that a(T) = n < oo and Im(T') + ker(T")
is topological complemented if and only if there exist d € N and two closed subspaces M
and N such that :

@) X=MeN;
(i) TIMND(T)) CM, N Cker(T?) € D(T) and T(N) C N;
@@ii) S =T is injective and Im(S) is topological complemented in M.

Proof. Let remark that by Lemma 5.3, if a(T) = n < +c0 and Im(T) + ker(T") is topological
complemented in X, then a.(T) < n and Im(T') + ker(T") is topological complemented in X.
Now the proof follows from Theorem 5.4. O

Example 5.8.
Let T € A(X) such that max{a(T), d(T)} < +co. It is clear that if m = a(T) = d(T), then
X=Im(T)+ker(T™), X=Im(T™)@ker(T™) and S = Tjim(rm) is bijective.

6 Essential ascent and perturbation

For T € ¢(X), the algebraic core Co(7T) is defined to be the greatest subspace M of X for
which T(D(T)NM) = M. Trivially, if T € ¢(X) is surjective then Co(T") = X, and for every
T € p(X), we have Co(T) = T"(Co(T)) C T"(X), for all n € N. From which it follows that
Co(T) C Im™(T). For the reader’s convenience, we recall the following lemma which will
be used to prove Proposition 6.2.

Lemma 6.1 ([11]). Let T € o(X) be a s-regular operator.
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1) Co(T)=1Im>(T) is closed.
2) If Ae Cwith |A| < y(T), then T, is s-regular.
3) If 1€ Cwith|A| < y(T), then Co(T,) = Co(T).

Proposition 6.2. Let T € o(X) such that a,(T) < n and Im(T) +ker(T") is topological com-
plemented in X. Then Im™(T) = Co(T) and there exists &€ > 0 such that

Im™(T,) = Co(T,) =ker”(T)+Co(T), ¥ 0<|l<e.
Proof. Let N and S as in Theorem 5.4. Thus, by Lemma 6.1,
IMm*(T) = Im®(S) = Co(S) € Co(T) C Im™(T).
Let A € C\{0}, then
IMTAI=S)®N CIm®AI-8) +ker™(T) CIm™(T,) +ker™(T) C Im>™(T,)

and
IM®(Ty) = Im>(A[-S)®N C Im* (A =S) +ker™(T).

This leads to
Im™(Ty) = Im> I -S)+ker™(T).

Hence, by Lemma 6.1, we deduce that there exists £ > 0 such that A/ —§ is semi-regular
and
Co(S)=Co(AU—-S)=Im>I-S), V|l<e.

On the other hand, let A = T}y, since Al — A is invertible for every A # 0, then T, is semi-
regular, for every 0 < |4| < &, from which one deduces that

Co(T) = Im™(T)) Im>(AI - S)+ker™(T)
Co(S) +ker™(T)

Co(T) + ker™(T).

This completes the proof of the proposition. O
Now we recall the following definition [5, Definition 2.5, Theorem 3.2].

Definition 6.3. Let 7 € ¢(X) and d € N. Then T has an uniform descent for n > d if Im(T) +
ker(T™) = Im(T) + ker(T%) for all n > d.

If in addition Im(7') + ker(T¢) is closed, then T is said to have a topological uniform descent
forn > d.

Proposition 6.4. Let T € p(X). The following statements are equivalent :
1) ae(T) < +o0 and Im(T) + ker(T% D) is closed;

2) ao(T) < +oo and T has a topological uniform descent for n > p(T).
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Proof. ”1) = 2)” Is a direct consequence of Lemma 2.3 and Lemma 3.3.

”2) = 1)” By the definition of the descent uniform topological, we clearly have Im(T") +
ker(TP*M)y is closed. Thus, by Lemma 3.3, Im(T) + ker(T%1)) is closed in X (because
a,(T) < p1(T)). This completes the proof. O

Theorem 6.5. Let T,S € B(X) such that TS = ST, max{a.(T), a.(S)} < +oo, Im(T) +
ker(T% ™)) and Im(S) + ker(§ %)) are both closed.

1) IfIIS =T\ is sufficiently small, then

indg, (T) = indg,(S), ker™(T)=ker*(S) and Im>™(T)=1Im>(S).

If in addition Im(T) + ker(T% 1)) and Im(S ) + ker(S %)) are topological complemented
subspaces of X, then Im®(§) = Co(T) = Co(S).

2) If S =T is a compact operator, then indg, (T) = indg,(S).

Proof. 1) Letn>d=max{p(T), pi1(S)}. First, from [5, Theorem 4.6], we have

Im®(T) = Im™(S), ker™(T) = ker™(S)

and
Br(S)=By(T),  an(S)=ayT),
from which follows that

indg, (T) = ind(T},) = ind(S ;) = indg, (S ).

Now, if Im(T)+ker(T% 1) and Im(S )+ ker(S %)) are topological complemented subspaces
of X, by Proposition 6.2, we deduce that

Co(T) =Im>(T) = Im*™(S) = Co(S).

2) From [5, Theorem 5.8], we conclude that ind(7),) = ind(S ), for sufficiently large n.
Hence,
ind,,(T) = ind(7,) = ind(S ;) = indg, (S).

This completes the proof. O
Now we write ¢;(X) ={T € o(X) : D(T) = X}.

Theorem 6.6. Let T € ¢(X) and let F € B(X) such that Im(F) C D(T) and dimIm(F") < +o0
for some n € N. Assume that T F(x) = FT(x), for every x € D(T), one has

1) a.(T) < +oo if and only if a,(T + F) < +o0o.

2) If T € poo(X) Na(X) with ae(T) < +oo, then Im(T) + ker(T% D)) is closed if and only if
IM(T + F) + ker[(T + F)%T+P)] is closed.
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Proof. The first assertion can be proved in the same way as [1, Theorem 3.1]. To prove the
second assertion, let p > a.(T), we know that

T : D(T)CX/ker(TP?) —> X/ker(T?)

X — Tx

is upper semi-Fredholm operator and dim Im(F™) < +co, where

F : X/ker(T?) — X/ker(TP)
x —  Fx.

Hence, T" — (—F)" is upper semi-Fredholm operator. Since
T"—(=F)'=(T+F)T" " +T"2(=F)+---+ (=F)" ) € ® . (X/ker(T?)),
it follow that
(T" "4+ T"2(=F) + -+ (=F)" (T + F)* € O_([X/ker(T?)1").

Consequently, (T + F)* € ®_([X/ker(T?)]*). This proves that T + F € @, (X/ker(T")). Now
we can finish the proof as [1, Theorem 3.1]. O

Question 1. Is it possible to remove the hypothesis 9(7T) = X in Theorem 6.6?

For T € ¢(X), an operator V € B(X) is called T-reducing-space operator, if it satisfies
the following condition :

if M is a subspace of X reduce T = M reduce V.
For T € ¢(X), define
Tr ={V € B(X) : Vis T-reducing-space operator}.

Theorem 6.7. Let T € ¢o(X) with a,(T) < +oo and Im(T) + ker(T4™M)y js topological com-
plemented in X and let V € B(X). If V € Yt is invertible such that V(D(T)) € D(T),
VI (x) =TV(x) for all x e D(T) and ||V|| is sufficiently small, then 0 € 0,.(T + V).

Proof. First, from Theorem 5.4, we know that there exist M and N two closed subspaces of
X such that

e X=MoN;
o TMND(T)) M, T(N)C N;
e A=Tme€ D, (M)and B =T is a nilpotent operator of degree d.
Write § = Vjy and F' = V|y. In fact, B+ F is invertible operator. Indeed, since
Fl=F!—(-BY = (F+B)Y(F*" '+ (-B)F* > +---+ (-B)*™),
it follows that
x=(F+B[F ' +(-BF ' +...+ (=B "1F %, VxeN.

Hence, by using the fact that ||S|| < ||V|| < y(A), we infer that A+S € ® . (M). Thus, T+V €
@, (X) and consequently, 0 € ¢¢,.(T + V), which completes the proof of Theorem 6.7. O
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Lemma 6.8. Let T € ¢(X) such that a,(T) < +oo. Then
a(T) < +oo < Im>™(T) nker™(T) = {0}.

Proof. We note that the first assertion of [14, Proposition 1.6] remains valid for 7' € ¢(X).
If we put n =a,(T) and T, = Tim(rn), then a(T,,) < +oo. Hence, by [14, Proposition 1.6], we
deduce that
al)<+00 — a(T,) < +oo,
— Im™(T,)Nker™(T,) = {0},
— Im™(T)nker™(T) ={0}.

This completes the proof. O
Define the following sets :

pO(X) = (T €pu(X):a(T) < +00 and Im(T) + ker(T% D) is closed},
p¥.(X) {T € poo(X) : a(T) < +00 and IM(T) + ker(T*D) is closed},
P(pP.(X)) {LeB(X): L+S € pD.(X), VS € p,.(X)N{L}},

where {L} ={T € o(X) : L(D(T)) S D(T), LTx=TLx, ¥ xc D(T)}.

Recall that by Theorem 6.6, if F € B(X) with dimIm(F") < +oco for some n € N, then
F e P(p®.(X)).

We conclude the paper with the following result.

Theorem 6.9. Let T, K € B(X) suchthat TK = KT. If T € p¥Y(X) and K € P(pD..(X)), then
T+Kep¥Y. (X andﬁ,ll(T) =,8,1n(T + K), for every n > a(T), and for every m > a(T + K).

Proof. First, it is clair, for all A € C, that T + AK € p®.,(X). By Theorem 6.5, for 4, u € C
such that |4 —y| is sufficiently small, we conclude that

ker™(T + AK) = ker™(T +uK), Im®(T + AK) = Im*(T + ukK), (1)

indg, (T + AK) = ind,, (T + uK). )
Since [0, 1] is a compact subset of the complex plane, there exist n € N\{0}, 4; € [0, 1], and

a non-negative real number g; sufficiently small (1 <i < n), such that

n
0=A < <A =1,1011<| Jo, &),
=1

D(4;, £)ND(Ajz1, €ix1) #0, Vie(l,---,n—1},

where D(4;, &;) denotes the open disk with center at A; and radius &;. Hence, taking into
account of (1) and (2), forall i € {1, 2,---, n}, we deduce that

ker™(T + A;K) = ker™(T), Im*(T + 4;K) = Im*(T) and ind,, (T + 4;K) = ind,, (T).

This leads to
ker®(T + K)NIm*=(T + K) = {0}.
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Thus, by Lemma 6.8, a(T + K) < +oco. However, if L € A(X) N pP,(X), then ind,, (L) =
ind(Ly), for all n > a,(L). Consequently, if a,(T) <a(T) <nand a.(T + K) <a(T +K) < m,
then

ind,, (T +K) =B (T +K) and ind, (T)=-BL(T).

This complete the proof. O

Acknowledgments

First, we thank the Editor-in-Chief, for his support and time devoted to reviewing this paper.
We should also like to acknowledge that the referee’s careful reading of the manuscript led
to several improvements in the presentation.

References

[1] O. Bel Hadj Fredj and M. Burgos and M. Oudghiri, Ascent and essential ascent
spectrum. Studia Math. 187 (2008), pp 59-73.

[2] M. Berkani, Index of B-Fredholm operators and generalization of a Weyl theorem.
Proc. Am. Math. Soc. 130 (2001), pp 1717-1723.

[3] M. Berkani and M. Sarih, On semi B-Fredholm operators. Glasg. Math. J. 43 (2001),
pp 457-465.

[4] L. Burlando, On the iterates of a paracomplete operator. J. Operator theory, 36
(1996), pp 357-377.

[5] S. Grabiner, Uniform ascent and descent of bounded operators. J. Math. Soc. Japan,
34 (1982), pp 317-337.

[6] M. A. Kaashoek, Ascent, Descent, Nullity and Defect. Mat. Annalen, 172 (1967),
pp 105-115.

[7] T. Kato, Perturbation theory for nullity, deficiency, and other quantities of linear
operators. J. Analyse Math. 6 (1958), pp 261-322.

[8] J. P. Labrousse, Les opérateurs quasi-Fredholm : une généralisation des opérateurs
semi-Fredholm. Rend. Circ. Math. Palermo, 29 (1980), pp 161-258.

[9] D.C. Lay, Spectral analysis using ascent, descent, nullity, and defect. Math. Ann. 184
(1970), pp 197-214.

[10] P.LangandJ. Locker, Spectral Representation of the Resolvent of a Discrete operator.
J. Funct Anal. 79 (1988), pp 18-31.

[11] M. Mbekhta and A. Ouahab, Opérateur s-régulier dans un espace de Banach et théorie
spectrale. Acta Sci. Math. (Szeged), 59 (1994), pp 525-543.



Essential Ascent of Closed Operator and Some Decomposition Theorems 47

[12] V. Miiller, Spectral Theory of Linear Operators and Spectral Systems in Banach Al-
gebras, Operator Theory. Adv. Appl. 139 (2007) (Second Edition) Birkhiuser, Basel.

[13] A.E. Taylor, Introduction to functional analysis, John Wiley & Sons Inc., (1958).

[14] T.T. West, A Riesz-Schauder Theorem for semi-Fredholm operators. Proc. Roy. Irish
Acad. Sect. A, 87 (1987), pp 137-146.



